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ABSTRACT. For a rigid space X, we answer two questions of de Jong

about the category Covid™ of coverings which are locally in the admis-

sible topology on X the disjoint union of finite étale coverings: we show
that this class is different from the one used by de Jong, but still gives
a tame infinite Galois category. In addition, we prove that the objects
of Cov¥ (with the analogous definition) correspond precisely to locally
constant sheaves for the pro-étale topology defined by Scholze.

1. INTRODUCTION

Let K be a non-archimedean field. By a rigid K-space we shall mean an
adic space locally of finite type over K. In [ALY23|, we introduced a new
definition of covering space in rigid-analytic geometry, called geometric cov-
erings, and showed that the category Covx of geometric coverings of a rigid
K-space X gives rise to a fundamental group 7$*(X, X), called the geomet-
ric arc fundamental group. In this paper we use these ideas to explicate two
previously studied objects: de Jong’s notion of covering spaces, and Scholze’s
theory of pro-étale local systems.

Extensions of de Jong covering spaces. The notion of ‘covering space’ of
a rigid K-space has been a notoriously difficult concept to fully encapsulate.
It was realized early on that, unlike the case of schemes, even relatively well-
behaved rigid spaces admit interesting connected covers of infinite degree.
The most classical examples of this phenomenon are the Tate uniformization
map G2 — E* for an elliptic curve E over K with split multiplicative
reductiori, and the Gross—Hopkins period map

meH: {T € Aéiﬂ Hzl < 1} — Péin.

Building off ideas of Berkovich, in [dJ95]| de Jong sought to define a notion of
covering space which could encompass these examples but was robust enough
to support a notion of fundamental group.

To define de Jong’s coverings (and related variants), let us consider the
full subcategories

Covy(C Covy) C Etx, 7€ {adm,ét,oc}

consisting of étale maps Y — X for which there exists a 7-cover U — X
such that Yy — U is the disjoint union of finite étale coverings of U. Here
adm, ét, or oc denotes the usual (i.e. ‘admissible’), étale, or overconvergent

(i.e. partially proper open) Grothendieck topology on X, respectively. Every
1
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geometric point T of X endows these categories with a fiber functor
Fz: Covy — Set, Fz(Y) = Homx(z,Y).

The category Cov, called the category of de Jong covering spaces, is pre-
cisely the category considered in |[dJ95]. One may think about the category
Cov¥ as being a synthesis of the notion of finite étale covering and topo-
logical covering (of the Berkovich space associated to X).

The category Cov is shown in op. cit. to have favorable properties. First,
it is shown that the natural infinite degree covering spaces mentioned above
are examples of de Jong covering spaces. Significantly deeper, it is shown
that if one sets UCov$ to be the category of arbitrary disjoint unions of de
Jong covering spaces, then the pair (UCov<, F5) is a tame infinite Galois
category when X is connected. The notion of a pair (€, F') being a tame
infinite Galois category was developed in [BSI5| as a generalization of the
classical theory of Galois categories. In particular, there is a topological
group m1(C, F), called the fundamental group of (€, F), such that

F:C = (G, F)-Set

is an equivalence where 71 (C, F)- Set is the category of sets endowed with
a continuous action of m1(C, F'). The fundamental group of (UCov<, Fz) is
called the de Jong fundamental group and denoted W?J(X ,T).

Despite these positive aspects of the category Covs, there is an obvious
downside. Namely, it is not obvious whether the notion of a de Jong covering
space is local on the target for the admissible topology. For this reason, in
[dJ95] the following two questions are posed (using different language):

e Does the equality Covs$ = Covid™ hold?
e If not, is (UCov¥™, Fy) a tame infinite Galois category?

We give a negative answer to the first question using an explicit construction
relying on a careful analysis of Artin—Schreier coverings.

Theorem 1 (See Proposition [2.1.4). Let K be a non-archimedean field of
characteristic p and let X be an affinoid annulus over K. Then, the con-

tainment Covs¢ C Covad™ s strict.

One may think the existence of such an example is a subtlety related to
characteristic p geometry. But, in [Gau22] Gaulhiac has cleverly adapted
our construction to produce an analogous example in mixed characteristic.
Note that we do not expect such examples to exist when K is of equal
characteristic 0. In fact, in [ALY22, Corollary 4.17], we show that quite
often the equality Cov = Covf’;g holds in equal characteristic 0.

In [ALY23| we show that the pair (Covy, Fx) is a tame infinite Galois
category. As the notion of geometric covering is étale local on the target, is
closed under disjoint unions, and contains finite étale coverings we see that
UCovY, with the obvious definition, is contained in Covx. Combining
these two results we answer de Jong’s second question.

Theorem 2 (See Theorem [3.3.1). Let X be a connected rigid K -space with
geometric point T. For every T € {adm,ét,oc}, the pair (UCovY, F5) is
a tame infinite Galois category.
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Consequently, there is a topological group WfJ’T(X , @), which we call the
T-adapted de Jong fundamental group, and an equivalence of categories

Fz: UCovy =5 o7 (X, T)- Set.

As wa’OC(X, 7) = 7(X,T) this notion extends that of the de Jong funda-
mental group.

Local systems for the pro-étale topology. In the second part of this
paper, we show the largest of these three categories Cové} is not just of purely
theoretical interest and connects to previously studied objects. Recall that in
[Sch13], Scholze introduced a site Xp04 for a rigid K-space X, called there
the pro-étale topology. Its covers are roughly an étale cover of X followed by
an inverse limit of finite étale covers.

As local systems are usually analyzed using fundamental group techniques,
it natural to ask the following question: if X is connected, is the category
Loc(Xprost) of locally constant sheaves of sets for the pro-étale topology,
endowed with a fiber functor induced by a geometric point Z, a tame infinite
Galois category?

Theorem 3 (See Theorem {4.4.1). The functor associating to a geometric
covering Y — X the corresponding sheaf on the pro-étale site Xpro¢r induces
an equivalence of categories

Cov‘;g = Loc(Xproet)-

Considering Theorem [2] we may give a precise answer to our question.
While (Loc(Xprost), Fz) is not a tame infinite Galois category, as it is not
closed under coproducts, if we set ULoc(Xpr06t) to be the category of dis-
joint unions of objects of Loc(Xprt) then the pair (ULoc(Xpreet), Fz)
is a tame infinite Galois category. Moreover, the fundamental group of
(ULoc(Xpro6t), Fx) is identified with W?J’et (X,7) and so one has an equiva-
lence )

Fz: ULoc(Xproet) — w7 (X, 7)- Set
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Notation and conventions. Throughout the article K denotes a non-
archimedean field (i.e., a field complete with respect to a rank one valuation).
We shall use freely the material from [Hub96] and [FK18]. We follow the
conventions and notations concerning valuative spaces, adic spaces, and rigid
K-spaces set out in [ALY23, §2-3]. In particular, we shall use the universal
separated quotient [X] of a taut rigid K-space X, which coincides with the
associated Berkovich space X Berk,
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2. A NON-OVERCONVERGENT COVERING SPACE

In this section we construct an example of a morphism Y — X that
belongs to Covi™ but not Covy¢. For X we take an annulus over a char-
acteristic p non-archimedean field, and ¥ — X is constructed by carefully
gluing together finite étale covers of a neighborhood of the Gauss point which
maximally extend over shrinking overconvergent neighborhoods. After that,
we establish a result which, in some sense, implies that every element of
Cov3™ not in Covy must come from such a gluing construction.

2.1. The example. Let K be a non-archimedean field of characteristic
p > 0 and let w € K be a pseudouniformizer. Set
X ={lw| < |o] < | '} € AR
Our example Y — X is obtained by gluing two families Y,* of Artin-Schreier
coverings of two annuli
U ={lw|<lz| <1}, U'={1<z[<|w|"}
which split over shrinking overconvergent neighborhoods of the intersection
C=U NU" ={lz| =1}.

We begin with an analysis of Artin—Schreier coverings of A}fn. For a
rational number «, we define the affinoid opens
D(a) ={lz| < [=|™*} 2 S(a) ={]z] ==}
For integers a,b with b > 0, we denote by Y, ; the following Artin-Schreier

. 1
covering of A ™"

Yo, = (Spec Klz,yl/(yP —y — waf’)) :

It is a Z/pZ-torsor over A}fn, and since Z/pZ does not have any non-trivial
subgroups, the restriction of Y,; to an affinoid subdomain U C A}%an is
disconnected if and only if it splits completely over U and if and only if the
equation y? —y = w®x® has a solution in O(U).
Lemma 2.1.1. Let a,b be integers with b > 0 and let o be a rational number.
The following are equivalent:

(a) The covering Y, splits over D(cv).

(b) The covering Y, splits over S(a).

(c) We have a < a/b.
Proof. Write g = @w®®. The unique solution to y? —y = g in K [z] satisfying
y(0) = 0 is the power series

f=—g=g—g" ===
s>1

It converges on D(«) if and only if o < a/b, as O(D(«)) consists of power
series
Zanaz" with |ay| - |@w|™"* — 0.

Therefore, (a) is equivalent to (c).
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Since clearly (a) implies (b), it remains to show (b) implies (a). The ring
O(S(a)) consists of Laurent series
f= Z apx”  with |a,|-|w|™"" = 0 as |n| — oo.
nez

It suffices to show that if f? — f € O(D(«)), then f € O(D(«)) (i.e. a, =0
for n < 0). We have

fP—f= Z(ai/p —ap)z"

neZ
where we set a,,, = 0 if p does not divide n. Since f¥ — f € O(D(«a)),
we have ai/p —an, = 0 for n < 0. By induction we see that a,, = 0 for all
n < 0. O

Remark 2.1.2. The equivalence of (a) and (b) holds more generally for
every finite étale cover of D(«), by |[dJ95, proof of Proposition 7.5].

Construction 2.1.3. Fix two sequences of positive integers (a,)nez and
(bn)nez such that a,/b, > 1 for all n € Z and 1m0 an/b, = 1. For
n € Z, we set Y, to be the restriction of the Artin—Schreier covering Y, s,
to UT. By Lemma every Y, splits completely over C' = S(1), while
for every m > 0 its restriction to D(1+ )N U™ and S(1+ 1) is connected
for [n| > 0. Weset Y* =11, ., Y,

The automorphism x — 2! of X induces an isomorphism i: U~ = U™,

We let Y~ =[],z Y be the pullback of Y™ — U™ under the map . The
restriction of Y,;” to S(1 — 1) is thus connected for |n| > 0, while Y, splits
completely over C for all n.
Label the irreducible components of Y x = C by
Zrzztpv Z;::p-i-l’ Tt Z;Ltp—l-p—l
(in any order); every Z% maps isomorphically onto C. Identify

Yt xpe C =[] z§ with Y™ xp-C =[] %,
meZ meZ
by identifying Z, with Z_ | for all m € Z (see Figure . This defines an
étale morphism Y — X whose restriction to UT (resp. U™) is Y (resp.

adm

Y ™), in particular Y — X it is an object of Cov’

Proposition 2.1.4. The map Y — X does not belong to Cov.

Proof. Let V be a connected overconvergent open subset of X, which by
shrinking we may assume satisfies that ¥V N U* is connected, containing
the Gauss point n of the unit disk. It suffices to show that Yy contains a
connected open subset with infinite fiber size over V.

By Lemma below, V' contains S(1+ ) US(1— L) for some m > 0.
Since for n > 0, say n > ng, the restriction of Y, to S(14 1) is connected,
the restriction Y;F N Yy of ;¥ to V N U™ is connected as well.

Let Y’ be the image in Y of the union of Y, and Y, for all n > ng, which

is an open subset of Y. We claim that Y{, = Y'NYy is connected. This will
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Ynjr 1
W =
.

+
U U-

FIGURE 1. Construction of the covering Y — X (for p = 3).

give the required assertion since Y{, — V has infinite fiber size. To see the
claim, it suffices to note that in the infinite sequence

Vi o nYy, Y. nYy, YioonYy Y. ,NnYy, Y

no+1 n n no+3 Yy,

each set is a connected open subset of Y’ NY} with a non-empty intersection
with the subsequent one (e.g. by considering the fiber over a point of C).
Consulting Figure [I| again might help the reader with the last step. O

Lemma 2.1.5. Every overconvergent neighborhood of the Gauss point 1 in-
side the analytification of A}, contains a subset of the form

{r<|z| <1} U{l < |z| < R}
for somer <1 < R.

Proof. By symmetry, it is enough to show that an overconvergent neighbor-
hood U of 7 contains {r < |z| < 1} for some r < 1. Let w: A™ — AP
be the separation map, with target the Berkovich affine line over K. Then
there exists an open neighborhood V' of (the image of) n in A}%Berk with
71(V) C U. Tt therefore suffices to show that such a V contains an open

annulus of the Berkovich line of the form {r < |z| < 1}.

Recall that A};Berk is the space of multiplicative seminorms K[z] which
extend the norm on K, and the Gauss point 7 corresponds to the Gauss norm
| >" anz™|| = sup |a,|. A basis of the topology is given by finite intersections
of subsets of the form {z : |f(x)| € I} with I C [0,+00) an open interval
and f a non-zero element of K[z]|. Since the desired property of V' is stable
under finite intersections, it suffices to consider V' = {z : |f(x)| € I}.

Write f = )" a,z™ and consider the finitely many linear functions

on(u) = —loglane ™| = —log|an| + nu,

for n such that a, # 0. Since they have distinct slopes, there exists an
e > 0 and ng such that ¢, (u) < ¢np(u) for all n # ng and u € (0,¢).
Moreover, n € V implies ¢p,(0) € —logI, and we can decrease ¢ to ensure
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Ono(u) € —logl for u € (0,¢). If we now set r = e™° < 1, then for every
seminorm | - | € V with r < |z| < 1 we have —log |z| € (0,¢) and then

@) =D ana”
as desired. O

— |an0xn0‘ — e_‘Pno(_IOg‘xD cl

2.2. Extending finite étale components. The map Y — X was obtained
by gluing together finite étale coverings Y, of an admissible open neighbor-
hood U of the point n with the property that the maximal overconvergent
open neighborhood V,, of U over which Y,, extends shrinks to U as n tends
towards infinity. We now show that this is a general phenomenon.

Proposition 2.2.1. Let X be a taut rigid K-space and let f:' Y — X be
étale and partially proper. Let U be a quasi-compact open subset of X and
let W be an open subset of Yy which is finite étale over U. Then, there exists

an overconvergent open subset V. of X containing U and an open subset W’
of Yy which is finite étale over V' and such that W NYy = W.

To prove Proposition we first establish Lemma which shows
the desired result at the level of universally separated quotients. We then
upgrade this to rigid spaces using the general result in Proposition [2.2.3
(The reader more familiar with Berkovich spaces will recognize that our line
of argument can be carried out more directly on the level of [X] = XBerk))

Lemma 2.2.2. Let Y — X be a map of Hausdorff topological spaces with Y
locally compact. Let Z C X be a subspace and let W C Y, be a clopen and
compact subspace. Then there exist an open subspace V of X containing Z
and a subspace W' of Yy such that:

(1) WNY;=W;

(2) W' is open in'Y,

(8) W' —V is a proper map of topological spaces.

Proof. Let B be a collection of compact subspaces of Y containing a neigh-
borhood basis of every point of Y. It suffices to find finitely many Bi, ..., By,
in B and an open V' containing Z such that if B =, B; and g: B — X is
the induced map, then:

(1) BNYz; =W,

(2) g (V)  inty (B).

(3) g: g7 1(V) — V is a proper map of topological spaces.
as one may then take W' = g~ (V).

To prove the existence of such basis elements observe that as Yz \ W is
closed we may find a closed subspace C of Y such that CNY,; =Y, \ W.
As Y \ C is an open containing the compact set W, we may find finitely
many Bj,..., By in B contained in Y \ C such that W C inty (B) where
B = |J; B;. Moreover, we see that BNYz = W. Note that g~1(Z) = W.
Since B is compact, g is proper and so we may produce an open neighborhood
V of Z such that g~ (V) C inty (B). Clearly V satisfies the first two desired
conditions, and the last property follows as g is proper. O
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Proposition 2.2.3. Let f: Y — X be a taut and valuative morphism of
taut valuative spaces. Then [f] is universally closed if and only if f is quasi-
compact.

Proof. If f is quasi-compact then [f] is universally closed by [FKI18, Propo-
sition 2.3.27, Chapter 0]. Suppose that [f] is universally closed and let U
be a quasi-compact open subset of X. Note that as X is quasi-separated
U is retrocompact and taut. By [ALY23, Proposition 2.2.5| we know that
[f~1(U)] is homeomorphic to [f]~(sepx (U)). But, since [f] is universally
closed and sep x (U) is quasi-compact, we know that [f] ™! (sepy (U)) is quasi-
compact by [Stacks, Tag 005R]. So, in particular, [f~1(U)] is quasi-compact.
But, since f~1(U) is taut we know that the map

sepy-1(ry s £ (U) = [fHU)]

is universally closed by [FK18, Chapter 0, Theorem 2.5.7], and so we deduce
that f~1(U) is quasi-compact again by [Stacks, Tag 005R]. O

Proof of Proposition[2.2.1l By our assumptions, together with [FK18, The-
orem 2.5.7, Chapter 0] and [ALY23, Proposition 2.2.3 and Proposition 2.2.5]
e [f]: [Y] — [X] is a map of locally compact Hausdorff spaces,
e sepx (U) is a subspace of [ X| homeomorphic to [U] (and similarly for W),
e [Yy] — [f]71([U]) is a homeomorphism,
e and sepy (V) a compact clopen subset of sepy (Yy).
Thus, by Lemma one may find an open subspace Vj of [X] containing
[U] and a subspace W[ of [Y]y, such that W] is open in [Y], W} — Vj is
proper, and W N [f]~1([U]) = [W]. Set

V =sepy (V) C X, W’ = sepy (W) C Y,

which are overconvergent open subsets of their ambient spaces. Note then
that by construction [W’] — [V] is proper. By Proposition and the
fact that Y — X is étale and partially proper, the morphism W/ — V is
étale, partially proper, and quasi-compact and so finite étale by [Hub96l
Proposition 1.5.5]. We finally claim that W’ NYy = W. But, since W/ NYy
and W are overconvergent open subsets of Yy, this can be checked in [Y]
from where it’s true by construction. O

3. VARIANTS OF THE DE JONG FUNDAMENTAL GROUP

In this section we examine the categories Cov’y extending de Jong’s cat-
egory Cov¥, and show they have good geometric properties.

3.1. The categories Covx and Cov’y. Throughout this subsection let us
fix a rigid K-space X. We will consider the following three Grothendieck
topologies 7 = oc, adm, ét on Etx, whose covers are:

e (T = oc, for ‘overconvergent’) open covers by overconvergent opens,
e (7 = adm, for ‘admissible’) open covers,
e (7 = ét) jointly surjective families of étale morphisms.


https://stacks.math.columbia.edu/tag/005R
https://stacks.math.columbia.edu/tag/005R
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which are in increasing order of fineness.
For an adic space X, let us denote by UFEt x the category of all disjoint
unions of finite étale X-spaces.

Definition 3.1.1. Define Cov’; to be the category of morphisms ¥ — X
for which there exists a cover U — X in the 7-topology so that Yy — U
is an object of UFEty. Define UCov to be the category of all disjoint
unions of objects of Cov’.

Remark 3.1.2. One can also define the ‘overconvergent étale topology’
T = oc-ét whose covers are jointly surjective families of partially proper étale
morphisms, but it defines the same category of covering spaces as the over-
convergent topology (in symbols: Covy = Covs®), see [dJ95, Lemma 2.3].

In J[ALY23|, Definition 5.2.2| we introduced the notion of a geometric cov-
ering of X. It may be defined as an étale and partially proper morphism
f:Y — X satisfying the following ‘valuative criterion’: for all smooth and
separated rigid L-curves C, where L is a non-archimedean extension of K,
and all morphisms C — X, any embedding i: [0,1] — [C] and lift of
[0,1) — [Yc] along [fc] can uniquely be extended to a lift of i. We denote
by Covx the category of geometric coverings of X.

By [ALY23, Propositions 5.2.4, 5.2.6, and 5.2.7] being a geometric covering
is étale local on the target, is closed under disjoint unions, and contains finite
étale coverings. Therefore, the following proposition follows.

Proposition 3.1.3. The containment UCov’ C Covyx holds.

3.2. A brief recollection of tame infinite Galois categories. In the
this section we briefly recall the setup of the theory of tame infinite Galois
categories in the sense of [BS15) §7].

Definition 3.2.1. Let € be a category and F': € — Set be a functor (called
the fiber functor). We then call the pair (C, F') an infinite Galois category if
the following properties hold:

(1) the category C is cocomplete and finitely complete,

(2) Each object X of € is a coproduct of categorically connected objects
of C.

(3) There exists a set S of connected objects of € which generates C
under colimits.

(4) The functor F' is faithful, conservative, cocontinuous, and finitely
continuous.

The fundamental group of (C,F), denoted m1(C, F'), is the group Aut(F)
endowed with the compact-open topology. We say that (C, F) is tame if for
every categorically connected object X of € the action of 71 (C, F') on F(X)
is transitive.

In the above we used the terminology that an object Y of a category C is
categorically connected. This, by definition, means that if Y’ is a non-initial
object of € then every monomorphism Y’ — Y is an isomorphism.

The upshot of the theory of (tame) infinite Galois categories is as follows.
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Proposition 3.2.2 (|[BS15, Theorem 7.2.5.(d)|). Let (C, F) be a tame infi-
nite Galois category. Then, the functor

F:C = m(C,F)-Set
18 an equivalence.

From Proposition [3:2.2] we see that for a tame infinite Galois category
(€, F) the isomorphism classes of connected objects form a set. It is moreover
clear that every object Y isomorphic to a disjoint union of its categorically
connected components which, by definition, are the connected subobjects,
excluding the initial object.

Using this, it is easy to deduce the following criterion for when a subcat-
egory of a tame infinite Galois category is itself tame infinite Galois.

Lemma 3.2.3. Let (C, F) be a tame infinite Galois category. Let C' be a
strictly full subcategory of C satisfying the following three properties:

(a) an object X of C' is categorically connected as an object of € if and
only if it is categorically connected as an object of €,

(b) an object X of € is isomorphic to an object of €' if and only if its
categorically connected components are isomorphic to objects of €,

(c) the subcategory €' is closed under (small) colimits and finite limits.

Then, (C', F) is a tame infinite Galois category.

Remark 3.2.4. In the situation of the above lemma, one can describe the
fundamental group 71 (€', F') as a certain completion of m1(C, F'). Let U be
the class of all open subgroups U of G = m1(C, F') such that the G-set G/U,
treated as an object of €, belongs to €. This class defines a new topology on
G, yielding a new topological group G’. A G-set X, treated as an object of
C, belongs to €’ if and only if the action of G’ is continuous. This shows that
we have € ~ G’'- Set, compatibly with the forgetful functors F|e: € — Set
and F’: G'-Set — Set.

By [BSI5, Proposition 7.1.5], the group Aut(F|er) = Aut(F’) coincides
with the Raikov completion @u of the Hausdorff quotient G’/ (e U of

G’. We warn the reader that, unlike in the case of profinite groups, @{L
cannot be identified with the inverse limit lim, G/U. Rather, the latter
is a topological monoid, canonically identified with End(F”); see [Lepl0} p.
79| for related discussion including an explicit description of multiplication
in the inverse limit. Summarizing, we have

(€, F) = Aut(F|e) ~ Aut(F') = é& = invertible elements of lim G/U.
Ucu

3.3. The categories UCovY are tame infinite Galois categories. We
now demonstrate that UCovY is a tame infinite Galois category, using the
analogous fact about the category Cov x of geometric coverings as developed
in [ALY23].

Theorem 3.3.1. Let X be a connected rigid K-space and T a geometric
point in X. Then, (UCovVY, Fx) is a tame infinite Galois category.
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Proof. As Covy is a tame infinite Galois category by [ALY23], Theorem 5.4.1|,
it suffices to verify conditions (a)-(c) of Lemma with € = Covy and
¢’ = UCovYk. As (b) is clear, we focus only on (a) and (c).

By JALY23, Proposition 5.4.5], for proving (a) it suffices to show that an
object of UCovY is categorically connected if and only if it is connected.
But, by the method of proof of loc. cit. it then suffices to prove that for a
pair of maps Y; — Z for i = 1,2 between objects of UCov’ that the fiber
product Y] x 7z Ys as adic spaces is an object of UCov’,. One quickly reduces
to the case when all three spaces lie in UFEty, from where the claim is clear
(cf. [Stacksl, Tag 0BN9|).

To verify condition (c) it suffices to consider the case of either a coproduct,
coequalizer, or fibered product diagram. The claim in the case of fibered
products and disjoint unions follows from our discussion of condition (a).
Thus, it suffices to prove this result in the case of a coequalizer diagram.
But, the formation of coequalizers commutes with base change (cf. [Stacks,
Tag 0314]). In particular, by considering the base change to an appropriate 7-
cover we reduce ourselves to showing the coequalizer of a diagram in UFEty
taken in Covy is in UFEtyx. But, this is clear (cf. [Stacks, Tag 0BN9|). O

Definition 3.3.2. Let T be a geometric point of a connected rigid K-space
X. We define the 7-adapted de Jong fundamental group of the pair (X, ),

denoted 7T(11J’T(X ,Z), to be the fundamental group of the tame infinite Galois
category (UCov'y, Fx).

Corollary 3.3.3. Let X be a connected rigid K-space and T a geometric
point of X. Then, the functor

Fy: UCovk — 7" (X, T)-Set
s an equivalence of categories.

The sequence of inclusions of tame infinite Galois categories
(UCov$, Fy) € (UCovd™ Fp) C (UCov,Fz) C (Covy, Fy)
translates into a sequence of homomorphisms of Noohi groups
W?J’OC(X, T)— WfJ’adm(X, T)— W?J’ét(X, T) +—— (X, T)
By [Lar19, Proposition 2.37 (2)], each of those maps has dense image.

Remark 3.3.4. The categories Covy and UCov’ enjoy many of the good
properties of the category Covy of geometric coverings, with two notable
exceptions. While it is of course true that membership in Cov’ can be
checked locally for the T-topology, this property for UCovY is unknown to
the authors and almost certainly false. Similarly, we do not expect that 7-
coverings can be composed: if (Y — X) € UCovk and (Z — Y) € UCovy
then it may not be the case that (Z — Y) € UCov’ (and similarly with
Cov’).


https://stacks.math.columbia.edu/tag/0BN9
https://stacks.math.columbia.edu/tag/03I4
https://stacks.math.columbia.edu/tag/0BN9
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4. THE CATEGORIES CovSl AND Loc(Xprost)

Throughout this section we fix an analytic locally strongly Noetherian adic
space X. We show that there is a natural equivalence between Cov$t (whose
definition is the same as in Definition and the category Loc(Xprost)
of locally constant sheaves (see [SGA4, Tome III, Exposé IX, §2.0]) in the
pro-étale topology as in [Schi3].

As this section has a quite technical bent, let us give the general outline
of the ideas.

Step 1: We show that UFEty is equivalent to Loc(Xprofst). By a result
of Scholze, there is a comparison of the pro-finite étale site X|,of4 of X and
the site consisting of profinite sets with a continuous action of the algebraic
(i.e., usual) étale fundamental group of X. This reduces us to to relatively
concrete considerations of a group-theoretic nature (see Proposition .

Step 2: We reinterpret the results of Step 1 as an equivalence between
UFEty and the full subcategory of Loc(Xp0st) of those sheaves which
become constant pro-finite étale locally on X. This is more subtle than it
first appears, but is amenable to general topos-theoretic techniques.

Step 3: One may obtain the main result by using those obtained in Step 2
with only slightly more work as Cov$t and Loc(Xpro6t) are the étale stacki-
fications of UFEty and the full subcategory of Loc(Xprost) of those sheaves
which become constant pro-finite étale locally on X, respectively. This is one
of the main places where it is important we are working with analytic locally
strongly Noetherian adic spaces. Indeed, used in the claim that Covég and
Loc(Xprost) is the étale stackification of UFEt x is the fact that separated
morphisms locally of finite type are a stack for the étale topology on such
spaces (see [Warl7, Corollary 3.1.9]).

4.1. The pro-étale site of a rigid space and classical sheaves. We
begin by recalling the pro-étale site X ,;0¢; of an adic space X. Moreover, we
single out a class of sheaves in Sh(X},0¢), the analogue of classical sheaves
from [BS15|, which play an important role in the proof of our main result.

The pro-étale site. For a category €, denote by Pro(C) the pro-completion
of C as in [KS06, §6]. We write an object of Pro(C) as {U;}. Identify C as
a full subcategory of Pro(C) by sending U to the constant system {U}. To
distinguish constant objects from general objects we write the latter as U.
Denote by ProEty the full subcategory of Pro(Et x) consisting of those
objects U such that U — X is pro-étale in the sense of [Schl3l Definition
3.9]. Every object of ProEty has a presentation of the form {Ui}ieg where

e J has a final object 0 such that Uy — X is étale,
e the maps U; — U; for i > j > 0 are finite étale and surjective.

When speaking of a presentation of an object of ProEtx we shall assume it
is of this form. By [Schl3, Lemma 3.10 vii)] the category ProEty admits
all finite limits, a fact we use without further comment.

As in [Sch13| §3], for an object U = {U;} we denote by |U| the topological
space @ |U;| and call it the underlying topological space of U. We call an
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object U of ProEty quasi-compact and quasi-separated if its underlying
space |U] is. Denote the subcategory of quasi-compact and quasi-separated
objects of ProEty by ProEt()l;qS

Define the pro-étale site of X, denoted X, to be the site whose un-
derlying category is ProEty and whose topology is as in [BMS19, §5.1].
By [Schl3, Proposition 3.12 i), ii), and v)|, ProEty  is closed under fiber
products and every object of ProkEt x has a cover in X0 by objects of

Pro]i)tg(Cqs which moreover can be assumed to be open embeddings on the

underlying topological spaces. Denote by nggst the induced site structure

on ProEt??qs from Xpo6t. By [SGA4L Tome I, Exposé III, Théoréme 4.1]

the natural morphism of topoi Sh(Xprest) — Sh(X[[%,) is an equivalence.
The inclusion functor Et x — ProEt x preserves finite limits, and is a
continuous morphism of categories with Grothendieck topologies. So, we
obtain an induced morphism of sites X041 — X¢. We denote by vy, or v
when X is clear from context, the induced morphism of topoi Sh(Xprest) —

Sh(Xe).

Classical sheaves. Using the morphism of topoi vx, we can define the
appropriate notion of ‘classical sheaf’ as in [BS15| Definition 5.1.3].

Definition 4.1.1. A sheaf G in Sh(X,,0¢t) is called classical if it is in the
essential image of the pullback functor v*: Sh(Xgs) — Sh(Xprost).

For a sheaf J on X, we denote by I the association
FOUY) = lim F ()

which is an element of PSh(Xp,0¢). In fact, I is the presheaf pullback of
F, and thus there is a natural map I — v%(F) of objects of PSh(Xpo¢t)-

Proposition 4.1.2 (cf. [Sch13l Lemma 3.16]). For any sheaf F in Sh(Xg)

the map I — v3(JF) is a bijection when evaluated on any object of X 0.

We thus obtain a structure theorem for classical sheaves.

Proposition 4.1.3 (cf. [BS15, Lemma 5.1.2]). For any sheaf F in Sh(Xg),
the unit map F — v, *F for the adjunction v* - v, is an isomorphism.
Therefore, the functor v*: Sh(Xg) — Sh(Xprest) is fully faithful with essen-
tial tmage those F such that the counit map Vv, F — F is an isomorphism.

Proof. The latter statements follow from general category theory (see [MacT1,
§IV.1, Theorem 1] and [Stacks, Tag 07RB|). To see the first statement we
note that by [SGA4, Tome I, Exposé III, Théoréme 4.1] it suffices to show
that the map F — v,v*F is an isomorphism when evaluated on any quasi-
compact and quasi-separated object of Xg. This follows from Proposition

412 O
Arguing as in [BS15, Lemma 5.1.4], we obtain the following corollary.

Lemma 4.1.4. Let J be an object of Sh(Xprost). If there exists a covering
{U; = X'}, and for each i a classical sheaf F; such that F|y, ~ F;ly,, then F

1s classical. In particular, locally constant sheaves are classical.


https://stacks.math.columbia.edu/tag/07RB
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From this and Lemma [I.1.6] below, we obtain the following more concrete
description of constant sheaves. This is not directly needed below.

Proposition 4.1.5. For any set S the natural map of sheaves

SX —)HOmcnts(TrOU - |)aS)

—Aproét

s a bijection when applied to any object of nggést.

Lemma 4.1.6. Let {X;} be a projective system of spectral spaces with quasi-
compact transition maps. Set X = 1&1@ X;. Then, X is spectral and the

natural map mo(X) — lim, m0(X5) s a homeomorphism of profinite spaces.

Proof. Under the given assumptions, X is spectral by [FKI8, Chapter 0,
Theorem 2.2.10]. Suppose first that the X; are connected and non-empty.
By [FK18, Chapter 0, Proposition 3.1.10], the induced map

is a bijection. Thus I'(X,Fy) = Fy, and so X is connected and non-empty,
showing the assertion.

By [Stacks, Tag 0906|, mo(X) and each m(X;) are profinite, and thus
also 1&11 mo(X;) is profinite. Since profinite spaces are compact, it suffices
to prove that the map in question is a bijection. To this end, let (C;) be
in @2 mo(X;). As C; is closed in X;, the C; form an inverse system of
non-empty connected spectral spaces with quasi-compact transition maps,
and hence by the first paragraph the space C = l&nl C; is a non-empty and
connected spectral space.

By [FKI8, Chapter 0, Lemma 2.2.19] we have C' = (), p; '(C;), where
p; + X — X; is the natural map. Let x be a point in C' and let C, be the
component of X containing it. Since p;(C,) is connected and intersects C; at
pi(z) we see that p;(Cy) C C; for all 4, so that C; maps to (C;). Conversely,
if the connected components of C, and C, for z,y € X both map to (C;),
then z,y € (), p; ' (C;) = C, which is connected, and so C;, = C,,. O

For an object Y of Et x we denote by hy g its corresponding sheaf. For an
object Y of ProEty we denote by hy progt its corresponding presheaf, and

by hg( proct 1ts sheafification. This sheafification is necessary.

Example 4.1.7. Let X be the disjoint union of copies X, of Spa(K) indexed
by n > 0, and let L be a non-trivial finite separable extension of K. We set Y’
to be the disjoint union of Y,, = Spa(L), with the natural étale map ¥ — X.
Let U = {U;} be the following object of Xt indexed by ¢ > 0: the space
U; is the disjoint union of U; ,, indexed by n > 0, where U;,, = X, for n > i
and U;,, =Y, for n <i. Note that for every i, we have Homx (U;,Y) = 0,
and hence hy prost(U) is empty. Then {Y,, = U},>0 forms a pro-étale cover
which violates the sheaf condition for hy,proés-

While X106 is not subcanonical, we can use Proposition to show

that hy progt 1S a sheaf when restricted to nggzt.


https://stacks.math.columbia.edu/tag/0906
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Proposition 4.1.8. Let Y be an object of ProEty. Then, the natural map
ﬁ

hY:Pmét - hY,proét

s a bijection when evaluated on any element of ProEtgqu. In particular,

. CQgs . .
the site Xgr(?ét 18 subcanonical.

Proof. By Lemma below7 it suffices to show that hy prost is a sheaf
when restricted to Xrést. But, if Y = {Y;} then hy pross = I'&thproét
where this inverse limit is taken in PSh(X}0¢). Since the inverse limit of
sheaves, taken in the category of presheaves, is a sheaf, we're restricted to

showing that for all 7 the restriction of hy; prosr to X f(?; is a sheaf. But,
since hy; progt = h(;; ) ¢ this follows from Proposition O

Lemma 4.1.9. Let C be a site and let B C € be a full subcategory closed
under fiber products and such that every object V' of C admits a covering
family {Uy — V }oer with each Uy, an object of B. Let F be a presheaf on C
whose restriction to B is a sheaf, and let F* be its sheafification. Then, for
every object U of B, the natural map F(U) — F#(U) is an isomorphism.

Proof. For an object V of €, denote by Jy the category whose objects are
covering families {V, — V},er and whose morphisms are refinements. We
note that by [Stacks, Tag 00W7] and [Stacks, Tag 00W6| that the diagram
H°(—,F): gy — Set is filtered (see [Stacks, Tag 002V]) and we define

FHV) =lim H(V,5).
v

By [Stacks, Tag 00W1] the sheafification of F is identified with the compo-
sition F — FT — (FH)T.

Denote by J}, the full subcategory of gy consisting of coverings whose
elements are in B. The diagram HY(—,F): J;, — Set is cofinal in the
diagram H%(—,F): Jy — Set. Therefore

FH(V) =lim H°(V, ).
Iv
This colimit depends only on the values of F on V', and if V is itself an object
of B, then 3+ (V) = F(V). Therefore F#(V) = (FHH(V) = FH(V) =
F(V). O

4.2. Sheaves on G-pFSet and X|,,. In this subsection we establish a
profinite version of our main result.

The site G- pFSet. For a profinite group G, denote by G-FSet the cate-
gory of finite sets with a continuous action of G. One has a natural identifica-
tion Pro(G-FSet) with G- pFSet where the latter category is the category
of profinite topological spaces with a continuous action of G.

We endow G- pFSet with a Grothendieck topology where the coverings
{S; — S} are jointly surjective maps such that each map S; — S satisfies a
condition similar to that in the definition of the pro-étale site as in [BMS19,
§5.1]. More precisely, one can write S; — S as an inverse limit S; = m S

<\ TH
of S, in G-pFSet along some ordinal A, such that Sy — S is the pullback


https://stacks.math.columbia.edu/tag/00W7
https://stacks.math.columbia.edu/tag/00W6
https://stacks.math.columbia.edu/tag/002V
https://stacks.math.columbia.edu/tag/00W1
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of a map in G-FSet, and for all y > 0, the map S, — S<,, := T&lu%u S,y is
the pullback of a finite and surjective map in G- FSet.

Proposition 4.2.1 (|Schi6, (1)]). The collection {G — x} is a cover.

Proposition 4.2.2. The site G-pFSet is finite cocomplete and subcanoni-
cal.

Proof. Since one has an equivalence G- pFSet ~ Pro(G-FSet) and G- FSet
has all finite colimits, the existence of all finite colimits in G- pFSet follows
from [KS06l Corollary 6.1.17 i)]. To show G-pFSet is subcanonical, let S
be an element of G-pFSet. We can write S = lim S; where S; are finite
objects of G- pF'Set. Since hg = 1&11 hs, where the right hand side is a limit
in the category of presheaves, we are reduced to showing that hg is a sheaf
when S is finite. This is handled in the proof of Proposition below. O

Locally constant sheaves on G- pFSet. We now describe the category
Loc(G- pFSet) in terms of the category G- Set.

Proposition 4.2.3. Let G be a profinite topological group. Then, the functor
G-Set — Loc (G-pFSet), T+ (Fr : S+ Homens,g(S, 7))
is an equivalence of categories.

Proof. We first show that Fr is a sheaf. As covers in G- pFSet are jointly
surjective, it follows that the sheaf condition is satisfied for the presheaf
sending S to Homg (S, T) on G- pFSet. One needs to check that continuity
condition is local, which can be checked as follows. Any cover {U; — U} in
G- pFSet has a finite subcover. Passing to such subcover and considering
[[,Ui — U, we can assume the map to be a surjective map of compact
spaces. It is then automatically a quotient map of topological spaces, thus
the continuity of functions can be tested after pullback to [, U;.

For S (resp. T') an object of G- pFSet (resp. G- Set), denote the under-
lying set of S (resp. T') with trivial G-action by Si, (resp. Tin). We claim
that Fr is trivialized after restricting to G seen as an element of G- pFSet.
Indeed, the slice category G- pFSet/G is equivalent to the category of profi-

nite sets - pFSet via (S ER G) — (f~Y(1g)). Under this equivalence, the
pushforward of Fr is the sheaf on - pFSet given by U — Maps.,.(U,T),
which is precisely a constant sheaf in x- pFSet.

Suppose now that F is a locally constant sheaf on G-pFSet. We now
show there exists T in G- Set such that F = Fpr. We claim that the obvious
map colim F(S;) — F(S), where S = lim S; where S; are finite G-sets, is a
bijection, which we refer to as F being classical. To show such an equality
it suffices to check it after a base change by an étale cover of the point (cf.
IBS15, Lemma 5.1.4]). This reduces us to the constant case, which is trivial.

We define our candidate for T as follows. As a discrete set, we set
T = F(G). The G-action on T' = F(G) is defined using the map G —
Autg. prset(G)°P given by h — (g — g - h) (where we view G as an element
of G- pFSet by acting on the left). To see that this action is continuous we
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must show the equality F(G) = colim F(G/U), as U travels over the open
normal subgroups of G, but this follows from classicality.

We now verify that Fr is isomorphic to F. By Proposition the map
G — x is a cover, and thus G x § — S is a cover for any S an object of
G-pFSet. Observe that G x S, — S defined by (g,s) — gs is isomorphic

to G xS % S in G- pFSet/S via the map (g,s) — (g,9s). Similarly,
G X Gy X Sy is isomorphic to G x G x S via the map (g, h, s) — (g, gh, gs).
We thus have the following isomorphism of diagrams.

S— G X Spa & G x Ga X Sta (4.2.1)

| |
S¢—  GxSE————GExGxS.

By the classicality of ¥ we have a canonical identification

F(G x Sta) = colim F(G x ;) = colim Maps(S;, T) = Homents(Sta, T)

after presenting Si, = lim; S; for finite (discrete) S;, and the middle equality
follows from the canonical identifications

F(G x 8) =F([] 6) = [[ F(G) = Maps(8;, T).
s€S; SES;
Consider the exact sequence of sets
?(S) — gj(G X Sta) = ?(G X Gta X Sta) (422)
obtained by using the identification in diagram (4.2.1)), the observation that
as an object of G-Set we have that (G x §) xg (G x S) is isomorphic to

G x G x S, and the sheaf sequence for the cover G x S — S. We then make
the identifications

H:(G X Sta) = HomCHtS(StaaT)7 SF(G X Gta X Sta) = Homcnts(Gta X StavT)
as above. As the maps G X Gy X Sta = G X Si, are explicitly given by

(g,h,s) — (g,s) and (g,h,s) — (gh,h~'s), and by the definition of the
action of G on T', we see that the corresponding maps
Homcnts(Sta7 T) = Homcnts(Gta X Stav T)

are given by f ~— foprg_ and f i+ ((h,s) — h- f(h=1.5)). Using this,
and the sequence (4.2.2) we get the canonical identification of F(S) and
Homepts, (S, T) = Fr(S), as desired.

We have shown that our functor is essentially surjective, and showing that
it is fully faithful is routine. O

The site X ;¢ Consider Pro(FEt x) as a full subcategory of ProEty and
endow it with a Grothendieck topology as in [BMS19, §5.1]. More precisely,
a collection of maps {f;: U; — U} is a cover if it is jointly surjective and
if each U; — U can be written as U; = @/KA U, with U, in X6 and
A some ordinal, and such that Uy — U is the pullback of a map in FEty,
and for all 4 > 0 the map U, — U, := @u%u U, is the pullback of a

surjection in FEty.
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Proposition 4.2.4 (|[Schi3l Proposition 3.5],[Sch16]). Let X be a connected
adic space and let T be a geometric point of X. The functor

Xprofét - w?lg(Xa f)'pFSEfﬂ {UZ} = @FT(U’L)
s an equivalence of sites.
From this and Proposition [£.2.2] we immediately deduce the following.

Corollary 4.2.5. The site Xy o140 has all finite colimits and is subcanonical.

Locally constant sheaves on X,,:. We end this section by describing
all the objects of Loc(Xprofet) using Proposition Define for any ob-
ject Y = {Y;} of Pro(Et x) the presheaf hy profet on Xprorsr Obtained by
restricting hy progt 10 Xprofsr. More explicitly, we have the following formula

by profet ({Ui}) = I'&nligHomEtX(Ui, Y;).
I

We define hg( profér 00 be the sheafification of this presheaf. The following

result then follows from Proposition [£.2.4] Proposition [£.2.3] and the fact
that w?lg(X, T)- Set ~ UFEty.

Proposition 4.2.6. For all Y in UFEtX, the presheaf hy protér s a sheaf
and the functor

UFEtX — LOC(Xprofét)7 Y — hY,profét
s an equivalence of categories.

Proof. 1t suffices to verify the first claim, and to assume X is connected.
The presheaf hy,prots; corresponds via the equivalence in Proposition [.2.4]
to the sheaf Fp from Proposition with T' = Y%, and thus is a sheaf. [

4.3. Sheaves on X, which are pro-finite étale locally constant.
We now to upgrade Proposition [£.2.6] to a result about sheaves on Xpros
which are pro-finite étale locally constant.

Comparing Sh(X04) and Sh(Xp.5st). The inclusion
Pro(FEty) — ProEtx

is a continuous functor of categories with Grothendieck topologies. Since
this morphism preserves fiber products we get an induced map of sites

Xproét — Xprofét'
Denote the induced morphism of topoi by
Ox: Sh(Xproét) - Sh(Xprofét)
or just by # when X is clear from context.

Proposition 4.3.1 (cf. [AG16l Proposition VI.9.18|). Suppose that X is
quasi-compact and quasi-separated. Then, the unit map 1 — 0,0 for the
adjunction 0* 4 0, is an isomorphism. Thus, 0 : Sh(Xprorer) — Sh(Xproct)
is fully faithful with essential image those sheaves F for which the counit map
0*0,.F — F is an isomorphism.
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Proof. Again, the latter statements follow from general category theory. To
show the first statement begin by noting that 6*, being a left adjoint, com-
mutes with colimits. We claim that 0, also commutes with filtered colimits.
By [SGA4, Tome II, Exposé VI, Théoréme 5.1| it suffices to prove that 6
is a coherent morphism between coherent topoi. The fact that Sh(Xprest)
is coherent is verified in [Sch13l Proposition 3.12 (vii)|], and the fact that
Sh(Xprofér) is coherent follows easily from this. To show that 6 is coher-
ent let V. = {V;} be an object of X or¢t. This system consists of spectral
spaces and the transition maps are quasi-compact. We deduce from Propo-
sition that |V| is quasi-compact and quasi-separated from where we are
finished by [Sch13, Proposition 3.12 (iv)].

Fix a sheaf F in Sh(Xpo¢t). We now show that the unit map & — 0,0 F is
an isomorphism. By Corollary the category Xprofer/J is filtered, where
this category means the subcategory of the slice category PSh(Xprorst)/F
consisting of representable presheaves (see [SGA4, Tome I, Exposé I, 3.4.0]).
By [SGA4, Tome I, Exposé II, Corollaire 4.1.1| the natural map

h%nﬁl hY,profét —-F
YePro(FEtx)/F

is an isomorphism where we do not need to sheafify hy ,rorsr by Corollary
4.2.5] Since 0* and 6, both commute with filtered colimits we’ve thus re-
duced to showing that the unit map is an isomorphism when evaluated on
representable sheaves hy prorsr. A computation using the adjunction prop-
erty and [Stacks, Tag 04D3| shows this is equivalent to the bijectivity of the

map hy profet (V) — he (V). This follows from Proposition . O

Y ,proét

Proposition 4.3.2. Suppose that X is quasi-compact and quasi-separated

and let Y be an object of UFEtX. Then, 0% hy protér ~ hg/,proét'

Proof. If Y belongs to FEty, this is clear by [Stacksl, Tag 04D3|. In general,
write Y = ligj Y; with Y; objects of FEty and the transition maps are open
embeddings. Since 8* commutes with colimits, we’re reduced to showing that

o~ ) # ~ Tim Ao
thPYOfet - hﬂ hY] ,profét and hY,proét - hﬂ hY] ,proét "
J J

The former is clear since every object of X4t is quasi-compact and quasi-
separated, and the latter follows from combining Proposition 4.1.8| with
[SGA4, Tome I, Exposé 111, Théoréme 4.1]. O

Locally constant sheaves on X, trivialized on a pro-finite étale
cover. We now establish the special case of our main theorem, classifying
locally constant sheaves on X which become constant on a pro-finite
étale cover of X.

Proposition 4.3.3. Suppose that X is quasi-compact and quasi-separated.
Then, the functor

UFEtX — LOC(Xproét>7 Y — h%’,proét


https://stacks.math.columbia.edu/tag/04D3
https://stacks.math.columbia.edu/tag/04D3
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is fully faithful with essential image those objects F of Loc(Xproet) which
become constant on a pro-finite étale cover of X.

Proof. We may assume that X is connected. To see this functor has image
contained in the correct subcategory of Loc(Xpros) let Y be an object of
UFEt x. As observed in the proof of Proposition the sheaf Ay profet
corresponds, under Proposition to Fr where T = Yz. From loc. cit.
we see that Ay profst is an object of Loc(Xprofet). In particular, 6*hy profet is
an object of Loc(Xproet) trivialized on a pro-finite étale cover of X and so
we’re done by Proposition Moreover, our functor is fully faithful since
it can be described, by Proposition as v* restricted to UFEty from
where we deduce fully faithfulness by Proposition
To show our functor is essentially surjective let J an object of Sh(Xproct)
trivialized on a pro-finite étale cover of X. In particular, it is trivialized on a
fixed universal pro-finite Galois cover X of X which, under the equivalence
in Proposition corresponds to w?lg (X, T) acting on itself by left multi-
plication. By combining Proposition [f.2.4]and Proposition [£.2.3] there exists
some Y in UFEty and an isomorphism 1 : hy profés = 0,7 of objects of
Sh(Xprofér). One then obtains a morphism
Bt

Y, proét —> H*h}/’profét l> 9*0*? —F

where the first isomorphism comes from Proposition [£.3.2] the second map
is %1, and the last map is the counit map. We claim that this is an isomor-
phism. It remains to check that the counit map ¢ : 6*6,F — F is an isomor-
phism. To see this, first observe that since this is a morphism of sheaves and
X — X is a cover in Xproét, it is enough to check that qﬁ' 5 is an isomorphism.
As both sheaves are locally constant and trivialized when restricted to the
connected cover X, it is enough to check that ¢(X): 0*0,F(X) — F(X) is

a bijection. This can be checked after applying 6,. The map obtained from
unit and counit 6, — 60,0%0, — 0, is the identity morphism (see [MacT71),
§IV.1, Theorem 1]). By Proposition we know that the first morphism
in this composition is an isomorphism. It follows that the second morphism
is an isomorphism too. Thus, 6,0*0,F(X) = ,F(X), as desired. O

4.4. Main result. We now arrive at the main result of this section.

Theorem 4.4.1. Let X be a strongly Noetherian analytic adic space. Then,
the functor

COV — LOC(Xproét)7 Y = h’g/proet

is an equivalence of categories.

Proof. Suppose first that ¥ — X is an object of Cov . We claim that the
object hypmet of Sh(Xpro¢t) lies in the subcategory Loc(Xpros). But, there
exists an étale cover {U; — X} such that U; is affinoid for all ¢, and such

that Yy, is an object of UFEtUi for all 4. Since hf restricted to U; is

Y,proét
h%,U proct 1 Sh(Xpios/Us) = Sh((Ui)prost) we know from Proposition {4.3.3
that h§/ proét restricted to each U; is locally constant. Thus, hy proét itself is

locally constant.
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As our our functor is nothing but v% by Proposition it is fully faithful
by Proposition Given this, and the fact both the source Cov%ﬁ— and the
target Loc(Xpro¢t) naturally form stacks on X for the étale topology (the
former by [Warl7l Corollary 3.1.9]), it is enough to show essential surjectivity
étale locally on X. Thus, it is enough to assume X is affinoid and show that
every sheaf of sets F of X ,;o6r which becomes constant on a pro-finite étale

cover of X comes from an object of UFEty. This is Proposition 4.3.3l O

Using Corollary [3.3:3] we can deduce the following result.

Corollary 4.4.2. Let (X,Z) be a connected pointed rigid K-space. Then,
the stalk functor

Fz: ULoc(Xproer) — w0 (X, T)- Set

is an equivalence of categories, and consequently (ULoc(Xproet), Fz) 5 a

tame infinite Galois category with fundamental group W?J’ét(X, T).
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