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ABSTRACT. We propose an axiomatic approach towards studying unlikely intersections
by introducing the framework of distinguished categories. This includes commutative
algebraic groups and mixed Shimura varieties. It allows us to define all basic concepts
of the field and to prove some fundamental facts about them, e.g., the defect condition.

In some categories that we call very distinguished, we are able to show some implica-
tions between Zilber-Pink statements with respect to base change. This yields uncondi-
tional results, i.e., the Zilber-Pink conjecture for a complex curve in Az that cannot be
defined over Q, a complex curve in the g-th fibered power of the Legendre family, and a
complex curve in the base change of a semiabelian variety over Q.
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1. INTRODUCTION

This article is inspired by recent advances in the field of unlikely intersections, most
importantly by [35]. Its main purpose is to introduce the general framework of distin-
guished categories. A distinguished category is a category with a functor to the category
of algebraic varieties over an algebraically closed field of characteristic 0 that satisfies four
axioms (see Section [2| for the precise definition and the list of the axioms to [(A4)).
Algebraic varieties are always irreducible in this article; while (mixed) Shimura varieties as
usually defined might not be irreducible, we consider here only connected (mixed) Shimura
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varieties, which are irreducible. We sometimes omit the word “connected” when speaking
informally. Fields are always of characteristic 0 and subvarieties are always closed and
defined over the field of definition of the ambient variety.

Equivalents or close analogues of some results in this paper were obtained independently
by Cassani [13], [14] in the case of connected mixed Shimura varieties (of Kuga type).

The fundamental insight that underlies this article is that many statements about un-
likely intersections are highly formal in nature, hence one can prove them without using
any more properties of the studied objects than the ones codified in the definition of a
distinguished category.

To give an idea of the power of this approach, we note that it encompasses algebraic
tori, (semi-)abelian varieties, pure and mixed Shimura varieties, and even powers of the
additive group as well as general connected commutative algebraic groups. Many (but not
all) of these examples of distinguished categories also satisfy a fifth axiom which is
needed for some of the results in this article.

Such an axiomatic approach has advantages as well as disadvantages: In the case of
Shimura varieties (pure or mixed), the method allows to dispense with their very tech-
nical definition once the axioms have been verified. Another obvious advantage is that
certain statements can then be proven for all examples at once. As for disadvantages,
the approach is far too general to grasp the arithmetic subtleties that have so far been
crucial in proving deep results on unlikely intersections (lower bounds for the size of Ga-
lois orbits, height upper bounds, etc.). Nevertheless, it provides a streamlined approach
to performing certain reduction steps. Other attempts to axiomatize basic facts about
unlikely intersections have been made by Zilber [72], Ullmo [66], Pila [48], and Eterovié
and Scanlon [22].

We have already mentioned the article [35] by Habegger and Pila. This did not come out
of the blue but, while of great importance, was just one of the last steps after almost two
decades of progress on the topic. Indeed, one of the first attempts to go beyond problems
of Manin-Mumford-André-Oort type arguably dates back to the end of the 90s, when
Bombieri, Masser and Zannier [§] showed that a curve in G}, has finite intersection with
the union of algebraic subgroups of codimension at least 2, provided that it is defined over
the algebraic numbers and not contained in a translate of a proper algebraic subgroup of
G}},. Precursors of this result can be found in [63] and in the appendix to [64] by Zannier.
See also the conjecture on p. 223 of [70]. Maurin [40] later showed that the hypothesis
of not being contained in a translate of a proper algebraic subgroup of G}, in [8] can
be replaced by the weaker but necessary hypothesis of not being contained in a proper
algebraic subgroup of GJ,.

In [8], the authors mentioned possible analogues of their result in the setting of abelian
varieties and families thereof, and so, while Bombieri, Masser and Zannier continued their
study of intersections of subvarieties of G}, with algebraic subgroups, other authors started
considering the abelian analogues. The earliest work in this direction is from 2003, due to
Viada [67] as well as Rémond and Viada [60].

In the meanwhile, Zilber [7I] independently considered problems of this kind from a
completely different viewpoint and with different motivations coming from model theory.
He formulated a general conjecture for subvarieties of arbitrary dimension of semiabelian
varieties.

Related conjectures for powers of the multiplicative group were formulated by Bombieri,
Masser and Zannier in [9] and [10]; see the Appendix to [I1] for a proof of the equivalence
of the various conjectures in the case of powers of the multiplicative group.

Around the same time, in [54] and [55], Pink proposed very general conjectures in
the context of mixed Shimura varieties. His most general conjecture contains all of the
abovementioned results about GJ}, and abelian varieties. At the same time, it provides an
analogue of Zilber’s conjecture in the more general context of mixed Shimura varieties.
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Pink’s formulation of the conjecture seems to be slightly weaker than Zilber’s, but we
will show in this article that they are often equivalent. Pink’s conjecture also implies the
“modular analogue” of Zilber’s conjecture, which generalizes the André-Oort conjecture
in the same way as Zilber’s conjecture generalizes the Manin-Mumford conjecture.

After the groundbreaking article [52] of Pila and Zannier, in which they developed
and applied a new strategy relying on point counting to give an alternative proof of the
Manin-Mumford conjecture, it gradually became clear that this new approach would lead
to relevant progress towards the aforementioned conjectures. Indeed, in the last fifteen
years the method has been applied quite successfully in basically all different contexts
included in Pink’s formulation, see the bibliographies of [69] and [4§].

For the present work, the article [35] of Habegger and Pila is of particular importance.
Although their main aim was to show that o-minimality, together with functional tran-
scendence results and Galois bounds that are still largely open as of today, is sufficient to
obtain new cases of the Zilber-Pink conjecture for abelian varieties and products of mod-
ular curves, they also introduced new ideas (e.g., the defect condition) that we exploited
in [4] to extend their result and prove the Zilber-Pink conjecture for curves in complex
abelian varieties.

Going through the proofs in [35] and [4], one realizes that many steps are purely formal
and here we propose a categorical setting in which basic objects (e.g., special and weakly
special subvarieties) can be defined and facts about them (e.g., the defect condition) can
be proved formally.

We show that basically all the abovementioned examples, prominently (connected)
mixed Shimura varieties, satisfy our axioms. On the other hand, unlikely intersections
have also been studied in various other settings and for some of these, it is unclear whether
they could be integrated into the framework of distinguished categories: We mention here
(families of) Drinfeld modules (see [30]), the results for affine space over function fields in
[16], Klingler’s mixed Hodge varieties in [37], and Gao’s enlarged mixed Shimura varieties
in [27] as well as the growing field of unlikely intersections in arithmetic dynamics (see
the survey [6]). We further refer to Section 3 of [31] for various examples that show the
difficulty of defining special subvarieties in the context of arithmetic dynamics. While a
common method has been applied to studying unlikely intersections in our examples of
distinguished categories, namely using the Pila-Zannier strategy to combine o-minimal
point counting, Galois bounds, and functional transcendence results of Ax-Schanuel type
(see [69]), the methods used in these other settings are sometimes very different.

The paper is organized as follows. In Section [2| we define our main object of study,
distinguished categories, and we see that many of the abovementioned examples form
distinguished categories.

We devote Sections and to a detailed proof that the category of connected (mixed)
Shimura varieties (of Kuga type) is distinguished. Unfortunately, slightly different defini-
tions of connected mixed Shimura varieties appear in the literature. For this reason and
since we have not been able to locate them in the literature, we decided to include proofs
of some widely used and well-known facts about connected mixed Shimura varieties, for
instance the fact that the irreducible components of an intersection of special subvarieties
are special. We hope that this will make our text more accessible to readers who are not
very familiar with this topic.

Many concepts from the field of unlikely intersections can be defined naturally in an
arbitrary distinguished category: In Section |§|, we introduce the concept of (weakly) special
subvarieties. Our definitions are inspired by Pink’s in [54], with which they are formally
identical for the special case of the distinguished category of connected mixed Shimura
varieties, and they are equivalent to the usual definitions of (weakly) special subvarieties
in the case of semiabelian varieties (see Remark . In the same section, we prove basic
facts about (weakly) special subvarieties (e.g., special subvarieties are weakly special,
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irreducible components of intersections of weakly special subvarieties are weakly special)
that are well-known for commutative algebraic groups and for mixed Shimura varieties,
although in the latter case we have not always been able to locate proofs in the literature.
We also compare our approach with Ullmo’s in [66].

The so-called defect condition, introduced in [35] and conjectured there to hold in any
mixed Shimura variety, is often a useful technical tool when studying unlikely intersections:
In Section we consider the concept of (weak) defect and prove the defect condition in an
arbitrary distinguished category (special cases can be found in [35], [20], [51], and [13]).
The definition of defect is formally identical with the definition in [55].

In Section (8 we then consider the concept of (weak) optimality in an arbitrary distin-
guished category. The definition of optimality goes back to [35] while weak optimality for
subvarieties of G, already appears in [57] under the name of cd-maximality.

In Section |§|7 we formulate the axiom which informally speaking says that weakly
optimal subvarieties for a given subvariety come in finitely many “families”. Given an
extension K C L of algebraically closed fields and a distinguished category over K, we
can perform a base change to get a distinguished category over L. If is satisfied
in any base change of the original category with respect to an extension of algebraically
closed fields of finite transcendence degree, we call the category very distinguished. In
our main examples of very distinguished categories (abelian varieties, tori, semiabelian
varieties, connected Shimura varieties, and connected mixed Shimura varieties of Kuga
type over algebraically closed fields of finite transcendence degree over Q), the fact that
they are very distinguished is usually deduced from a functional transcendence result of
weak Ax-Schanuel type (called “Weak Complex Ax” in [35]) together with the facts that
the corresponding uniformization map is definable in an o-minimal structure and that a
countable definable set is finite.

In Section we formulate a statement for arbitrary distinguished categories that
corresponds to the Zilber-Pink conjecture. We then show in Theorem that the Zilber-
Pink statement for the base change of a very distinguished category with respect to an
extension of algebraically closed fields follows from the same statement for the original
category.

This reduction of the transcendence degree of the ground field in the Zilber-Pink state-
ment is similar to the main result of [4], where we reduced the Zilber-Pink conjecture for
abelian varieties from C to Q. Note however that we do not recover the main result of [4]:
If the ambient abelian variety A cannot be defined over Q, then the method we present
here does not reduce the Zilber-Pink conjecture for A to the Zilber-Pink conjecture for
an abelian variety over Q. Our method however allows to reduce to the case where the
subvariety is defined over the algebraic closure of the field of definition of the abelian
variety. The analogous statement for powers of the multiplicative group has been proven
by Bombieri, Masser and Zannier in [I1]. Our proof of Theorem takes its inspiration
from the proof of Proposition 4.1 in [4].

Recently, in [49], Pila and Scanlon proved an effective Zilber-Pink result over a tran-
scendental field extension of C as well as a reduction of the transcendental to the algebraic
case in this context, considering only varieties associated to certain quotient spaces, tran-
scendental points, and strongly special subvarieties. In their reduction step, they have to
assume a formulation of the conjecture over the ground field that is different from what
they obtain over the field extension (but we will prove in this paper that it often follows
from what they obtain over the field extension, see Section . They suggest a method
to remove this restriction over the ground field C without using our work. However, the
dimension of the variety that they need to apply the conjecture to over the ground field
can be bigger than the dimension of the variety they started with. This is a fundamental
difference to our method, which yields more refined results.
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Theorem also contains another statement that implies for example that the Zilber-
Pink conjecture holds for any complex curve that cannot be defined over Q inside the
moduli space Ay of principally polarized abelian surfaces over Q. We denote the base
change of a K-variety V with respect to a field extension K C L by Vi, (see Definition
23).

The following theorem is a special case of Corollary [10.9]

Theorem 1.1. Let K be an algebraically closed field. Let C' be a curve in (As2)k that is
not the base change of a curve in Ay (so cannot be defined over Q) and is not contained
in a proper special subvariety of (A2)kx. Then, C contains at most finitely many points
that lie on a special subvariety of (A2)k of codimension at least 2.

So far, only partial results for curves that are defined over Q inside Ay were known
(see for example [I8] and [19]). Our proof does not use any information about Ay apart
from the fact that it is a connected Shimura variety of dimension 3 over Q for which the
André-Oort conjecture is known to hold. Thus, we also recover Pila’s Theorem 1.4 in [47],
which says that the Zilber-Pink conjecture holds for any complex curve that cannot be
defined over Q inside the cube of the moduli space of elliptic curves.

Let us now see an example. We consider the hyperelliptic curve of genus two defined
by the equation
y? = a(x —1)(z — wt)(x — t2)(xz — th)

over the field K (t), where K = Q(7) C C and ¢ is an indeterminate. Let J; be its Jacobian.
This gives a curve C in (Az) that cannot be defined over Q. There exists a finite set F
such that, for each ¢ty € C\ F, there is a specialized hyperelliptic curve and a specialized
Jacobian J;, over C.

By the Theorem in [39], specializing 7 to 1, we know that .J; only has trivial endo-
morphisms, even over an algebraic closure of K (¢). This implies (see Table 1 on p. 11 of
[18]) that C is not contained in any proper special subvariety of (As)g. Theorem [1.1] then
implies that the intersection of C' with the union of all special subvarieties of (As)x that
have codimension at least 2 is finite. This in turn implies that there are at most finitely
many complex numbers tg such that at least one of the following holds:

(1) Jy, is simple and its endomorphism ring is a Z-module of rank four (i.e., J;, has
quaternionic or complex multiplication),

(2) Jy, is isogenous to the square of an elliptic curve, or

(3) Jy, is isogenous to the product of an elliptic curve and a CM elliptic curve.

In Sections|11{and we prove (again assuming most of the time) that the Zilber-
Pink statement is equivalent to several seemingly weaker statements. In particular, while
the statement is concerned with optimal subvarieties of arbitrary dimension, we show in
Theorem that it suffices to prove it for optimal singletons. This generalizes Theorem
8.3 in [20] (for Shimura varieties) and Theorem 6.1 in [4] (for abelian varieties); the latter
theorem is an easy consequence of the results in [35].

Furthermore, the Zilber-Pink statement we commonly use in this article generalizes
Zilber’s formulation of the conjecture. However, we show in Theorem that it is
equivalent to the corresponding generalization of Pink’s formulation of the conjecture.
This generalizes Theorem 1.9 in [4], where we showed (the non-trivial direction of) this
equivalence in the case of abelian varieties. In the toric case, Ullmo had pointed out already
earlier that the two formulations are equivalent (see p. 320 of [11]) while Zannier mentioned
that this equivalence can be proved by imposing additional multiplicative relations on the
positive-dimensional atypical intersections (see p. 34 of [69]).

In both Theorem and Theorem we have to assume that is satisfied.
Statements similar to Theorem [I1.1]l and Theorem [12.4] for connected mixed Shimura va-
rieties of Kuga type can be found in the work of Cassani [14].
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In Section we apply our results to prove that the Zilber-Pink conjecture holds for
a complex curve in a fibered power of the Legendre family of elliptic curves, which is a
connected mixed Shimura variety of Kuga type. This was previously known only if the
curve can be defined over Q, in which case it follows from combining the results of [60],
[68], [23], [3], and [2]. We use these results together with our Theorem and the fact
that connected mixed Shimura varieties of Kuga type over Q form a very distinguished
category to deduce the C-case.

The theorem below is a consequence of Theorem [13.1

Theorem 1.2. Let K be an algebraically closed field and let £9 be the g-th fibered power of
the Legendre family of elliptic curves over Q. Let C' be a curve in EJ. that is not contained
in a proper special subvariety of EJ.. Then, C contains at most finitely many points that
lie on a special subvariety of £Y, of codimension at least 2.

In Section we show that the Zilber-Pink conjecture holds for a complex curve in a
semiabelian variety, provided that the semiabelian variety can be defined over Q.

Theorem 1.3. Let K be an algebraically closed field and let G be a semiabelian variety
over Q. Let C be a curve in G that is not contained in a proper algebraic subgroup of
Gr. Then C contains at most finitely many points that lie on an algebraic subgroup of
Gx of codimension at least 2.

This follows from combining our Theorem [10.7] and the fact that semiabelian varieties
over Q form a very distinguished category with recent work [5] (see Theorem [14.1)) of the
first-named author, Kithne, and Schmidt.

2. DISTINGUISHED CATEGORIES

Let K be an algebraically closed field of characteristic 0. Consider a category € with
objects U and morphisms 91 together with a covariant functor F from € to the category
of varieties over K. Typically, this functor will correspond to forgetting some additional
information.

We formulate the following axioms that this category may or may not satisfy:

(A1) Direct Products - If X, Y € 0, then there exists Z € U and there exist morphisms
wx :Z — X, my : Z —Y in 9 such that the morphism F(Z) — F(X) xxg F(Y)
induced by the morphisms F(7x) and F(my ) is an isomorphism. We identify F(Z)
with F(X) xg F(Y). Furthermore, if ¢ : W — X and ¢ : W — Y are morphisms
in 9, then there exists a unique morphism x : W — Z in 91 such that nx oy = ¢
and 7y o x = 1. We write X x Y or X xg Y for Z and (¢, ) for x.

(A2) Fibered Products - If ¢ : X — Z and ¢ : Y — Z are morphisms in 9, then there
exists n € Z, n > 0, and there exist X1,...,X,, € U and morphisms ¢; : X; —
XxYinM (i = 1,...,n) such that [J_; F(¢:)(F(X;)) = (F(X) X r(2) F(Y))red C
F(X) xg F(Y).

(A3) Final Object - The category has a final object that is mapped to Spec K by F.

(A4) Fiber Dimension - If ¢ : X — Y is a morphism in 9, then F(¢)(F(X)) is
closed in F(Y) and there exist morphisms ¢1 : W — X, ¢o : W — Z, and
¢3: Z — Y in M such that ¢ o @1 = P30 @2, F(¢1) is finite and surjective, F(¢p3)
has finite fibers, F(¢2) is surjective, F(¢2) 1(2) is irreducible for all z € F(2),
and dimy,, F(¢2) "1 (F(¢2)(w)) is a constant function for all w € F(W).
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In other words, |(A4)|says that the image of F(¢) is closed and that ¢ factorizes as in
the following diagram:
surjective,

f%bers are iréeducible
of constant dimension
w y Z

) ¢2
d)lls finite, ¢>3lﬁnite fibers (2 ’ 1)

urjective
¢
X Y,

where the properties in the diagram are properties of the images of the morphisms under
F. Note that implies that dim, F(¢)~'(F(¢)(z)) is a constant function for x €
(F(X))(K) and therefore for x € F(X) (see Appendix E of [32]). By the same Appendix,
it suffices to show that F(¢2) is surjective and that all fibers of F(¢2) over closed points
of F(Z) are irreducible of constant dimension in order to verify the properties of F(¢2)

in [A1]

Definition 2.1. If € satisfies to we call it a distinguished category. The
elements of U (which we will often identify with their images under F ) will then be called
distinguished varieties while the elements of M (which we will often similarly identify) will
be called distinguished morphisms.

The domain and codomain of a distinguished morphism are automatically distinguished
varieties.

Remark 2.2. We are going to see later that these axioms are all necessary in order to
define fundamental concepts and prove basic facts. For the reader who is already familiar
with the topic, we summarize here how they will be used:

(A1)| is needed to introduce |(A2)|

(A2)|is equivalent to the fact that irreducible components of intersections of special

subvarieties are special.

(A3)| implies that special subvarieties are weakly special.

(A4)| together with[(A2)|implies that irreducible components of (pre-)images of (weakly)
special subvarieties under distinguished morphisms are (weakly) special and irre-
ducible components of intersections of weakly special subvarieties are weakly spe-
cial. The fact that the image is closed is necessary in order to be able to define
special subvarieties at all. The constant fiber dimension is fundamental in the
proof of the defect condition.

We are going to use the following notation throughout the article.

Definition 2.3. If K C L is an arbitrary field extension and V is a finite union of varieties
over K, then Vi, =V X i L is called the base change of V to L. We use analogous notation
for the base change of morphisms between varieties.

We now give some examples of distinguished categories. If F is not mentioned, then it
is to be understood that € is a subcategory of the category of varieties over K and F is
just the inclusion functor.

A trivial but instructive example is the following: Let X be an arbitrary fixed variety
over K. The category Ciiyv(X) with objects U = {X™;n € Z,n > 0} and morphisms
M = {maps X" — X", (z1,...,2m) = (i, ..., T,)} is distinguished.

The category of connected commutative algebraic groups gives an interesting example
of a distinguished category which we denote by €comm. To be more precise, if we take U to
be the connected commutative algebraic groups over K, M to consist of homomorphisms
of algebraic groups composed with translations by torsion points, and F to be the forgetful
functor, we can easily see that axioms to follow from well-known properties of
algebraic groups and homomorphisms between them.
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In particular, also in view of [4], one can consider the full subcategories €, and Cqemiab
of Ccomm, consisting of (semi-)abelian varieties over K, or even just € given by U =
{G%K;n € Z,n > 0} or €,qq given by U = {GZK;n € Z,n > 0}.

In the next section we are going to see further examples of distinguished categories.
We end this section by noting that, given two distinguished categories ¢ and € over
an algebraically closed field K, we can form a product category € x €' that is again
distinguished: Its objects are pairs of objects of € and ¢’, its morphisms pairs of morphisms
of € and ¢’, and its functor is defined by applying to each element of the pair of objects or
morphisms the functor of the corresponding distinguished category and taking the direct
product of the two resulting varieties or the morphism between direct products induced
by the two resulting morphisms of varieties respectively.

3. CONNECTED MIXED SHIMURA VARIETIES

In this section together with the next two ones, we are going to prove that connected
mixed Shimura varieties and the subcategories consisting of the pure and the Kuga type
ones fit in our framework and satisfy axioms to

Different definitions of a (connected) mixed Shimura datum appear in the literature.
We use the following. We denote the Deligne torus Resc/r G, c by S and we identify S(IR)
with C*. We fix once and for all a complex square root of —1 that we denote by /—1.
For the definition of a rational mixed Hodge structure, its type, and its weight filtration,
we refer to Chapter 1 of [53]. The definition of a Cartan involution can be found on pp.
274-275 of [41].

Definition 3.1. A connected mixed Shimura datum is a pair (P,X™), where P is a
connected linear algebraic group over Q with unipotent radical W and another algebraic
subgroup U C W that is normal in P and uniquely determined by X+ and condition
below, and X+ C Hom(Sc, Pc) is a connected component of an orbit under
conjugation (from the left) by the subgroup P(R)U(C) C P(C) such that for some (or
equivalently for all) x € X+ we have that

(MSD.a) the composite homomorphism S¢ — Pc — (P/U)c is defined over R,
(MSD.b) the adjoint representation induces on Lie P a rational mized Hodge structure of

type
{(_L ]-)7 (0’ 0)3 (1’ _1)7 (_17 0)7 (Oa _]-)7 (_1, _1)}a
(MSD.c) the weight filtration on Lie P is given by

{0} ifn < =2,
LieU  ifn= -2,
LieW ifn= -1,
Lie P ifn >0,

(MSD.d) the conjugation by x(v/—1) induces a Cartan involution on (P/W)a and (P/W )3
possesses no non-trivial Q-factor H such that H(R) is compact, and

(MSD.e) P/P%" is an almost-direct product of a Q-split torus with a torus of compact type
defined over Q.

IfU = {1}, then (P, X™) is called connected mixed Shimura datum of Kuga type, while
if W = {1} it is called connected pure Shimura datum or connected Shimura datum.

In Definition 2.4(1) in [26], X is taken to be a P(R)TU(C)-orbit instead of a connected
component of a P(R)U(C)-orbit, where P(R)" denotes the identity component of P(R).
Definition above is equivalent to Definition 2.4(1) in [26]. Definition 2.1 in [54] is
more restrictive than our definition here as Pink additionally demands that P possesses

no proper normal subgroup P’, defined over Q, such that x factors through P. C FPc.
Note that the second part of [((MSD.d)| seems to be missing in Definition 2.1 in [54], but

Wy (Lie P) =
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follows from Pink’s additional condition (vi) together with the rest. Definition 2.1 in [28)]
is equal to Definition 2.1 in [54] in the case of connected mixed Shimura data of Kuga
type. Definition 2.1 in [53] is a slightly more general analogue of our definition for mixed
Shimura data instead of connected mixed Shimura data.

We now let P(R); be the stabilizer of X in P(R) (it contains P(R)"), and we let
I be a congruence subgroup of P(Q) that is contained in P(Q)+ := P(Q) N P(R)4+. By
abuse of notation, we will say in this situation that I' is a congruence subgroup of P(Q).
By Proposition 2.2 in [61], there always exists such a congruence subgroup. It follows
that, for every congruence subgroup of P(Q), its intersection with P(Q)+ is a congruence
subgroup of P(Q) that is contained in P(Q).

By [63], 1.18(a), there is a canonical complex structure on X . There exists an algebraic
variety V over Q such that I'\ X is canonically isomorphic to the analytification of V¢ as
a complex analytic space (see [53], Proposition 3.3, Proposition 9.24, Definition 9.25, and
Theorem 11.18).

The variety V is called a connected mized Shimura variety. If (P, X ) is of Kuga type or
pure, then V is called connected mized Shimura variety of Kuga type or connected (pure)
Shimura variety respectively.

Condition is usually dropped in the definition of a connected (pure) Shimura
datum/variety. Nevertheless, in this article, connected (pure) Shimura data will satisfy
(MSD.e)l We will see that this does not cause any problems thanks to Remarks and
4.4! If (P,X™") satisfies [(MSD.a)| to [(MSD.d)| with W = {1}, then we can consider its
quotient by the center of P (see Remark and this quotient will satisfy SO
this condition is not a big restriction in applications to unlikely intersections.

Definition 3.2. Let (P, X ") and (P', X'") be connected mized Shimura data. If we have
a homomorphism ¢ : P — P’ of algebraic groups over Q which induces a map X+ — X'+
through © — ¢¢ o z, we say that ¢ induces a Shimura morphism (P, X*) — (P, X'") of
connected mized Shimura data.

Suppose we are given a Shimura morphism (P, X ) — (P’, X'") induced by ¢ : P — P’
and congruence subgroups I' € P(Q)4+ and I' € P/(Q)4+ with ¢(I') € I". Then, this
induces a holomorphic map I'\X+ — I"\X'" between complex analytic spaces that in
turn gives a morphism between the corresponding connected mixed Shimura varieties (see
[53], 3.4, Proposition 9.24, Proposition 11.10, and Theorem 11.18).

We are now in place to define a distinguished category €,,g, over Q, where

e U5, consists of triples (P, X+, T') where (P, X") is a connected mixed Shimura
datum and I is a congruence subgroup of P(Q)4;

e Mysy consists of arrows (P, X, T) — (P, X', T”) given by a Shimura morphism
(P,X*) — (P, X'") induced by a homomorphism of algebraic groups ¢ : P — P’
that satisfies ¢(I') C I" and composition of arrows is given by composition of
Shimura morphisms;

e the functor Fy,gy sends an element (P, X, T') of Yy,sy to the corresponding con-
nected mixed Shimura variety V over Q. Moreover, it sends an element (P, X+, T') —
(P, X' T") of Mgy to the induced morphism of connected mixed Shimura vari-
eties.

By restricting the above definition to connected mixed Shimura data of Kuga type or
connected pure Shimura data, we can also define the full subcategories € sy and €psy
of €nsyv. By abuse of notation, we also call the elements of My,sy, Mmsvi, and Mysy as
well as their images under the respective functor Shimura morphisms.

We would like to remark that we cannot just take €, to be a subcategory of the cat-
egory of varieties over Q and take for Fy,gy the inclusion functor because of the following:
There exists a trivial connected Shimura datum that is associated to the trivial reductive
group and admits Shimura morphisms from any other connected Shimura datum. Its
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associated connected Shimura variety consists only of a point. There are however also
non-trivial connected Shimura data that are associated to certain (positive-dimensional)
tori and do not admit Shimura morphisms from all other connected Shimura data, and in
particular not from the trivial connected Shimura datum, but whose associated connected
Shimura varieties nevertheless consist only of a point.

On the other hand, these non-trivial connected Shimura data can sometimes also ad-
mit Shimura morphisms to connected Shimura data with positive-dimensional associated
connected Shimura varieties (leading to special points on these), which the trivial con-
nected Shimura datum cannot. This means that the existence or non-existence of Shimura
morphisms between connected Shimura varieties depends not only on the variety struc-
ture, but also on the associated connected Shimura datum and congruence subgroup (and
non-isomorphic pairs of connected Shimura data and congruence subgroups might yield
connected Shimura varieties that are isomorphic as varieties). All of this holds also for
connected mixed Shimura varieties or connected mixed Shimura varieties of Kuga type
instead of connected Shimura varieties.

In the next two sections we are going to prove the following proposition:

Proposition 3.3. The categories €5y, Cmsvk, and Cysy satisfy the axioms to|(A4)

Proposition will allow us to forget the very technical definition of a connected
(mixed) Shimura variety (of Kuga type) for a large part of this article and work only
with the axioms |(A1)|to|(A4)]

We conclude this section with some definitions and a proposition concerning Shimura
morphisms.

Definition 3.4. Let ¢ be a Shimura morphism (P, X*T,T) — (Q,Y™,A). By abuse of
notation, we also denote the corresponding homomorphism of algebraic groups P — @Q by
¢. We say that Fusy(d) : Fusv(P, X T, T) = Fuse(Q, YT, A) is a
(1) Shimura submersion if the image of ¢ contains QI
(2) quotient Shimura morphism if ¢ : P — @ is surjective and in this case we call
(Q,Y™) a quotient Shimura datum of (P, X ™),
(8) Shimura immersion if the identity component of ker ¢ is a torus,
(4) Shimura embedding if ¢ : P — Q is injective and in this case we call (P, X™) a
Shimura subdatum of (Q,Y ™), and
(5) Shimura covering if it is a Shimura submersion and immersion.

These definitions concern morphisms between connected mixed Shimura varieties but
actually depend on the underlying homomorphisms of algebraic groups (and only on these).
With a slight abuse of language, we also call Shimura submersions, quotient Shimura
morphisms, Shimura immersions, embeddings, and coverings the corresponding Shimura
morphisms between connected mixed Shimura data as well as the corresponding elements
of Mnsy.

Remark 3.5. In Proposition 2.9 in [53], the quotient of a mixed Shimura datum (P, X)
by a normal algebraic subgroup K of P is constructed; it satisfies a certain natural uni-
versal property. Thanks to Corollary 2.12 in [53], this construction also yields quotients
(P,X")/K of connected mixed Shimura data (P, X ) by such subgroups K that are again
connected mixed Shimura data. One can check that the abovementioned slight difference
between our definition and Pink’s definition in [53] is preserved under taking such quo-
tients. Furthermore, one can check that a Shimura morphism (P, X*) — (Q,Y™") is a
quotient Shimura morphism if and only if it induces an isomorphism between (P, X1)/K
and (Q,Y ™), where K = ker(P — Q).

We recall some results from [54] that we will use when verifying that holds for our
three categories €5y, €msvk, and €psy and in Section @
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Proposition 3.6 ([54], Facts 2.6). The following hold:

(1) Shimura submersions are surjective.
(2) Shimura immersions are finite.

As no proof of these facts is provided in [54] and the definition of a connected mixed
Shimura datum in [54] is slightly different from our definition here, we give a proof. It
relies on the proof of the proposition in the pure case that appears in [46].

Proof. Let ¢ : P — @ be a homomorphism of connected linear algebraic groups over Q
that induces a Shimura morphism of connected mixed Shimura data (P, X)) — (Q,Y ™)
and thereby induces a Shimura morphism Fpgy(P, X7, T) = Fuse(Q, YT, A). We first
note that surjectivity and finiteness may be checked after base change to C. This is
guaranteed by Propositions 14.48 and 14.51 in [32] (the morphism SpecC — SpecQ is
faithfully flat and quasi-compact, see [32], Definition 10.1 and right after Definition 14.7).
One can check the surjectivity over C on C-points thanks to Theorem 10.70 in [32].

We start with (1). Suppose that Q4°" C ¢(P), which means that the Shimura morphism
Fuse(P, X1 T) = Fuse(Q, YT, A) induced by ¢ is a Shimura submersion. By Proposition
2.9 in [26], ¢ induces a Shimura morphism of connected pure Shimura data

(Gp, X&) = (P,XT)/Wp = (Q,YT)/Wq =: (Gg,Y),

where Wp and W are the unipotent radicals of P and @ respectively and (P, XT)/Wp
and (Q,Y™)/Wy are the induced quotient Shimura data. The derived subgroup G%er is
contained in the image of the induced homomorphism Gp — Gg and so this Shimura
morphism is also a Shimura submersion. Let Ug C Wy and Up C Wp be the subgroups
from the definition of a connected mixed Shimura datum. By Proposition 2.9 in [20], we
have ¢(Up) C Ug.

By we have that the quotient Q/Q%" is of multiplicative type. Moreover, the
image of Wg in such a quotient is unipotent and therefore trivial by [42], Proposition
14.16. Therefore, we have Wg C Q4" C ¢(P).

Now we claim that ¢|y, : Up — Ug is surjective. If this is the case, then it follows from
Proposition 5.1 in [4I] that Wg(R)Ug(C) C ¢(P(R)+Up(C)). Moreover, by the proof of
Theorem 2.4(3) in [46], the map Xg — Yg is surjective and X+ — Xg is surjective by
Proposition 5.1 in [4I]. Then [53], 2.18, implies that the map Xt — YT is surjective and
therefore the induced map T\ X+ — A\YT is surjective as well, from which (1) follows.

We are left with proving that ¢|y, : Up — Ug is surjective. We argue at the level
of Lie algebras. The torus S¢ acts on Lie P through the adjoint representation. We
have Sc-invariant subspaces Lieker ¢ C Lie qﬁ*l(UQ) and this gives an Sc-invariant sub-
space Lie ¢~ 1(Ug)/ Lieker ¢ of Lie P/ Lieker ¢. Now Lie ¢! (Ug)/ Lieker ¢ is isomorphic
to Lie(Ug N ¢(P)) by Proposition 1.63 in [42], so the action of Sc on it is pure of type
{(=1,-1)} (as defined in [53], 1.3, p. 9). Hence, Lie ¢! (Ug)/ Lie ker ¢ must be contained
in the (—1,—1)-subspace of Lie P/ Lieker ¢, which is equal to Lie(ker ¢)Up/ Lieker ¢.
It follows that Lie¢ '(Ug) is contained in Lie(ker )Up. For the identity component
¢~ 1(Ug)°, we have

Lie(¢™ 1 (Ug)° N (ker $)Up) = Lie ¢ (Ug)° N Lie(ker $)Up = Lie ¢~ (Ug)",
see [42], Chapter 10, p. 190. By [42], Proposition 10.15, ¢~(Ug)° is contained in
(ker ¢)Up. But ¢p(¢~1(Ug)) is connected (being unipotent), so ¢(¢~1(Ug)) = (¢~ (Ug)?)
and hence ¢~ (Ug) = (ker ¢)¢p1(Ug)°? C (ker ¢)Up. Since Ug C W C ¢(P), this implies
that ¢|y, : Up = Ug is surjective and we are done with (1).

We turn to (2), using the same notation as in (1), but now ¢ induces a Shimura im-
mersion, i.e., the identity component of ker ¢ is a torus. We want to show that the map
M\X* — A\Y™ of complex analytic spaces is finite, i.e., proper and separated with finite
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fibers (note that separatedness is automatic). By GAGA (see [1], Exposé XII, Proposition
3.2(vi)), this implies that the corresponding morphism of algebraic varieties over C is also
finite.

By Proposition 2.9 in [26], we have ¢(Wp) C Wg. The kernel of ¢|w, is a unipotent
algebraic group whose identity component is a torus. Hence it is trivial, so ¢|w, is injective.
Again, there is an induced Shimura morphism (Gp, X/) — (G, Y ). The kernel of the
induced homomorphism Gp — Gg is equal to ¢~ (W) /Wp. Since ¢|w, is injective, the
restriction of P — Gp to ker ¢ is an isomorphism onto its image H C ¢~ 1(Wg)/Wp. We
have that (¢~ (Wq)/Wp)/H ~ (Wg N ¢(P))/é(Wp) is unipotent and normal in Gp/H.
It follows from Theorem 22.42 in [42] that Gp/H is reductive. Therefore, we must have
¢~ (Wq)/Wp = H ~ ker¢. So the induced Shimura morphism (Gp, X/,) = (Gg,Y7)
is a Shimura immersion as well. Together with Theorem 2.4(2) in [46], the injectivity
of ¢lw,, and [53], 2.18, this implies that the map I'\X+t — A\Y™* has countable and
therefore finite fibers. Note that, by Lemma 2.2 in [46] (which is formulated for reductive
groups, but holds with the same proof for arbitrary linear algebraic groups) one can find
congruence subgroups of Gp(Q)4 and G(Q)+ such that we can apply Theorem 2.4(2) in
[46].

A continuous map with compact — e.g., finite — fibers is proper if and only if it is closed.
It therefore remains to show that the continuous map I'\ X — A\Y ™" is closed.

We choose a Levi decomposition P = Gpx Wp (see Theorem 2.3 in [50]). Let ip : Gp —
P denote the induced homomorphism of algebraic groups and let 7p : P — Gp denote
the canonical quotient homomorphism. Fix xg € Xg . It follows from the surjectivity
of XT — X/ that there exists # € X such that (mp)c o & = z¢. By Proposition 2.17
in [53], ip induces a morphism between the associated mixed Shimura data. Proposition
2.18 in [53] then implies that z = (ip)c o zg € Wp(R)Up(C)z C XT. fw : Gpg — S'is
defined by t € R* —» t € C* = S(R), then the composition z o wg = (ip)c © g o we is the
base change of a homomorphism z,, : G,, g — P thanks to Remark 2.2(i) in [26] (note
that Wp C P9 and so the center of Gp is isogenous to P/P%" ~ Gp/(Gp)der).

Let Zp(x,,) denote the centralizer of x,(G,, g) in P. The proof of Lemma 1.8 in [53]
shows that there is a Levi decomposition P = Gp X Wp such that Gp x {0} = Zp(z,)
and we will assume that we have chosen this as the Levi decomposition of P. If Z(x) C
(Zp(x,))(R)T denotes the intersection with P(R)*Up(C) of the centralizer of z(S¢) in Pc
and Z(zg) denotes the intersection with Gp(R)™ of the centralizer of z¢(Sc) in (Gp)c,
then this Levi decomposition induces a homeomorphism

Xt~ P(R)"Up(C)/Z(z) = (Gp(R)" /Z(xc)) x Wp(R)Up(C) =~ X/ x Wp(R)Up(C).

The homeomorphism is P(R)*Up(C)-equivariant, where P(R)"Up(C) operates on Wp(R)Up(C)
by multiplication from the left and its operation on Xg is the canonical one.

Using y = ¢¢ o x, we get in the same way a Levi decomposition of () and a homeo-
morphism Y — Y7 x Wo(R)Ug(C). Furthermore, we have ¢(Gp x {0}) C Gg x {0}
for these Levi decompositions and the map X} x Wp(R)Up(C) — Y5 x Wo(R)Ug(C)
induced by these homeomorphisms is the canonical one.

After maybe replacing I' and A by smaller congruence subgroups, using again (a more
general version of) Lemma 2.2 in [46] in the process, we can assume without loss of gener-
ality that I' = I'¢ X I'yy, where I'; is a neat congruence subgroup of Gp(Q);+ (as defined
n [53], 0.5) and I'yy € Wp(Q) is a I'g-invariant congruence subgroup, and analogously
A=Ag X Awy.

By Theorem 2.4(2) in [46], the map T'¢\X/} — Ag\Y{ is proper. It follows that the
same holds for the map

(CA\XE) X gyt (A\YT) = A\YT
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Consider now the map
D\XT = (Ta\XE) X g yr (AVWYT).

Thanks to the homeomorphisms constructed above as well as Proposition 3.3(b) in [53]
with its proof together with the neatness of I'¢ and A¢g, we can cover Fg\Xg with open
sets U over which I'\ X is homeomorphic to U x (T \Wp(R)Up(C)) while (I'¢\X/) X AG\Ye

(A\Y ") is homeomorphic to U x (Aw\Wo(R)Ug(C)) (and the map between them is the
canonical one). It then suffices to show that the map

L \Wp(R)Up(C) — Ay \Wq(R)Uq(C)

is proper.

Set Vp = Wp/Up and Vo = Wg/Ug. By [B3], 2.15, Up and Vp are abelian and
Wp is isomorphic to Up xg Vp as a Q-variety in such a way that the induced morphisms
Up — Up xq@Vp — Vp are the canonical ones; analogous statements hold for Wg. Arguing
as above for ¢~1(Ug) C (ker ¢)Up in case (1) and using Proposition 2.9 in [26], we find that
gf)_l(UQ) N Wp = Up. The exact sequence Up — Wp — Vp induces an exact sequence
of congruence subgroups 'y — I'yy — I'y. Analogously, we get an exact sequence of
congruence subgroups Ay — Ay — Ay

As ¢_1(UQ) N Wp = Up, the induced homomorphism ¢y : Vp — Vg is injective. Since
any basis of AyNey (Vp(Q)) can be completed to a basis of Ay, the map ¢y, (Ay)\Vp(R) —
Ay\Vo(R) is a closed embedding. Furthermore, the map I'v\Vp(R) — (;5‘71 (Av)\Vp(R)
is proper since I'y has finite index in gZ);l (Ay). Hence, the map I'v\Vp(R) — Ay \Vp(R)
is proper and therefore the map

(TvAVP(R)) XA \vom®) (Aw\Wo(R)Uq(C)) — Aw\Wq(R)Uq(C)

is proper as well.

Using that Wp(R)Up(C) and Wy (R)Ug(C) are homeomorphic to Vp(R) x Up(C) and
Vo(R) x Ug(C) respectively and that the various quotient homomorphisms are covering
maps in order to argue as above, we are reduced to showing that the map I'yy\Up(C) —
Ap\Ug(C) is proper. But this map is the composition of I'/\Up(C) — ¢~ (Ay)\Up(C),
which is proper since 'y has finite index in ¢! (Ay), and the closed embedding ¢~ (Ay)\Up(C) —
Ay\Ug(C) (recall that ¢|w, is injective), hence proper. O

Remark 3.7. Proposition 2.9 in [26] and the argument with Lie algebras in the proof of
Proposition (1) show that ¢(P)NUg = ¢(¢~*(Ug)) = ¢(Up) for any Shimura morphism
(P,X*) - (Q,Y™") induced by a homomorphism of algebraic groups ¢ : P — Q, where
Up C P and Ug C @ denote the respective subgroups from the definition of a connected
mixed Shimura datum. Combined with Proposition 2.9 in [53] and its proof, this shows
that being pure or of Kuga type is preserved under taking quotients. We will use these
facts throughout the article.

4. INTERSECTIONS OF SPECIAL SUBVARIETIES OF CONNECTED MIXED SHIMURA
VARIETIES

In this section and in the next one, we indicate by U, M, and F respectively the class
of objects, the class of morphisms, and the functor corresponding to any of the three
categories we are considering in Proposition [3.3]

In order to prove we need to show that, in our context, irreducible components
of intersections of special subvarieties are special. This is a well-known, widely used fact
but we were unable to find a detailed proof of it in the literature and our definition of a
connected mixed Shimura datum slightly differs from the ones in [53] and [54]. For these
reasons we include a proof here.
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Before stating the theorem, we note that, for any ¢ € 91, the image of F(¢) is closed
because of Remark 5.5 in [26] and Proposition 4.2 in [54] (which also holds with our
definition). We can then call the image of a Shimura morphism a special subvariety (see
Definition [6.1] below and Definition 5.9(1) in [26]).

Theorem 4.1. Irreducible components of intersections of special subvarieties of connected
(mized) Shimura varieties (of Kuga type) are special.

We recall that S denotes the Deligne torus. In order to prove the above theorem we
need several auxiliary facts.

Lemma 4.2. Let (P,X™") be a connected mized Shimura datum and let H C P be a
connected algebraic subgroup. Let U be the normal unipotent subgroup of P from the
definition of a connected mized Shimura datum. Set Xi = {x € XT; x(Sc) C Hc}. Then
Xy is a finite (possibly empty) union of H(R)™ (U N H)(C)-orbits.

Proof. We can assume without loss of generality that Xg # (.

Let uw : H— H/(U N H) denote the quotient map, where we regard H/(U N H) as an
algebraic subgroup of P/U. Then, uc o z can be defined over R for each x € Xp. Let W
denote the unipotent radical of P and let 7 : P — P/W denote the quotient map. Set
(G, X)) =(P,XT)/W and Gy = H/(WNH) C G. The elements of X/, are defined over
R, so we view Xg as a subset of Hom(S, Gg).

Let X be the full G(R)-conjugacy class of some element of ng.

We first show Claim 1: Xg, = {z € X¢; z(S) C (Gu)r} is a finite union of Gy (R)-
conjugacy classes.

For this, we reproduce an argument by Moonen in [43].

We start the proof of Claim 1 by proving Claim 2: Xy # () implies that Gy is reductive.
It suffices to show that the image H’' of Gy in G is reductive since the center Z(G) of
G is of multiplicative type by Corollary 17.62(a) in [42]. Let x € Xpy. By
conjugation by z(y/—1) induces a Cartan involution @ on Gﬁ‘gd, which yields an inner form

G2 of Gad such that GA(R) is compact. Since z € Xy, this involution restricts to an
involution of Hp, which we also denote by 6. It yields an inner form H{Rge C G?Rd’e of Hp.

We deduce that Hﬁée(R) is compact as well, so Hf has a compact inner form. It follows
from Proposition 14.32 in [42] that H' must be reductive and therefore Gy is reductive.
Thus, we have established Claim 2.

We introduce the following notation: Given an algebraic group @ over R and a maximal
torus T' C @, we write RWq(T) = Ngo(T)(R)/Zg(T)(R) for the associated “real Weyl
group”, where Ng(T') and Zg(T') denote the normalizer and the centralizer of T' in @
respectively.

By Corollary 3 on p. 320 of [56], there exists a finite set {51, ..., S} of representatives
for the conjugacy classes of maximal tori in (Gg)gr under conjugation by G (R). Given a
G (R)-conjugacy class X, C X¢,,, we can find ¢ € {1,...,k} such that some element of
X, factors through S;. For each G (R)-conjugacy class X, C X¢,,, we choose an index
i = i(«) for which this holds. We also choose an element = € X, such that z(S) C ;.

Set S! = adgr(S;), where ad : G — G, and write 2/ = adg ox. By Proposition 17.20 in
[42], S; is a maximal torus of Hg. We claim that the class of 2" in RWy (5;)\ Hom(S, 57)
depends only on X, and the choice of 7, but not on x. To see this, suppose we have another
element y € X,, such that y factors through S; too. Choose h € Gy (R) such that y = hz.
Let M C (Gg)r be the centralizer of x(S), which is a reductive subgroup of (Gg)r by
Corollary 17.59 in [42]. Let M’ be the image of M in Hg C G2 Since S is a maximal
torus of Hf, it is also a maximal torus of M’. Since h~1S;h is contained in the centralizer
of h~ly = z, we have that T := adr(h) 1S/ adg(h) is also a maximal torus of M’.
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On the other hand, M’(R) is compact because the Cartan involution of G&! that is in-
duced by z(y/—1) restricts to the identity on M’. Therefore, S/(R) and T'(R) are conjugate
in M'(R) by Theorem 15 on p. 250 of [45]. By the classification of real tori up to isogeny,
S!(R) is Zariski dense in S}. Thus there exists m € M'(R) such that adg(h) 1S/ adg(h) =
m~1S!m. Then z = adg(h)m™! is an element of N (5)(R), and because adg oy =
adg ohx = zz', we see that adg oy gives the same class in RWp, (57)\ Hom(S, S;) as 2”. So
we get a well-defined class cl(Xa) € RWyy (S;)\ Hom(S, 57).

Choose now a maximal torus T; C Gr containing .S;, and write Tl-ad - Gﬁd for its image
under adg. Applying the arguments of the previous paragraphs with G in place of Gy, X¢
in place of X¢,,, T; in place of S;, and de in place of S, i.e., for H = P, we find that the
G(R)-conjugacy class X¢ gives rise to a well-defined element of RW gaa (T24)\ Hom(S, 7).
Since RWGid (T24) is finite by Corollary 17.39(a) in [42], this implies that, given an index 1,
there are only finitely many elements in RWy (S;)\ Hom(S, S7) that can occur as cl(Xa).

Suppose we have G (R)-conjugacy classes X, and X3 in X¢g,, such that i(a) = i(f)
and cl(X,) = cl(X3). We want to show that X¢,, is a finite union of Gy (R)-conjugacy
classes. Choose x € X, and y € Xz such that x and y both factor through \S;. Since the
group RWHD%(S;) is finite, it suffices to show that adr ox = adg oy implies X, = Xg. If
adg ox = adp oy, then x and y differ by a homomorphism x : S — Z(G)rNS;, ie., yc(s) =
xc(s) - xc(s) for all s € S(C). Now we look at the abelianization map ab : G — G/G9°";
then abg of is independent of the choice of £ € Xg. Hence we find that the image of x
is contained in (Z(G) N G49°")g. But this is a finite group by Proposition 19.21(b) in [42]
and S is connected, so it follows that x is trivial and therefore X, = Xjz.

It follows that X, is a finite union of G (R)-conjugacy classes and so Claim 1 holds.

We deduce that there exists a finite subset C'y C Xp such that, for any z € Xpg, the
composition 7¢ o is conjugate to 7 o zp through G (R) for some xg € C. After maybe
enlarging C'y, we can even assume that n¢ o ¢ and 7¢ o g are conjugate through the
identity component Gy (R)*.

We want to show that every z € Xy lies in the H(R)*(UNH )(C)-orbit of some zg € Cp.
By the above together with Proposition 5.1 in [41], we can assume that m¢c o x = m¢ o xg
for some xy € Cy after replacing by an H(R)"-conjugate.

Let 7 : P/U — G be the canonical homomorphism and set 7' = (m¢ o z0)(Sc). Both
(7e) | (ucow) () @A (7€) |(ucozo)(se) are isomorphisms onto 7. They each give a Levi de-
composition

(7c) ‘(_bl[/(UmH))C(T) ~Tx (WnH)/(UnNH))c.
Since everything is defined over R here, both Levi decompositions are defined over R. By
Theorem 2.3 in [56], they are conjugate through an element of (WNH)/(UNH))(R). By
Proposition 5.1 in [41] and Proposition 14.32 in [42], we can assume that uc oz = uc o xg
after replacing by an H(R)"-conjugate. Applying a similar argument to u : H —
H/(U N H) over C finally shows that x € Xp lies in the H(R)T(U N H)(C)-orbit of
o € Cy as desired. O

Lemma 4.3. Let (P,X™") be a connected mized Shimura datum and let H C P be a
connected algebraic subgroup. Let U be the normal unipotent subgroup of P from the
definition of a connected mized Shimura datum. Let X;; C X be an H(R)™ (U N H)(C)-
orbit and suppose that H is the Mumford-Tate group of an element x € X3, i.e., the
smallest algebraic subgroup of P such that x(Sc) C Hc. Then, (H,X};) is a Shimura
subdatum of (P, X™).

Proof. We have to verify that (H, X;;) satisfies the axioms |(MSD.a)| to [(MSD.e)|
The normal unipotent subgroup of H from the definition of a connected mixed Shimura
datum will of course be U N H. |(MSD.a)|is then immediate.
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The composition of x with the adjoint representation of H¢ induces a representation
of Sc¢ on Lie H¢ and thus a decomposition of Lie H¢ into character eigenspaces. This
representation is a subrepresentation of the representation of S¢ on Lie Pc induced by the
composition of x with the adjoint representation of Pc. Let W denote the unipotent radical
of P. Since the vector subspaces Lie(UNH ) and Lie(WNH) of Lie H are defined over Q and
the composition of x with Hc — (H/(UNH))c is defined over R, it follows from
and for (P, XT) that the decomposition of Lie H¢ yields a rational mixed Hodge
structure on Lie H with W_y(Lie H) = Lie(U N H) and W_;(Lie H) = Lie(W N H). So

(MSD.b)| follows.
By the proof of Lemma Gu = H/(W N H) is reductive, so W N H is the unipotent

radical of H and follows as well.

We now prove the first part of Set G = P/W. Let w: H— Gy C G and
ad : G — G denote the respective quotient homomorphisms, and let Z(G) denote the
center of G. Proposition 1.20 in [4I] shows that for (P, X™") implies that the
adjoint representation (Lie G®)g of G&1 carries an (adc owc o x)(v/—1)-polarization as
defined in [4I]. Let ady denote the subrepresentation ad(Gg) — GL(Lie(ad(Gg))) of the
adjoint representation G*d — GL(Lie Gad). It is equal to the adjoint representation of
ad(Gp) and factors through (Gp)2d.

Since G is reductive, it follows from Theorem 22.42 in [42] that also ad(Gm) =
Gu/(Z(G) N Gp) is reductive. Let Z(ad(Gr)) denote the center of ad(Gp). By Propo-
sition 14.23 in [42], (kerady)/Z(ad(Gp)) is unipotent (so in particular connected). But
ad(Gp)/Z(ad(Gpr)) is semisimple, so (kerady)/Z(ad(Gp)) is reductive by Corollary 21.53
in [42]. It follows that kerady = Z(ad(Gg)), so we get a faithful representation of
ad(Gr)/Z(ad(Gg)). There are canonical homomorphisms

ad(Gy) — (Gp)™ = ad(Gy)/Z(ad(Gy)).

ad2

By Corollary 17.62(e) in [42], (Gg)* has trivial center, so we get an isomorphism (G)
ad(Gy)/Z(ad(Gp)) and hence a faithful representation of ((Gp)2d)g. Proposition 1.20 in
[41], applied the other way around, now shows that x(y/—1) induces a Cartan involution
on ((Gg)*d)g. We have established the first part of [(MSD.d)l

We now go on to prove the second part of !MSD.d!L Suppose that the group (Gp)>d
possesses a non-trivial Q-factor H' such that H'(R) is compact. Let p denote the ad-
joint representation (Gp)*! — GL(Lie(Gy)2d). Since H' is normal in (Gy)2d, the sub-
space Lie H' C Lie(Gg)* is (Gp)®-invariant. Therefore, p induces a representation
P (Gy)* — GL(Lie H'). Composing x with first the quotient map He — ((Gg)*d)c
and then p and noting that the resulting homomorphism is defined over R by
we get a representation ps : S — GL(Lie H')g. Now conjugation by z(y/—1) induces
a Cartan involution on ((Gpg)2d)g and therefore on Hj. Since the identity is a Cartan
involution on Hf, Corollary 4.3 in Chapter I of [62] implies that the image of x(y/—1)
in (Gy)*(R) centralizes Hy. We deduce that /—1 € (ker ps)(R). As the pure Hodge
structure on Lie(G)®d induced by x is of type {(0,0),(1,—1),(—1,1)}, it follows from
vV/—1 € (ker ps)(R) that ker ps = S. Since H is the Mumford-Tate group of x, this im-
plies that the representation p’ : (Gg)*! — GL(Lie H') must be trivial. But the adjoint
representation H' — GL(Lie H') of the semisimple algebraic group H' C (G)>? factors
through p’ and arguing as above shows that its kernel is the center of H', which is trivial by
Corollary 17.62(e) and Theorem 21.51 in [42] since H' is a Q-factor of an adjoint reductive
group. So we contradict the non-triviality of H' and therefore there is no such factor H’
and the second part of follows.

We are left with showing that holds. Set Wy = W N H, the unipotent radical
of H. The algebraic group H acts trivially on Wy /(Wx N H") by conjugation, but

Lie Wy /(Wy N HY) ~ Lie Wy / Lie(Wy N H)
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and so it follows from already proved, that Wy /(Wy N H) = {0}, i.e., Wy C
HYer. Therefore, H/H" ~ Gy /(Gpg)%", which is isogenous to the identity component

Z(Gy)° of the center of G.

It therefore suffices to show that Z(Gp)® is a torus as in Recall that w : H —
G denotes the quotient map. By Lemma 13.3, Proposition 5.1, and Theorem 5.4 in [41],
there exists y € X}; and a maximal torus Ty in Gy such that z = wc o y factors through
(Tw)c. We have Z(Gy)® C Ty by the maximality of Tyy. We can find a maximal torus T
in G that contains T and Z(G)°. Since the category of Q-tori up to isogeny is semi-simple
(see Proposition 4.1 in [12]), it suffices to show that T is a torus as in

Recall that G = G Z(G)°. Therefore, T = T Z(G)°, where T9°" by abuse of notation
denotes the identity component (7' N G9)? and is a maximal torus in G4, Since Z(G)°
is isogenous to G/G9 |(MSD.e)| for (P, X ) shows that it suffices to prove that 79" is a
torus as in [(MSD.e)l Now T9"(R) fixes z and so T9T(R) is contained in the stabilizer K,
of z in GI*(R).

The stabilizer K is a closed subset of K;(R), where K; denotes the algebraic subgroup
of G%er of elements commuting with z(y/—1). Let K5 denote the algebraic subgroup of G%d
of elements commuting with the image of z(y/—1) under the homomorphism Gg — G3.
By [(MSD.d), conjugation by z(y/—1) induces a Cartan involution on G%d, which implies
that K3(R) is compact. Clearly K7 is mapped into K2 by the homomorphism G%er — G%d.
As the topological covering G4°7(C) — G?4(C) has finite fibers, this implies that K7 (R) is
compact. Hence, K, is a compact closed subgroup of G4°"(R) and so T9°"(R) is compact.
This completes the proof. O

Remark 4.4. By adapting the end of the proof of Lemma we can also prove the
following: Let (P, X ) be a connected mixed Shimura datum and let H C P be a connected
algebraic subgroup. Let U be the normal unipotent subgroup of P from the definition of
a connected mixed Shimura datum and let X7, € X N Hom(Sc, Hc) be an H(R)™ (U N
H)(C)-orbit. If W = {1} and (H, X;;) satisfies (MSD.a)| to [(MSD.d)} then it also satisfies

(MSD.e)l This can also be proved if W # {1}, see Example 2.10 in [53].

Lemma 4.5. Let (P,X™") be a connected mized Shimura datum and let H C P be a
connected algebraic subgroup. Let U be the normal unipotent subgroup of P from the
definition of a connected mized Shimura datum. Let X;; C X T be an H(R)* (U N H)(C)-
orbit such that one (equivalently: any) x € X[J; factors through Hc. Then there exist
finitely many x; € X5, (i = 1,...,n) such that X}; is the disjoint union of the M,(R)*(UN
M, )(C)z;, where M,, C H denotes the Mumford-Tate group of x; as defined in Lemma

Proof. We first show that H(R)"(U N H)(C) is a connected real analytic manifold: Let
W denote the unipotent radical of P. It follows from the proof of Lemma [4.2] that Wy :=
W N H is the unipotent radical of H. Set Gg = H/Wpg and Uy = U N H, and fix a Levi
decomposition H = Gg x Wy. We get a homeomorphism

H(R)+UH<(C) — GH(R)+ X WH(R)UH(C)

Set Vg = Wy /Uy and decompose Lie Wy =V @ Lie Uy (as a vector space) such that the
restriction of the differential V' — Lie Vi is an isomorphism. Since the exponential map
of a unipotent group is an isomorphism of schemes by Proposition 14.32 in [42], we get an
isomorphism of schemes

WH —>LieWH —>LieVH XQ LieUH — VH XQ UH.

By the commutative diagram before Proposition 14.32 on p. 289 in [42], this yields a
homeomorphism Wg(R)Uy (C) = Vi (R) x Uy (C). This gives a structure of a connected
real analytic manifold on H(R)*Ug(C).
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Fix now some zo € X;;. For each x € X}, the set of h € H(R)"Uy(C) such that
hzo factors through the Mumford-Tate group of = is a closed real analytic subset of
H(R)TUg(C). Note that it suffices to check whether (hzo)(2) and (hzo)(«) lie in the
Mumford-Tate group of x for some fixed a € S' € C* = S(R) of infinite order since 2 and
« then generate a Zariski dense subgroup of S.

Now, a connected real analytic manifold cannot be covered by countably many proper
closed real analytic subsets by the Baire category theorem and the fact that any proper
closed real analytic subset has empty interior by the identity theorem for real analytic
functions. Since the set of possible Mumford-Tate groups of elements of X;} is countable,
there must be some z; € X;} such that all x € XE factor through the Mumford-Tate
group M,, C H of ;. It then follows from Lemma that X;g is a finite union of
M., (R)*(U N M,,)(C)-orbits, among them M,, (R)*(U N M,,)(C)z;.

If any such orbit, call it €2, does not contain any element whose Mumford-Tate group
is M,,, then we iterate the previous step to find that it contains an element x5 such that
all elements of () factor through the Mumford-Tate group M,, of x3. Furthermore, we
have M, € M,, and so dim M,, > dim M,, since Mumford-Tate groups are connected.
The orbit Q is a finite union of M,,(R)™ (U N M,,)(C)-orbits by Lemma Continuing
in this way, we eventually prove the lemma as the dimension of the Mumford-Tate group
cannot drop below 0. O

We are now able to prove Theorem

Proof of Theorem[].1. Let S; and S3 be two special subvarieties of a connected (mixed)
Shimura variety (of Kuga type) S = F(P, X*,T).

Let i € {1,2}. By definition, we have S; = F(¢;)(F(H;,Y;",T;)) for a Shimura mor-
phism ¢; : (Hi,}/i+,I‘i) — (P, XT,T). Let K; denote the kernel of the homomorphism
H; — P. By Proposition 2.9 in [53], there is a quotient Shimura datum (H;,Y;")/K;
and the Shimura morphism (H;,Y;") — (P, X™T) factors as (H;,Y;") — (H;,Y;")/K; —
(P,X"). Thanks to Lemma 2.2 in [46] (which is formulated for reductive groups, but
holds with the same proof for arbitrary linear algebraic groups), we can find a congruence

subgroup I'; of (H;/K;)(Q)+ that gives a factorization of ¢; as
(Hi7y;'+7ri) - ((HMY;JF)/KMF'IL) - (P7X+7F)'

Furthermore, being pure or of Kuga type is preserved under taking quotients by Remark
This shows that we can assume without loss of generality that (H;,Y;") is a Shimura
subdatum of (P, X™T).

There is a canonical identification S(C) = I'\X ™. We denote the map X — I'\X ™ by
“unif”. Since (H;,Y;") is a Shimura subdatum of (P, XT), we can identify Y;" with its
image in X and it follows that S;(C) = unif(Y;") after this identification (i = 1,2). We
have

(51 N S9)(C) = unif (unif ~1(S(C)) Nunif ~1(S5(C))) = U unif (Y;F Nn~Y;h).
vyel’

Note that (yH;y~!,~7Y;") is a Shimura subdatum of (P,X™) for any v € I' and any
ie{1,2}.

Let U C P be the normal unipotent subgroup from the definition of a connected mixed
Shimura datum. For v € I, let H, denote the identity component of H; N yHoy~ ! We
have Y™ N Yyt € {# € XT;2(Sc) C (H,)c}. It follows from Remark applied to
(YHy L4V t) — (P, XT) that U N ~vH;y~! is the normal unipotent subgroup from the
definition of a connected mixed Shimura datum for (yH;y~!,~7Y;") for i = 1,2, v € T
Therefore, Y, N ~Y," is a union of H.(R)"(U N H,)(C)-orbits. By Lemma it is a
finite such union.
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Combining Lemmas and shows that each such orbit is a finite union of sets Y'*
such that (H’,Y'") is a Shimura subdatum of (P, X ) for a connected algebraic subgroup
H' of P. If (P, X™") is pure or of Kuga type, then (H’,Y’") is also pure or of Kuga type
respectively by Proposition 2.9 in [26].

This implies that (S1NS2)(C) is a countable union of sets S’(C) for special subvarieties
S’ C S. Since the C-points of an algebraic variety over C cannot be covered by the C-points
of countably many proper subvarieties, each component of S N S must be special. O

5. PROOF OF PROPOSITION [3.3]

As one might expect, axioms and are the easiest to verify.

Axiom holds with (P, X, T) x (P, X'",T") = (P xo P', Xt x X'*,T'xI""), where
X x X'T consists of the homomorphisms (o,0”) : S¢ — Pc x¢ P} for 0 € X* and
o' € X't (cf. [53], Definition 2.5).

Axiom [(A3)|is satisfied with P the trivial group, X+ = Hom(S¢, P¢), and ' = P(Q).

Let us now turn to |(A2), We recall that a special subvariety is the image of a Shimura
morphism.

Let ¢ : (P,XT,T) — (Q,YT,A) and ¢ : (P, X'",T') — (Q,Y",A) be Shimura
morphisms and set V = F(P, X, T), V' = F(P, X't T'), and W = F(Q,Y*,A). We
want to prove that (V Xy V')peq CV Xg V' is a finite union of special subvarieties.

Welet U =V Xxg 14 XgW xgW and let G C U be the graph of the Shimura morphism
F(p) x F(¥) : V xqg V' = W xg W. We note that U is a connected (mixed) Shimura
variety (of Kuga type) and G is a special subvariety of U because it is the image of the
Shimura morphism (idy x v/, F(¢) x F(¢)) : V xg V! = U.

Let D be the diagonal in W xg W. It is special since it is the image of the Shimura
morphism (idw,idw) : W — W xg W. Hence, D' :=V xq V' xq D is a special subvariety
of U.

We can apply Theorem to G and D’ and obtain that the irreducible components of
G N D' are special subvarieties of U.

Finally, if 7 : U — V xg V' is the projection, which is a Shimura morphism, we have
that (V Xy V')peq is the image of G N D’ via m and therefore a finite union of special
subvarieties. We are done with

To prove we need several further auxiliary lemmas. We start by showing that,
under certain conditions, a surjective homomorphism of algebraic groups gives a Shimura
covering.

Lemma 5.1. Suppose that (Q,Y ™) is a connected mized Shimura datum and Q is an
algebraic group over Q. Suppose that there is a surjective homomorphism ¢ : Q — @
whose kernel is a central torus in Q) that is an almost-direct product of a Q-split torus and
a torus of compact type that is defined over Q.

If some y € YT factors through ¢c, then there exist a connected mized Shimura datum
(Q,Y™*) and a Shimura covering (Q,Y ) — (Q,Y ™) associated to ¢. Moreover, if (Q,Y)
1§ a connected pure Shimura datum or a connected mized Shimura datum of Kuga type,

then the same holds for (Q,Y ).

Proof. First of all, Q is a connected linear algebraic group by Proposition 8.1 in [42].
Let y € YT C Hom(Sc, Qc) such that there exists § € Hom(Sc, Q@) with y = ¢c o 7.
Let W and W denote the unipotent radicals of Q and Q respectively. Let U C W be
the algebraic subgroup, normal in ), from the definition of a connected mixed Shimura
datum and set

U= (8ly) " (U)W
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This will be the algebraic subgroup of W from the definition of a connected mixed
Shimura datum. We start by verifying that ¢|;; is an isomorphism onto W and that U is
normal in Q

Since ¢ is surjective, we have that gf)( V) is normal in Q. By Corollary 14.7 in [42],
qﬁ(W) is also unipotent and hence ¢(W) C W. By Corollary 14.17 in [42] we have that
W Nker ¢ is trivial and so Sl W — Q is injective.

We have exact sequences

1 okerg = o t(W) =W =1

and
1 —kerp — ¢ 1 (U) = U — 1.

The algebraic group ¢—(W) is connected by Proposition 8.1 in [42] and it admits a central
subnormal series ¢~ (W) D ¢~ 1(U) D ker ¢ D {1} because U is central in W and W/U is
commutative by [53], 2.15. Hence ¢~1(W) is nilpotent as defined in Definition 6.34 in [42].
By Corollary 16.48 in [42], ¢~1(W) is isomorphic to the product of a unipotent algebraic
group and a torus. The first exact sequence above shows that ¢~1(W) ~ (ker ¢) xg W.
Therefore, Q contains a normal unipotent subgroup that is isomorphic to W. Hence
dim W > dim W and the injective homomorphism dly W — W must be an isomorphism
and the same for ¢|; : U—U.

Any conjugate of U in Q is contained in ¢~'(U) and unipotent. It follows as above
from the second exact sequence that ¢~ (U) = (ker ¢) xq U =~ (ker ¢) xg U and hence U
must be normal in Q.

We might be tempted to take Y+ to be the connected component of the orbit of § under
conjugation by Q(R)U(C) that contains 7, but this might not satisfy To remedy
this, we will multiply § € Hom(S¢, Qc) by a suitable homomorphism S¢ — (ker ¢)¢ that
we construct in the following. Let x denote the composition of y € Hom(Sc, Qc) with
Qc — (Q/U)c. Let T denote the real torus in (Q/U)r such that T¢ is equal to x(Sc).
From now on, we view x as a homomorphism S — 7. Let ¢ : Q/U — Q/U be the
homomorphism induced by ¢ and set T = (I 1(T). We have an exact sequence

1 > kergg ~kerpg =T —T — 1,

where the isomorphism between the two kernels is induced by the restriction of Q — Q / U
to ker ¢. By Proposition 8.1 and Theorem 15.39 in [42], T is a torus as well.

In the next paragraphs, we will construct ¥ : S — T such that y is equal to ¥ composed
with T — T. Let ' denote the composition of § with Q¢ — (Q/ﬁ)@; its image is
contained in Tg. Then xex'~! canonically yields a homomorphism S¢ — ker ¢¢c. After
replacing § by its product with that homomorphism, we can define Y+ to be the connected
component of the orbit of § under conjugation by Q(R)U(C) that contains §. Condition
is then automatically satisfied.

It remains to find a lift ¥ of x to T. Passing to the character modules and using Theorem
12.23 in [42], we get an exact sequence

0— X*(T) = X*(T) - X*(keryg) — 0

of Gal(C/R)-modules and a Gal(C/R)-equivariant homomorphism x* = (x7,x3%) : X*(T') —
X*(S) =~ Z? that we want to extend to a Gal(C/R)-equivariant homomorphism X*(T') —
7?2 (where Gal(C/R) acts on Z? by swapping the factors). We can find a free subgroup
F c X*(T) (isomorphic to X*(ker ¢g) as an abelian group) such that X*(T) ~ X*(T)& F
as abelian groups. Let p; : X*(T) — X*(T) and po : X*(T) — F denote the two pro-
jections; by abuse of notation, we will also view them as homomorphisms from X *(T)
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to itself. If 7 denotes the non-trivial element of Gal(C/R), which we also view as an
automorphism of X*(7'), then we will show that an extension of x* is given by

ve XH(T) = (i op)(v), (G op) () + (XfoproTop)(v)) € Z°. (5.1)
Clearly, this is a homomorphism of abelian groups that extends x*. We still have to
verify that it is Gal(C/R)-equivariant.
Let v € X*(T). Since 7(X*(T)) = X*(T), x* is Gal(C/R)-equivariant, and v = p;(v) +
p2(v), we have

(X1 o p1)(7(v)) = x1(7(p1(v)) + p1(7(P2(v)))) = (X2 0 p1)(v) + (X1 © pro T 0 p2)(v).

Furthermore, we have that

(X2 o p1)(7(p1(v))) + (X5 © p1) (7 (p2(
(X1 op1)(v) + (x5 ° p1)(T(p2(v)
(xiop1)(v) +xi((ToproTop

We can now use that

TOpPIOTOpy+P1OTOpPyOTOpy =
PLOTOPIOTOPy+PIOTOPrOTOpPy =
proToTopy =piopy=0.

So (j5.1)) is really the desired extension and we proved that condition [(MSD.a)|is satisfied.

The composition of § with the adjoint representation yields a decomposition Lie Q¢ =
@(m,n) cz2 L™™ into character eigenspaces for the induced representation of Sc. As @Q is a

central extension of Q and we have an S¢-equivariant isomorphism Lie Q ~ (Lie Q)/(Lie ker ¢),
the numbers dim L™" are equal to the Hodge numbers A™" (as defined in [53], 1.1) of the
rational mixed Hodge structure induced by y on Lie Q apart from dim L%, which equals
h90 4+ dim ker ¢.

Recall that U is normal in Q and ¢|; is an isomorphism onto U. This yields an
Sc-equivariant isomorphism LieUc ~ LieUg. Since dim L5~ = p=1-1 and LieU =
W_5(Lie Q), we must have Lie Uc = L~5~1. An analogous argument shows that Lie We =
L1 L0~ @ L0, Finally, since the composition of § with Q¢ — (Q/U)c is defined
over R, we have that complex conjugation acts on Lie(Q/U)c ~ Lo ' & L0 q LV @
L% @ L=11 by sending L™" to L™™.

It follows that conditions [(MSD.b)|and [(MSD.c)| are satisfied.

As ker ¢ is central in Q and Q / W —Q /W is surjective, there are surjective homomor-
phisms

Q/W = Q/((ker )W) — (Q/W)* — (Q/W)™.

As the adjoint gr0~up~0f a reductive group has trivial center by Corollary 17.62(e) in [42],
this shows that (Q/W)2 and (Q/W)2! are canonically isomorphic. Condition [(MSD.d

follows.

We set G = Q/W and G = Q/W and fix Levi decompositions Q = G x W and
@ = G x W. By condition for (Q,Y ™), we have Q4" = G9°* x W. Furthermore,
we have ~C~2der Gder i V for some algebraic subgroup V. C W. As ¢ is surjective, so is
¢’Qder . Qder Qder'

Arguing as in the proof that ¢|y; : W — W is an isomorphism with Qder, Q4er and the
identity component (¢|Qder)_1(W)0 of (¢>|Qder)_1(W) in place of Q, Q, and ¢~ (W) shows
that ¢[; : V — W is an isomorphism. It follows that V = W and Q3 = Gder x V. We
deduce that Q/Q" ~ G/G" and Q/Q ~ G/Gaer.
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Now G/Gder is isogenous to the identity component Z(G)? of the center Z(G) of G
and G/G9" is isogenous to Z (@)°, see Example 19.25 in [42]. Furthermore, ¢ induces a
surjective homomorphism ¢ : G — G, whose kernel is a central torus isomorphic to ker ¢,
and we have an exact sequence

1> kerg — Z(G) — ¢(Z(G)°) — 1.

Since ker ¢ as well as ¢(Z(G)°) C Z(G)? are almost-direct products of Q-split tori with
tori of compact type that are defined over Q and the category of Q-tori up to isogeny is
semi-simple (see Proposition 4.1 in [12]), this establishes condition for (Q,Y ™).

Hence, (Q, f/+) is a connected mixed Shimura datum and ¢ induces a Shimura morphism
(Q, ?*) — (Q,Y ™). Since ¢ is surjective and its kernel is a torus, this Shimura morphism
is a Shimura covering. Finally, if W is trivial, so is W, and the same holds for U and U.
The lemma follows. 0

We are going to use the following lemma to construct the right vertical arrow in the
diagram (2.1)).

Lemma 5.2. Suppose that (Q,Y ™) is a connected mized Shimura datum. Then there is
a connected mized Shimura datum (Q,Y ) and a Shimura covering (Q,YT) — (Q,Y)
such that the associated homomorphism Q — @ is surjective and its kernel is a central
torus of compact type. Furthermore, the derived subgroup Qder of Q 1s essentially simply
connected (as defined in [38]).

If (Q,Y™) is a connected pure Shimura datum or a connected mized Shimura datum of
Kuga type, then the same holds for (Q,Y ).

Proof. Let W be the unipotent radical of @ and set G = Q/W. There is an induced
connected pure Shimura datum (G, X*) = (Q,Y")/W (see [53], Proposition 2.9). We
want to use the construction in Proposition 3.1 and Application 3.4 in Chapter V of [21]
to get a connected pure Shimura datum (G, X*) and a Shimura morphism (G, X*) —
(G, X*) such that G is simply connected (as defined in Definition 18.5 in [42]), the
induced homomorphism G — G is surjective, and its kernel is a central torus in G.

However, the construction in [2I] does not necessarily preserve condition in
the definition of a connected mixed Shimura datum as the kernel of G — G might have a
non-Q-split factor of non-compact type (up to isogeny). The construction in [21] therefore
has to be modified.

The following argument was kindly provided to the authors by Chris Daw: By Lemma
13.3 and Theorem 5.4 in [41], there exists z € X and a maximal Q-torus 7' in G such that
x factors through T¢c. Let Z denote the center of G and Z9 its identity component. Recall
that G = G420 and Z° C T by the maximality of T. Therefore, T = T9 29 where
79" by abuse of notation denotes the identity component (7'N G9)° and is a maximal
Q-torus in G9°*. By Corollary 17.84 in [42], we must have 79" = T' NG9, Since Z° C T,
it follows that

TN 20 = g4 n 20, (5.2)

We now show that T9'(R) is compact in the same way as done at the end of the
proof of Lemma To start with, 79" (R) fixes # and so T9°"(R) is contained in the
stabilizer K, of  in G4'(R). The stabilizer K is a closed subset of K;(R), where K
denotes the algebraic subgroup of Gﬂd{r of elements commuting with z(yv/—1). Let Ko
denote the algebraic subgroup of G?&d of elements commuting with the image of x(y/—1)
under the homomorphism Gr — G%d. By |(MSD.d)} conjugation by z(v/—1) induces a
Cartan involution on G&, which implies that K>(R) is compact (see the definition in [41],
pp. 274-275). Clearly K; is mapped into Ko by the homomorphism Gder — Gﬁd. As
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the topological covering G4¢"(C) — G#4(C) has finite fibers, this implies that K (R) is
compact. Hence, K, is a compact closed subgroup of G4*(R) and so T9(R) is compact.

Now let 7 : G' — G9°" denote the universal covering of G as defined in Definition
18.7 in [42] (see, e.g., Theorem 18.25 and Remark 18.27 in [42] for the existence) so that
G’ is a simply connected semisimple algebraic group. The kernel of 7 is finite and of
multiplicative type. By Theorem 15.39 in [42], 7~ (79°") is of multiplicative type as well.
Let 7’ denote the identity component 71 (79¢")?. Then 7" is a maximal Q-torus in G’ of
compact type. Again by Corollary 17.84 in [42], we have

T = n= (1), (5.3)

Since the homomorphism 7 has finite kernel, the induced map between cocharacter mod-
ules
X (T") = X.(T), x+—mgox

is injective, and so we consider X,(7T") as a submodule of X, (T).

In this proof we several times make use of the fact that cocharacter modules of tori are
torsion-free as G,,, is connected.

Now we consider the canonical maps ad : G — G*! and v : G — C, where C' = GG,
and we let 7% by abuse of notation denote the maximal Q-torus ad(7") of G*!. We obtain
an isogeny 7' — T4 x ¢ C' (with kernel contained in Z N G9°) and hence another inclusion

X.(T) C X(T*) & X.(C), x> (adgox,vg o X)-

By construction, X,(7") is contained in X,(7T%%) = X,(7%!) @ {0}. Hence, we can form
the following Cartesian square of Galois modules:

Py F=X.(T*) & X, (C)

! |

M = X(T)/X.(T") — (X.(T%)/X.(T")) & X.(C).

Furthermore, since F' is torsion-free and the lower horizontal arrow is injective, Py is
also torsion-free. Since the right vertical arrow is surjective, also the left vertical arrow is
surjective.

Now we proceed exactly as in [21]. Let P; be the kernel of the left vertical arrow,
and let P, be the fiber product of Py and X, (7T) over M (the map X,(T) — M being
the projection to the quotient). We obtain the following diagram, having exact rows and
columns.

0 0
X,(T') —— X.(T")
0 > Py P, X*\(,T) ——0 (5-4)
H
0 >y Py lgo > M 0
0 0

First, note that P, is torsion-free, as it is a submodule of Py & X, (T"). Second, observe
that P; is isomorphic to X, (7"). To see this, suppose that (0, f) € P, C M & F. Then
f = (t,0) such that ¢ € X,(T"). Therefore, P, is contained in {0} & X.(7") @ {0}, and
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the reverse inclusion is immediate. Thus, P is also torsion-free. Hence, the Z-dual of the
upper horizontal sequence is also exact. The category equivalence X* (see [42], Theorem
12.23) then yields a Q-torus T" and an exact sequence of Q-tori

1T =T —-T—1 (5.5)

such that the Z-dual of the upper horizontal sequence corresponds to the induced exact
sequence of character modules of these Q-tori.

Pulling back along Z° C T yields another exact sequence of tori

1T 252051,
The group G is isomorphic to (G’ xg Z°)/E, where the finite group £ = 7~ 1(G4*'N ZY%) C
G’ embeds centrally into the product via g € E(Q) — (g,7(g9)™1) € G'(Q) x Z°(Q). The
embedding is central since E is mapped into the center of G4°* by the homomorphism ,
which has finite kernel.

The left column of yields a homomorphism 7" < T such that the composition 7" —
T — T coincides with the morphism 7|7, that we recall has finite kernel. Furthermore,
we have Z C T equal to the pre-image of Z° C T. Since n(T') = Tder, T = Tder 70,
and 79 N Z0 is finite, we get an isogeny T’ XQ Z — T. Let E be its kernel. Tt projects
bijectively onto its image in either factor.

If (9,2) € E(Q) C G'(Q) Z(Q), then we have g € E(Q), hence F is central in G’ xg Z.
We define G = (G’ xg Z)/E. The homomorphism idg: xn : G' xq Z — G’ xg Z° induces a
surjective homomorphism p : G — G. By construction, there is an isomorphism G ~ G,

Let H C G’ xq Z be the algebraic subgroup defined by

H(Q) ={(g9,2) € G'(Q) x 2(Q);9 € E(Q),n(z) =7(9)"'},
then E C H and ker p = H/E. Consider the image E’ of E under projection to 7/ C G'.
Thanks to and ., we have
E/ _ 7r|T’) (Tder N ZO) — W—l(Tder N ZO> _ 7r—l<Gder ) ZO) — E.
Since the map F — E’ is bijective, this shows that ker p is isomorphic to kern, i.e., to T”,
and central in G.

By construction, T =~ (T" xq Z)/E embeds into G' as a maximal torus with p(T) = T
and ker p|7 ~ ker p ~ T". Now x € Hom(SC, Gc) is induced by x € Hom(S¢, 7¢). Thanks
to the exact sequence 1 — kerp — T — T — 1 of tori, the latter lifts to & € Hom(S¢, T(c)
and hence to # € Hom(Sc, Gc). We then define Q = G xg Q ~ G x W. The kernel of
the surjective homomorphism Q — Q is isomorphic to ker p, which is isomorphic to the
Q-torus T” of compact type, and is central in Q. If y € YT maps to x € X, then y
lifts to y € Hom(S¢, Q(c). Most of Lemma, now follows from Lemma That Qder
is essentially simply connected follows from the isomorphism Qder ~ Gder i W and the
simply connectedness of G4 ~ G'. O

The following lemma gives almost all we need to deduce |(A4)

Lemma 5.3. Let ¢ : (P,XT,T) — (Q,YT,A) € M. There exist morphisms ¢1 :
(]57)2+7f‘) - (P’XJr,F); ¢2 : (P7X+af‘) - (Q7?+7A); ¢3¢ (Q7Y/+>A) - (va+aA) €
M such that ¢ o p1 = P30 ¢o and F(p1) is a Shimura covering, F(p2) is a Shimura sub-
mersion, and F(¢3) is a Shzmum immersion. Moreover, ¢o : P — Q is surjective, its
kernel is connected, and ¢o(T) = A.

Proof. Let K be the identity component of ker ¢. By Proposition 2.9 in [53], there is
a quotient Shimura datum (P, X*)/K and the Shimura morphism (P, X") — (Q,Y™)
factors as (P, XT) = (P, X")/K — (Q,Y™), where the second Shimura morphism is a
Shimura immersion as the homomorphism P/K — @ has finite kernel. Thanks to Lemma
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2.2 in [46] (which is formulated for reductive groups, but holds with the same proof for
arbitrary linear algebraic groups), we can find a congruence subgroup I'x of (P/K)(Q)+
that gives a factorization of ¢ as

(P,XTT)— (P,X")/K,Tg) = (Q,YT,A).

Here, we use that the intersection of a congruence subgroup of (P/K)(Q) with (P/K)(Q)+
is again a congruence subgroup of (P/K)(Q) (see Section [3|of this article and Proposition
2.2 in [61]).

It suffices to prove the lemma for (Q,Y ") = (P, X")/K. If (P, X™) is pure or of Kuga
type, then it follows from Remark [3.7| that the same holds for (P, X*)/K. We then have
by construction that the Shimura morphism (P, X ) — (Q,Y ") is a Shimura submersion,
¢ : P — (Q is surjective, and the kernel of ¢ is connected.

From Lemma, we get a connected mixed Shimura datum (Q,Y ") and a Shimura
covering (Q, Y1) — (Q,Y ™) with surjective associated homomorphism ¢3 : Q — Q and
ker ¢3 a central torus of compact type. Furthermore, Qder is essentially simply connected
(as defined in [38]). We define P = Q xg P. We automatically get two homomorphisms
¢1: P — Pand ¢y : P — Q such that ¢ o ¢ = ¢h3 0 ¢a.

Note that the maps Y™ — Y+ and Xt — YT are surjective because of Proposition 5.1
n [41]. This implies that, given y € Y+, we can choose pre-images of y in Y+ and X+
and thus find # € Hom(Sc, Pr) such that y = ¢¢ o (¢1)c 0 & = (¢3)c o (¢2)c © Z.

Now, ker ¢; and ker ¢3 are isomorphic. Furthermore, ¢; is surjective and ker ¢; is
central in P. Hence, ¢ satisfies the hypotheses of Lemma [5.1l We then get a connected
mixed Shimura datum (P, X*) and a Shimura covering (P, X*) — (P, X1).

For H € {P,P,Q,Q}, let Wx denote the unipotent radical of H, let Uy denote the
unipotent subgroup from the definition of a connected mixed Shimura datum, and let
ug : H — H/Upg denote the corresponding quotient map. By construction, both (up o
¢1)c o @ and (ug © ¢2)c © & are defined over R. It follows from Remark from the fact
that Wp ~ WQ Xw, Wp, and from the proof of Lemma that we can assume that
Up ~ WQ Xwo Up =~ UQ Xy, Up and that UQ — Ug is an isomorphism. We deduce
that P/Up ~ (Q/UQ) XQ/uy (P/Up). This implies that (up)c o # is also defined over
R. This means that in the proof of Lemma we do not have to replace Z for [((MSD.a)
to be satisfied and so we can assume that & € X*. We therefore also obtain a Shimura
morphism (P, XT) — (Q,Y ™) such that the obvious diagram commutes.

Both (P, X*) and (Q,Y %) are pure or of Kuga type if (P, XT) and (Q,Y ") both are.

Furthermore, ¢- is surjective and its kernel is isomorphic to the kernel of ¢, hence
connected. In particular, (P, X*+) — (Q,Y ™) is a Shimura submersion.

We still have to find the congruence subgroups I and A.

We fix a Levi decomposition Q = G x WQ Then we have Qder = Gder i W because

of (MSD.e)l Now (P/P¥r)(Q) c (P/P)(A;) is discrete by |( )| and Theorem
5.26 in [41]. By choosing a sufficiently small congruence subgroup r of P(Q). inside
the pre image of T under ¢y, we can hence suppose that T' C Pder((@) and therefore

= ¢o(T") € QI"(Q). We now apply Proposition 0.1(ii) in [38] and Theorem 4.1 in [56]
to the induced (surjective) homomorphism Pder _y Qder 4 deduce that A is a congruence
subgroup of Q4'(Q), using that Q" is essentially simply connected (as defined in [38])
by construction. Furthermore, A is an arithmetic subgroup of Q(Q) by Theorem 4.1 in
[56]. We have A € Q(Q); since T' € P(Q),.

Since Q¢ ¢ () is a closed algebraic subgroup, it follows that Qder(@) C Q(Q) is closed
in the congruence topology. Since the congruence topology on Qder(Q) is induced by
the congruence topology on Q(Q) this implies that A is also closed with respect to the
congruence topology in Q(Q) S0 a congruence subgroup of Q(@) O
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We are now ready to verify Let (P, X*,T) and (Q,Y™,A) be two elements of
0 and let ¢ € M be a morphism between them, induced by ¢ : P — (. As already
mentioned, the image of F(¢) is closed by Remark 5.5 in [20].

We now apply Lemmal5.3|to our situation. This gives distinguished morphisms ¢1, ¢2, ¢3
with ¢ o ¢ = ¢3 0 ¢ and such that F(¢;) is a Shimura covering, F(¢2) is a Shimura sub-
mersion, and F(¢3) is a Shimura immersion. By Proposition the morphism F(¢1) is
finite and surjective, F(¢2) is surjective, and F(¢3) has finite fibers.

It remains to check that all fibers of the morphism F(¢2) are irreducible of the same
dimension. This is equivalent to showing that the same holds for the corresponding mor-
phism of complex analytic spaces I\X+ — A\Y*. By Lemma the kernel of P — Q
is connected. This implies that the fibers of the induced map X+ — Y+ are irreducible
as complex analytic spaces (cf. Remark 5.3(2) in [26]). Since all fibers of Xt — Y are
isomorphic as complex analytic spaces and ¢o (f) =A, now follows.

6. SPECIAL AND WEAKLY SPECIAL SUBVARIETIES

In this section as well as in the two following ones, we fix an algebraically closed field
K of characteristic 0 and a distinguished category € with objects U, morphisms 9, and
functor F to the category of algebraic varieties over K. From now on, we will drop the
distinction between objects and morphisms in € and their images under F in order to avoid
excessive notational baggage. The reader is advised to check that all our constructions
exist and make sense in € when necessary, and not only in the category of varieties over
K.

We start by noticing that, by images of distinguished morphisms are closed sub-
varieties. Therefore, it makes sense to give the following definition.

Definition 6.1. A subvariety of a distinguished variety X is called a special subvariety
of X if it is the image of a distinguished morphism.

We will define weakly special subvarieties to be irreducible components of images of
pre-images of K-rational points via distinguished morphisms. With the following lemma,
we see that such images are actually finite unions of subvarieties.

Lemma 6.2. If¢: Z =Y and ¢ : Z — X are distinguished morphisms and y € Y (K),
then ¢p(vp~1(y)) is closed in X.

Proof. We consider the distinguished morphism (¢, ¢) : Z — Y xx X and the special
subvariety S = (,¢)(Z) C Y xx X. We have ¢(¢~1(y)) = ¢ (S), where ¢ is the (not
necessarily distinguished) morphism X — Y x g X induced by the constant map X — {y}
and the identity on X. Therefore ¢(1»~!(y)) is closed. O

Definition 6.3. A subvariety W of a distinguished variety X is called weakly special if
there exist distinguished morphisms ¢ : Z =Y, ¢ : Z — X and a point y € Y(K) such
that W is an irreducible component of ¢(v = (y)).

Remark 6.4. Note that in the category €g, our definitions of special and weakly special
subvarieties coincide with those in [54] (but recall that the definition of a connected mixed
Shimura datum there is different from ours) and in [26].

In the category €y, they also coincide with the more usual definition as in [46], where
one does not assume One can show this using Remarks and as well as
the diagram in the proof of Proposition 2.6 at the bottom of p. 48 of [46].

Moreover, in the category of connected commutative algebraic groups €eomm, one can
easily check that weakly special subvarieties of a connected commutative algebraic group
X are cosets xY, where Y is a connected algebraic subgroup of X and z € X(K). The
weakly special subvariety xY is special if and only if it contains a torsion point, i.e., if
can be chosen to have finite order.
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The reader might not be very surprised by the following statement, which follows from

(A3)
Lemma 6.5. Special subvarieties are weakly special.

We are going to see below two fundamental lemmas saying that images via distinguished
morphisms, components of pre-images via distinguished morphisms, and components of
intersections of (weakly) special subvarieties are (weakly) special. First we need the fol-
lowing lemma that is also going to be useful later.

Lemma 6.6. Let W be a weakly special subvariety of a distinguished variety X. Then,
there exist distinguished morphisms ¢ : Z =Y, ¢ : Z — X and a point y € Y(K) such

that W = ¢(¢ "1 (y)).

Proof. By definition, there exist distinguished morphisms ¢’ : Z’ - Y’, ¢/ : Z/ — X and
a point ¢’ € Y’/(K) such that W is an irreducible component of ¢(¢'~1(y')).

We apply to get distinguished morphisms ¢} : U — Z', ¢4 : U — V', and
Yy + V! — Y’ such that ¢ o ¢} = 9§ oo}, 9 is surjective, ¥4 has finite fibers, % is
surjective, and (1/5)~!(v’) is irreducible for all v' € V'(K).

It follows that

W) =i (Wheuh) W) = | i) ),
v E(y)H(Y)
and hence
SN = U (@ o)) ().
v E(Pg) 1Y)

Since 94 has finite fibers and (1) ~!(v') is irreducible for all ' € V/(K), there are at
most finitely many v’ € (¢4)~1(y’) and each (¢ o ¥})((4)~1(v')) is a subvariety of X by
Lemma [6.2l We deduce that

W= (&' o vn)((v2) " ()
for some v' € (¥4)71(y') and the lemma follows. O

Lemma 6.7. Images and irreducible components of pre-images of (weakly) special subva-
rieties under distinguished morphisms are (weakly) special.

Proof. For images, this follows directly from Lemma and the fact that the composition
of distinguished morphisms is distinguished.

We now turn to pre-images: Let ¥ : Y — Z, ¢ : U — X, and x : ¥ — X be distin-
guished morphisms. Thanks to Lemma it suffices to prove that every irreducible com-
ponent of ¢~1(x(Y)) is special and that every irreducible component of ¢~ (x(¢~1(2)))
is weakly special for every choice of z € Z(K).

Now, ¢~1(x(Y)) equals the projection of (U X x Y)eq C U Xk Y onto U. Therefore,
all its irreducible components are special by

For the weakly special case, we note that ¢~!(x(¥"1(2))) equals the projection of
U1(2)N(U Xx Y)ed CU xx Y onto U, where ¥ : U x ¢ Y — Z is the composition of
the canonical projection with ¢ (and as such a distinguished morphism).

By there exist distinguished varieties Xi,..., X, and distinguished morphisms
¢i: X; = UxgY (i=1,...,n) such that J;"; ¢i(X;) = (U Xx Y)rea CU xg Y. It
follows that every irreducible component of

U (2) N (U xx Vrea = | ¢i((¥ 0 ¢) 7' (2))
=1

is weakly special. The same follows for every irreducible component of ¢~ (x (v ~1(2))). O



28 F. BARROERO AND G. A. DILL

Lemma 6.8. Every irreducible component of an intersection of two (weakly) special sub-
varieties is (weakly) special.

Proof. Let X be a distinguished variety and S, S’ two special subvarieties. There exists a
distinguished morphism ¢ : Y — X such that S = ¢(Y). By Lemma every irreducible
component of ¢p~1(5) is special. Applying Lemma again shows that the same holds
for every irreducible component of ¢(¢~1(S)) = SN S’

Let now W, W’ be two weakly special subvarieties of X. By Lemma there exist
distinguished morphisms ¢ : Y — X and ¢ : Y — Z as well as a point z € Z(K) such
that W = ¢(1p1(2)). We have WNW' = ¢(¢~ (W) N1~ (2)). By Lemmal6.7, it suffices
to show that every irreducible component of ¢~L(W') Ny ~1(2) = (¢,9) "L (W' xk {2}) is
weakly special. Applying Lemmal6.7again, we see that it suffices to show that W’'x g {z} C
X X Z is weakly special.

By Lemma there exist distinguished morphisms ¢’ : Y/ — X and ¢/ : Y/ — Z’
and a point 2/ € Z/(K) such that W’ = ¢/(¢/~1(2’)). We then have that W’ xx {2} =
(¢ x idz)((¥' x idz)~1(, 2)) is weakly special. O

Remark 6.9. While [(A2)| might seem slightly unnatural, it is unavoidable (given |[(A1))
if one wants Lemmas [6.7] and to hold (cf. the proof of [((A2)[in Section |5 above).

We conclude this section by comparing our approach with the concept of a special
structure on a positive-dimensional quasi-projective algebraic variety X over C as defined
by Ullmo in Définition 2.1 in [66]. Such a special structure is a collection of sets 3;(X™)
(neN={1,2,...},7=0,...,ndim X) such that

(a) the elements of ¥;(X"™) are subvarieties of X™ of dimension i (called special sub-
varieties of X™ of dimension i);

(b) X™ € Xndimx (X");

(c) if A € ¥;(X™) and B € ¥;(X™), then every irreducible component of ANB belongs

to some Y (X™);

) B(X") = UrEm X B,(X™) is countable;

(e) every Z € ¥(X™) contains a Zariski dense set of points that lie in Yo(X");
() Zo(X") = T

(g) for every n-tuple of integers (ai,...,a,) € {0,...,dim X }", we have

(d

H Eai (X) - E611-5-“'-&-(171 (Xn)7

where the inclusion map is the natural one;

(h) the set Ygim x(X?) contains infinitely many subvarieties of X2 on which the pro-
jection to either factor restricts to a surjective and finite morphism;

(i) for every Y € E(X)\Xo(X), the sets

LY ={Se(X");SCcY"} (neN,i=0,...,ndimY)
satisfy Properties (f) to (h) as well (with Y instead of X).

If we take K = C and we take X to be an arbitrary distinguished variety in our
setting, then all X™ (n € N) are distinguished varieties by and we can define ¥;(X"™)
to be the set of special subvarieties of X™ (in our sense) of dimension i for n € N,
i = 0,...,ndimX. Properties (a) and (b) are then immediate. Property (c) follows
from Lemma Properties (f) and (g) follow directly from Properties (e) and
(h) are not satisfied in general; Ciyiy(Y) provides a counterexample if dimY > 0 (with
X =Y). Property (d) is also not satisfied in general; €,qq provides a counterexample
(with X = G,,c) since G2 - contains uncountably many distinct lines through the origin.

Conversely, given a speeial structure on some X as defined by Ullmo, it is unclear how
to obtain a distinguished category in our sense. So the two approaches have some overlap,
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which is to be expected as they attempt to formalize the same phenomenon, but they are
not equivalent.

7. DEFECT AND DEFECT CONDITION
Lemma shows that the following definition makes sense:

Definition 7.1. For a subvariety V of a distinguished variety X, let (V) denote the
smallest special subvariety of X that contains V' and let (V)ys denote the smallest weakly
special subvariety of X that contains V. We call §(V) = dim(V) —dim V' the defect of V'
and dys(V) = dim(V)ys — dim V' the weak defect of V.

As already mentioned in the introduction, the concept of defect is not new as it appears
already in [55]. In [35], the authors introduce as geodesic defect what we call here weak
defect.

Theorem 7.2 (Defect Condition). Let X be a distinguished variety and V' CV C X a
sequence of nested subvarieties. Then

dim(V) — dim(V)ys < dim(V") — dim (V") s,

or, equivalently,
(V) = 8us(V) < 6(V') — dys (V7).

Thanks to Proposition this proves Conjecture 4.4 in [35], at least for an ambient
connected mixed Shimura variety or an ambient semiabelian variety. Note that, in the
case of connected pure Shimura varieties, this is essentially Proposition 4.4 in [20]. Other
special cases of Theorem [7.2] were established in [35] itself as well as in [51]. Recent work
of Cassani [13] deals with the defect condition for connected mixed Shimura varieties.

Before proving Theorem we collect some preliminary results that are going to be
useful here and in the next section.

Theorem 7.3 (Fiber Dimension Theorem). Let f : V — V' be a dominant morphism of
varieties over an algebraically closed field. The following hold:

(1) For every v' € V', every irreducible component of f~1(v') has dimension at least
dimV — dim V.

(2) There exists U C f(V) open and dense in V' such that for every v’ € U, we have
dim f~(v') = dim V — dim V.

Proof. This follows from Corollary 14.116 and Remark 14.117 in [32] and [33]. O

The following two lemmas both assert that a certain function is constant on all (possibly
non-closed) points of a given variety. By constructibility (see Appendix E of [32]), it suffices
to show that the respective function is constant on the closed points of the variety and we
will prove the lemmas in this modified form.

Lemma 7.4. Let ¢ : X — Y be a distinguished morphism and S C X a special subvariety.
Then the function dim, ¢|g*(¢(s)) is constant on S.

Proof. We have S = 9¢(Z) for a distinguished morphism ¢ : Z — X. Let F be an
irreducible component of ¢|5'(y) for some y € (¢(S))(K). Note that ¢(S) = (po)(Z) is
a subvariety of Y by By the Fiber Dimension Theorem, we have dim F' > dim S —
dim ¢(S); we want to show that dim F' = dim S — dim ¢(5).

All irreducible components of (¢ o 1)1 (y) = (é|s o ¥)~!(y) are weakly special of di-
mension

dim Z — dim(¢ o ¢)(Z) = dim Z — dim ¢(.5)

by and by the Fiber Dimension Theorem. By Lemma their images under v are
closed in X.
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We consider the set Z of all such irreducible components that are mapped onto F' by
1. Since S = (Z), we have T # ().

We now assume that dim F' > dim S — dim ¢(S) and aim for a contradiction. By the
Fiber Dimension Theorem applied to ¥|y : V' — F for each V' € Z, there exists a point
x € F(K) that is not contained in the image of any irreducible component of (¢ o)~ (y)
not belonging to Z such that

dim |, (z) = dimV — dim F < dim V — dim S + dim ¢(S) = dim Z — dim S

for all V € Z. Since x is not contained in the image of any irreducible component of
(¢ o)~ 1(y) not belonging to Z, we have

v @) = | vl (@),
Ver
and therefore dim+~!(x) < dim Z — dim S = dim Z — dim(Z), contradicting the Fiber
Dimension Theorem. The lemma follows. O

Lemma 7.5. Let ¢ : X — Y be a distinguished morphism and let W C X be a weakly
special subvariety. Then, the function dim,, ¢|y; (¢(w)) is constant on W.

Proof. By Lemma we can write W = 9(x~!(2)) for distinguished morphisms ¢ : U —
X, x:U— Z and z € Z(K). Let A be the diagonal in U x U.

Let F be an irreducible component of ¢|}; (y) for some y € (¢(W))(K). Then F x i {2}
is an irreducible component of

F' = (67 () N @) Xk (2} = (6% 1d2)] L) (9 2):

where ¢ xidz : X xg Z — Y X Z is a distinguished morphism.

By Lemma (¢ x x)(A) is special since A is special as it is the image of the distin-
guished morphism (idy, idy). It follows from Lemma that every irreducible component
of I’ has the same dimension, independently of the choice of y. The lemma follows. [

Lemma 7.6. Let f: V — V' be a dominant morphism of varieties over an algebraically
closed field such that dim, f=(f(v)) is constant on V. Let V{ C V' be a subvariety of
V' and suppose that Vi is an irreducible component of f~1(V]) that dominates V{. Then
dimV —dimV’' = dim V; — dim V/.

Proof. The set of irreducible components of f~!(V7) that dominate V7 is in bijection with
the set of irreducible components of the generic fiber of f] v F7YV)) — V{, see
(2.1.8) in [34]. By hypothesis and the Fiber Dimension Theorem, the irreducible compo-
nents of this generic fiber all have the same dimension dim V' —dim V’. Tt follows from the
Fiber Dimension Theorem that all irreducible components of f~(V{) that dominate VY,
so in particular Vi, are of dimension dim V{ + dim V' — dim V". O

Proof of Theorem[7.2 Note that (V) = ((V)ys). Therefore it is enough to show that, if
W' C W C X is a sequence of nested subvarieties, with W, W’ weakly special, then

dim(W) — dim W < dim(W’) — dim W".

We can assume without loss of generality that W’ is an irreducible component of (WW')N
w.

We will choose the notation such that S’ denotes a special subvariety while all let-
ters derived from W denote weakly special subvarieties. They will be defined by taking
irreducible components of intersections or pre-images under distinguished morphisms of
(weakly) special subvarieties and we tacitly use Lemmas and to see that they are
(weakly) special.

By Lemma there exist distinguished morphisms ¢ : X’ — X, ¢ : X’ — Y’ and a
point ¢’ € Y'(K) such that W = ¢(v»"1(y/)).
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For reference, the following diagram shows most of the weakly special subvarieties that
will appear.

v} < »W) > )

T

W C > W =W
w o> W

Here, the varieties in the top row are contained in Y”, those in the middle row in X', and
those in the bottom row in X. Furthermore, all maps are surjective and induced by either
¢ (middle row to bottom row) or ¢ (middle row to top row).

Let W be an irreducible component of 1)~ 1(y/) such that ¢(W) = W. As W C ¢((W))
and ¢((W)) is special by Lemma we must have (W) C ¢((W)). On the other hand,
(W) is contained in ¢~!((W)) by Lemma so it follows that ¢((W)) = (W).

Let W be an irreducible component of ¢\<_V%/> (W) = ¢~ (W) N (W) that contains W; we

deduce that ¢(1W) = W. By Lemmas and applied to ¢|(W>’ W, and W, we have
dim W — dim W = dim(W) — dim(W), (7.1)

or equivalently
dim(W) — dim W = dim(W) — dim . (7.2)
Applying Lemmas and ﬁ together with the Fiber Dimension Theorem to w|<vi/>

and 9|5, respectively and noting that <W> as well as W contain an irreducible component

of 9 ~1(y), we find that
dim(W) — dim ¢ ((W)) = dim ¢ (') = dim W — dim (W),
which implies ) 3 ) .
dim(W) —dim W = dim ¢ ((W)) — dim¢(W). (7.3)
There exists an irreducible component W of ¢|;~V1(W’) that contains an irreducible
component of <Z>\;AV1(W’ ) that surjects onto W’. Let S’ be an irreducible component of
gb]<_ml/>((W’>) = ¢~ ((W')) N (W) that contains W. Since W’ C ¢(S’) € (W) and ¢(5') is
special by Lemma we must have ¢(5") = (W').
It follows from Lemmas and applied to ¢ () (W'}, and §', that
dim 8" — dim(W’) = dim(W) — dim(W). (7.4)
Let W’ be an irreducible component of SN wW that contains w. Since W' is an
irreducible component of (W)NW, ¢(W) = W' and ¢(W') C ¢(S")Ndp(W) = (W'HNW,
we must then have that ¢(W’) = W’. We deduce that W’ C ¢|17T/1(W/) and so W =W
and W’ is an irreducible component of ¢\‘}/1(W’ ) that surjects onto W’. It follows from
Lemmas and applied to ¢|};,, W', and W', that
dim W — dim W’ = dim W — dim W,
and therefore, by ,
dim W’ — dim W’ = dim(W) — dim(W). (7.5)
Combining and , we find that
dim 8’ — dim W’ = dim(W’) — dim W". (7.6)
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We have W N §’ # (0 and therefore y' € 1/1(5'1) We deduce that W c 1 (4(S5"))
and so (W) C w_l(lb(ﬁ')) by Lemma Since S’ C (W), it follows that we must have
»(S") = yp((W)). As W' C W, we deduce that

dim (W) — dim (W) < dimep(8") — dim (W),
which by and implies that
dim(W) — dim W < dim(5") — dim ¢ (W"). (7.7)

Thanks to Lemmas and applied to 9|g and v|y, respectively, together with
the Fiber Dimension Theorem and W’ C S/, it follows that

dim W’ — dim(W’) < dim 8’ — dim (5",

and hence
dim¢(S") — dim (W) < dim S — dim W',
This, in combination with (7.6)) and (7.7]), yields the theorem. O

8. OPTIMALITY

In this section, we introduce (weak) optimality. Like the defect ¢, this is not a new
concept. In [35], weak optimality is called geodesic-optimality while in [57] it is called
cd-maximality.

Definition 8.1. Let V' be a subvariety of a distinguished variety X. A subvariety W C V
is called optimal for V in X if §(U) > §(W) for every subvariety U of X such that
W C U C V. It is called weakly optimal for V in X if it satisfies the same property with
dws in place of 9.

As in [35], we can use the defect condition to prove that optimal subvarieties are also
weakly optimal.

Proposition 8.2. Let V' be a subvariety of a distinguished variety X. If W C V is optimal
for V in X, then it is weakly optimal for V in X.

Proof. This can be deduced in a purely formal way from Theorem as in the proof of
Proposition 4.5 in [35]. For the reader’s convenience, we reproduce the proof here: Let U
be a subvariety of X such that W C U C V, dws(U) < dys(WW), and U is weakly optimal
for V in X. Then it follows from Theorem applied to W C U, that §(U) — dyws(U) <
(W) — dws(W) and so

5(U) = 5WS(U) + 6(U) - 5WS(U) < 5WS(W) + 6(W) - 5WS(W) = 5(W)

Since W is optimal for V' in X, we deduce that U = W and so W is weakly optimal for V'
in X. O

Part (1) of the following lemma is a weaker analogue of Lemma 2.6(1) in [4] (see Lemma
for the analogue of Lemma 2.6(2) in [4]).

Lemma 8.3. Let ¢ : X — X' be a distinguished morphism. Let W C V C X be a
sequence of nested subvarieties. Let V' be the closure of (V') and let W' be the closure of
Ww(W). Then, the following hold:

(1) Suppose that Vo C V is an open and dense subset of V' such that 1¥(Vy) is an open
and dense subset of V' and ¥y, : Vo — ¥(Vo) is smooth. If W is optimal for V in
X, W intersects Vy, and (W) contains an irreducible component of a fiber of 1,
then W' has defect at most 6(W') and is optimal for V' in X'.

(2) If ¢ has finite fibers, then 6(W') = §(W).
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Proof. For (1), let W be optimal for V in X such that WNVy # 0, where |y, : Vo — ¥(Vo)
is smooth of relative dimension n. Let U’ be a subvariety of X’ such that W c U’ c V'
and 6(U") < §(W'). Since (W) contains an irreducible component of a fiber of 1, it follows
from Lemma [7.4] that

dim(W) — dim ¢ ((W)) = dim X — dim¢(X) =: m.
Since 1 ((W)) contains (W') thanks to Lemma we obtain that
S(U) < (W' <dimyp((W)) — dim W' = dim(W) — dim W’ — m.

Let now U be an irreducible component of ¥ ~*(U’) NV = ¢|;,*(U’) containing . We
have U NV, # () since it contains W N V. Furthermore, U NV} is an irreducible component
of z/;\‘_/ol(U’ N(Vo)). Since ¥y, : Vo — ¥(Vp) is smooth of relative dimension n, it follows
that dim U = dim(UNVy) = dim(U'Ny(Vp)) +n = dim U’ +n. Taking U’ = W' and using
that W C U, we have that dim W < dim W’ +n. If U’ is again an arbitrary subvariety of
X' as above, we deduce that

S(U) < (W) < dim(W) —m — dim W + n. (8.1)
Since v is a distinguished morphism, all of its non-empty fibers are equidimensional of
the same dimension, which, by the Fiber Dimension Theorem, must equal m = dim X —
dim ¢ (X). It follows that n, which is the relative dimension of the smooth morphism |y,
is at most m and so (8.1)) implies that the defect of W’ is at most the defect of .

We now want to prove that W’ is optimal for V' in X’. Assume this is not the case; it
follows that we can choose U’ as above with W’ C U’. Since dim U’ > dim W', we have

dimU =dimU’ +n > dim W' +n > dim W.
It follows that W C U and so 6(U) > 6(W) by the optimality of W. Since any irreducible
component of ¥ ~1((U’)) is special by Lemma we have dim(U) < dim(U’) + (dim X —
dim¢(X)). It follows that §(U) < §(U’) + (dim X — dim(X)) — n because dimU =
dim U’ + n.
Using (8.1)), we deduce that
S(U)<W)—m+n<d6U)—m+n<45U",
which yields a contradiction and finishes the proof of (1).

For (2), we note that dim W’ = dim W. Furthermore, we have (W') C ¢ ((W)) C ¥(X)
and (W) C =1 ((W")). Tt follows that dim(W’) < dim((W)) and

dim (W) = dim(W) < dimy ' (W) = dim(W’).
Hence, we have that (W’') = ¢ ((W)) and §(W') = 6(W). O

9. WEAK FINITENESS AND VERY DISTINGUISHED CATEGORIES

We can now introduce a fifth axiom that a distinguished category over K can satisfy:

(A5) Weak Finiteness - If X is a distinguished variety and V' C X is a subvariety, then
there exists a finite set of pairs (¢, 1) of distinguished morphisms ¢ : Y4 — X and
Y 1 Yy — Zy such that for every subvariety W C V' that is weakly optimal for
V in X there exist a pair (¢,) in this set and z € Z,(K) such that ¢ has finite
fibers and (W )ys is an irreducible component of ¢(1~1(2)).

Axiom is prominently not satisfied by €,qq4 (or €comm): Consider X = Gi ¢ With
affine coordinates x, 7, z and let V C X be defined by 2% + 4% = 22. Then V is covered by
lines, but it is not a plane, so every line it contains is weakly optimal for V' in X. If
were satisfied, then the set of the slopes of all these lines would be finite, but it is not.

Unlike|(Al)[to Axiom is not preserved when taking products of distinguished
categories as defined at the end of Section [2f We will see later that €,;, over Q satisfies
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Let E be an elliptic curve over Q and consider the object (E?, E?) of €., x Ca,.
It is sent to E? Xg E? by the functor associated to €u, X €,p. Let A C E? X@ E?
denote the diagonal. For every one-dimensional abelian subvariety A C E?, we have that
W = (A xgA)NA is weakly optimal for A in E? xg E? with (W)ys = A Xg A and there
are infinitely many such A.

Let K C L be an extension of algebraically closed fields. Given a distinguished category
¢ over K with associated functor F, one can check that to are preserved under
base change (see Table 1 on pp. 306-307 of [58]) and we naturally obtain a distinguished
category €, over L by composing F with the base change functor. Distinguished varieties
and morphisms in €, are then base changes of distinguished varieties and morphisms in
€. Note that special subvarieties in €;, are base changes of special subvarieties in € while
the same fact clearly does not hold for weakly special subvarieties.

We can now introduce a subclass of distinguished categories that will be used in the
following.

Definition 9.1. Let K be an algebraically closed field. A very distinguished category
over K is a distinguished category € over K such that, for every extension of algebraically
closed fields K C L of finite transcendence degree, the base change €p, satisfies|(A5)

As €44 and Ceomm do not satisfy as noted above, they certainly are not very
distinguished. On the other hand, it is trivial that €y, (X) is very distinguished. We
do not know if there are distinguished categories that satisfy but are not very
distinguished (the question was raised by Orr). Similarly, we do not know whether weak
optimality is preserved under base change in an arbitrary distinguished category.

The categories Cap, Cior, and Cyemiap are very distinguished as well: For €}, see [59]
and [35]. For €, see Corollaire 3.7 in [57] (a similar finiteness statement is proven in [10];
see also Corollary 3 in [71]). These results are over C, but they imply the same statement
over an arbitrary algebraically closed field (see the proof of Theorem below). This also
justifies the step in the proof of Proposition 4.1 on p. 276 of [4] where the results of [59] are
applied to an abelian variety over an arbitrary algebraically closed field of characteristic
0.

In Theorem we will show that Cgomiap over an algebraically closed field is very
distinguished, using a result due to Kirby. This directly implies the same for €,;, and €.
We first prove the following theorem.

Theorem 9.2. Let X be a semiabelian variety over C and let V. C X be a subvariety.
There is a finite set X2 of semiabelian subvarieties of X, depending only on X and V', such
that for every W C V' that is weakly optimal for V in X there exist Y € ¥ and x € W(C)
with (W)ws = zY.

Proof. We induct on the dimension of V', the case dimV = 0 being trivial. Let W C V
be weakly optimal for V' in X. We can assume without loss of generality that W # V.
This implies that W is an atypical component of the intersection (W)ys NV as defined in
Définition 2.1 in [15].

By Théoréeme 2.3 in [15], due to Kirby in [36], there is a finite set ® of semiabelian
subvarieties of X, depending only on X and V, such that W C zY for some Y € ® and
z € X(C) and furthermore

dimY 4+ dim W = dim(W)ys + dim(V N zY).

This is equivalent to
dws(W) =dimY — dim(V NzY). (9.1)

We can assume without loss of generality that x € W(C). We want to prove that (W)ys =
Y.
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Consider the projection 7 : V. — VY/Y C X/Y. We have 7~ !(n(v)) = V NoY for
v € V(C). It follows from the Fiber Dimension Theorem that there exists a closed subset
Vi € V, the preimage of the complement of the open subset of VY /Y from the theorem,
such that 71 (7(V1)) = Vi and 7~ (7 (v)) is equidimensional for v € (V\V1)(C). Note
that W is contained in a fiber of .

If W C Vi (or equivalently: if z € V1(C)), then W is weakly optimal for a component
of Vi in X and we are done by induction. Otherwise, let W be an irreducible component
of V. N zY that contains W. As V NzY = 7~ !(7(z)) is equidimensional since = ¢ V;(C),
it follows from that

Sus(W) =dimY — dim(V NzY) = dimY — dim W > s (W).

It follows from the weak optimality of W that W = W, so dimY = dim(W )ys. Since
(Whws C zY, we have (W)ys = 2Y. O

Theorem 9.3. The distinguished category of semiabelian varieties over an algebraically
closed field K is very distinguished.

Proof. Let K C L be an extension of algebraically closed fields and let X be a semiabelian
variety over K. There exist an algebraically closed subfield Ky C K and a semiabelian
variety X over K( such that X = (Xy)x and Ky embeds into C. We fix one such
embedding. Let V C X be a subvariety. Again, there exist an algebraically closed
subfield Ly C L, containing Ky, and a subvariety Vp of (Xo)r, such that V = (VgL
and there is an embedding of Ly into C that extends the one of Kjy. We also fix one
such embedding. The claim of the theorem now follows from Theorem applied to
(Vo) C (Xo)c, together with the two following facts:

(1) All semiabelian subvarieties of (X)c are base changes of semiabelian subvarieties
of X since the set of torsion points of a semiabelian subvariety Y of (Xo)c is dense
in Y and this set is defined over Ky, and

(2) if W C V is a subvariety, then there exists an algebraically closed subfield Ly, C L,
containing Lo, and a subvariety Wy of (Vo)r,, such that W = (Wy), and there is
an embedding of Ly into C that extends the one of Ly. Furthermore, if (Wy)c C
z(Yp)c for some z € Xy(C) and some semiabelian subvariety Y; of Xo, then x can
be chosen as the base change of an Ly -point of Wy. In particular, weak optimality
is preserved under base change. ([l

We now would like to apply a theorem of Gao in [28] to see that the distinguished
categories of connected pure Shimura varieties and connected mixed Shimura varieties
of Kuga type over Q are very distinguished. Unfortunately, the definition of a connected
mixed Shimura datum of Kuga type and the definition of a connected pure Shimura datum
in [28] do not coincide with our definitions here (which are the same as in [26]). In fact,
the definitions in [28] give rise to full subcategories Q?nva and Q:?)Sv of Cnsvk and Cpsy
respectively, where we consider only those mixed Shimura data that have generic Mumford-
Tate group as defined in Definition 2.5 in [26]. By analogy, we also get a full subcategory
@?HSV of €hngy. We do not know if these subcategories of distinguished categories are
distinguished themselves, but we can still apply Definitions and to define (weakly)
special subvarieties in them.

The following two lemmas will solve all arising technical issues. We continue identifying
objects of €sy (or of one of its subcategories) with their images under F,gy.

Lemma 9.4. Let K be an algebraically closed field and let €, & be two categories among
(Crmso)ics (Cmsor) ks (Cps)ics (€265 (€0 g ((’:25@)}{. Let 0,0’ denote their re-
spective classes of objects and suppose that U’ C U. Let X € U'; then, the (weakly) special
subvarieties of X as an object of € are the same as the (weakly) special subvarieties of X
as an object of €.



36 F. BARROERO AND G. A. DILL

Proof. As every morphism of ¢ is also a morphism of €, it is clear that all (weakly)
special subvarieties of X as an object of €' are also (weakly) special subvarieties of X as
an object of €. What remains to be proved is the converse direction. Let X € U/, let
¢:Y — X,¢:Y — Z be morphisms of €, and let z € Z(K). We want to show that ¢(Y")
is a special subvariety of X as an object of €' and that every irreducible component W of
#(1~1(2)) is a weakly special subvariety of X as an object of ¢’

Suppose first that € is among the categories (Cmsy) ks (Emsvk) i, (Cpsv)x and € = ¢0
is the corresponding subcategory as defined above. Then, Proposition 2.6(1) in [26],
Proposition 2.2 in [61], Lemma 2.2 in [46] (which is formulated for reductive groups,
but holds with the same proof for arbitrary linear algebraic groups), and the definition of
having generic Mumford-Tate group yield (base changes of) surjective Shimura embeddings
by YV 5 Y, ¢z Z° = Zin € and a morphism ¢° : YO — Z0 of ¢’ such that Y°, 20 € 1/
and 1 o ¢y = 1hz o 0. Hence, ¢ o ¢y is a morphism of ¢’ and ¢(Y) = (¢ 0 ¢y)(Y") is a
special subvariety of X as an object of ¢/. Furthermore, we have

o (2) = (dodv)((Wody) ()= [ (@ooy)((¢”) ("))

ey, (2)

Since vz is a (base change of a) Shimura embedding, 1[)21(2) is finite by Proposition
and the desired claim follows.

Suppose now that €, ¢ are both among the categories (€msv)r; (Cmsvi)ks (Cpsv) K-
Note that, by Proposition 2.9 in [26], being pure and being of Kuga type are inherited
by Shimura subdata. These properties are also inherited by quotient Shimura data by
Remark The desired claim for special subvarieties then follows from Lemma 5.11 in
[26].

After replacing K by an algebraically closed subfield of finite transcendence degree over
Q such that z is the base change of a point defined over that subfield, we can embed
K into C. By Proposition 5.4 in [26], we have that W¢ is an irreducible component of
¢ (W) 7H2")), where ¢ : Y/ — X and ¢ : Y/ — Z’ are (base changes of) a Shimura
embedding and a quotient Shimura morphism respectively (in particular, ¢', 1’ are mor-
phisms of ¢’ and ¢’ is finite by Proposition and 2’ € Z/(C). It follows from the
finiteness of ¢ that {z'} = L(W) for some irreducible component W of (¢) =1 (We).
We therefore deduce that 2’ is the base change of a K-point of Z’ and the desired claim
follows.

Combining the two cases considered above now yields the lemma. O

Lemma 9.5. Let K be an algebraically closed field, let € be one of the categories (Cpmsy) K,
(Cmsor) K, (Cpsu)k, and let @0 be the corresponding subcategory as defined above. Let
20,0° denote the respective classes of objects of €,¢°. Let X € . Then, there exists
a (base change of a) surjective Shimura embedding ¢ : X° — X such that X° € L0°. If
V is a subvariety of X and W is weakly optimal for V in X, then there exist irreducible
components VO, WO of ¢=1(V), ¢~ (W) respectively such that W° c VO, W0 is weakly
optimal for VO in X°, and (W)ys = (W) ys).

We remark that, thanks to Lemma the operator (-)ys associated to X9 as well as
the concept of weak optimality for subvarieties of X here do not depend on whether we
regard X° as an object of €° or as an object of €.

Proof. The existence of ¢ follows from Proposition 2.6(1) in [26]. If U° c XY is any
subvariety, then Lemma implies that (¢(U°))ws C ¢((U%)ys) as well as (U%)ys C
¢ ({(A(U%))ys). Since ¢ is surjective, we deduce that (¢(U°))ws = ¢((U°)ys), and since ¢
is also finite by Proposition this implies that dys(¢(UY)) = Sus(UY).

Using again the surjectivity and the finiteness of ¢, we now choose an irreducible com-
ponent V0 of ¢~1 (V) such that ¢(V°) = V and an irreducible component W° of ¢|‘;%(W)
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such that ¢(W?) = W. Since ¢ is finite, W must be an irreducible component of ¢~*(W)
as well. Together with the finiteness of ¢, the previous paragraph implies that W9 is
weakly optimal for VY in X0 and that (W)ys = (¢(W9)) s = d((WO)ys). O

We can now prove the following theorem, which is essentially due to Gao:

Theorem 9.6 (Gao). The distinguished categories of connected pure Shimura varieties
and connected mized Shimura varieties of Kuga type over Q are very distinguished.

For pure Shimura varieties, this was essentially already established in [20], later refined
in [7]. With the new results obtained independently by Chiu [17] and Gao-Klingler [29],
we expect that the proof of Theorem [9.6] can be extended to show the same for the
distinguished category of connected mixed Shimura varieties.

Proof. Note that, by Proposition 2.9 in [26], being pure and being of Kuga type are
inherited by Shimura subdata. These properties are also inherited by quotient Shimura
data by Remark [3.7] The required finiteness statement over C then follows from Theorem
8.2 in [28] together with Remark 5.3 and Lemma 5.6 in [26], as well as Lemma

We can go from C to an arbitrary algebraically closed field of finite transcendence degree
over Q thanks to the following: Let X be a connected mixed Shimura variety. Let U C
W C X¢ be a chain of subvarieties, where W is weakly special. By Proposition 5.4 in [26],
we have that W is an irreducible component of ¢¢(¢¢ 1(2)), where ¢ : Y — X and ) : Y —
Z are a Shimura embedding and a quotient Shimura morphism respectively (in particular,
¢ is finite by Proposition and z € Z(C). It follows from the finiteness of ¢ that
{2} = ¥ (U) for some irreducible component U of ¢ (U). If U can be defined over some
algebraically closed subfield of C, the same holds for z. This implies that weak optimality
is preserved under base change. The theorem then also follows since Theorem 8.2 in [28]
yields precisely such pairs of Shimura embeddings and quotient Shimura morphisms. [

10. ZILBER-PINK AND EXTENSIONS OF ALGEBRAICALLY CLOSED FIELDS

We now introduce a notation that allows us to easily express the fact that the analogue
of the Zilber-Pink conjecture holds in a certain setting. It generalizes a notation from [4].

Definition 10.1. Let K be an algebraically closed field and let € be a distinguished category
over K. Let m,d be non-negative integers and let X be a distinguished variety. We say
that ZP(X,m,d) holds if every subvariety of X of dimension at most m contains at most
finitely many optimal subvarieties of defect at most d.

The distinguished category Ciiy(Y) (for a fixed variety Y over K) trivially satisfies
ZP(X,m,d) for all non-negative integers m and d and all distinguished varieties X since
every distinguished variety in €y (Y) has only finitely many special subvarieties and an
optimal subvariety for a subvariety V' in X must be an irreducible component of the
intersection of V' and some special subvariety of X.

We collect some auxiliary results that are going to be useful later.

Lemma 10.2 (Lemma 2.2 in [4]). Let K C L be an extension of algebraically closed fields
such that L has transcendence degree 1 over K. Let'V be a variety over K and let W be a
subvariety of Vi,. Then, there exists a subvariety W' of V with dim W/ < dim W + 1 such
that W C W .

Lemma 10.3 (Lemma 2.5 in [4]). Let K be an algebraically closed field and let f : V — W
be a dominant morphism of algebraic varieties, defined over K. Then, there exists Vo C V'
open and dense such that f(Vp) is open and dense in W and flv, : Vo — f(Vo) is smooth.

The following lemma is the analogue of Lemma 2.11 in [4] in our setting.
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Lemma 10.4. Let K C L be an extension of algebraically closed fields. Let € be a
distinguished category over K, let X be a distinguished variety, and let V be a subvariety
of X. If W is an optimal subvariety for Vi, in X, then there exists an optimal subvariety
W' for V in X such that W = (W'), and 6(W) = §(W').

Proof. Since a special subvariety is the image of a distinguished morphism, we have that
any special subvariety of X, is the base change of a special subvariety of X. Therefore, if
V' is a subvariety of X, any optimal subvariety for V7, in Xy, is an irreducible component
of an intersection Vi NSy, for some special subvariety S of X and is then the base change
of a subvariety W’ C V that must be optimal for V in X and of the same defect. O

The following lemma is an analogue of Lemma 2.6(2) in [4].

Lemma 10.5. Let m and d be non-negative integers. Let K be an algebraically closed field
and let € be a distinguished category over K. Let ¢ : X — Y be a distinguished morphism
with finite fibers. Then ZP(Y,m,d) = ZP(X, m,d).

Proof. We induct on m, the case m = 0 being trivial. Let V C X be a subvariety of
dimension m and let V' be the closure of ¢(V). By Lemma and the Fiber Dimension
Theorem, we can find Vj C V open and dense such that ¢(Vp) is open and dense in V’
and ¢y, : Vo — ¢(Vp) is smooth of relative dimension dim Vp — dim ¢(Vp), which must be
0 as ¢ has finite fibers.

Let now W C V be an optimal subvariety for V' in X whose defect is at most d. If
WNVy =0, then W is optimal for a component of V\V{ and we are done by the inductive
hypothesis. Otherwise, we can apply Lemma (1) to deduce that the closure W’ of
¢(W) is optimal for V' in Y and the defect of W' is at most d. It follows from ZP(Y,m,d)
that there are at most finitely many possibilities for W’ and hence for W, which is an
irreducible component of ¢~1(W’). O

If the distinguished morphism in Lemma [T0.5is also assumed to be surjective, then one
can obtain an equivalence instead of just an implication.

Lemma 10.6. Let m and d be non-negative integers. Let K be an algebraically closed field
and let € be a distinguished category over K. Let ¢ : X — Y be a surjective distinguished
morphism with finite fibers. Then ZP(X, m,d) < ZP(Y,m,d).

Proof. Thanks to Lemma it suffices to prove that ZP(X,m,d) implies ZP(Y, m,d).

We induct on m, the case m = 0 being trivial. Let V' C Y be a subvariety of dimension
m. Let V be an irreducible component of »~1(V) that dominates V; we have dimV =
dimV < m. By Lemma and the Fiber Dimension Theorem, we can find V) C V open
and dense such that ¢(Vp) is open and dense in V' and |y, : Vo — ¢(Vp) is smooth of
relative dimension dim Vy — dim ¢(Vp) = 0.

Let now W C V be an optimal subvariety for V in Y whose defect is at most d. If
W N (Vo) = 0, then W is optimal for a component of V\gf)(Vo) and we are done by
induction on m. Otherwise W N ¢(Vp) is dense in W. Let W be the closure in V of a
component of qﬁ\%l(W) that dominates W. By Lemma ( ), we have 6(W) = 6(W) < d.

Let U be a subvariety of YZ’ such that Vj/ C~U C V, U is optimal for V in X, and
6(U) < o(W). We have UNVy # 0 since W NV # 0. By Lemma the closure U of
#»(U) is optimal for V in Y of defect

S(U) =8(0) < 6(W) =d(W).

Furthermore, we have W C U C V. Since W is optimal for V in Y, it follows that U = W,
hence W = U is optimal for V in X and its defect is at most d. By ZP(X,m, d), there are
at most finitely many possibilities for W and hence also for W. g
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The following theorem, which is one of our main results, is an analogue of Proposition
4.1 in []. In its statement, we use the notation from Definition [10.1]

Theorem 10.7. Let m and d be non-negative integers. Let K C L be an extension of
algebraically closed fields and let € be a very distinguished category over K. Let X be
a distinguished variety. Let S be a class of distinguished varieties such that X € S and
for every X' € S, every field extension K C K' of finite transcendence degree, and every
subvariety V' of X}, the set in can be chosen with all Yy, Zy, equal to base changes
of distinguished varieties belonging to S. Then, the following hold:

(1) Suppose that ZP(X',m,d) holds for all X' € S. Then ZP(Xr,m,d) holds as well.

(2) Suppose that ZP(X',m — 1,d) and ZP(X',m,d — 1) hold for all X' € S. Let V
be a subvariety of Xy of dimension at most m which is not the base change of a
subvariety of X (in particular K # L). Then, V contains at most finitely many
optimal subvarieties of defect at most d.

It is of course possible to take the whole class of objects of € as S, but for applications,
it can be useful to take S smaller as we will see later.

Proof. We prove (1) and (2) in parallel: Let V' be a subvariety of X;. We can find an
algebraically closed subfield L; of L that has finite transcendence degree over K and a
subvariety Vi of X, such that V = (V1)r. If W is any optimal subvariety for V in X,
then by Lemma it is equal to (W), for an optimal subvariety W; for Vi in X1, such
that 6(W1) = 6(W). Hence, it suffices to prove the theorem under the assumption that L
has finite transcendence degree over K.

We will actually prove the stronger statement that the conclusions of (1) and (2) hold
with any X’ € S in place of X. Arguing by induction on the transcendence degree of
L over K, one can see that it is enough to prove (1) and (2) when L has transcendence
degree 1 over K.

We proceed by induction on m. Clearly, ZP(Xz,0,d) holds for all d. Let V be a
subvariety of Xy of dimension m > 0. We will deduce that V' contains at most finitely
many optimal subvarieties of defect at most d from either of the following hypotheses:

(1) ZP(X},m —1,d) and ZP(X’,m,d) hold for all X" € S, or
(2) ZP(X},m —1,d) and ZP(X',m,d — 1) hold for all X" € § and V is not the base
change of a subvariety of X.

As all X’ € S satisfy the same hypotheses as X, it will follow that the conclusions of
(1) and (2) hold for all X’ € S as desired.

If V.= V] for some V' C X, then we must be in case (1) and we are done by Lemma
and ZP(X,m,d). We will then assume that this is not the case.

Let V/ be the smallest subvariety of X, that is the base change of some V' C X and
contains V. It exists and has dimension m or m + 1 by Lemma but the first case is
not possible because it would imply that V =V} .

Let W C V be an optimal subvariety for V' in X that has defect at most d. We can
assume without loss of generality that W # V.

We let W] be the smallest subvariety of X, that is the base change of some W’ C X
and contains W. By Lemma we have either W = W] or dim W] = dim W + 1.

If W = W}, then W is contained in Z; C V for Z’ C X maximal among all finite
unions of subvarieties Z” C X with Z/ C V (and equal to the closure of the union of
all such Z"). Since V' # V], the dimension of Z} is at most dimV — 1. Of course, W
is also optimal for the component of Z) that contains it. It follows that W lies in a
finite set because ZP(Xp, m — 1,d) holds. We can therefore assume that W C W} and so
dimW; =dim W + 1.

Recall that, by Lemma an optimal subvariety for V/ in X, is the base change of
an optimal subvariety for V' in X. Let U} be such an optimal subvariety for V] in X,
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that contains W} and satisfies 6(U}) < §(W}). Note that (V) = (V]) and (W) = (W)
because, for instance, V] C (V) N V] by definition. It follows that §(W}) = §(W) — 1, so
(Up) <d-1.

We claim that U; # V/. If not, we could deduce that §(V/) = 6(U;) < §(W}). It would
then follow that

d(V)=06(V))+1<6(Wp)+1=48W),

which contradicts the optimality of W C V for V.

We deduce that U; C V] and hence U; NV C V, otherwise U; D V would contradict
the minimality of V. Since W C U; NV and W has defect at most d and is optimal for
a component of U; NV in X, it suffices to show that U’, and therefore U}, belongs to a
finite set. Then we are done as any component of U; NV that contains W has dimension
at most m — 1 and ZP(Xp,m — 1,d) holds.

By the optimality of U’ for V' in X and Proposition we have that U’ is also weakly
optimal for V’ in X. It follows from that there exists a finite set of pairs (¢, ) of
distinguished morphisms ¢ : Y; — X and ¢ : Yy — Zy, depending only on V', such that
there exists a pair (¢,v) in this set and z € Z;(K) such that ¢ has finite fibers and (U”)ys
is an irreducible component of ¢(x»~1(z)). By our hypothesis on S, we can assume that
Yy, Zy € S. Since ¢ and v vary in a finite set, we can assume them fixed.

We are now going to use ¢ and i to move the problem to the two distinguished varieties
Yy and Zy, where we will apply ZP(Yy, m,d — 1) and ZP(Zy, m,d — 1).

Let U be an irreducible component of ¢ ~(z) N ¢~ (U’) such that ¢(U) is dense in U’
Since ¢ has finite fibers, we deduce that dimU = dimU’ and therefore U must be an
irreducible component of ¢~1(U’). Let V be an irreducible component of ¢~(V’) that
contains U. As ¢ has finite fibers, it follows that dim V <dimV’' <m+1.

Furthermore, U is optimal for V: Otherwise, we could find U such that U - UcV
and 6(U) < 6 (U ). Applying ¢ and taking closures yields a contradiction to the optimality
of U’ for V' thanks to Lemma (2) The same lemma shows that §(U) = 6(U").

We have U C ¢~'(2) NV by construction. We want to show that U is an irreducible
component of ¢y~*(z) N V. If this were not the case, then we could find a subvariety U
such that U cUcyHz)n V. Since ¢ has finite fibers, it would follow that the closure
of ¢(U) strictly contains U’, while still being contained in ¢(¢v~'(z)) as well as in V".

But, since ¢ has finite fibers, implies that every irreducible component of ¢ (1)1 (2))
has the same dimension. Hence, the above contradicts U’ being weakly optimal for V'. Tt
follows that U is an irreducible component of 1)~1(z) N V.

We let V" denote the closure of 1(V) in Zy; this is a subvariety of Z,. We know that
{2} = v(0). o

By Lemma and the Fiber Dimension Theorem, we can find V) C V open and dense
such that 9(Vp) is open and dense in V” and Yy, Vo — 9(Vp) is smooth of relative
dimension

n = dim Vp — dim¢(Vp) = dim V — dim V"

We distinguish two cases: First, if U is contained in V\%, then U is contained in one
of finitely many subvarieties of V' of dimension at most m. As U is optimal for V, it is
also optimal for that subvariety. We have

S(U)=6(U") < (W) =6(W)—1<d—1.

Since Y, € S, we have that ZP(Yy,m,d — 1) holds. It follows that there are then only
finitely many possibilities for U and hence for U’.
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Let us now assume that UNVy # 0. Since U is an irreducible component of wil(z)ﬂf/ =
¢|‘;1(Z), we then have that U NV} is an irreducible component of ¢|‘T/01(z). It follows that
n = dim(U N Vp) = dim U.

Since we have assumed that W # W}, we have dim W’ > 0 and hence n = dimU =
dim U’ > 0.

The special subvariety (U) contains (U)ys. By construction, (U)ys is contained in
an irreducible component of ¢~1(z). As (U')ys is equal to an irreducible component of
d((2)), (U)ys must actually be equal to a component of ¢~ !(z): Otherwise, it would
follow for dimensional reasons that U’ C ¢((U)ws) (U )ws S (U')ws since ¢ has finite fibers
and all components of ¢~ !(z) have the same dimension, a contradiction with Lemmas
and [6.8

Since U is optimal for V and has defect at most d—1, it then follows from Lemma (1)
that {2} = ¢(U) is optimal for V" in Zy and has defect at most d — 1. Furthermore, V"
is a subvariety of Z, of dimension

dimV —n<dimV -1 <dimV’' -1 =m.

As Zy lies in S, we have that ZP(Zy, m,d — 1) holds, thus z lies in a finite set. As U is

a component of ¥ ~1(2) N V, it lies in a finite set as well and therefore the same holds for
U'. O

We will now apply Theorem m(Q) to certain connected mixed Shimura varieties of
Kuga type. For this, we first prove a lemma:

Lemma 10.8. Let K be an algebraically closed field and let € be a distinguished category
over K. Let X be a distinguished variety and let ¢ : X — Y be a surjective distinguished
morphism. If ZP(X, m,0) holds for all non-negative integers m, then the same holds for
Y.

Proof. Let V. C Y be a subvariety. If S C V is optimal for V in Y and §(S) = 0,
then S is a maximal special subvariety of V. The lemma now follows from the fact that
any irreducible component of ¢~!(S) is a maximal special subvariety of some irreducible
component of ¢p~(V). O

In the following corollary, H, denotes the Siegel upper half space of dimension %
and (GSpQg,Hg) denotes the connected pure Shimura datum associated to the moduli
space of principally polarized abelian varieties of dimension g.

Corollary 10.9. Let X = Fusyk(P, XT,T') be a connected mized Shimura variety of
Kuga type of dimension 3. Let W be the unipotent radical of P and let (P, XT)/W denote
the quotient Shimura datum (see Remark [3.5). Suppose that (P, X*)/W is a Shimura
subdatum of (GSpQQ,Hg) for some g € N. Let Q C K be an extension of algebraically
closed fields and let C C Xk be a curve that is not the base change of a curve in X. Then
C contains at most finitely many optimal subvarieties.

Corollary applies for example to the moduli space of principally polarized abelian
surfaces or to the (direct) product of the Legendre family of elliptic curves (see Section
13)) with the moduli space of elliptic curves. It also applies to the cube of the moduli
space of elliptic curves, for which the corresponding statement has been proven by Pila in
Theorem 1.4 in [47].

After the completion of this manuscript, Pila, Shankar, and Tsimerman announced a
proof of the André-Oort conjecture in full generality in [50]. As a consequence of their
work, the hypothesis on (P, XT)/W in Corollary can be removed.
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Proof. Since X has dimension 3, we have that 6(C') < 2 and any proper optimal subvariety
of C has defect at most 1. By Theorem [9.6] the category of connected mixed Shimura
varieties of Kuga type is very distinguished.

We want to apply Theorem m(Q) with m = d = 1, choosing the class S there as small
as possible. Note that ZP(X’,0, 1) is trivially satisfied for every X’ € § while ZP(X’,1,0)
is the André-Oort conjecture for curves in X’. We have that ZP (X, m, 0) holds for all non-
negative integers m, i.e., that the André-Oort conjecture holds for X, thanks to Theorem
5.2 in [65] and Theorem 13.6 in [26].

Theorem 8.2 in [28] and the proof of Theorem show that we first have to include
in S all triples ((Q,Y1)/N,x), where (Q,Y ™) is a Shimura subdatum of (P, X*), N is
a normal algebraic subgroup of @ whose reductive part is semisimple, and (Q,Y)/N
denotes the quotient Shimura datum (see Remark . This step must then be iterated
for every connected mixed Shimura datum thus obtained.

By Lemma m ZP(x,m,0) is preserved when passing to a Shimura subdatum (by
Lemma m the validity of ZP(x,m,d) is independent from the choice of congruence
subgroup). If we have ZP(x,m,0) for all non-negative integers m, this is also preserved
when passing to a quotient Shimura datum by Lemma m Hence, we have ZP(X’,1,0)
for all X’ € S as desired. O

11. REDUCTION TO OPTIMAL SINGLETONS

The following theorem is an analogue of Theorem 8.3 in [20] and Theorem 6.1 in [4]
(see also [35]) and is similar to what was recently done by Cassani in [14] for connected
mixed Shimura varieties of Kuga type. The reduction to optimal singletons (i.e., optimal
subvarieties of dimension 0) is useful if one wants to formulate and apply “large Galois
orbit” conjectures and o-minimal point counting, cf. Sections 8 to 10 in [35].

Theorem 11.1. Let m and d be non-negative integers. Let K be an algebraically closed
field and let € be a distinguished category over K that satisfies . Let X be a dis-
tinguished variety and let S be a class of distinguished varieties such that X € S and for
every X' € S and every subvariety of X' the set in can be chosen with all Yy, Zy, € S.
Suppose that, for all X' € S, every subvariety of X' of dimension at most m contains at
most finitely many optimal singletons of defect at most d. Then ZP (X, m,d) holds.

Proof. We proceed by induction on m. Clearly ZP(X,0,d) holds. We are going to deduce
ZP(X,m,d) from ZP(X,m — 1,d) and from the fact that all subvarieties of dimension at
most m of any X’ € S contain at most finitely many optimal singletons of defect at most
d.

We fix a subvariety V of X with dim V' < m and a subvariety W C V optimal for V in
X with 6(W) <d.

By Proposition W is weakly optimal for V in X and implies that there is
a finite set of pairs (¢,) of distinguished morphisms ¢ : Yy — X and ¢ : Yy — Zy,
depending only on V/, such that there exist a pair (¢,) in this set and z € Z(K) such
that ¢ has finite fibers and (W) is an irreducible component of ¢(¢)~!(z)). By our
hypothesis, we can assume that Yy, Z, € S. As the pair (¢,) varies in a finite set, we
can assume it is fixed.

We now set W to be an irreducible component of 1)~ (z) N ¢~ (W) such that ¢(W) is
dense in W and V to be an irreducible component of ¢~ (V) that contains W. We recall
that ¢ has finite fibers and thus dimW = dim W and dimV < dim V. Moreover, Lemma
3.3(2) implies that 6(W) = §(W) < d.

We claim that W is optimal for V in Y,. If this were not the case, there would exist
a U 2 W optimal for V and with §(U) < 6(W). Using Lemma (2), we see that this
would contradict the optimality of W for V.
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By definition we have that W is contained in an irreducible component, of Pp=Hz)N V.
If this containment were strict, we could find a subvariety U with W - Uc Pp7l(z)N 14
but then, as ¢ has finite fibers, W would be strictly contained in the Zariski closure of
o(U) € ¢(yp~1(2)) NV. This contradicts the weak optimality of W because every irre-
ducible component of ¢(1)~1(z)) has the same dimension. Thus W has to be an irreducible
component of ¥~ (z) N V.

We now set V' C Z, to be the Zariski closure of ¢(V). Moreover, recall that (W) =
{z}. By Lemma and the Fiber Dimension Theorem, we can find Vy € V open and
dense such that w(Vo) is open and dense in V and MVO Vo — w(%) is smooth of relative

dimension n = dim Vp — dim (V) = dim V — dim V. Note that both V and V come from
a finite set that depends only on V', ¢, and .

We distinguish two cases. First, if W c V\VO, then W is contained in one of finitely
many proper subvarieties of V and is optimal for that subvariety. By Lemma and
the fact that, by the inductive hypothesis, ZP(X,m — 1,d) holds, after recalling that
1) (W) < d, we have at most finitely many possibilities for W and therefore at most finitely
many possibilities for W.

Let us now assume that WNVy # 0. Since W is an irreducible component of 1[1|‘T/1(z), we

must have that W NV is an irreducible component of 1/1];/1 () and thus n = dim(WNVp) =
0

dim W = dim W. Note that dimV = dimV —n SAdimY —n<m.
We now want to apply Lemma Ml) to and W C V C Yy. For this we need to verify

that (V) contains an irreducible component of a fiber of ¢. This fiber can be taken to be

nothing but ¥~ (z): we have that (W)ys C (W) is contained in an irreducible component
of 9~1(z). If this containment were strict, we would have that

W C $((Whws) N (Wws & (W)s

since (W)ys is an irreducible component of ¢(1»~1(z)), ¢ has finite fibers, and all com-
ponents of ¥~ !(z) have the same dimension. By Lemmas and every irreducible
component of ¢((W)ys) N (W )y is weakly special, a contradiction.

We can then apply Lemma (1) and obtain that {z} = ¢(W) is optimal for V in Zy
with 0({z}) < (W) < d. Since, by assumption, every subvariety of Z of dimension at
most m contains at most finitely many optimal singletons of defect at most d, the point z
lies in a finite set. R R

Finally, recall that W is a component of ¢»~!(z) NV, thus lies in a finite set and the
same holds for W. O

12. REDUCTION OF ZILBER'S FORMULATION TO PINK’S FORMULATION

In this section, we introduce two different formulations of the Zilber-Pink conjecture for
a distinguished category and show that they are equivalent in the presence of

The following is Zilber’s version of the conjecture (see [71]), in the formulation by
Habegger and Pila in [35] (see also there for a form of the conjecture that is closer to
Zilber’s original conjecture; their proof of the equivalence of the two versions works in any
distinguished category).

Conjecture 12.1. Let K be an algebraically closed field and let € be a distinguished
category over K. For every distinguished variety X and all non-negative integers m and
d, ZP(X,m,d) holds.

We next present a version that corresponds to Pink’s Conjecture 1.2 in [55]. To
formulate it, we introduce the following notation: If X is a distinguished variety and
k € {0,...,dim X}, then X K] denotes the union of all special subvarieties of X of codi-
mension at least k.
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Conjecture 12.2. Let K be an algebraically closed field, let € be a distinguished category
over K, and let m and d be non-negative integers. Let X be a distinguished variety and
V C X a subvariety of dimension at most m. Then V N XdimX-min{d(V)=Ld}] ;¢ p oy
Zariski dense in V.

We point out that Conjectures and certainly do not hold in an arbitrary
distinguished category. Indeed, in €,q4, we can consider X = Gi x with affine coordinates
z,y,z,w and V C X defined by 2% + y? = 22, 23 + 3> = w3. Then V is covered by lines
passing through the origin that are all optimal for V' in X, which contradicts Conjecture
12.1] Furthermore, any such line is of dimension 1 = §(V') — 1, so we contradict Conjecture

[12.2] as well.

Lemma 12.3. Let K be an algebraically closed field, let € be a distinguished category
over K, let X be a distinguished variety, and let m and d be non-negative integers. Then

ZP(X,m,d) implies Conjecture for the given €, X, m, and d.

Proof. Let V. C X be a subvariety of dimension at most m. Let W be an irreducible
component of the intersection of V' with a special subvariety of codimension at least
dim X — min{d§(V) — 1,d}. Then

(W) <min{o(V) — 1,d} —dim W < min{§(V) — 1,d}.

There is a subvariety U C V, optimal for V in X, such that W C U and §(U) < 6(W) <
d. Since (W) < 6(V), we have U # V. So W is contained in the union of all proper
optimal subvarieties for V' in X of defect at most d, which by ZP(X,m,d) is a finite union.
We deduce that V N X dim X—min{o(V)=Ld}] i5 not dense in V. O

The following theorem is an analogue of Theorem 1.9 in [4]. A similar statement for
connected mixed Shimura varieties of Kuga type can be found in the work [14] of Cassani.

Theorem 12.4. Let K be an algebraically closed field, let € be a distinguished category
over K that satisfies |(A5), and let m and d be non-negative integers. Then Conjectures

and[12.2 for €, m, and d are equivalent.

Proof. By Lemma [12.3] it suffices to show that Conjecture [12.2] for €, m, and d implies
ZP(X,m,d) for every distinguished variety X. By Theorem @ it is then enough to
show that every subvariety of dimension at most m of a distinguished variety contains at
most finitely many optimal singletons of defect at most d.

For this, we follow the proof of Theorem 1.9 in [4]: Let X be a distinguished variety
and let V' be a subvariety of X of dimension at most m. We show the following claim by
induction on j € {0,...,dim V}:

Claim. The optimal singletons for V' in X of defect at most d are contained in a finite
union of subvarieties of V' of dimension at most dim V' — j.

This is obvious for j = 0.

Suppose that the claim holds for some 7 < dim V. Let W be one of the finitely many
subvarieties of V' of dimension at most dim V' — j that contain the optimal singletons for V'
in X of defect at most d. We can assume without loss of generality that dim W = dim V —j.

If {p} € W is an optimal singleton for W in X of defect at most d, then ({p}) C
(W). Since dimW = dimV — j > 0, we have that {p} C W and therefore §({p}) =
dim({p}) < 6(W). It follows that the codimension of ({p}) is greater than or equal to
k:=dim X — min{6(W) — 1,d}. So the optimal singletons for W in X of defect at most
d are contained in W N X,

It then follows from Conjecture for X, d, and W that W N X is not dense in W
and so the same holds for the union of all optimal singletons for W in X of defect at most
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d. This implies that the optimal singletons for W in X of defect at most d are contained
in a proper closed subset of W as desired. This establishes the claim by induction.

Now taking j = dim V in the claim shows that the number of optimal singletons for V'
in X of defect at most d is finite. 0

13. ZILBER-PINK FOR A COMPLEX CURVE IN A FIBERED POWER OF THE LEGENDRE
FAMILY

Let Y(2) = A(l@\{o, 1}. Let &£ denote the Legendre family of elliptic curves, defined in
Y (2) x@% by Y2Z = X(X —Z)(X —\Z), where [X : Y : Z] are the projective coordinates
on }P’?@ and A is the affine coordinate on Y (2) C A(l@. For g € N, let £9 denote the g-th

fibered power of £ over Y (2).

Set I, = <(1) (1)> and Jo = (_01 (1)> Let P = GLag xQ29, where GL2 @ acts on
Q% = (Q?)®9 by acting tautologically on each of the g summands. Then £9 is canonically
a connected mixed Shimura variety of Kuga type, associated to the triple (P, X+, ' x Z29),

where X is a connected component of the P(R)-conjugacy class of the homomorphism
h:Sc — GLac xC?9 defined by

a€SR)=C"— h(a) = ((Rea)ly + (Ima)Js,0)

and

a b _(1 0 o

As a complex manifold, X is isomorphic to H x C9.

Theorem 13.1. Let K be an algebraically closed field. Then ZP(EY.,1,d) holds for all
g € N and all non-negative integers d.

Proof. We want to use Theorem m to deduce ZP(€Y:,1,d) from ZP(X,1,d) for X equal
to a power of a CM elliptic curve over Q and X equal to a fibered power of &, which is
known thanks to several authors.

By Theorem the category of connected mixed Shimura varieties of Kuga type over
Q is very distinguished. We want to apply Theorem m(l), choosing the class S there
as small as possible. Theorem 8.2 in [28] and the proof of Theorem show that we
first have to include all triples ((Q,Y™)/N,*), where (Q,Y ™) is a Shimura subdatum of
(P,X*) and N is a connected algebraic subgroup of Q4°*, normal in @ (equivalently: N
is a normal connected algebraic subgroup of @) whose reductive part is semisimple). Note
that we can assume that N is connected in the conclusion of Theorem 8.2 in [2§] since
replacing N by its identity component does not change N(R)*.

By Proposition 1.2.16 and its proof in [24] (cf. Proposition 3.4 in [25]), we have Q =
(I2,0)(Gg x V)(I2,v) 71, where Gg C GLg g is a reductive subgroup, V is a Gg-invariant
vector subspace of Q%, and v € Q%. Up to isomorphism, we can assume that v = 0.
Furthermore, Ggr contains a 2-dimensional torus (the image of S) that contains the
center of GLag. It follows from Theorem 1 in [44] that Gg is either a 2-dimensional
torus T' or Gg = GLg . Thanks to Proposition 4.17 in [42], we can then assume (up to
isomorphism) that V' is the direct sum of gg summands of the direct sum (Q2)®9 for some
non-negative integer go as these summands are all simple as representations of either T'
or GLs .

Since (Q,Y ™) is a connected mixed Shimura datum, we have QI = (GQ)der x V, so
QI =V in case Gg =T and Qder = SLo o xV if Gg = GLag.

We set Viy = NNV and Gy = N/Vy, where we regard G as an algebraic subgroup
of Gg = Q/V. Thanks to Proposition 4.17 in [42], we can find a Gg-invariant vector
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subspace V]é C V such that V =Vy & Vﬁ. Furthermore, Vﬁ can be chosen as the direct
sum of some of the summands in the direct sum (Q?%)®9.

In case Gg = T, we have that N = Vj is a T-invariant vector subspace of V' and
therefore Q/N ~ T x V.

If Gg = GLy g, then G C SLy g is normal and connected and Vy C V' is a GLy g-
invariant vector subspace. Since SLj g is almost-simple (as defined in Definition 19.7 in
[42]), it follows that G = {1} or Gn = SLag.

In the first case, N = Vy is a GLy g-invariant vector subspace of V. Then, Q/N =~
GLog X V.

We are then left with the case Gy = SLg . We have that (—Iz,w) € N(C) for some
w € V(C) and hence

(*IQ,U))(IQ,U)(*IQ,U))(IQ, *U) = (IQ, *2’0) € N((C)

for every v € V(C). This implies that N = SLyg xV = Q4 and therefore Q/N ~ G, o.

Hence there are the following possibilities for Q/N (up to isomorphism): T x Vﬁ,
GL2 g KV]#, and Gy, . In principle, we now have to iterate this step and again look at
all quotients of Shimura subdata as above of these connected mixed Shimura data. But
this yields nothing new, so we have found our §. The above considerations also show that
the special subvarieties of £9 are precisely the irreducible components of flat subgroup
schemes (see Section 2 of [3]) and algebraic subgroups of CM fibers.

Instead of checking ZP(X,1,d) for all X € S, we can use Lemma to fix one
congruence subgroup for each connected mixed Shimura datum that occurs in S. To be
able to apply Theorem M(l), we therefore only have to check that ZP(X, 1, d) holds for
X equal to a point, Y (2), a j-th power of a CM elliptic curve over Q (1 < j < g), or &’
(1 <j <g). This follows from the results of [60], [68], [23], [3], and [2]. O

14. ZILBER-PINK FOR A COMPLEX CURVE IN A SEMIABELIAN VARIETY

In this section, we will apply Theorem to deduce the Zilber-Pink conjecture for a
complex curve in the base change of a semiabelian variety over Q from the same statement

for a curve defined over Q, which is known thanks to the first-named author, Kiihne, and
Schmidt.

Theorem 14.1. Let K be an algebraically closed field and let G be a semiabelian variety
over Q. Then ZP(Gk,1,d) holds for all non-negative integers d.

Proof. By Theorem the category of semiabelian varieties over Q is very distinguished.
By Theorem 1.1 in the recent work of the first-named author, Kiithne, and Schmidt [5],
the statement ZP(H,1,d) holds for every semiabelian variety H over Q and for all non-
negative integers d. Theorem now follows from Theorem [10.7(1), applied with S
equal to the class of all semiabelian varieties over Q. O
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