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ABSTRACT. We study the distribution of zeroes of power series with
infinite radius of convergence. The coefficients of the series have the
form £(n)a(n), where a is a smooth sequence of positive numbers, and
¢ is a sequence of complex-valued multipliers having binary correlations
and no gaps in the spectrum. We show that under certain assumptions
on the smoothness of the sequence a and on the binary correlations of
the multipliers &, the zeroes of the power series are equidistributed with
respect to a radial measure defined by the sequence a.

We apply our approach to several examples of the sequence &: (i)
IID sequences, (ii) sequences e(an?) with Diophantine «, (iii) random
multiplicative sequences, (iv) the Golay-Rudin—Shapiro sequence, (v)
the indicator function of the square-free integers, (vi) the Thue-Morse
sequence.

1. INTRODUCTION AND MAIN RESULTS

In this work, we study the following problem: how does the sequence of
multipliers &: Z4 — C affect the zero distribution of the entire function
represented by the power series Fe(z) = Y . ~o&(n)a(n)z"? The theory of
entire functions has no general results pertaining to this classical question,
there are only several case studies initiated by Lévy, Littlewood, Offord, and
others. The most studied and the only relatively well understood instances
are the cases of IID sequences ¢ (see Littlewood—Offord [22], Offord [32, 35],
Kabluchko-Zaporozhets [14], Nazarov—Nishry—Sodin [28]) and of lacunary
sequences a (see Hayman [10], Hayman—Rossi [12], and Offord [33, 34]), in
which case the sequence of multipliers £ plays no essential role.

A new approach to this problem, which is based on spectral properties of

the sequence &, was launched in [1, 2]. It appears that certain estimates for

the autocorrelations
1

B —

1 2. SmEm+h),  heZ,
A<n<B
yield the angular equidistribution of zeroes of the entire functions of expo-
nential type
Zn

(L1) Fe(z) = Y €n) =

n!
n>0
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More precisely,

0o — 01 + 0(1)
27
where np, (r; 61, 02) is the number of zeroes of F¢ (counted with multiplici-
ties) in the closed sector {z: 0 < |z| < 71,6, < argz < 6}. In [1] the authors
proved that the same angular equidistribution holds under the assumption
that ¢ is a Wiener sequence without lacunas in its spectrum. Recall that

the sequence ¢ is called a Wiener sequence, if for every h € Z,, the limit

)= lim ~ 3 em)E(n+h)

np(r;01,02) = r, r — 00,

exists. Extending the sequence r to Z by setting r(—h) = 7(h), we get
a positive-definite sequence, which is, therefore, given by the sequence of
Fourier coefficients of a non-negative measure x¢ on the unit circle T, 7 = X¢,
X¢ € M (T). The measure x¢ is called the spectral measure of the Wiener
sequence &, and the closed support of x¢ is called the spectrum of . This
approach permitted us to prove the angular equidistribution of zeroes of the
function F¢ defined in (1.1) for many sequences & that were intractable using
the previously known techniques.

In this work, we advance in several directions, studying the zero distribu-
tion of F¢ on local scales and replacing the sequence a(n) = % by a rather
wide class of “smooth sequences”. The uniform transportation distance pro-
vides a convenient set-up for this study.

It is worth mentioning that our interest in the zero distribution on local
scales was a result of a conversation on some aspects of the work Lester—
Matomaki-Radziwilt [18], which one of the authors had several years ago
with Steve Lester and Maks Radziwil.

1.1. Smooth sequences a. A positive sequence a will be called smooth if
n

(1.2) at) =exp|- [ 4],
0

where ¢ is a non-negative, increasing, concave C2-function on [0, 00) satis-
fying

p(0) =0, lim ¢(t) = oo, lim ¢'(t) =0,
with some quantitative bounds on |¢”|. Different sequences £ will require
different bounds on |¢”|, but the following condition (1.3) will suffice for all
instances of the sequence ¢ considered in this work (except for the Thue—
Morse sequence, which requires a stronger restriction):

(1.3) (@) e 9 Se (@) for every € > 0.

These assumptions are not too restrictive, and the class of entire functions
with smooth Taylor coefficients contains functions of zero and infinite order
of growth.

It is worth mentioning, that some smoothness of the coefficients (a(n)),
likely, is indispensable for our method. On the other hand, it could be that
certain versions of equidistribution of zeroes of F¢ persist for any sequence
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a satisfying |loga(n)| = o(n?) as n — oo (the latter condition is needed
in order to exclude entire functions with a very slow growth, which, for
instance, may only have real zeroes independently of the choice of the real-
valued sequence ). At least, known results for IID sequences & (Offord [33]
[35] and Nazarov—Nishry—Sodin [28]) do not rule this out.

In what follows, we will mostly use the inverse ¢ = ¢~! rather than ¢

itself. This is a convex function, which, together with its derivative, grows
to +00, and satisfies the regularity condition

(1.4) (WE <oy <. (e for every € > 0,
which readily follows from (1.3). In turn, (1.4) yields similar bounds for the
function '

(1.5) Pl < o < opttE for every £ > 0.

1.2. The reference measure 7. To measure the growth of the entire
function F¢, we use a slightly smoothed maximal term of the power series

> n>0a(n)2", letting

t
u(R) = max exp [t log R — /0 go].

Then, assuming that R > 1, we get

log R Rl/T‘
ogu(r) = [ was= [ ar,

0 r
where the function v = v o log is the smoothed central index of the same
power series.

We expect that for Wiener sequences £ without lacunas in their spectrum,
the subharmonic functions log |F¢(z)| and log u(|z|) are sufficiently close to
each other, and therefore, the counting measure of zeroes of I,

NE, = Z 6/\7

A: Fe(\)=0

is close to the Riesz measure of log u
v = (2m) "t Alog u(|z]) = o(r)r~tdr ® d, z=re(f),

where o = 1 o logr, and e(f) = €™, Here and elsewhere, the Laplacian
is understood in the sense of distributions, i.e., (27)~*Au denotes the Riesz
measure of a subharmonic function w. In particular, if f is an analytic
function, then
(2m)'Alog|fl = D] b
a: f(a)=0
is the counting measure of zeroes of f (the sum on the RHS takes into
account the multiplicities of zeroes).
Note that we could equally use the functions pi1(R) = >, < a(n)R" or

wa(R) = (ano a(n)?R*") 1/2, and the corresponding Riesz measures v; =
(27)~tAlog pi(|2]), i = 1,2. The difference between the measures +, 1, and
v is inessential for our purposes.
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1.3. (v, p)-equidistribution. To measure the proximity of np, and v, we
use a classical lattice-point-counting idea usually attributed to Gauss: for
every compact set K C C,

m(K-) <#(Z*NK) <m(K.),

where m is the planar Lebesgue measure, K, is the v/2-Euclidean neigh-
bourhood of K, and K_ is a subset of K, which consists of points that
are \/2-separated from the boundary of K. Thus, |#(Z? N K) — m(K)|
is bounded by the Lebesgue measure of the v/2-neighbourhood of the the
boundary of K.

Equivalently, the uniform transportation distance between the counting
measure » o6, and the Lebesgue measure m does not exceed V2. In
our setting, the zeroes of F¢ play the role of lattice points, the measure +,
defined above, replaces the Lebesgue measure m, and the Euclidean metric
is replaced by a slowly varying metric, which locally looks Euclidean.

We introduce a distance d, on C, letting

. |dw|
d = inf — C
o(21, 22) iz} /K o(w)’ 21,22 € C,

where the infimum is taken over all C''-curves ¢ connecting the points z
and zy. Here and elsewhere, p is a positive C'-smooth radial function on
C such that p'(R) = o(1) for R — oo. We will call the function p a radial
gauge. For any set X C C, we denote by

Xir={2€C:dy(z,X) <1}
the 7-neighbourhood of X.

Definition 1. The counting measure ng, is said to be (v, p)-equidistributed
if there exist positive constants C and T such that, for any compact set
K CC,

Inr (K) = 7(K)| < Cy((0K)++) -

Note that (v, p)-equidistribution is an asymptotic characteristic of zeroes
of F¢, which is not affected by multiplying the gauge p by a positive constant.

It is worth mentioning that, under our assumptions, (v, p)-equidistribu-
tion of zeroes of Iy is equivalent to the seemingly stronger finiteness of the
uniform transportation distance, Trag,(ng.,v) < co. We will not be using
the transportation distance Trag, in the bulk of this work, so we recall its
definition and prove the aforementioned equivalence in Appendix A.

1.3.1. ... and how to use it. First, we consider the disks RD = {|z| < R}.
Recalling that p(R) vanishes on [0, 1], we get

Eo(r
v(RD) :/1 En)dr =v(R).
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Furthermore, it is easy to see that if R is large enough, (RT),, C {R —
27p(R) < |2| < R+ 27p(R)}. Hence,

R+27p(R) o (T) q
r

A(RT)4r) < /

R—27p(R) T
~o(R)p(R)/R,

whenever o stays nearly constant on the intervals [R—O(p(R)), R+O(p(R))],
which will be always the case in this work. Under our regularity assumptions,
the functions v = v¥olog and o = v’ olog have almost the same rate of growth
(see (1.5)), while for the most part, in this work, (except of the case when
¢ is the Thue-Morse sequence) we may take p ~ Ro(R)™" with 0 < k < 1.
Hence, in these cases, we get

ng (RD) — v(R)| = o(v(R)'™™), R — o0,

for any ' < k. In the Thue-Morse case, our estimate becomes worse but
still meaningful:

Ing, (RD) — v(R)| = o(v(R)e™V log v(R) ), R— oo,

with some ¢ > 0.

Now we turn to estimates on local scales and consider the disks D(z;7) =
{w: |Jw —z| < r}. If ris comparable to p(|z|), then (v, p)-equidistribution
yields the upper bound

nr(D(z7)) S v(D(27))
p(z[)?2
SEEDI . )

When 7 becomes much larger than p(|z|) but in such a way that o remains
nearly constant on D(z;7), the main term is

while the error term is bounded by

Y((OD(z57))47) S

which is much smaller than the main term. Hence, in such disks, the num-

ber of zeroes np, (D(z;7)) approximately equals (D(z;7)), with an explicit
control of the o(1) term, namely

o

E)

r

Inr (D(z,7)) = v(D(z,7))| S v(D(2,7)) -

1.4. Main results. We prove that under certain assumptions on the smooth-
ness of the sequence a and on the binary correlations of &, the zeroes of the
entire function Fy¢ are (v, p)-equidistributed for some explicitly computed
radial gauge p (Theorems 3 and 7). These results are somewhat technical,
so here, we present only their applications to several instances of sequences £
having different origins. Note that the case of the IID sequences & presented
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in Theorem 1la, does not need the full strength of our method and uses a
recent result of Nguyen and Vu [31].

Recall that the measure v has the density (27) 'o(R)/R?, where o =
' o log, with respect to the area measure on C. Hence, the gauge p
has to be at least > R(c(R))~*/2. Our technique needs slightly more:
p(R) > R(logo(R)/o(R))Y?, and in two instances (the IID sequences &,
and &(n) = e(an?) with irrational a badly approximated by rationals), we
achieve that scale. In most other instances, our method stops at the scale
p(R) = R(c(R))~¢ with some 0 < ¢ < %, which we will estimate. It is
worth mentioning that we lack examples which would clarify whether these
estimates reflect the correct order of discrepancy of zeroes of Fr.

To better digest the precision of our results, it is instructive to consider the
special case a(n) = (n!)~'/2, when the smoothed central index of the Taylor

series is ¥(R) = ¥(log R) = R?+O(R), and o(R) = ¢'(log R) = 2R%?+ O(1),
1

and, up to an inessential correction, v = — X area measure.
m

In order to simplify the statements, in this section we give our results
in a somewhat weaker form than what will be proven afterwards. For this
reason, we enumerate them in accordance with their numeration in the bulk
of the paper, adding the letter “a”. For instance, Theorem 1la is a simplified
version of the more general result given in Theorem 1.

In this section, we always tacitly assume that the sequence of smooth coef-
ficients a(n) is defined by (1.2), with the function ¢ satisfying the regularity
condition (1.3).

1.4.1. Non-degenerate 1ID sequence.

Theorem 1la. Suppose that £ is a non-degenerate IID sequence satisfying
E[€(0)]°] < o0, with some & > 0.

Then, almost surely, the zeroes of F¢ are (v, p)-equidistributed, provided that

logo(R)
1.6 R)~ R | ————+
In the case a(n) = (n!)~Y/2 the radial gauge p boils down to p(R) ~

vl1og R. Interestingly, this estimate cannot be essentially improved. Theo-
rem 2 shows that if £ is a sequence of complex Gaussian independent random
variables and if ¢ is sufficiently small, then, a.s., the function F¢ does not
vanish on infinitely many disks of the form {|z — 52| < d(log j)'/4}, j > 2.

Note, in passing that, in general, IID sequences are not Wiener sequences,
unless £(0) has a finite second moment.

1.4.2. The sequence £(n) = e(an?) with irrational . This is a Wiener se-
quence whose spectral measure is the Lebesgue measure. For a(n) = 1/n!
the angular equidistribution of the zeroes of the corresponding entire func-
tion (1.1) was proven by Eremenko and Ostrovskii in [6]. A more general

result, pertaining to the sequences £(n) = e(Q(n)), where Q(x) = 2?22 qj’
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is a polynomial of degree d > 2 with real coefficients at least one of which is
irrational, was proven in [2, Theorem 1]|. Here, we will consider the case of
an irrational «, and our estimates will depend on the Diophantine properties
of a.

Let ||t]| denote the distance from ¢ to the closest integer.

Theorem 4a. Let a be an irrational number. Let £(n) = e(an?).

(i) Suppose that for any positive integer q > 2,

c(a)
lgall = o«

2oz g)” with some a > 0 and c(a) > 0.
0gq

Then the zeroes of the entire function F¢ are (v, p)-equidistributed with the
radial gauge p = Ra*1/2(log g)(a+1)/2.

(ii) Suppose that for any positive integer q > 2,

c(e)

F, with some b > 0.

lgedl| =

Then, for every b’ > b, the zeroes of Fe are (7, p)-equidistributed with the
radial gauge p = Ro~1/(2+t),

Note that Nassif [26] studied the case a = v/2 and, using a technique
developed by Hardy and Littlewood in [8], got a rather precise information
about the zero distribution of F¢ (later, Littlewood [20, 21] returned to this
study for other smooth sequences a). Tims [40] showed that Nassif results
yield that the zeroes of the function F¢ form a “slowly varying lattice”.

1.4.3. Random multiplicative and completely multiplicative functions. Ran-
dom multiplicative functions we deal with here are sequences £ defined by

k . k
£(n) = Hj:l Xy, ifn= Hj:l Dy
0 if n is not square — free,

in the multiplicative case, and

k k
Em) =T[xp)™,  iftn=]]r}".
j=1 j=1

in the completely multiplicative case. Here X, are symmetric and unimodu-
lar ITDs parameterized by the primes. A.s., the sequence £ a Wiener sequence
whose spectral measure is the Lebesgue measure.

Theorem 5a. Let & be a random multiplicative function. Then, a.s., the
zeroes of F¢ are (v, p)-equidistributed with the radial gauge p = Ro™¢, for
any ¢ < 1/6.

The proof of this theorem uses a randomized version of the binary Chowla
conjecture (Lemma 6.7), which might be of independent interest.
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1.4.4. The Golay—Rudin—Shapiro sequence. Here we consider the sequence
&: Zy — {£1}, which at each n € Z4 equals the parity of the number of
(possibly overlapping) pairs of consecutive ones in the binary expansion of
n, ie., if n =3 ,5,7¢(n)2" is a binary expansion of n, then &(n) = (—1)7™),
where 7(n) = 3,2 71(n)7¢+1(n). Equivalently, this sequence can be defined
by £(0) = 1, £(2n) = £(n), £(2n + 1) = (—=1)"&(n), n > 0. This is a Wiener
sequence, and, as in the previous cases, its spectral measure is the Lebesgue
measure.

Theorem 6a. Let & be the Golay—Rudin—-Shapiro sequence. Then, the zeroes
of F¢ are (v, p)-equidistributed with the radial gauge p = Ro~¢ for any c <
1/3.

1.4.5. The indicator-function of the square-free integers. Next we consider
the sequence & = u?, where y is the Mobius function,

j(n) = (—=DF ifn=p...pg,
0 if n is not square-free.

It follows from classical elementary number-theoretic estimates, due to Mir-
sky [25], that p? is a Wiener sequence whose spectral measure is discrete
and has a dense support.

It is worth mentioning that the spectral properties of the sequence pu?
have been studied in detail by Cellarosi and Sinai in [3].

Theorem 8a. Let £ be the indicator function of the square-free integers.
Then, the zeroes of F¢ are (v, p)-equidistributed with the radial gauge p =
Ro=¢ for any ¢ < 2/21.

The proof uses Mirsky’s estimates. Possibly, the bound for the exponent
¢ can be improved using more advanced tools.

1.4.6. The Thue-Morse sequence. The Thue-Morse sequence §: Zy — {£1}
is defined by £(0) = 1, £(2n) = £(n), £(2n+1) = —€&(n), n > 0. Equivalently,
£(n) = (=1)“, where w(n) is the number of ones in the binary expansion
of n. It is well-known since the works by Mahler [23] and Kakutani [15],
that this is a Wiener sequence with a singular continuous spectral measure
having no gaps in its support.

Theorem 9a. Let & be the Thue—Morse sequence. Let the function o,
which defines the smooth coefficients a, in addition to the reqularity as-
sumption (1.3), satisfy the estimate ¢'(t) < (logt)~C with some C > 1.
Then, the zeroes of F¢ are (v, p)-equidistributed with the radial gauge p =
Rexp(—cy/log o), provided that the constant c is sufficiently small.

This corresponds to p(R) = R exp(—cy/Iog R) in the case a(n) = (n!)~1/2.

Notation. Throughout the paper, we will be using the following notation.
° 6(t) — eQﬂit.
o Fe(z) = Z&(n)a(n)z” the entire function.
n>0
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n
e a(n) = exp[—/ 4,0} “smooth coefficients”.
0
e ) = ! the inverse of .
t
® p=max exp[tlogR - / cp} the smoothed maximal term.

o y= @073 log the smoothed central index.

e 0 =1 olog.
o v = (2n) tAlogu(|z]) = o(r)r~tdr ® df, z = re(f), the reference
measure.
e p the radial gauge on C.
o dy(z1,22) = inf /|dw|7 the infimum is taken over all C! curves /
¢ Jo p(w)

connecting z; with zo, the distance in C.
o Uy, ={2€C:d,(2,U) <7} the T-neighbourhood of the set U C C.
e Wg(0) = Z g(n)e(ne)e_(”_”)2/(20), N = Ay/olog o with suffi-
[In—v|<N
ciently large positive A, the Weyl-type exponential sum.

e A < B means that A < CB with a positive constant C, A > B
means A > ¢B with a constant ¢ > 0, and A ~ B means that A < B
and A 2 B simultaneously.

e The sign <« means “sufficiently smaller than” and > means “suffi-
ciently large than”. For instance, the assumption “ given A and B
such that A < B” means that there exists ¢ € (0,1) such that the
corresponding conclusion holds for every positive A and B satisfying
A< cB.

2. THE READER’S GUIDE

In Section 3 we will develop a subharmonic technique, which will help
us prove (7, p)-equidistribution of the counting measure ng,. A familiar
heuristic suggests that, since the subharmonic function V' (z) = log u(|z|)
nearly majorizes log |F¢(z)|, in order to check that their Riesz measures
are (v, p)-equidistributed it suffices to verify the opposite inequality on a
sufficiently dense set of points in C.

Given a radial gauge p, set D, = {z: |z — w| < p(w)}.

Definition 2. We call a set W C C p-dense if the collection of disks
{Dy: w e W} covers every point in C outside a bounded set.

Proposition 1 will yield that if
log |Fe| <V +0O(1+1og, V)
everywhere in C, while the opposite inequality
(2.1) log |[Fel >V —O(1 +1log, V)
holds on a p-dense subset of C, then the measure np, is (7, p)-equidistributed.

Thus, our task boils down to proving the lower bound (2.1) on a suffi-
ciently dense set of points in C. The denser this set is, the smaller we may
take p, that is, on a smaller scale we will get the equidistribution of zeroes.
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As a first application, in Section 5, we consider a sequence & of non-
degenerate 1ID random variables having a finite moment of some positive
order. Using an idea from Nguyen and Vu [31], we apply Haldsz’s anti-
concentration estimate [7] to the exponential sum

S= > &m)a(n)R e(nb)
In—v|<Vo
on short intervals of 8. Using the independence of the random variables S
and F¢— S, after some computation, we get an almost sure lower bound (2.1)
on a p-dense subset of C with V(z) = log u(|2|) and with the function p as
in (1.6).

In Section 4, using our smoothness assumptions on the coefficients (a(n)),
we replace the power series F¢(z) by an exponential sum concentrated around
the central term, that is, around n = v(|z|). This exponential sum has “an
effective size” slightly larger than /o (|z]). We introduce a Weyl-type sum

Wr(0)E S €n)e(nf)Er(n), N> \/ologo,
In—v|<N

where Eg(n) = exp[—3 (n — v)?/o ] is a Gaussian cut-off function of ef-

fective width /o concentrated around the smoothed central index v. In
Proposition 2, using a Laplace-type estimate, we prove the lower bound

| Fe(Re(9))| > p(R) [WR(0) — O=(a(R)7)] ,

valid for any € > 0. Thus, we need to show that on a sufficiently dense set
of points Re(f), we have

(22) [Wr(0)| 2 o(R)"
with some ¢ > 0. This is where the spectral properties of the Wiener se-
quence & enter.

To get some intuition for the next step, we replace the smooth cut-off Er
by the sharp one. We are thus led to the sum

Wr(0) = > &n)e(nd),
In—v|<Vo
which we will try estimate pointwise from below. We have
(2.3) Wa@)>~ > e(=ho) > &m)Emn+h).
|hl<2vo In—v|<Vo
Since ¢ is a Wiener sequence, we expect that the inner sum is ~ 2y/0 x¢(h),

where x¢ is the spectral measure of the sequence &, and X¢(h) is its h-th
Fourier coefficient. This raises some hope for the estimate

Wr(0)]” ~ 2v/5 > Re(h)e(—ho).
heZ
If the spectral measure x¢ has a nice positive density Xé, then the series on
the RHS converges to x;(—6) > 0, which would yield estimate (2.2) with

=1
c=7.
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To make this heuristic rigorous we fix a C°°-smooth non-negative even

function g with support on [—3 oL 2] such that /g = 1, and consider the

R
average

X = X(R,9) /RWR /1/2 29(B71(9 — 6)) dv(s)d6,

1/2

where 8 = B(R) = p(R)/R

In the case of the Lebesgue spectral measure, we start with a version
of (2.3), integrate with respect to 6, and show that the non-diagonal terms
are negligible, while the diagonal terms give us estimate (2.2). This will be
done in Proposition 5. In the rest of Section 6 we demonstrate how to apply
these estimates to the Wiener sequences £(n) = e(an?) with Diophantine
random multiplicative sequences, and the Golay—Rudin—Shapiro sequence.

In Section 7 we turn to Wiener sequences with arbitrary spectral measures
X¢ having no gaps in their supports. In Proposition 6 we furnish a lower
bound for X, which can be viewed as a quantitative version of [1, Lemma 5.
Then we will illustrate our method with two examples of Wiener sequences
with singular spectral measures, having no gaps. We consider the indicator
function of the square-free integers, that is, & = p?, where y is the Mobius
function, and the Thue—Morse sequence.

3. A SUBHARMONIC LEMMA

Let p: C — (0,00) be a radial gauge, that is, a positive radial C'-smooth
function such that p'(r) — 0 as r — oco. We set Dy, = {z: |z — w| < p(w)}
and tD,, = {z: |z — w| < tp(w)}.

The following lemma is the main result of this section.

Proposition 1. Let V be a radial C?-smooth subharmonic function with
the Riesz measure v = I'dm, and let p be a radial gauge satisfying

(3.1) L(r)p?(r) — oo,
and
(3.2) Sup{‘rr((:f)) = < p(r)} —0,

as r — oo. Let Vi be a subharmonic function in C satisfying
(3.3) Vi<V+0(1+ sz) everywhere in C.

Let v = % AV and v = % AV be the Riesz measures of the functions V
and V1. Suppose that there exists a p-dense set W C C such that

(3.4) Vi>V —O0(1+4Tp? everywhere on W .
Then, for every compact set K C C,
(3.5) [V (E) = n(K)| £ 7((0K)+c).
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Example 1. V(z) = |22, T = 27~!. In this case, we can take any radial
gauge p satisfying p(r) — oo as 7 — oo. More generally, if V(z) = |z|*,
A > 0, then I'(z) = (27)7'A%|2|*~2, and the radial gauge p should satisfy
the condition r/2~1p(r) — oo, as r — .

We prove Proposition 1 in several steps. We start with a simple lemma,
which shows that the metric p(¢)~!|d¢| and the distance d, locally behave
like the Euclidean metric. In the next step we show that

/ |V —Vi|dm < v(2Dw)m(2D,,), we W,
2D,

provided that |w| is sufficiently large. From there, we deduce estimate (3.5).

3.1. Local estimates. Given € > 0, we choose r(¢) large enough that, for
r > r(e), we have

(3.6) () <e
and
(3.7) p(r) <er.
Lemma 3.1. Let |w| > 2r(e), and let z € CDy, with Ce < 3. Then,
(3.8) 2] = 7(e),
and
(3.9) (1= Ce)plw) < pl=) < (1 + C2)p(w).
Moreover, for z,z' € CD,, with Ce < %, we have
1 z—2 1 |z—7
(3.10) 1+3Ce | p(w) | < dy(2,7) < 1-Ce | p(w) |

Proof. Bound (3.8) follows from (3.7) combined with the triangle inequality.
Bounds (3.9) are straightforward consequences of (3.6) and (3.8). To get
the upper bound in (3.10), we note that
dg] 1 |z—2
dy(z,7') < / el o
g [2,2'] p(C) 1-Ce p(w)
To get the lower bound in (3.10), we observe that if a curve £ joins z and
2, and exits the disk 3C'D,,, then it traverses the annulus 3C'D,, \ CD,, at
least twice, and therefore, the corresponding integral is at least
/ [d¢] @9 Length(¢ N (3CDy \ CDw)) _  4C
(N(BCDL\CDY) P(C) (1+3Ce)p(w) ~ 1+43Ce’

while
/ def B9 1 |e—Z| _ 20 S5 40 _ /|d§|
e P(Q) T 1=Ce plw) — 1-Ce 1+3Ce = Jyp(Q)
Thus, estimating from below the distance d,(z, z') we can assume that the
curve £ does not exit the closed disk 3D,,, in which case,
/|d§| (1’;9) 1 Length(¢) S 1 |z — 2|
(p(Q) T 143Ce  pw) — 1+3Ce p(w)
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proving the lower bound in (3.10). O

3.2. Rarefying the set IV. Let IV be a p-dense set, and let W be a max-
imal subset of W such that the closed disks %Dw, w € W, are pairwise
disjoint.

Lemma 3.2. Let 0 < € < 55, and let min{|w|: w € W} > 2r(e). Then,
the set W is 2.5p-dense, while the disks {10D,,: w € W} have a bounded
multiplicity of covering.

Proof. To prove the first statement, we show that (J;; Dw C UW 2.5Dg.
Suppose that z € Dy, with w € W. Then, by maximality of W, there exists
w € W such that $D,, N 3 Dg # 0, whence

|2 = @] < |z —w|+ |@ —w| < p(w) + 5(p(w) + p(@))

3.9
(g) LB(1+¢/2)(1—e/2) "t +1]p(w) < 2.5p(w) .
That is, D,, C 2.5Dg, which yields the first part of the lemma.

To prove the second part, we assume that z € 10D,,, with disjoint w; €
W, 1<j< N Then, by (3.9), p(w;) < (1 —10e)~tp(2) < 2p(2), whence,
for any ¢ G Dy, we have

IC — 2| <[¢ = wj| + |wj — 2[ < 10.5 p(w;) < 21p(2).

That is, all the disks %ij are contained in 21D,. Since the disks %ij are
disjoint, comparing the areas, we get

1 X
1 Z 2 <21%p(2)%.
. . 3.9) 1 2
Recalling that, for each j, p(w;) > (1 +10e)"'p(2) > 5p(z), we see that
N < 32.212, completing the proof. ([

3.3. L'-bound for V — V;. To simplify our writing, we replace the radial
gauge p by 2.5p and will use notation W for W. That is, from now on,
we assume that the disks {D,,: w € W} cover the complex plane C, save
for a bounded set, and that four times larger disks {4D,,: w € W} have a
bounded multiplicity of covering.

Lemma 3.3. Under the assumptions (3.1)—~(3.4) of Proposition 1, we have
[ = vilam 5 9(2D)m(zD.),
2D,

provided that w € W, and |w| is sufficiently large.
Proof. Fix w € W, and let
(3.11) i-V=P-G,y, +G,

be the Poisson—Jensen representation of the function V3 —V in the disk 3D,,,
see, for instance, [11, Theorem 3.14]). Here P is the Poisson integral of V; —V
in 3D, and G,, G4, are Green’s potentials in 3D,, of the Riesz measures
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~ and ;. For the reader’s convenience, we recall the expressions for the
Poisson integral and the Green potential in the disk D = {z: |z — w| < R}:

P =5 [ i V)R = a
Z) = — — e

or ) ! R? — 2Rrcos(6 —n) 4+ r? "
where z = w + re'?, and

6o = [ 1og) BI04y .

We estimate separately each of the three terms on the RHS of (3.11). We
have

w))? —(z—w)(—w
0<Gy(e) = [ g FE ST 0.

Using that |(3p(w))? — (z — w)({ — w)| < 18p(w)? everywhere in 3D,,, we
estimate the integral on the RHS by

6p(w)
< /ww log P dv(¢)

< /?)Dw (108 |5(fvé| +2)1(¢) dm(¢)

2Dy,), z€3D,.
Furthermore, by (3.3), everywhere on 9(3D,,) we have
P S1+Tp* =T(w)p*(w) = v(2Dy).
Thus, by the maximum principle, P < v(2D,,) everywhere on 3D,,. Besides,
—P(w) = (V= W)(w) + Gy(w) = Gy, (w)

<1+ D(w)p*(w) +v(2Dy)
~ v(2Dy,) .

Then, by Harnack’s inequality (applied to the positive harmonic function
—P + Cv(2Dy,) in 3D,,), we have |P| < v(2D,,) everywhere on 2D,,.
At last,

. G, dm < / ) (/3 (log+ |§(iu)q + 2) dyl(g)) dm(z)

2D Dy
— op P) ol
~ Jsp, </2Du,(1 B+ |z — (| +2) dm( )> dvi(¢)

S m(2Dw)71 (3Dw) )
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and it remains to bound v;(3D,,), which can be readily done using Jensen’s
formula:

L
HICLRE e
0

= /7r Vi(w + 4p(w)e'?) 4 _ Vi(w)

- 2

< [ Vi aptu)e) 57 - Viw) + O(0(w)s(w)

- 27

4
:/0 V(tfw) dt+O(F(w)p2(w))

~ T'(w)p?(w) =~ (2Dy),
completing the proof of Lemma 3.3. U

3.4. Bounding the difference v — ;. Now, we estimate the difference
v =7 = 5=A(V — V1) of the Riesz measures.

Lemma 3.4. Let W C C be a set such that the disks {D,,: w € W} cover
the complex plane C, save for a bounded set, and suppose that the disks
{4Dy: w € W} have bounded multiplicity of covering. Let V and Vi be
subharmonic functions in C with Riesz measures v and 71, such that

/ |V = Vi|dm < ~v(2Dy)m(2Dy,), we W,
2D,

provided that |w| is sufficiently large. Then, for every compact set K C C,
estimate (3.5) holds.

Proof. We will prove estimate (3.5) assuming that K C {|z] > ro} with
sufficiently large r¢. Clearly, this yields the general case.

We will be using a smooth partition of unity associated with the set W.
For every w € W, we choose a C2-function ¢,,: C — [0, 1] so that ‘PW‘DMZ 1,
supp(pw) C 2Dy, ||A¢w||00_5 P(w)72> and set ¢ = EwEW ow = 1, Py =
¢w/@. Then, [thy| = 1 on Dy, supp(w) C 2Dy, [|Aty e S p(w)~?, and,
outside a bounded set, Y s ¥ = 1.

Given a closed set X C {|z| > o} with sufficiently large ro, we let

‘IJX = Z 1/}10 .
wWEW : DyyCXyg

Then ¥y : C — [0,1] is a C?-smooth function with the following properties:

(3.12) Ux|=1
and
(3.13) supp(¥x) C X45.

To verify (3.12), we take any z € X and note that if z € supp(¢y,), w € W,
then z € 2D,,, and therefore, d,(z, w) < %, whence, D,, C X 4. Thus,

Ux(z) = Y tula)= > Yu(z) =1.

WEW : 1y (2)>0 weWw
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To check (3.13), we note that if w € W, D,, C X4, and z € supp(y,), then
d,(z,w) < 3, and therefore, z € X 3.
Now, we proceed with the proof of (3.5). We let

K ¢c={2€C:dy(2,C\K) > C}.

Then, (0K)+c = Kic\ K_c.
First, we show that

(3.14) (Y = 7)(K) S (K \ Ko14).

We assume that K_g # () (otherwise, there is nothing to prove) and let
U =Wg .. Then, ¥ =1 on K_g, supp(¥) C (K_g)+s C K, and

(= ) () = /K\de )+ /Ku — W) d(y - ).

Estimate of the second integral on the RHS is straightforward:

Ju-wdo-m=[ a-wdn-m) <\ Ko)
K

K\K_g

Next, by Green’s identity, we get

1
/K\Ild(’y—%):%/KA\II-(V—Vl)dm

1

= — AV - (V —V;)dm
27 K\K_g
1

< — AT - |V = Vi|dm
27 K\K_g

1
< — [ |A| - |V = Wi|d
< Y g il -vijam

weWN(K_4\K_11)
S X [ W-vildm,
wGWﬂ(K_4\K_11) 2Dw
By Lemma 3.3, the RHS is
S > Y(2Dw) S v(K-1\ K_14),
’LUGWQ(K_AL\K_H)

proving (3.14).
Now, we verify the opposite bound

(3.15) (m1 = V(K) Sv(Kys \ K-g).
Set U = Wg. Since \IJ‘K = 1 and supp(¥) C K, g, we have

(71—7)(K)—/C‘I’d(%—7)+/K \K‘Ild(’y—’yl)-

The second integral on the RHS is

s/ Udy < y(Kys \ K).
Kis\K
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At last, arguing as above, we see that

1
/C\I/d('yl—'y):%/CA\If-(Vl—V)dm

1
=— AV - (V4 — V)dm
2w Kis\K
1
< — AT |V; — V]dm
2w Kis\K
1
< — Aty - Vi —
S D g ), Al - Vidm

weWN(K44\K—4)

S Y pw? / Vi~ V]dm
weEWN(K1a\K_4) Duw

< > 4(2Dw)

weWN(K44\K_4)
Sv(Kis\ Kosg),

proving (3.15). Clearly, estimates (3.14) and (3.15) together yield esti-
mate (3.5), completing the proof of Lemma 3.4, and hence, of Proposition 1
as well. 0

4. FROM THE POWER SERIES F¢(z) TO WEYL-TYPE SUMS Wr(0)

In view of Proposition 1, we are after a lower bound for |F’| on a sufficiently
dense set of points in C. The main result of this section, Proposition 2,
reduces this question to the problem of obtaining lower bounds for certain
Weyl-type exponential sum.

4.1. Regularity of ¢ and .

Definition 3 (A-regularity). Let A: (0,00) — (0,00) be a non-decreasing
function satisfying A(2s) ~ A(s) and A(s) = o(y/5 (logs)~3/?) as s = oo.
The function @ will be called A-regular, if it is a non-negative, increasing,
concave C?-function on [0,00), satisfying

_ . _ . ! _
p(0) =0, lim p(t) =00, lim ¢ (t) =0,
with
(4.1) 0" < (¢')? A(L/¢).

By ¢ = ¢! we denote the inverse function to ¢. This is a convex function,
which, together with its derivative, grows to 4o0.

We start with some simple estimates for A-regular functions ¢ and their
inverses v, which will be used throughout this work.

Lemma 4.1. Suppose that the function ¢ is A-regular. Then,
(a) ¢" <P'A@Q);
(b) ¢'(t) = (1+0(1)¢'(7), for 7 — o0 and [t—7|¢'(T)A(1/¢ (1)) = o(1);
(c) ¥'(u) = (L+0(1))¢'(v), for v — 00 and |u — v|A(Y'(v)) = o(1);
(d) ' (HAL/¢'(1) 2 1/t
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(€) ¥'/AW) S .
Proof. Estimate (a) follows from (4.1) combined with the formulas

1 i Q,Z)
/(/]I: - , 1/}//: ‘90,( )L
' () (' (¥))
Suppose that estimate (b) does not hold, i.e., that there exists a function
g(T) — 0 as 7 — oo, such that
lim sup max{['(t)/¢'(7) — 1|: [t — 7]¢'(T)A(1/¢'(7)) < (1)} > 0.

T—00

Then, for some § € (0, %), there exist an arbitrarily large 7 and a ¥ such
that |¢'(¢)/¢'(7) — 1| = 6, while |¢/(t)/¢'(T) — 1| < § everywhere on the
open interval I with endpoints 7 and ¢ and with |[I|¢/(T)A(1/¢' (1)) < (7).
Then,

/ 7
s 201 17
@'(7) 1l
Since § was chosen less than %, everywhere on I we have ¢’ < 2¢'(7). Hence,
max; ' A(1/¢") < @' (T)A(1/¢' (7)), and therefore,

0 S HI- ¢ (T)AQ/¢ (1) Se(r),
arriving at a contradiction as 7 — oo, which proves (b). The proof of
estimate (c) follows the same pattern, so we skip it.

Estimate (d) easily follows from (b). Indeed, assume that (d) does not
hold. That is, there is a sequence 7; 1 0o such that 7;¢'(7;)A(1/¢(75)) — 0.
Consider the intervals [0, 75]. By (b), |¢'(4+0)/¢'(7;)—1| — 0. Since ¢'(7;) —
0, we get ¢’ (+0) = 0, which is impossible since ¢’(7) monotonically decreases
to 0 as 7 grows. At last, estimate (e) is just a restatement of (d). O

"
<1 mlaxj % < 1] max ' A(1/).

4.2. The central group of terms of the power series F;. Let

Fe(z) = 3 €(n)a(n)=",

n>0

with a(n) = exp [—/ go}, and let
0

t
p=p(R) = max exp[tlogR—/ﬂ go].

Then, for R > 1,
log R R
ogu(r) = [ w= [ ar,

r
where v = v(R) = 1(log R). We also let 0 = o(R) = ¢/(log R). Set
t
w(t) = wr(t) =tlog R —/ ©.
0

Then apRF = ¢*®), w(v) = logp, o' (v) = 0, and W"(v) = —¢'(v) = —1/0.
We will need simple estimates for the function w.

Lemma 4.2. Suppose that the function ¢ is A-reqular. Then, we have
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(1) [w(v+1) —w(v) = 0" W)*| So>A(0) [t |t £ Vologo;
(i) |wv+1t) —w@)| =1 +0(1)o 3, |t| ~/ologo;
(ili) |w'(v+t)] =1 +o0(1)o  |t], [t|~/ologo.
Proof. To prove (i), we note that, by Taylor’s formula,
Wy 1) —wv) = " W) = " v+ )t = § " (v +2)| £,
with some z, |z| < y/ologo. Therefore, applying first estimate (4.1) and
then Lemma 4.1(b), we see that the LHS of (i) is
< (P +2)* A/ (v+a) |t ~ o 2A0) [t

which gives us (i).

Estimate (ii) follows from (i): for |[t| ~ /o log o, we have |w" (v)|t? ~ log o,
while 02A(0) [t]? = o(1).

To prove (iii), we again apply Taylor’s formula: «'(v+1t) =" (v+2)t =
|/ (v + )|t with some z, |z| < v/ologo. By Lemma 4.1(b), we get (iii). O

Next, we observe that, by A-regularity of ¢, for large R, we have v >

Vologo (indeed, by Lemma 4.1(e), v/ologo < v-A(o)\/o~llogo = o(v)).
We choose N = A/ologo with A > 1, and define the Weyl-type sum

=3 e ~(k-)2/(20)
lk—v|<N

Proposition 2. Let F¢(z) = ), ~o&(n)a(n)z" be an entire function with
smooth coefficients a and with bounded coefficients . Suppose that the func-
tion ¢ is A-reqular. Then, for R> 1 and A > 1,

Gm[%x]|F5 (Re(0)) — uWr(9)| < uA(0)(logo)/2.
€

This proof of this Proposition is a simple application of the classical

Laplace method.

Proof. Recalling that p = ¢*(*) and that w”(v) = —1/0, we have

Fe(Re(0) = W) S Y+ D )explwlk) —w(v)]

0<k<v—N  k>v+N
ti Y [emlwh) - we)] - exp[%w”(u)(k —v7|.
P

We claim that the first two sums on the RHS tend to zero as R — oo.
Indeed, for 0 < k < v — N, using concavity of w and Lemma 4.2(ii)
and (iii), we get
wk) —wv)=wk) —wlrv—-—N)+wlr—N)—w)
< —(v—N—=k)'(v—N)| —cr07'N?

< —c3(v =N —k)o !N — c;o IN?

= —c3(v—N—k)A\/o~llogo —c;A?logo.
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Then,
Z k) —w(v) o p—c14%logo Ze*”“m
0<k<v—N £>0
So M AT o loga
=o(1),

provided that A is large enough that ¢; A% > % The case k > v+ N follows
by almost the same argument and we skip it.
Finally, by Lemma 4.2(i), for |k — v| < N, we have

’exp [w(k:) — w(u)] — exp[% " (V) (k — 1/)2] )
= exp [—(k: — 1/)2/(20)] ‘exp [w(k‘) —w(v) — %w”(y)(k: — V)Q] — 1‘

< 0_2A(0)N3 exp [—(k: — 1/)2/(20)]
= A% 12 A(0)(log 0)*/? exp[—(k — 1v)?/(20)] .

Hence,
1
Z ‘exp [w(k) —w()] — exp[i W' (v)(k —v)?] ’
|k—v|<N
S o A (0)(log0)*? Y " exp[—£7/(20)] S A(o)(loga)*/?,
>0
proving Proposition 2. [l

The following modification of Proposition 2 will be used in the next sec-
tion, when we will deal with random independent coefficients &.

Proposition 3. Let F: be an entire function with smooth coefficients a.
Suppose that the function ¢ is A-reqular and that the sequence & has at
most power growth: |£(k)| < (k+ 1)P. Then, for R>> 1,

[Fe(Re(0)] S vPo2p
Proof. As in the proof of the previous lemma, we write
Fe(Re@)l <p( X + 3 + D )t explw(k) - w(v)].
0<k<v—N |k—v|<N k>v+N

Arguing as in the proof of that lemma, we see that the first sum on the RHS
is bounded by o(1)v?, while the second sum is < vP (A (o) (log 0)?/2401/2) <
Bgl/2 At last, the third sum is

VB Z ( ) exp| ClAlegO'—CQ( —v—N)A/o llogo]

k>v+N
5 I/B J_clAZmaX{l, (E/V)B}e—cgﬁA o~ llogo _ O(I/B),
>0

proving the lemma. ([
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5. IID SEQUENCES &

Our first station is the case of IID sequences &. In this well-studied setting
the result on equidistribution of zeroes on local scales appears to be new.

5.1. Equidistribution of zeroes on local scales. The main result of this
section is the following

Theorem 1. Let £ be a sequence of independent identically distributed
complez-valued random variables with a non-degenerate distribution satis-
fying the moment condition

(5.1) 36 >0, E[£0)°] < oo,
and let Fe(z) = Zf(n)a(n)z" be a random entire function with smooth
n>0
coefficients a(n) = exp[—/ gp}. Suppose that the function ¢ is A-regular
0
and that

(5.2) Q) Ste
with some ¢ > 0. Let o = 1’ olog, where 1) = ¢~ is the inverse function to
¥

Then, almost surely, the zeroes of Fe are (v, p)-equidistributed with the
gauge

(5.3) p(R)=R+\/o-llogo.

Note that condition (5.2) is equivalent to the bound ' 2 ¥° (i.e., to
o 2 v°). By convexity of 1, this yields ¢/(s) = s¢, that is, o(R) = (log R)°.

Proof. We will show that, a.s., the subharmonic functions V' (z) = log u(|z|)
and Vi(z) = log|F¢(z)| satisfy the assumptions of Proposition 1, provided
that the radial gauge p is chosen according to (5.3) (note that the function
p defined by (5.3) satisfies p'(R) = o(1) as R — oo, that is, p is indeed a
radial gauge).

Recall that the Riesz measure v = (27)~! AV equals dy = o(R)R™'dR®
df, z = Re(d), so its density T equals (2m)"'o(R)R2, and therefore,
I'(R)p*(R) = (27)'logo(R) satisfies condition (3.1).

The verification of condition (3.2) is also straightforward. We have

I'(R) (R’)2 Y (log R)

I(R) \R/ 4/(logR)"

Both factors on the RHS tend to 1 uniformly in |[R" — R| < p(R). For the
first factor this holds since p(R) = o(R), while for the second factor this
follows from Lemma 4.1(c).

The upper bound (3.3) follows from (5.1). Indeed, the moment condition
yields that

Ple(k) > (k+1)%°] < (k+ 1) 2E[|€(k)] < C(k +1)72,
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whence, by the Borel-Cantelli lemma, a.s., we have |£(k)| < (k + 1)%/9,
k > 0. Then, by Proposition 3,

log |F(2)| < log u(|2]) + O(log o (z))
=V (2) +O((Tp*)(I2])),

which gives us (3.3).
The proof of the lower bound (3.4) relies on a version of the Nguyen-Vu
anti-concentration estimate for trigonometric sums.

Proposition 4 (Nguyen—Vu). Let

S(0)=> &teae(Nd),  ACLZ, |A|=n,
A€A
be a random trigonometric sum with complex-valued IID coefficients £y hav-
ing a non-degenerate distribution, and with non-random coefficients (cy) C
C such that |cx| > k. Then, for any o > 1, there exists § < oo such that,
for any interval I C R of length |I| Z 1/n, we have

inf sup P[|S(0) — Z| < kn~P] <n™e.
uf sup [15(6) = Z| < kn™F] <

The proof of this lemma is an almost verbatim repetition of the original
one [31, Lemma 9.2], so we relegate it to Appendix B, proceeding with the
proof of Theorem 1.

Fix R > 1. Note that, by Lemma 4.2(i), for |k — v| < /o, we have
lw(k) —w(v)| < 1, whence aiRF/pu(R) = exp[w(k) — w(v)] ~ 1, so we can
apply Proposition 4 with ¢, = aR¥/u(R). Fix # € R. Since the random

variables F¢(Re(8)) — u(R)S(0) and p(R)S(6) are independent, we conclude
that there exists ¢ so that [ — 0] < 1/4/0, and

P[|Fe(Re(®))| < p(R)o "] S o=/
with « to be chosen later, and § = f(«). We take the sequence (R;) such
that Rj11 = R;+ 3 p(R;), split the circle R;T into ~ \/o(R;) arcs R;I;j, of
the angular size |I; x| ~ 1/4/0(R;), and denote by (j the centers of these
arcs. Then the union of the disks Dj, = {|z — (x| < p(R;)} covers the
whole complex plane, except for a bounded set. Rarefying the set {(j} (cf.
Section 3.2), we assume that the disks D;; have bounded multiplicity of

covering.
Consider the events

Xy = {maxlog |Fe| < log p(Ry) — 5 Blog o (Ry)}-
J»
Our next step is to show the convergence of the series

(5.4) > P[Xj4] < oo
j?k
By construction, P[X; ;] < o(|¢x])~/2, that is,

Z P[X;k] S ZU(Cng)*a/Q-

J.k J.k
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To conclude that the series on the RHS converges, we observe that

// dm(z) S PQ(Cj,k)
D, 1212 1og? |2 ™~ ¢ ]2 1og? el
_ log o (|¢jkl) ) 1 (5}2) J(|<.k|)—a/2
o(IGal)  log?[¢iul ~ ’

provided that o was chosen sufficiently large. That is, condition (5.4) holds.
Then, by the Borel-Cantelli lemma, a.s., only finitely many events X; ; may
occur, that is, a.s., all but finitely many disks D;; contain a point w; such
that

log | F (wj )| > log p(wjk]) — 5 Blog o(|wjl)
— V(wye) — O((Tp?)(w5).
It remains to take the set W = (wj), to observe that the union of the
disks {|z — w; | < 6p(w; )} covers all but finitely many of the disks D;,

so applying Proposition 1 with the radial gauge 6p, we complete the proof
of Theorem 1. (|

5.2. A Gaussian example. In this section we will provide an example,
which shows that the result of Theorem 1 cannot be essentially improved
with respect to the size of the local scale. We consider the case when a(n) =
1/ v/n! and € is a sequence of independent standard complex-valued Gaussian
random variables, and let

n
F(z)=Y én) —=.
2
This function is called the Gaussian Entire Function, GEF, for short. It
is distinguished from other Gaussian entire functions by the remarkable
distribution invariance of its zero set with respect to isometries of the plane,
see [13, Ch. 2] or [29].
In this case, a straightforward computation shows that the function ¢
satisfies p(t) = 1 logt + O(t71), and ¢/(t) = (2¢)~1 + O(t~2). Then, ¢(s) =
e? + O(1), and ¢'(s) = 2¢* + O(1), whence, for large |z,

log |2| L1
V(z) = logu()2]) = /0 =122 + Olog |2]),

and o(R) = v¢/(log R) = 2R? + O(1). Furthermore, the density of the Riesz
measure of the function V equals (27)"1o(R)/R? = 7! + O(R™2). Hence,
by Theorem 1, a.s., the number of zeroes of the GEF F in any disk of radius
r and center z, with sufficiently large |z| and with r 2 \/log |z|, is close to
2
re.
The following theorem shows that this local equidistribution breaks down

at the scale logl/4 t.

Theorem 2. Let F' be a GEF, and let D; = D(jz,/ilogl/4j), Jj>2, with a
sufficiently small parameter k > 0. Then a.s. F' does not vanish on infinitely
many disks from the collection (Dj).
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Proof. We will be using the asymptotic independence property of the zero
set of the GEF F. For w € C, set

TwF(z) = F(z + w)e*m’*%lw|2 .

Let rj = rlog'/* j. Then, by Lemma 5 in [30], there exist independent GEFs
Fj;, j > 2, such that szF = Fj + H; and

P{ sup |I1Tj(z)|e_|z|2/2 > e 77| < 2e79°/2,

D(O,T‘j)
By the Borel-Cantelli lemma, a.s., there exists jo so that, for j > jo,
sup |Hj| < %
D(0,r5)

Now we argue as in [38, Section 1]. Let

Fi(z) = Z@(n)j;.
n>0 :

For every j, we consider the event Y; that |£;(0)] > 2, |£;(n)| < e"3 for
1 <n <1677, and |¢;(n)| < 2" for n > 16r5. Then P[Y;] > Ce™" > 571
provided that & is such that ck* < 1. Denote by J the set of js such that the
events Yj occur. Since ), P[Yj] = +oo, and the events Y; are independent,
by the Borel-Cantelli lemma, a.s., card J = co.

Finally, if j € J and j > j1, then, by a straightforward computation [38,

Section 1], %nf )|Fj| > 1, and therefore, for j > max(jo,j1), we have
D(0,r;

D%nf)]szF(z)\ > 1. Thus, F does not vanish on D; for j € J, j >
0,r;

max(jo, j1), and we are done. O

It might be interesting to construct similar examples for other distribu-
tions of the IID sequence ¢ (for instance, Rademacher or Steinhaus ones),
at least, for the same choice a(n) = 1/v/nl.

6. WIENER SEQUENCES ¢ WITH THE LEBESGUE SPECTRAL MEASURE

In Proposition 5 we give a lower bound for the Weyl-type sum Wx(6) on
a sufficiently dense set of points (R, ). The crucial role in this bound will
be played by a quantitative smallness of autocorrelations

L Y cWERER), R0

A<k<B

Combined with Proposition 2 and Proposition 1, it will guarantee (v, p)-
equidistribution of zeroes of F¢ with an appropriate radial gauge p (The-
orem 3). We will demonstrate how this approach works for three differ-
ent instances of Wiener sequences { with Lebesgue spectral measure: (i)
¢(n) = e(an?) with irrational non-Liouville «, (ii) random multiplicative
sequences, and (iii) the Golay—Rudin—Shapiro sequence.
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6.1. Auxiliary estimates. Here, we collect estimates of the function
Vr(k; h), which will be defined momentarily. These estimates will be used
in the proofs of Proposition 5 and Proposition 6.

Throughout this section we assume that the function ¢ is A-regular. As
above, v = v(R) and ¢ = o(R). Let 8 = B(R) be a small parameter
satisfying

o2 =0(B), BA(o)=o(1),

as R — o0o. Set

R(1+5) —v(s))? —v(5))’
Valks ) :/R exp[— (k (s)) ;’U((]T;)—Fh (s)) ]dl/(S)
RO (k=) (kb= 1)
o ey

A simple and useful observation is that the function ¢ = 1/ o log stays
approximately constant on the integration interval [R, R(1 + /)]:

Lemma 6.1. We have
(i) o(s) = (1 +o(1))o everywhere on [R, R(1+ B)];
(i) v(R(1 + 8)) - w(R) = (1 + o(1))Bo.

Proof. Since |log(R(1+ 5)) —log R| < 8 = o(1/A(0)), relation (i) readily
follows from Lemma 4.1(c). To prove (ii), we recall that v/(r) = o(r)/r.
Hence, (ii) follows from (i). O

The next lemma provides us with crude upper and lower bounds on V.

Lemma 6.2. We have

(i) Ve(k;h) S +/o;
(ii) Vr(k;0) 2 /o, provided that v(R) < k < v(R(1+ B)).

Proof. By Lemma 6.1(i),

v(R(145))

Vr(k;h) < /(R) exp[—(1+o(1)) (k — t)*/(20)] dt

< /Rexp[(l + 0(1))u2/20] du
SVo,

proving (i).
The proof of (ii) is also straightforward. By Lemma 6.1(i),
v(R(1+8))
Via(k: 0) = / exp[—(1 + o(1))(k — 1)?/(20)] dt
v(R)
v(R(1+8))—k
_/ exp[— (1 + o(1))u?/(20)] du.
v(R)—k
Observe that either v(R) —k < —3 L, or v(R(1 4+ B)) —k > 3 L, where
L = v(R(1 + f)) — v(R). By Lemma 6.1(ii), L = (1 + o(1))B0, which is
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> /0. Thus,

lr
|7 expl-1+ o2 du z Vo
0
proving the lemma.

The next lemma gives us more accurate upper bounds.

Lemma 6.3.
(i) Valkih) S e=*/7\/o;
(i)
—c(v(R)—k)?/o
Vr(k;h) < e_ k—v(R(1 \/QE’ Lo
e—clb=v(RO4B)?/o /7 | > y(R(1+ B)).

Proof. We have
V(R(1+B))—k—% 1 +O(1)
exp [—7

Vatki ) = |

((w= 50+ (u+ 5h)?) | du
v(R)—k—14

v(R(1+8))—k—% ) )
= /(R) . exp[—(1+o(1))(u® + 1h?%) /o] du
vit)=f—3

< o (LHo(1)h2/(40) /e—(1+o(1))u2/a du
R

< efch2/o \/g

To prove the second estimate, we note that, for £ < v(R), we have

v(R(145)) 14 o(1) )
Vr(k h) < /V(R) exp[—T (t — k) }dt
- / T o))/ (20) g
v(R)—k

< e~ (oM W(R)=k)?/(20) /57
The case k > v(R(1 + f3)) is very similar and we skip it.

The next lemma estimates the oscillation of the function k — Vg(k;h)
along Z.

Lemma 6.4. Y [Vg(k;h) — Va(k — 1;h)] < /0.
keZ

Proof. Set m; = v(R) — Ay/ologo, ma = v(R(1 + 5)) + AVologo with

sufficiently large A. By Lemma 6.3(ii), the sums over k < m; and k > mgy

are o(1) if the constant A was chosen big enough. Hence, we need to show
that

S WValkih) = Ve(k - 1:0)] S Vo

my<k<ma
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We will represent the function Vg(k;h) as a difference of two increasing
functions in k. Recalling that o(v=1(¢)) = 1/¢/(t)), we get

. v(R(1+5)) (k — t)2 +(k+h-— 75)2
Valki ) = /V(R exp| - 20 (v-1(1)) J as

exp[—3 'O ((k—t)* + (k+h—1)%)] dt

v(R(1+8))

exp[—%gp’(:c%— k+ %h)(gzc2 + %hz)] dz

R(1+ﬁ)
/ —k—1h
</ R(1+8))—my—2 /V(R(H‘ﬁ))—?‘m—g )
v(R(148))—k—3h
exp[—% o+ k+ % h)(m2 + % h2)] dz
= Vi,r(k; h) — Vo r(k; ).

First, observe that both functions V; gr and V5 r have uniform upper
bounds

(6.1) Vi,r, Vo,r SV

Indeed, in the integration range, v(R) <z +k+ 3 h < v(R(1+ B)) + (ma —
m1) = v+ O(Bo). Since foA(o)y'(v) = BA(c) = o(1), by Lemma 4.1(b),
in this range, ¢’'(z + k + 3 h) = (1 + o(1))¢'(v) = (1 + o(1))o~!, which
yields (6.1).

Next, we observe that since the function ¢ — ¢’(t) decreases, the functions
Vi.r and V3 g are increasing functions in k.

The rest is straightforward:

Z \Vr(k; h) — Vr(k — 15 h)|

my1<k<ms

< DY Y Vir(kih) = Vig(k—1; 1)
1<5<2 m1<k<ma

=5 S Winlk—15h) = Vyr(k: )]
1<5<2 my<k<ma

< Z Vi r(mu; h)
1<y<2

S Vo,

proving the lemma. U
Set
= Va(k;h).
keZ

Lemma 6.5. We have
Vr(0) ~ Bo3/? .
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Proof. To prove the lower bound, we write
Vr(0) > > Vi(k; 0)
v(R)<k<v(R(1+B))
and note that by Lemma 6.1(ii) and Lemma 6.2, the RHS is
~ o [v(R(1 + B)) — v(R)] ~ Ba®/2.
To prove the upper bound, we split the sum into three parts:
Ve = (Y + 3 + Y )Valko).
k<v(R)  v(R)<k<v(R(1+B)) k>v(R(1+8))

By Lemma 6.3(ii), the first and the third sums are O(c) = o(803/?), while,
by the above, the middle sum is ~ Bo3/2, O

Lemma 6.6. For h? < o, we have
[Va(h) = Va(0)] S (1+h*B)Vo

Proof. First, we observe that
Valh) = [ Viesi by | 5 V&
R

Indeed, as in the proof of Lemma 6.4, we set m; = v(R) — Ay/ologo, my =
v(R(1+ p)) + Ay/olog o with sufficiently large A. Then, by Lemma 6.3(ii),

VR(h)—/RVR(m;h) = 3 [VR(kz;h)—/:H Vil h) dx] + o(1),

m1<k<ms

provided that the constant A was chosen sufficiently big. It remains to recall
that, as we have shown in the proof of Lemma 6.4, the total variation of the
function k — Vg(k; h) on [mi,me] is < /0.

Thus, we need to bound the difference of the integrals

}/RVR(/{; h)d/{—/RVR(/{;O) d/ﬁ‘/‘ < /mm2‘VR(/~£;h)—VR(/£—§h;O)’d/—H—o(l).

Estimating the integrand on the RHS, we get
[Vr(r;h) = Vr(x — § h; 0)]

v(R(14+8))—k—3 h / ) s 1s
/(R) . lexp(—¢'(u+ K+ 5 h)(u” + ; h?))
v —k—3

—exp(—¢/(u+ Kk + 3 h)u?] du‘
v(R(148))—k—3% h
/(R)_ e o))
x |exp(—(1 + o(1))h?/(40)) — 1| du

< (R?fo) Vo =h* /o,
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Thus,

‘/ Vr(k;h)dk — / Vr(k;0) dli‘ < (ma — ml)h2/ﬁ+ o(1)
R R
< (Bo+\/ologo)h? /o S hBVo,

completing the proof. ([l

6.2. Lower bound for Weyl-type sums Wpg. Throughout this section we
assume that the function ¢ is A-regular. As above, v = v(R) and 0 = o(R).
Let 5 = B(R) be a small parameter satisfying

(6.2) \/@« B, BA(g) =o(1)

(later, in applications, we set p(R) = RB(R)). We aim to estimate from
below the exponential sum

Z §(k )elh=v) */@o) N > \/ologo,

k—v]<N

on a sufficiently dense set of points (R, 0).
For M; < v(R) and My > v(R(1+ 3)), we set

3 s s+h’

S (M, Ma; h) = ergl?i(Mg

<s<My
Proposition 5. Suppose that
(6.3) >, EmPZ B,
v<k<v+1Bo
and that, for some p > 1,
(6.4) > (14 Bh)PS*(My, My; h) < fo,
h>1
with
My =v(R) - My =v(R(1+8)) + Bo.
Then, for every 9 € [— % %] there exist

R e [R,R(1+B)], 0 €@—p9+5),

such that
Wi (6)] 2 /4.

Note that, by Lemma 6.1(ii), My — M; < (So, and therefore, we have
S*(My, Ma; h) < fo. Hence, for 1 < g < p/(p— 1), the terms in the sum on
the LHS of (6.4) with h > 79 can be discarded. Lemma 6.3(i) implies that
the terms with h > /o logo can be discarded as well.

Furthermore, the A-regularity of ¢ and our conditions (6.2) on 3 yield
that My, My ~ v(R).
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Proof. To simplify our notation, we extend the sequence &, letting £ equal 0
on negative integers, and set

= etk en[-CZ)

kEZ

It’s easy to see that, for N = A/ologo with sufficiently large positive A
(used in the definition of the sum Wg), we have

_ 2 00

> e[ U g [T e s o,
20 N

k—v|>N

so that, in order to prove Proposition 5, it will be enough to estimate the
sum Wg, rather than Wg, from below.
We fix a non-negative function g € C§°(R), such that supp(g) C (-3, 3),

and / g=1,1fix9de [—%, %], and set
R

(148) 12
X/ / W,(0)2 9(3~1(9 — 6)) A0 du(s)

By Lemma 6.1(ii), v(R(1 4+ 8)) — v(R) = (1 + o(1))fa, so, to prove Propo-
sition 5, we need to show that X > 3203/2,
First, we rewrite X as a Fourier series

f= [T S etz [ et -k - opa

k1 ko€ —1/2
— V(S 2 — V(S 2
.exp[_ (k1 —v( ))2;28()@ (s)) ] du(s)
R(1+8) _
= [ 3 Y el — k)(Bk ~ ) Rk
k1,k2€Z
— V(s 2 — V(s 2
‘exp[_ (k1 —v( ))2an ()kz (s)) ] dv(s)
=B _G(Bh)e(—m9) > &(k)E(k + h)Vr(k;h),
heZ k€EZ
where
R(148) — u(s))2 — (s))2
VR(k;h):/R eXP[—(k (s)) ;rg((k;;rh (s)) ]du(s)
[YROEE) k=t A+ (k+h—t)?
= /V(R) exp 20(-1(1)) Jae.

Then, we apply a usual strategy: in order to estimate the sum

X =8> §(Bh)e(—hd) > E(k)E(k + h)Va(ksh)

heZ keZ
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from below, we split it into two parts, estimate the diagonal terms (h = 0)
from below, and the non-diagonal terms (|h| > 1) from above:

K| 2 8 ) PValks0) = 8 [G(80)] | 3 €(R)ER + h)Vialks )
keZ |h|>1 keZ
=DT - NDT.
By Lemma 6.2(ii),

6.3
DT2BVe k)P 2 oz,
IISICSV+% Bo
so it remains to show that the non-diagonal terms are < §203/2.
Next, we cut the non-diagonal sums. Recalling that the Fourier transform
g(A) decays faster than any negative power of A, and using Lemma 6.3, given
p>1, we get

1 _
NDTSB X G Y mEk+ mVa(i k) [+ 0(1).
1<h<AVoTogo My <k<M;

Applying first summation by parts and then Lemma 6.2(i) and Lemma 6.4,
we estimate the inner sum by

> ERER+h)Valkih) |

My <k<M>

< (Ve@aih)+ >0 Vilkih) = Val(k = k)| ) - §*(My, Mash)
My <k<M>
S Vo ST (My, Mo h),
where, as before,

ST M) = B8,

3 ) s+h(

k<s<Ms

Hence,

(6.4)
NDT S BV Y (14 Bh)PS*(My, My h) + O(1) < B0,
1<h<Ayologo
completing the proof of Proposition 5. O

6.3. Tying the loose ends together. Combining Proposition 5 with Pro-
position 2 and Proposition 1, we arrive at the following result.

Theorem 3. Let F¢(z) = ), ~o&(n)a(n)z™ be an entire function with
- rn

smooth coefficients a(n) = exp{—/ go] with a A-regular function ¢. Let
0

= 1/ o log, where 1 is the function inverse to ¢. Let 8 be equal to

Ao=21ogo with A > 1, or to o= /21log% o with a > %, or to o= ¢ with

0 <c< 3, and let BA(c) = o(1) as R — co. Suppose that £ is a bounded

sequence satisfying conditions (6.3) and (6.4) in Proposition 5. Then, the
zero set of Fg is (7, p)-equidistributed with the radial gauge p = Rf.
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Proof. First, we observe that the radial function p = RS is a gauge. In-
deed, B’ = o(R™!) because of the bound ¢’ < 0A(c)/R, which follows from
Lemma 4.1(a) and of the condition BA( ) = o(1). Hence, p/'(R) = o(1).

Since maxg |[Wgr(0)| < D iez ek=1)?/(29) <\ /5 Proposition 2 yields the
upper bound log | Px(2)] < 108 #(1=]) + O(log (1))

Next, we note that Proposition 5 combined with Proposition 2 produce
a set W such that, at each w € W, we have the matching lower bound
log |F¢(w)| > log pu(Jw]) —O(log o(|w|)), and that, for some positive constant
C, the union of the disks (J,,cy{|2—w| < Cp(w)} covers the complex plane,
maybe, except of a bounded set.

We apply Proposition 1 to the subharmonic functions V(z) = log u(|z|)
and Vi(z) = log |F¢(z)| with the radial gauge Cp. Recall that the density T’
of the Riesz measure of V equals (27)"!R™20, so that, ['p? = (2m)"15%0 >
log? 0. Since the equidistributions with radial gauges p and Cp are equiva-
lent, we are done. O

We proceed with application of Theorem 3. In each of the instances we’ll
need to check conditions (6.3) and (6.4).

6.4. The sequence £(n) = e(an?) with Diophantine a. Given a € R/Z,
set £(n) = e(an?). In this case, our result depends on the diophantine
properties of a. We let ||¢]| be the distance from ¢ to the closest integer, and
assume that, for some non-decreasing function f: [1,00) — [1,00) and for
any positive integer ¢, we have

6.5 qal| >
(6.5) laal = 2

Theorem 4. Let Fe(z) = Y ,>0e(lan?)a(n)z" be an entire function with
- n

smooth coefficients a(n) = exp [—/ go] with A-reqular function ¢, and let
0

o =)' olog, where v is the function inverse to .

(1) Suppose that o satisfies the diophantine condition (6.5) with f(q) =1+
log® q, a > 0. Then the zero set of F¢ is (7, p)-equidistributed with the radial
gauge p = Ro—1/2(log o) @t1)/2 provided that A(s) = o(y/s (log s)~(@+1)/2),

as s — Q.

(ii) Suppose that a satisfies the diophantine condition (6.5) with f(q) = ¢°,
b > 0. Then, for any V' > b, the zero set of F¢ is (v, p)-equidistributed
with the radial gauge p = Ro—"C+Y) provided that A(s) = o(sY/ ), as
s — 00.

It is worth mentioning here, that the case a = 0 (i.e., f(¢) = 1) cor-
responds to as whose continuous fraction expansion has bounded partial
quotients (for example, quadratic irrationalities belong to this class), and
that, by Khinchin’s classical theorem [16, §14], given a > 1, almost every «
satisfies the diophantine condition (6.5) with f(q) = 1 + log®q.
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Proof. Given A < B, h € Z, we have

2
RO D I e —
A<s<B A<s<B 1 - e(=2ah)]
Hence, S*(My, Ma;h) < 2|1 — e(—2ah)|™!, so, in order to satisfy condi-
tion (6.4), we will choose /3 so that, for some positive p,

(6.6) D (14 Bn) |1 - e(—2ah)| " < Bo.

h>1

We let Sy = {1 < h < H: |1 —e(—2ah)| < 27%} and estimate the
cardinality of Sy g by showing that any two distinct integers in Si py are
well-separated. If hi,hy € Sk g, h1 # hg, then |1 — e(—2a(h; — h2))| <
|1—e(—2ahy)|+|1—e(—2ahs)| < 217%. On the other hand, |1 —e(—2a(hy —
h9))| > 4||2a(hy — ho)|. Thus, ||2c(hy — ho)|| < 27*~1. Then,

1
|h1 = ha|f(lh1 — hal)
and therefore, |hy — ha| 2 2%/ f(2H), whence, |Sk | S Hf(2H)27*.
Estimating the sum on the LHS of (6.6), we split it into the blocks of the

length 4=12¢, ¢ > 0. Summing over the ¢th block, we take H, = ~12¢. We
get

<C(a)27",

LHS of (6.6) <Y 277 S 2% IS g,

£>0 0<k<log(B—12¢)
<y 2y 2N HfeH)
£>0 0<k<log(B—12¢)

1 1 1
< - 2(1—1’)’{;"(* 21“) 'log(fQZ) .
P E 3
First, we assume that « satisfies (6.5) with f(¢) = 1+4log®¢. In this case,

LHS of (6.6) < = 22 (1=p)f loga"'l(;QZ) < ; log““(;) ;
>0

provided that we took p > 1. To guarantee that 5~ log?™(571) <« Bo, we
take 8 = C (0~ log®*! ¢)'/2 with sufficiently large C, proving the theorem
in the case (i).

Similarly, for a satisfying (6.5) with f(q) = ¢°, we have

LHS of ( 22(1_’7)6 ( 2€> log(B 2€> (;)H_b// )
>0

provided that we took p > b+ 1, b < b’ < V. This time, to guarantee
that 3~ HY") <« Bo, we take 8 = o~ 1/(2+0), proving the theorem in the
case (ii). O
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6.5. Random multiplicative and completely multiplicative sequen-
ces. Denote by P the set of primes. Let (X,),cp be a sequence of in-
dependent identically distributed unimodular random variables. Suppose
that they are symmetric (that is, X, and —X,, are equidistributed), for in-
stance, the Rademacher or the Steinhaus random variables will do. Then
E [X;}XZ’)”] =0if n —m is odd.
Consider two random multiplicative functions:
£1(n) = {len X,, nis sql.lare — free,
0, otherwise,
&) = [ X5
p*|In
The function & is a random counterpart of the Mobius function, the function
&5 is completely multiplicative.

Theorem 5. Let £ be a random multiplicative sequence & or &». Let
Fe(z) = > ,50€(n)a(n)z" be an entire function with smooth coefficients
a(n) = exp [— /n go], with a A-regular function @, such that, for every
e >0, ’

(6.7) ¢ (t) = o(t7119), t — oo.

Let 0 = 1)’ olog, where 1) is the function inverse to . Then, almost surely,
the zero set of F¢ is (v, p)-equidistributed with the radial gauge p = Ro™°¢
with any 0 < ¢ < 1/6, provided that A(s) = o(s°) as s — oo.

The proof will use the following estimate for the binary correlations of &,
which improves Lemma 9 in [1] and, probably, is of independent interest.

Lemma 6.7. Let a € (0,1), b > 0. Then
_ 2
E[| 3 ewik+m|]smt,
z<k<(1+n)z
provided that 0 < h < nx'~? and 2271 <n < 1.
Proof. Let h > 0. We have

y &g H S ekEk+ h)ﬁ

<k<(14n)x
= YN E[gm)é(m + WEm)E(na + h)].
ni,n2€[z,(14n)z]
Observe that if

(6.8) E [¢(n1)é(n1 + h)E(n2)é(na + h)] # 0,
then ni(n1 + h)na(ne + h) is a square.

Denote d; = ged(ny,n1+h), do = ged(ng, na+h), ki = ny1/dy, ko = na/ds.
Since d; and dg divide h, the number of possible pairs (di,ds) is bounded
by 72(h) <. 2¢, where 7 is the divisor function. Fix d; and ds.
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Case 1: £ = &;. Under condition (6.8) we have

ae +CZ) =k2(k2+£’2).

Therefore, for every k1, there exists at most two possible values for k9 and,
hence, Y <. nz'te.

Case 2: & = &. Let €2, f2, €2, f2 be the largest square divisors of, corre-
spondingly, ki, k1 + C?—l, ko, ko + C%. Under condition (6.8) we have

(6.9) k1 (k1 + %)  ka(ka + CThQ)

' eiff e3f3
First, the left hand side of (6.9) is determined by n; and, hence, takes at
most nx possible square-free values m. For every such value m and for every
triple (k2, ea, f2) satisfying (6.9) there are m’ and m” verifying the equations

m:m/m//7
2
ko = m'es,
h _ . 1ne2

For fixed m, the number of such couples (m/,m") is <. 2. Given m’ and
m/, it remains to solve the equation

h
(6.10) m' f3 —m'es = —.
do

Now, [4, Proposition 1] shows (the discriminant 4m’m” = 4m is not a square)
that the number of solutions (ez, f2) to (6.10) is <. °. Finally, Y <. na'*e,
proving the lemma. O

The next lemma is a simple corollary to the previous one.

Lemma 6.8. Let 0 <a <1, A>1/(1—a), ¥ >0, and H = H(m) <
mA=a)=1 " Then almost surely,

1 ) ) /
ﬁ Z ‘ Z E(k)f(k‘ + h) < m?2 A(1+0") 7
LSh<H mA<k<(m+1)A
provided that m is sufficiently large.

Proof. Applying the Cauchy—Schwarz inequality, we have

(| X awenen))
1<h<H mA<Lk<(m+1)4

<y | ERIEk+m)|
1<h<H mA<Lk<(m+1)4
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Set A = Hm3 A0+, Applying Lemma 6.7 with z = m4, n = (m +
DA /mA —1~m™"!, and with 0 < b < ¥, we obtain

LY | X ewen+n| 2]

1<h<H mA<k<(m+1)4

<[> | X ewer+n

1<h<H mA<k<(m+41)4
_ 2
<HVEE[ Y | Y W+ ]
1<h<H mA<Lk<(m+1)4
< H2\"2Al+h)-1

o

This application of Lemma 6.7 is legal since H was chosen < mAl-a)=1 ~

nx'~%. The convergence of the series
ZH2A72mA(1+b)71 _ ZmA(bfb’)fl <
m m

allows us to apply the Borel-Cantelli lemma, which shows that, almost
surely, we have

Y| X ewkn]<a,
1<h<H mA<k<(m+1)4

provided that m is sufficiently large. O

Proof of Theorem 5. First, we note that

Y. k)P o

nggu—l-%ﬁa

This is obvious in the completely multiplicative case, when £ = &;. In the
random Mobius case, & = &;, this follows from the classical estimate [9,
Theorem 333], which states that the number of the square-free integers in
[1,z] equals kz 4+ O(y/7) with x = 6/72 (recall that 8 = 0~¢ with ¢ < 1/6,
so fo > V1/2). Thus, we need to show that, for some p,

> (14 Bh) 7P S*(My, My; h) < o,

h>1
with [My, My] = [v — Bo,v + (24 o(1))Bo].

Next, observe that, for ¢ > 1 and p > q/(q — 1),

D> (14 BR) TP S (M, Mysh) < B Y (1+Bh) P < Bo,
h>p—4 h>p=a
so our task boils down to

Z |kfr1r/l|3gb}§gg Z &(s)E(s + h)‘ < fo.

1<h<pB—4 k<s<v+38c

Given A, a, V' as in Lemma 6.8, let R be sufficiently large, and let m
vY/4 We divide the interval [v — 3B80,v + 380] into L ~ Bo/mA~!

~
~
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Bov~—(A=D/A intervals [(m+ )4, (m+s+1)4] of length ~ mA~!. Assuming
that
(6.11) g1 < mAl-9~1
and applying Lemma 6.8 with H = 79, almost surely, we have

Z max Z E(s)é(s+ h)’ S B2 A0HY) L4 g4 AT
L <hep-a FTVIS3B0  sse

Plugging in L ~ Bov/4=1 mA~1 ~ p1=YA and recalling that by assump-

tion (6.7), o > v17¢), we see that the RHS is
5 Bo (l@—qy(1+b')/2+1/A—1 + /B—q—lye—l/A)

< fBo (V(I(c+€)+(1+b’)/2+1/A71 + V(q+1)(c+s)+g—1/A) ’

provided that 8 = c7¢ > v~¢7¢. Since we can take ¢ sufficiently close to 1,
and a, V' and ¢ sufficiently small, we conclude that the parameters A and c
need to satisfy two conditions

1/A<1/2 ¢,
1/A > 2¢

(condition (6.11) boils down to ¢ < 1 —a — 1/A and, since a can be taken
arbitrarily small, is weaker than the first one). It remains to choose A = 3
together with any ¢ < 1/6, completing the proof of Theorem 5. ([

6.6. The Golay—Rudin—Shapiro sequence. Let £ be the Golay—Rudin—
Shapiro sequence, that is, £(0) = 1, £(2n) = &(n), and £(2n+1) = (—1)"&(n).

Theorem 6. Let Fe(z) = >, 5o&(n)a(n)z" be an entire function with
smooth coefficients a(n) = exp [—/ 90} , and with the Golay—Rudin—Shapiro
0

sequence £. Let o = 1) olog, where v is the function inverse to ¢. Then, for
any 0 < ¢ < 1/3, the zero set of F¢ is (7, p)-equidistributed with the radial
gauge p = Ro ¢, provided that the function ¢ is A-reqular with A(s) = o(s¢),
as § — 0o.

Proof. As in the two previous instances, we will apply Theorem 3. We use
the estimate for the binary correlations of £ due to Mauduit and Sarkozy [24,
Theorem 4]:

‘ > 5(3)5(5+h)‘§h(1+10gM)7 h>1.
1<s<M

This immediately yields S*(Mj, My; h) < hlogo. Splitting the sum below
into the blocks of length S~12¢, ¢ > 0, and taking p > 2, we get

20\2 1
S (14 Bh)PS*(My, Mash) Sloga 3277 () 5 2L
h>1 >0 5 B

To satisfy condition (6.4), we take f = ¢~ ¢ with any ¢ < 1/3. Then,
obviously, f~2logo < fo, and we are done. O
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7. WIENER SEQUENCES £ WHOSE SPECTRAL MEASURES HAVE NO GAPS

Throughout this section we assume that

1) |5 X )i+ h) x| SalXih),  0<h<H=H(X),
0<s<X

with X — £1(X;h) decreasing to 0 and X — H(X) increasing to oo, as
X — 00, and that

(7.2) inf{x(J): J C [~1,1] an interval, |J| = 1 n} > ea(n),

with a positive non-decreasing function 2. The first condition quantifies
the fact that y is a spectral measure of the Wiener sequence &, while the
second condition is a quantitative version of the statement that y has no
gaps in its support.

In Proposition 6 we provide a set of conditions which will yield a lower
bound on the Weyl-type sum Wg(f) on a sufficiently dense set of points
(R,0). Then, we combine Proposition 6 with Proposition 1 and Proposi-
tion 2 and show (in Theorem 7) that these conditions guarantee equidistri-
bution of zeroes of F¢ on appropriate local scales. This set of conditions looks
somewhat cumbersome, but then, to demonstrate how neatly it works, we
consider two instances of Wiener sequences £ with singular spectral measures
having no gaps in their support: the indicator-function of the square-free
integers and the Thue-Morse sequence.

7.1. Another lower bound for Weyl-type sums. Denote by G the class

of non-negative test-functions g € C§°(R) such that supp(g) C (—%,%),

/ g=1,and g =1 on [—%, i ] As before, we assume that ¢ is a A-regular
R

1

function, and that v = 1) o log, 0 = v’ o log, where ¥ = ¢! is the inverse

function.

Proposition 6. Let R > 1. Suppose that there exist ¢ > 1, f = B(R) <
1/A(0), and g € G, satisfying the following set of conditions:

(a) B¢ < min{y/a, H(3v)};

(b) 0+ < gea(B);

(c) v Z e1(3 v;h) < Boea(B);

0<h<pB~1
(d) > [9(8h)] < e2(B).
h>B—1

Then, for every 9 € [—%, %], there exist
R e [R R(1+p)], ¢ €®-p79+0),

such that
(Wr (0')] 2 0'/* \/22(B) .
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Proof. As in the proof of Proposition 5, we estimate from below the average
(1+8) 1 /2 N
X = / / 19— 6))dodu(s),
1/2

where

ke — 2
Z§ e(k0) exp ( V) ] .
20
kEZ
By Lemma 6.1(ii), »(R(1 4+ 5)) — v(R) = (1 4+ o(1))B0, so, to prove Propo-
sition 6 we need to show that X > 320%/2¢5(). As before, we rewrite X as
a Fourier series

X =8> §(Bh)e(—ho) > E(k)E(k + h)Vr(ks;h) .

heZ keZ
Recalling the notation Vgz(h) = ZVR(k;h), we split the RHS into three
parts: ket
X = BVR(0) S G(BRR()e(~hd)
heZ
+8)_g(Bhe(—h9) Y (E(k)E(k + h) — R(h)) Va(k; h)
heZ kEZ
+8 Y G(Bh)X(h)e(=hd) (Vr(h) — Vr(0))
heZ
=I+11+1II.

We will show that I > (20%/2¢5(B), while the terms |IT| and |II]| are
< B2a329(B).

Lower bound of I: We set gg() = 871g(8716), and denote by (x * gg)’ the
density of the convolution of x with gg. Then,

I = BVR(0)(x * gg)'(—9).
By Lemma 6.5, Vi(0) = Bo3/2. Since gs=pB"1on [—i ﬁ,%ﬁ], we have
(x*98) (=9) Z x[-0— 1 B8,-9+ 1 8] Z e2(B).
Thus, I > 5203/2e5(B).

(@)
Upper bound of II: Recalling that So ;> Vo log o and using Lemma 6.3(ii),
we cut the sum in k, getting

IS8 GBI Y (§(R)ERk+h) — X(h)Valk; h) |+ o(1)

heZ |k—v|<2B0c
(D + > )lan)

|h|<g=e  |h|>p~9

x| D (ER)E(k +h) = X(h)VR(k: k) | + o(1)

|k—v|<2B0
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For |h| > 79, using the crude estimate

| > (ER)E(k+h) = R(h)VR(k;h) | S Bo - Vo = Ba®?,

|k—v|<2B0
we get,
B Y 1gBMI-| DY (ER)E(k+ h) = X(h)Vr(k;h) |
|h|>p~4 |k—v|<2B0

SB N [g(sh),

|n|>B—4a

which is < 320%/%e5() by assumption (d).
Now, we consider the sum over |h| < 79. Applying summation by parts
and using Lemma 6.4, we have

> (EMRER+ h) = K1) Valk: b)|

|k—v|<280
< <\k—nul\%}§,80 Vr(k;h) + k_;wa |Vr(k;h) — Vr(k — 1;h)| )

X max | ksgézmﬁo(g ()E(s + ) — R(R)) |
< 3 P
SVe |k£nu?%{25 | kﬁsgzu;—zﬁg(é(S)g(s + h) = x(h)) ‘ )

First, we assume that 0 < h < 7% Then, by estimate (7.1), the maximum
on the RHS is < (v + 280)e1(v — 2Bo; k). Since fo < o/A(o) S v, the

~

latter expression is < vei(gv;h). The application of estimate (7.1) was

) @ Bokw
legal since, 379 < H(5v) < H(v—280c). Thus,

B> @Bl DD (ERE(E+h) = X(h) Va(k; ) |

0<h<B—4 |k—v|<280

SB\EV Z 51(%V,h),

0<h<p—a

which is < 520%/%5() by assumption (c).
The sum over —37¢ < h < —1 needs only a minor modification. In this
case we have

Y (E®és+h) —x(h) |

k<s<v+2Bc

= | > (£(s)€(s + [hl) = X(IRD) |

k—|h|<s<v+2B0c—|h|

=] > (&) 1A = X(RD) [ +O(n]) .

k<s<v+2Boc
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Therefore,
B @sml- DD (E(R)Ek+n) = X(h) Va(ks h) |
—B—a<h<-—1 |k—v|<2B0
SBVo(v Y e(zu )+ 87,
0<h' <B4

and, by assumptions (c) and (b), both terms on the RHS are < 520%/%¢5(5).
Upper bound of I11: We have

IS B( D + > )gBnl-[(Ve(h) = VR(0))!.
lhl<vo  |hI>Ve
To estimate the first sum, we apply Lemma 6.6 and use that the Fourier
transform of g decays faster than any negative power. We get

B2 1M [(Va(h) = VRO)I S BVa 3 [9(BR)I(1+ h?B)
|h|<Ve |h|<Vo
Sova gt = Y7,
To estimate the second sum, we use the crude bound Vg(h) < fo®/2, which

follows from Lemma 6.2(i) and Lemma 6.3(ii). Using again that the Fourier
transform of g decays faster than any negative power, we get

B " [G(BR)] - [(Vr(h) = VR(O)| S B*2 > [§(Bh)]

|h|>Vo |h|>Vo
< 72.3/2 < Vo
S B e;f B~ g
It remains to recall that condition (b) guarantees that
BNo < 2o es(B).
This completes the proof of Proposition 6. O

7.2. Making the ends meet. Now, combining Proposition 6 with Propo-
sition 1 and Proposition 2, we obtain

Theorem 7. Let F¢(z Zg )2" be an entire function with smooth
n>0

coefficients a(n) = exp [—/ 4,0} with a A-reqular function ¢. Let o =
0
Y olog, where 1) = ¢! is the inverse to p. Let B = B(R) < 1/A(0) be a
small parameter satisfying
B'(R)=0(1/R), R— oo.

Suppose that & is a bounded sequence, for which conditions (7.1) and (7.2)
hold with functions €1 and €o satisfying assumptions (a), (b), (c), and (d)
in Proposition 6. Suppose, in addition, that

(7.3) o Y4 A (o) (log 0)*/? < \/ea(B).



42 JACQUES BENATAR, ALEXANDER BORICHEV, AND MIKHAIL SODIN

Then the zero set of F¢ is (7, p)-equidistributed with the radial gauge p = Rf.

We skip the proof this theorem, which is rather straightforward and close
to the proof of Theorem 3. The only difference is that now, instead of
Proposition 5, we will use Proposition 6. We mention that the purpose of
the additional restriction (7.3) is to guarantee that the lower bound on the
Weyl-type sum Wpg, provided by Proposition 6, can be combined with the
approximation error in Proposition 2.

7.3. The indicator-function of square-free integers. Here, we consider
&(n) = p%(n), where p is the Mdobius function. The main result of this
section is Theorem 8 below. The key ingredient in its proof is Mirsky’s
classical estimate for binary correlations. Set

2
p=TI(1- ﬁ> .
P
Lemma 7.1 (Mirsky [25]). For e > 0, we have
} S 2Rk + h) D(h)x( < C.a?3, 0<h<u,

0<k<z
where D(0) = 672, and for h # 0,

:DH(

)
p2|h’

The only difference with Mirsky’s result is he did not specify the depen-
dence of the constant on the shift A. For the reader’s convenience, we give
the proof in Appendix C. We will follow Mirsky’s work very closely.

Having Lemma 7.1 at hand, it is not difficult to compute the spectral
measure x of the sequence .

Lemma 7.2. The spectral measure of the sequence u? equals

X:D%)::(zn >25]/d2

Since the proof is only a few lines, we give it here:

Proof. We need to check that x(h) = D(h). For h = 0 this is obvious. For
h > 1, we have

d>—1
W=D Y (pls) 3 cti/d),
w2 (d)=1 pla ¥ 3=0
Since
3 elifm) = {’" e
= 0, m [k,

we obtain that

w=p > Hp—s-2I0+5) - oo,

2(d)=1,d2|h p|d p2|h




ZERO DISTRIBUTION OF POWER SERIES 43

completing the proof. [l
The next lemma tells us how thin the measure x can be, i.e, how esti-
mate (7.2) looks in this case:

Lemma 7.3. For any interval I C [—1,1], we have x(I) 2 |I*/2.

Proof. We have

(D) 2 Z (1L )

w2 (d)= p|d
d2|1|>1
1
= 1] Z 72 Z 2P,
p2(d)=1, pld ) >[I~
d2|1\>1 | |>

where in the inequality before last, we used that the square-free numbers
have positive density. ([

Combining Theorem 7 with Lemma 7.1 and Lemma 7.3, we arrive at

Theorem 8. Let

p2(n)=1

be an entire function with smooth coefficients a(n) = exp{—/ go} with a
0

A-regular function o, such that, for everye > 0, ¢'(t) = o(t~'1¢) ast — .
Let o = 1)’ olog, where 1) = ¢~ is the inverse function to ¢. Then the zero
set of F is (7, p)-equidistributed with p = Ro~¢, provided that 0 < ¢ < %
and A(s) = o(s°) as s — 0.

Proof. By Lemma 7.1, condition (7.1) holds with £;(X) = X~ 57 and

H(X) = X. By Lemma 7.3, condition (7.2) holds with e3(3) = B2. We take
B = o~ ¢ and verify that, for ¢ < %, the assumptions of Theorem 7 hold,
provided that g > 1 is chosen sufficiently close to 1.
The verification is quite straightforward. Since H(3v) = $v 2 o/A(0) >
1 c

, assumption (a) boils down to cq < mln(%, 1- ) that is to ¢ < %

Assumption (b) holds for ¢(1 + 2q) <1- c that is, for ¢ < 9
Assumption (c) is true when Vit < ﬁH +qa = 0 ~(3+9¢ Gince we are
assuming that v = o(c'*9), this boils down to I 5c< 3, that is, to ¢ < %
Since the Fourier transform g decays faster than any negative power, as-
sumption (d) holds for any choice of ¢ > 0. At last, to satisfy condition (7.3),
Weneed—1+c< 30 ie. c<7 (|

Likely, using more advanced analytic number theory techniques, one can
improve the exponent %
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7.4. The Thue—Morse sequences. The Thue-Morse sequence is defined
in an inductive way by the relations £(0) = 1, {(2n) = &(n), £2n+1) =
—£&(n), n > 0. The Thue-Morse sequence is a Wiener sequence with purely
singular continuous spectral measure. This fact goes back to Mahler [23].
In that work Mahler proved that the Thue-Morse sequence is a Wiener
sequence, computed its spectral measure, and proved that it has no discrete
component and has a non-trivial singular continuous component. The fact
that the spectral measure is purely absolutely continuous was proven later
by Kakutani [15]. Curiously, Mahler published his result in 1927, as a follow-
up to Winer’s celebrated work [41], in which Wiener introduced the class of
sequences, which today bears his name.

Lemma 7.4 (Mahler [23]). Let & be the Thue-Morse sequence. Then,

‘Zg £k +h) —o(h)z| < Chlog(z +1), 0<h<uz,
0<k<z

where the even sequence o: Z — [—1, 1] is defined by the recurrence relations
0(0) =1, and o(2h) = £(h), o(2h + 1) = —3(o(h) + o(h + 1)).

Our formulation is slightly different from the original one, since Mahler
did not specify the rate of convergence of binary correlations. We give the
proof, which follows Mahler’s one mutatis mutandis, in Appendix D.

Let x be the spectral measure of the Thue-Morse sequence, that is, X(h) =
o(h), h € Z. The following lemma is probably well-known to experts. Its
proof exploits the identity for the generating function of &:

Z{(n)z” = H(l - 222)

n>0 >0
Lemma 7.5. For any interval I C [—3, 3],

(7.4) X(I) Z exp(—c(log|1]%)).
Proof. Given N > 1, we define

Y Elk)e(kt)

0<k<N
1
d(t) = - 1Px(t) dt.

Then xn([0,1]) =1 and for h € Z we have

Z E(k)(k+h) — o(h), N — oo.
0<k<N

Hence, the measures yy tend to x weakly, and to verify (7.4), it suffices to
check that for any interval I = [p2=™, (p + 1)27™] with integer p we have

xon (I) > exp(—Cm?), n>m.
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Since P;(t) =1 and

Py (t) = Z §(k)e(kt)

0<k<2ntl
= Y £@2k)e(2kt)+ Y &2k +1)e((2k + 1))
0<k<2n 0<k<2n
= Y &k)e(kt) — D &(R)e((2k + 1)) = (1 — e(t)) Pan (20),
0<k<2n 0<k<2n

we obtain that

Po(t)= J] (1—e(2)).

0<j<n
Therefore,
0<j<n
Set I' = [(p+ 1)27™, (p + 2)27™]. We have
|sin(277t)| > ¢27™, 0<j<m,tel.
Hence,

[T @sin(@at)) >27™=Cm  ter.
0<j<m
Furthermore, for n > m, the measure
dymn(t) = ( H (2 sin2(2j7rt))> dt
m<j<n
is 27"+ periodic, and Y ([0, 1]) = 1. Hence, ypn(J) = 27D for any
interval J of length 2= (1), In particular, v, ,(I') = 2-(™*Y  and, finally,

xon (1) > g=m*~Cm_ n > m.
This gives us (7.4). O
Theorem 9. Let £ be the Thue—Morse sequence, and let

F(z) =) &ma(n)z"

n>0

n
be an entire function with smooth coefficients a(n) = exp{—/ go} with a
0

A-regular function ¢ such that, for some C > 1, ¢'(t) < (logt)~™C. Let
o = olog, where 1) = ¢~ is the inverse function to ©. Then the zero set
of F is (v, p)-equidistributed with p = Re~cV1ogo provided that the constant
¢ is sufficiently small and that A(s) = V87 with ¢) < c.

Proof. The proof will be a straightforward inspection of assumptions of The-
orem 7. By Lemma 7.4, ¢;(X;h) = (hlogX)/X, H(X) = X, and, by
Lemma 7.5, e2(f) = e~collog B We take q = 2, and choose  so that
g9(B) = o~ " with some k € (0,1), i.e., |log 8| ~ /logo. The A-regularity
condition on ¢ yields that 8" = o(1/R).
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Since § in any negative power grows much slower than ¢ in any positive
power, condition (a) implies no restriction, while condition (b) requires that
k< 1. Condition (c) is met provided that logr < B°c'*. Since ¢'(t) <
(log t) , we have logr < ¢/, that is, condition (c) boils down to k <
1- 1

To satisfy condition (d), we choose the function g € G so that g(\) <

Al Then,

> s g [ e VPlans () e

h>B-2

which is much smaller than ey(8) = e85,
Finally, it is easy to see that condition (7.3) holds for any xk < % Hence,
choosing k < mln(1 1-— ) we complete the proof. O

APPENDIX A: (7, p)-EQUIDISTRIBUTION AND THE UNIFORM
TRANSPORTATION

The idea to measure the proximity between np, and v by the uniform
transportation distance was used in Sodin-Tsirelson [37] in the case a(n) =
(n!)~1/2 when ¢ is a complex Gaussian IID sequence (see also [39]). In a
somewhat different set-up, a similar idea was used by Sjostrand, see [36,
Ch 12] and references therein.

A.1 The uniform transportation distance and its dual version. Let
~ and 71 be locally finite Borel measures on C. We call a non-negative
locally finite measure n on C x C a transportation from 1 to =, if n has
marginals ; and ~, that is,

//CX(C )dn(z,y) = /Ch(x) dyi(z),
J[L. pranen = [ 1w,

for all compactly supported continuous functions h: C — C. Note that if
there exists a map T': C — C that pushes forward the measure ~; to 7, then
the corresponding transportation n is defined by

J[ ey = [ BT 00w
CxC C

for an arbitrary compactly supported continuous function H: C x C — C.

The better n is concentrated near the diagonal of C x C, the closer the
measures y; and v are to each other. We shall measure such a concentration
in the L°°-sense, and set

and

Trag(y1,7) = inf sup{d(z,y): =,y € supp(n)},

where d: C x C — Ry is a distance function on C, and the infimum is taken
over all transportations n from +; to «. Note that the distance Tray might
be infinite.
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There exists a dual version of the transportation distance, which measures
the discrepancy between the measures v and . The distance Dig(y1,7) is
defined to be the infimum of 7 > 0 such that, for each bounded Borel set
U cC,

(A1) () € 4(Usr) and y(U) <1 (Ussr),

where Uy, = {z € C: d(z,U) < 7} is a T-neighbourhood of U. The equality
Tra = Di is classical (Strassen, Sudakov, Laczkovich); its proof can be found,
for instance, in [39, Appendix A-1].

A.2 Equivalence of two notions. Clearly, for any Borel set U C C,
we have [11(U) — 72(U)| < 271((0U)+27) with 7 = 2Dig(y1,7). Thus, the
measures ng, and 7 are (7, p)-equidistributed provided that Dig,(nr,,7) <
0o. The converse is less obvious:

Lemma A.1. Suppose that we are given the measure v = I'm, where m is
the area measure, and the radial gauge p satisfies estimates (3.1) and (3.2)
in Proposition 1, and let y1 be a locally finite Borel measure on C. Suppose
that there exist positive constants T and C' such that, for any compact set

K cC,

(A.2) [71(K) = v(K)| < CY((0K) 1)
Then Dig,(y1,7) < oo.

A.2.1 Proof of estimate (A.1) for compact sets which are far from the origin.

Lemma A.2. Under conditions of Lemma A.1, there exist positive values
r1 and 11 such that, for any compact set K C {|z| > r1},

Y(K) <n(Kyr) and 71 (K) <y(Kirn)

The idea of the proof of this lemma is borrowed from Laczkovich [17] (see
also [39, Lemma 2.1]).

Proof of Lemma A.2. Set Ry = 1, Rj41 = R; + Mp(R;), where M is a
large parameter to be fixed. Clearly, R; T oo (otherwise, lim;p(R;) =
p(lim; R;) > 0, which would lead us to a contradiction). Set A; = {z: R; <
|z| < Rj4+1}. We partition the annulus A; into equal closed sectors of size ~
Mp(R;), and denote these sectors by Q = Qi = {z: R; < |2| < Rjt1,0, <
arg(z) < Ox+1}. We denote the “center” of the sector @ by w(Q), w(Q) =
VRiRj+1 O t0:41)/2  We say that the sectors Q and Q' are neighbours if

QN Q' + 0, we denote this relation by Q ~ @', and set Q = Ugrg @
Next, we note that, since p'(r) — 0 for r — oo, we have

(A.3) p(Rjt1)/p(R;) = 1, j— o0,
and that, by our assumption (3.2), we have
(A.4) F(R)/F(Rj) — 1, Rj_l <R< Rj+17 j — 0.

Furthermore, by (A.3) and (A.4), for j > jo and for any sector @ C A;, the
hollowing holds:

e there are at most 9 neighbouring sectors Q' ~ Q;
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o diamp(@) < 10M (as usual, diam,(X) = sup{d,(z1,22): 21,22 €

X});
1

o 5 < I'(z1)/T(22) <2, 21,22 € Q.r, where 7 is the constant from
(A.2).
Let 1 = Rj,+1, and let K C {|z| > r1} be a compact set. Let
A= |J @ B= | @
QNK#D QNK#D
and let bA ={Q C A: 3Q" ~ Q,Q" C B\ A} be a collection of “boundary
sectors” in A. Clearly, K C A C B C Kyjom- By (A.2) we have
Y(K) < 9(A) < 11(4) + Cv((04)+-),
and
N(K) < 71(4) < 7(A4) + Cv((04)+7).
Furthermore, since A is a union of squares (), we have
(8‘4)—&-7 - U (aQ)—i-T:
QebA

and hence,

Y((0A)+-) < Y~ 7((0Q)++).

QebA
For each boundary sector (), we have
7((0Q)+7) £ Mp(w)*T(w), w =w(Q),
while for the sectors Q' ~ Q, Q' C B\ A, we have
Q) = M?p(w)’T (w),
and (again, by (A.2))

(A5) n(Q) = Q) = Cv((0Q)+-)

2 M2 p(w)*T'(w) = C1Mp(w)’T (w) = (M — C1)Mp(w)°T (w).
Recalling that each sector ' C B\ A has at most 9 neighbouring squares
Q C A, we conclude that the error term Cy((9A)4,) is much smaller than

v(B\ A), as well as v1(B \ A), provided that the constant M is chosen to
be much bigger than the constant C in (A.5). Thence,

Y(EK) <7(A) +n(B\A4) =n(B) <n(Kiom),
and similarly, 1 (K) < v(K4t10am), proving Lemma A.2 with 7 = 10M. O

A.2.2 Completing the proof of Lemma A.1. Since we deal with Borel mea-

sures in C, it suffices to verify that conditions (A.1) hold for arbitrary com-

pact set K C C. By Lemma A.2, they hold for any compact set K, which is

sufficiently far from the origin, and it remains to get rid of the latter hurdle.
Let 71, 71 be the positive parameters from Lemma A.2, and let

m = max(y(r1D), y1(r1D)).
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Choose ] > r1 in such a way that, for any z with |z| > 7|, we have
min(y(Dz),1(Dz)) > m. Set Ry = |, Rjp1 = R; + 6mip(Ry), R; =
Rj + 3T1,0(Rj), and Aj = {Rj < ’Z‘ < Rj+1}.

Consider the disks D; centered at R;- of radius 7 p(R;-), and choose jg so
large that, for j > jo,

e D; C A,

e and moreover, (4;_1)4r (1D; =0 and (Aj4+1)+n (N D; = 0.
Then, choose a sufficiently large dy so that

o for every z with |z| <y, Dj, C {2} 14,

o for every j > jo, diam,(D; U Dj11) < do.

Now, let K C C be a compact set, and let K1 = K N{|z| < m}, Ko =
K n{|z| > r1}. Clearly, v({|z| = r1}) = 0, and we can always assume that
v1({|z] = m}) = 0 (otherwise, we slightly increase the value r1). Then,
v(K) = v(K1) + v(K2), and the same holds for ;.

The rest is clear. We apply Lemma A.2 to the part of the mass, which lies
in {|z| > 1}, moving it, at most, by 71, and move the mass from {|z| < r;}
to Dj, (and then, if needed, from Dj, to Dj,11, from Dj 41 to Djo42, ...,
from Dj, to Dj 41, with j; = j1(K)) transporting it, at most, by do.

More formally, if K1 = (), then we just use Lemma A.2; if K1 # () and
(K2)+7-1 N Djo = (), then

V(K) = (K1) + (K2)
<m+y(K2)
<m+7((K2)4n) (by Lemma A.2)
<n(Djo) + M ((K2)+47)
=71(Djo U (K2)47,)
< (K (dgtm))s
and similarly, 71 (K) < (K (dytn))- )
If (K2) 4, N Dj, # 0, we choose j1 = j1(K) > jo so that (Ka)r, ND;j # 0
for jo < j < ji1, while (K2)4r, N Dj,+1 = 0. Then, arguing as above, we get
Y(EK) <m+71((K2)4n)
<1 (Dji41) + 1((K2)4m)
=71(Dji+1 U (K2)47)
< (B (do 1))

together with a similar bound for 7;(K). This completes the proof of
Lemma A.1. O

APPENDIX B: PROOF OF PROPOSITION 4

As we have already mentioned, here, we will closely follow the original
proof given by Nguyen and Vu. They work not with the sum of exponen-
tials, as we do, but with the sum of cosines ), {xcy cos(2mAd). Another
difference is that we assume that the independent random variables ()
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are identically distributed, while Nguyen and Vu only assume their inde-
pendence, but additionally assume that, for some m > 2, the mth central
moment of the £)s is uniformly bounded.

The proof is carried out in three steps. First, one considers the case when
(&) are Rademacher random variables (7)), that is, independent random
variables taking the values +1 with equal probability 1/2. This step is based
on a variant of Haldsz’ anti-concentration result [31, Lemma 9.3] (we will
recall it below). In the second step, applying Kahane’s reduction principle,
one extends the result to independent symmetric complex-valued random
variables (£)). Finally, the general case will be reduced to the symmetric
one using the symmetrization device, that is, taking independent copies &}
of £, and applying the result of the second step to the symmetric random
variables & — &}.

Fix an integer a > 1. Assume that minyep |c)| = 1.

Step 1. Assuming that (ry) are Rademacher random variables, and letting
5(0) = Y- yenacre(N9), we show that, for every 0 € [—3, 3], except for a
set of Lebesgue measure at most O(n~B/(4e)+20+1/4) “ype hape

sup P[|S(0) — Z| < nfﬂ] Sne.
ZeC

Let ¢y = ¢\ +ic}, minyea (¢} [2+|c}|?) = 1, and let ¢(0) = cos(270), s() =
sin(276), i.e., () = c(9)+is(8). Set ay = Re [exe(A)] = dye(A) —ys(AF).
Since, for every Z € C,

P[|S(0) — Z| < nP] <P[|ReS(0) —Re Z| < n™ "],
it suffices to estimate the size of the set of s, for which

B.1 IPH ~X|<n P <ne.
(B.1) ;%% ;g%TAQA |<n Pl <n

We will use a Haldsz-type lemma borrowed from [31, Lemma 9.3]:

Lemma B.1. Let (7j)i<j<n be Rademacher’s random variables, and let
(bj)i<j<n C R. Let o € N. Suppose that there exists b > 0 such that, for
any two distinct sets {i1, ... 1o} and {j1,...jJar}, &' + " < 2a, we have

a/ a//
‘ E bi, — E bj,
t=1 t=1

>b.

Then

n
sup IPHerbj —X‘ < bn_“} <n“.
xer Ll

We call the value 0 € [—%,%] normal if, for every two distinct sets
{M, Ak {mas - o} in A with o + o < 2ar, we have

C%l Oé”
‘ E a)\t— E am
t=1 t=1

> p Ata,
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By the Haldsz-type lemma with b = n=7+2 estimate (B.1) holds for normal
values of 6, so we need to estimate the size of the set of fs that are not
normal.

Fix the sets {A1, ..., Ao}, {1, s o} iIn A, &' +a” < 2a. To estimate
the size of the set of abnormal s corresponding to these two sets of indices,
we consider the trigonometric polynomial

Oé,

P(0) = [\, c(\b) — K, s(\b)] —

Q\

M

[ (i) = ¢, (1))

t=1 t=1
Z ax = Zam
with 2(a/ + o) = 4o frequencies, and let E = {0 € [—3,3]: |[P(6)] <

n~F*ta}. By Nazarov’s version of the classical Turdn lemma [27, Section 1.1],

Pl< (5)" suplp
max sup .
ey B %

11
272
Recalling that (¢})*+(c5)* > 1, we get 1 < [Pl a1 1 < (OB nfte,
whence, |E| < n~8/(4)+1/4,
It remains to recall that there are at most n® T = O(n2®) choices

of the distinct sets {A1,..., A}, {1, por} in A, with o/ + o < 2a,
which yields that the size of the set of abnormal values of # does not exceed
O(n~=P/(4a)+2a41/4) " completing the first step.

Step 2. At this step, assuming that (£)) are independent identically dis-
tributed non-degenerate symmetric random variables, we show that, for large
enough [ and for every interval I with |I| 2 1/n,

m/;u%]P"S Z‘<n_’8]d0§n_°‘.
€

We take a collection of Rademacher random variables (£)) independent of
(&x), then the random variables (£y) and (€)&)) are equidistributed. Hence,

m /sup IP’(EA) ’S Z‘ < n_ﬂ] dé
ZeC

m /sup EE) pEr) HS Z‘ <n*’3] dé
ZeC

(B.2) < E(g*)[ /sup P(EN) HS Z‘ < n_ﬂ] de} .
1| Ji zec

To apply Step 1, we need |{\| = 1 for a positive proportion of A € A.
To get this, we fix a small 6 > 0 so that P[|£\| < §] < 1 — 4. Then,
applying the simplest form of the Bernstein—Chernoff-Hoeffding exponential
concentration to the independent identically distributed random variables

X/\ _ 1, ’ﬁ,\| < 5,
07 ’£A| Z 57
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we get P[30, o4 (Xa —E[X)]) > nt] < e . Noting that E[X,] < 1—§ and
letting ¢ = % 0, we see that with probability at least 1 — e~9/4 there are at
least %n indices A € A for which [£5] > 0. On the event that this happens,
denote by A; the set of A € A for which [§x] > 0, S1(0) = D _ycp, TACrE(AD).

Since A; has at least %n elements, by Step 1, we get

sup P(EX) [|51(6) — Z| < 6n*5] Sn%,
ZeC

outside a set of s of Lebesgue measure at most O(n~#/(4x)+2+1/4) " Gince
S1(0) and S(0) — S1(0) are independent, we obtain that again with proba-
bility at least 1 — e~m3%/4 outside a set of fs of Lebesgue measure at most
O(n—ﬁ/(4a)+2a+1/4) we have

sup P [|5(6) — Z| < 5n_5] SnT,
ZeC

Therefore,

1 _
E©) [m /1 sup BV [|5(6) — 2] < n 7] af|

1
< O(n—a) + O(m . n—ﬂ/(4a)+2o¢+1/4> + O(e—c62n/4) _ O(n—a)’

provided that 3 > 20a?. Finally, we observe that covering the disk centered
at Z of radius n=? by O(672) disks of radius dn?, we get

sup P[|S(0) — Z| <nP] <O(67%) - sup P[|S(0) — Z| < on~ "],
zZeC ZeC

which, together with (B.2), completes the second step.
In particular, we get a value 6 € I such that

P[S(0)| < n~P] Sn

Step 3. Here, we consider the general case. Let &, be independent copies
of £y, A € A. Then the random variables £ = &, — &, are symmetric and
non-degenerate. Denote by Sg, Sz and Sgr the corresponding trigonometric
sums, and note that |Sgv(0)| < 2n~" provided that, for some Z € C, |S¢(0) —
Z| < n=# and |Se/(0) — Z| < n=PB. Therefore,

(P[\sg(e) — 7| < n*ﬂ])Q = P[|Sc(0) — Z] < n~P] - P[|Ser(0) — Z] < nF]
< P[|Sen(8)] < 2077

By Step 2 (applied with 2« instead of «), there exist § and 6 € I such that
the RHS is O(n~2%). This completes the proof of Proposition 4. O
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ArPENDIX C: PrROOF OF LEMMA 7.1

As we have already mentioned, we will closely follow Mirsky’s paper [25].

Since
p2n) = 3 u(d).
d2|n
we have
k)P +h) = Y pla)u(d)
k<z a?c—b%d=h,

b2d<z

(X o+ > u@ud)=n+D,

a?c—b%d=h, a?c—b%d=h,
b2d<z,ab<y b2d<z,ab>y

for a large parameter y to be fixed later on.

First,
I = Z p(@)p(b) Z L.

ged(a?,b?)|h, a’c—b%d=h,
ab<y 1<b2d<z

Set
a B b2 b

a
t = d b / = — = — b/ = — b// = - h/
gc (a’7 )7 a t2 Y a t Y t2 ) t?

I
B >
8
I

and choose ¢, dg so that a’'co — b'dy = h'. Then

o= > 1=%+q

a’c—b'd=h’, a’(c—co)=b'(d—dop),
1<V d<z’' 1-b' do <V (d—do)<a'—b'dy

with |¢| < 2. Therefore,

x ged(a?, b?
n= Y wue (PN o)
ged(a?,b?)|h,
ab<y

> pu(a)u(b) ged(a?, b%)

212 + O(ylogy).

=X

ged(a?,b?)]h,
ab<y

Since

pla)p(b) ged(a?,b%) | _ ged(a?, b?)
Z a’b? - Z a’b?
ged(a?,b2)|h, ged(a?,b2)|h,
ab>y ab>y

1 1 1

= Z 2a/24/12 < Z a2 Z ?2
t2|h, a’,b'>1 t>\/W

< 1 < 1

e (aub//)s/z ~ \/ya

<l
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we conclude that

L=z Y p(a)u(b) ged(a, b%) + O(iy +ylogy).

27,2
gcd(a?,b2)|h azb \f
Next,
pu(a)u(b) ged(a®,0%) plta @) _ -,
Z 21,2 - Z 2 121112 T
a*b t*a'"?b
ged(a?,b?)|h ged(a” b")=1,ged(a” t)=1,
ged(b” t)=1,1%|h
If s? is the largest square divisor of h, then
1 u(a")u(b")
A= Z 7?2 Z a’2p!r2
p2(t)=1,tls  ged(a”b")=L1, ged(a" t)=1,
ged (b ,t)=1

1 d)T(d
Sy Ly e

w2 (t)=1,tls ¢ ged(d,t)=1
where 7(d) is the number of the divisors of d. Therefore,

= ¥ GII0- ) =105 X I0- 5

w2(H=1,ts | pft P77 2=, us p|t

:Dg(l—i—pQ(l_Q/p ):D]l( ) D(h)
Thus
(C.1) I =D(h)x + O<\;U?j —l—ylogy)
Next

LI=| Y w@uw)|< Y YL
(z

2c—b2d=h, cd<z(z+h)/y? a’c—b*d=h,
b2d<z,ab>y b2d<z

Fix e > 0. By [4, Lemma 4], the equation a?cd— (bd)? = hd has at most C.2°
solutions (a,bd) if cd is not a perfect square. If cd = m?, then the equation
(am)? — (bd)? = hd has at most C.x° solutions (am, bd). Therefore,

2
(C.2) |I2| < Cox® Z 1< Ceaf % log (222 /y?).
cd<2z2 [y?

Finally, set y = 2%/3. Now, (C.1) and (C.2) yield

)Zu k: +h)— )x‘ < ng(2/3)+25, 1<h<u,
k<z

completing the proof. O
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APPENDIX D: PROOF OF LEMMA 7.4

The following argument reproduces rather closely Mahler’s original proof.
Set

S(w,h) = > &k)E(k+ D).

0<k<z
Then
S(a,h)= > ERRECE+R)+ D E2k+1)ERk+h+1)+ A, h),
0<k<z/2 0<k<z/2
where

—&(x)é(x+ h) xis odd;
0 otherwise.

Az, h) =

Therefore, we have
S(2z,2h) = 25(z, h),
S(2x +1,2h) =2S(x + 1,h) + A(2z + 1, 2h),
S(2z,2h +1) = —S(z,h) — S(xz,h+ 1),
SRz +1,2h+1)=—-S(x+1,h) - S+ 1,h+1)+ ARz +1,2h+1)

for positive x and h. Since S(x,0) = x, x > 0, we obtain by induction in A
that
|S(z, h) — o(h)z| < Chlog(x + 1), x>1,

for some positive numerical constant C'. (I
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