BOUNDARY UNIQUE CONTINUATION FOR
ELLIPTIC REAL ANALYTIC DIFFERENTIAL
OPERATORS

S. BERHANU

ABSTRACT. We establish results on unique continuation at the
boundary for the solutions of elliptic, partial differential operators
of any order with real analytic coefficients. The second order case
settles a conjecture of M. S. Baouendi and L. P. Rothschild in
[6] and has new applications to boundary unique continuation for
holomorphic functions of several variables. The work is motivated
by the results of X. Huang et al in [34] and [35], and M.S. Baouendi
and L.P. Rothschild in [6].

1. INTRODUCTION

A harmonic function on the upper half-space R’} which is smooth
up to the boundary and vanishing to infinite order at the origin may
not be constant. In [6] Baouendi and Rothschild (see also [35]) proved
that if a harmonic function u in a half ball

Bf ={z = (,x,) e R": |z| < 71,2, >0}

vanishes to infinite order at the origin and u(z’,0) > 0, then u = 0. In
the same paper, they conjectured that similar results will hold for any
real analytic second order elliptic differential operator on a domain
with real analytic boundary. This paper provides a positive answer
to the conjecture and a generalization for operators of higher order.
Our result for general second order operators has an application to
unique continuation for CR functions. These uniqueness phenomena
extend the classical Hopf lemma about the nonvanishing of the normal
derivative at a boundary point where a nonconstant solution attains an
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extremum: the assumption is local in nature and imposes conditions
only at the boundary.

For holomorphic functions of one variable with nonnegative real part
on a piece of the boundary, unique continuation and local forms of
Hopf’s lemma were proved in [8], [34], [35], and [37]. The results were
applied to establish unique continuation for CR mappings for certain
classes of CR manifolds.

Results along this line appeared also in the works [3], [4], [5], [11],
[25], and [29]. Further extensions of the results of Baouendi and Roth-
schild were proved in [40] and [41].

In the article [42], N. Suzuki established a local Hopf lemma in the
spirit of [6] for the one-dimensional heat equation.

In our recent work ([24]) results on unique continuation at the bound-
ary were proved at the flat piece of the boundary of the half ball B for
the class of real analytic second order operators whose principal part
is the Laplacian. That work used the ideas and methods of Hadamard
for the construction of a fundamental solution in ([31]). This article
uses the pseudodifferential calculus developed by Boutet de Monvel for
studying boundary value problems.

The article is organized as follows: Section 2 contains the statements
of the results in this work. Section 3 is devoted to a brief description of
an algebra of boundary pseudodifferential operators due to Boutet de
Monvel ([27]). In sections 4 and 5 we present the proofs of our results.

The author is very grateful to Jorge Hounie for providing many helpful

suggestions.

2. STATEMENTS OF THE RESULTS

We will say that a continuous function u defined on a domain D C R"
is flat at a boundary point p € 9D if for every positive integer N, there
is a constant C'y > 0 such that

u(z)] < Cylz —p|™.

We also say u vanishes to infinite order (or is flat) at p on a non-

singular smooth curve v = v(t) in D passing through p = v(0) € 9D



and transversal to D if for every N there is C'y > 0 such that
[u(v(t))] < Ont™.

Clearly, this property is independent of the parametrization.

We recall the main result of [6]:

Theorem 2.1. Let u be harmonic on the half ball B = {x = (2/, x,) €
R™ : |z| < r,x, > 0}, continuous on the closure. Suppose

(i) u(z',0) > 0 for |z/| <r, 2’ € R*;

(i) the function x, — u(0',x,) is flat at x, = 0;

Then u(z’,0) = 0 for 2’ near the origin in R"1.

A somewhat similar but weaker result under the stronger hypothesis
that w is harmonic in the upper half plane and decays exponentially
along the y—axis was obtained in [38].

The theorem of Baouendi and Rothschild has the following immedi-
ate consequence on boundary unique continuation for harmonic func-

tions (see also [35]):

Corollary 2.1. Let u be harmonic in B}, continuous on the closure
of Bf. Assume that

(i) u(z',0) > 0 for || < r;

(i) u is flat at 0.

Then u = 0.

In [6] it was conjectured that similar results are valid for general
second order elliptic operators with real analytic coefficients. Our first

main result which confirms this conjecture is as follows:

Theorem 2.2. Let u be a solution of

Lu = z": a;;(x) Ou + z”: bk(x)@ +ce(x)u=0
byt O0x;0z; — Oxy,
on the half ball B}, C* on B;r. Suppose L is elliptic and the coefficients
are real analytic on B;. Let y(t) be a real analytic curve transversal
to the flat piece of B;Y , v(0) =0, v(t) C B fort > 0. Assume

(i) u(z’,0) > 0 for |z'| < r;
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(i1) the function t — u(y(t)), t > 0 is flat at t = 0;

11) for ever ositive integer N, the function
‘ill'/‘ NU(I'/,())

is integrable on |z'| < r.
Then u(z',0) =0 for z' small.

Observe that by the results in [39], u then extends as a solution,
hence as a real analytic function in a neighborhood of the origin in R".
We note that the results in [6] and [35] do not apply to the Laplace
operator on a general domain in R™ with a real analytic boundary.
In general, the examples in [41] for harmonic functions on a general
domain with a real analytic boundary show that Theorem 2.2 may not
be valid if hypothesis (i7i) is dropped.

Theorem 2.2 has the following consequence on boundary unique con-

tinuation:

Corollary 2.2. Let u be a solution of Lu = 0 on a domain D, C? on
D. Suppose ¥ C 0D is a real analytic hypersurface of R, p € ¥ and
u satisfies:

(i)u>0 onX;

(i) w is flat at p.

Then u = 0.

To describe our results for operators of higher order, given a domain
D C R™ with a real analytic hypersurface ¥ C 0D, and given an
operator P(x,d,) of order 2m on D, consider linear partial differential
operators with real analytic coefficients on >:

Bi(x,0,) = Y bja(2)d%, j=1,...,m,
o <puj
where the p; are the orders of B;, p; < 2m and and we denote the prin-
cipal symbols of the B; by Q;(x,§) = 3,2, bja(2)§". For each z €
0D and each pair of vectors 7 # 0 tangent to D at x and v # 0 normal
to D at z, the polynomials in z, Q;(2) = Q;(x,7+2v), j =1,...,m are
linearly independent modulo the polynomial [];~, (7 — Ag(7,v)), where

M (T, V), ..., A (T, V) are the roots of the principal symbol pa,,(z, ) of
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P(x,0,) with positive imaginary parts. In what follows, we will assume
that Byw(z) = w(x) for x € X.

Theorem 2.3. Let u be a solution of

Pu= Z Ao (2)0%U =0

lor| <4

on the half ball B, C* on BF. Suppose P is elliptic and the coefficients
are real analytic on BF. Let v(t) be a real analytic curve transversal
to the flat piece of Bif , v(0) =0, y(t) C B,f fort > 0. Assume that
(i) the function t — u(y(t)), t > 0 is flat at t = 0;
(i) Fix 1 < j < m. Assume that for every positive integer N, the
functions |z'| N u(a’,0) and |2'|7N Bju(a’,0) are locally integrable.
Then there ezists € > 0 such that if u(«’,0) > 0 then u(z’,0) = 0 for
2’| <€ and if Bju(z',0) > 0, Byu(a’,0) =0 for |2'| < €. In particular,
if u(2',0) > 0 and Bju(z’',0) > 0, then u extends as a solution to a
netghborhood of the origin.

In the following corollary, P is of order 4 as above:

Corollary 2.3. Let u be a solution of Pu= 0 on a domain D, C* on
D. Suppose ¥ C 0D is a real analytic hypersurface of R, p € ¥ and
u satisfies:

(i) uw > 0 and the normal derivative O,u > 0 on X; assume also that
for every N, |z — p|™™0,u(z) is integrable on .

(i) u is flat at p.

Then u = 0.

The unique continuation results of [6] and [35] as well as Theorem 2.2
were motivated by the unique continuation problem for CR functions.
Theorem 2.2 in turn leads to the following application to CR func-

tions and holomorphic functions:

Corollary 2.4. Let h be a CR function on a connected real analytic
hypersurface M in C" that is the boundary value of a holomorphic
function f = u + v defined on a connected side M of M. Let p €
M. Let ~(t) be a real analytic curve transversal to M with ~(0) = p,
Y(t) C M™T fort > 0. If R(h) >0, Rh(2)d(z,p)" € Ll (M), VN, and

loc
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u(y(t)) is flat at t = 0, then R(h) = 0 near p. If in addition M is not
Levi flat, then f is constant on M™.

ExXAMPLE 2.1: The preceding corollary applies to the following exam-
ples: consider the hypersurfaces

M ={(¢,s+ip(¢,s): 2 € C"' s € R},

where 2/, s vary near the origin in C"~! and R and ¢ is a real-valued,
real analytic function near the origin, ¢(0) = 0, and dyp(0) = 0. Sup-
pose M is not Levi flat. Taking v(¢) = (0, ...,dt), the corollary leads
to: if R(h) > 0, Rh(2)d(z,p)N € LL (M), VN and u(y(t)) is flat at
t =0, then f is constant on M* = {z: I(z,) > (2, 5)}.

We remark that unlike previous works, the preceding unique contin-
uation result on unique continuation for CR functions doesn’t follow
from the boundary unique continuation result for holomorphic func-
tions of one variable in [35] or [4].

For operators of arbitrary order, we have:

Theorem 2.4. Let u be a solution of

Pu = Z ao(2)0% =0

la|<2m
on the half ball Bf, C*™ on B}. Suppose P is elliptic and real ana-
lytic on B and Bj, 1 < j < m with Bih(2',0) = h(a2',0) satisfy the
complementing boundary conditions on the flat piece of OB;". Let ~(t)
be a real analytic curve transversal to the flat piece of B |, v(0) = 0,
¥(t) C Bt fort > 0. Assume that
(i) the function t — u((v(t)) is flat at t = 0;
(ii) for every positive integer N, the functions |z'|~™ Byu(z',0) are lo-
cally integrable for 1 < 7 < m;
(1i1) Byu(a',0) = u(2’,0) > 0, Bou(2’,0) > 0 and Bju(z',0) = 0 for
3<j<m.
Then there exists € > 0 such that u(z’,0) = Bau(x',0) =0 for |2'| <,
and u extends as a solution to a meighborhood of the origin.

Corollary 2.5. Let u be a solution of Pu = 0 on a domain D, C*™
on D. Suppose . C 0D is a real analytic hypersurface, p € ¥ and u



satisfies:

(1)u>0,0u>0 Fu=0for2<j<m-—1on3;

(ii) for every positive integer N, dlu(z)|z — p|™ is locally integrable
on for1 <j<m-—1.

(111) u is flat at p.

Then w=0 on D.

3. BOUTET DE MONVEL’S BOUNDARY PSEUDODIFFERENTIAL
OPERATORS

It is well known that for an elliptic operator

n 9 n
b= 32 e+ Sl el =0
with smooth coefficients on the closure of a smoothly bounded domain
D C R", a Green’s function, and hence a Poisson kernel exists if the
zeroth order term ¢(x) < 0. When the coefficients of L are real analytic,
without any sign assumption on c(x), we will exhibit a local Poisson
kernel K (x,y) on a neighborhood p € ¥ C 0D where X is a real

analytic hypersurface. The local Poisson kernel will have the form:

Alx,y
(o) = dle) 20 do) Bl log o
where z € D near p, y € X, d(x) denotes distance to 0D, A and B are

real analytic functions.

In this connection, we mention that we were inspired by S. Bell’s works
(see [12], [13], [14], [15], [16], [17]) for example) on expressing Poisson
kernels for domains in the plane in terms of the Szego kernel and the
Bergman kernel. We were also inspired by S. Bergman (and S. Bergman
and M. Schiffer) who in a series of works (see for example [18], [19], [20],
[21]) established a link between the Bergman kernel (or its analogue)
and the Poisson kernel of second order operators of the type

L = Au+ c(x)u, c(x) real analytic and ¢(z) < 0.

Our strategy will be to give an explicit representation of the kernels

in [36] by employing certain boundary operators developed by Boutet
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de Monvel in [27]. In this section we present the basic ingredients of
Boutet de Monvel’s calculus (see [27] and [30]).
The operators to be defined are invariant under coordinate changes
in R? preserving the boundary {x, = 0} and so we will work in R”.
S, will denote the restriction to [0, 00) of functions in the Schwartz
space S(R) of rapidly decaying functions.
Let d € R and Q C R*™! open. The space S{(Q,R""!, S, ) consists of
the functions f (', x,,&) € C°(Q xR, R" ) lying in S, with respect
to x,, such that for all «, 5, k, ¥’ and x in a compact set,

sup |zf DX DY Dg f(a' 2, )| < C(¢/)TH R lel

xn, >0

where (¢/) = (1+]¢'|?)2. The subspace S4(Q, R"!, S, ) of polyhomoge-
nous elements consists of the functions f € S{o(Q,R*1,S,) that have

asymptotic expansion f ~ 3 fd_z where the functions fd_l have the
quasi-homogeneity property
~ xn g
Jai <13/7 77)\5) =\ lfdfl(xlyxmf/)-
The functions in S{,(Q,R"!, S, ) are called symbol-kernels.
If P is a pseudodifferential operator on R", its restriction to R is
defined by
Pou=r"Petu,
where r* restricts D’'(R™) to D'(R") and e* extends locally integrable
functions on R’} by zero on R”.
P is said to have the transmission property with respect to R!, when P,
preserves smoothness up to the boundary, that is, P, maps C§° (M)
into C*°(R™). Such operators are one of the ingredients in the calculus
of Boutet de Monvel.
In addition to P, which operates on R"}, there are four other oper-
ators G, T, K, S forming the matrix
b o CERDY CEEDY
A= < +T S) : X — X .
Co®yHM Cer®EHM
T is called a trace operator, going from R” to R*!; K is called a

. . . 71 .
Poisson operator (or a potential operator), going from R"~" to R%; S
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is a pseudodifferential operator on R""!; and G is an operator on R
called a singular Green operator, a non-pseudodifferential term that
has to be added in order to have adequate composition rules. The
system A form an algebra and their adjoints are in the algebra.

The trace operators include the operators ; : h = DJ ul,, —¢ com-
posed with pseudodifferential operators on R"!.
A Poisson operator of order d is an operator defined by

Kv(2' z,) = / emf/l;:(x’,xn,g')ﬁ(fl)dfl
R’VL—I

where the symbol-kernel & € Sial(R”_l, R""! S,). The symbol corre-
sponding to l;:(x, ¢’ is

k(z',€) = ]‘"xn_@eﬂ%(:p, ¢'), F the Fourier transform.

4. PROOF OF THEOREM 2.2

For elliptic differential operators of any order with constant coeffi-
cients, Poisson kernels for the upper half-space of R"® were constructed
by Agmon, Douglis and Nirenberg in the work [2]. For elliptic op-
erators with real analytic coefficients, the existence of local Poisson
kernels was proved in [36]. However, this latter kernel is not explicit
since it was defined by using Lax-Milgram’s theorem. Our goal here is
to express the local kernels K; of [36] more explicitly in terms of the
potential operators of Boutet de Monvel. We stress that we make no
assumptions on the lower order terms of our operators. In particular,
for L as in Theorem 2.2, we don’t require that the zeroth order term
¢(x) is nonpositive. To prove Theorem 2.2, after a real analytic diffeo-
morphism, we may assume that the real analytic curve () is given by
v(t) = (0,...,0,1).

Let K(z,y),z € R",y € R"! be the Poisson kernel of [36] for the
second order operator L. Then there is a neighborhood ¥ of 0 in R**
such that for any ¢ € C§°(R"™1), the function & defined by

h(z) = . Kz, y)(y)dy
satisfies

Lh=0in B} (r small enough)



10 S. BERHANU
and

h =1 on X.
Define

- K(z,y), ©, >0
K(z,y) = {0 . 20

K e L. and LK (L acting in x) is supported in the hyperplane
{, = 0}. We wish to determine the distribution LK. Let ¢ = ¢(x,,) €
CP(R), ¥(xy,) =1 for |x,] <1 and ¢ supported in (—2,2).
For 6 > 0, let ¥5(x,) = 1(%). Let ¢(z) € C3°(R"), f(y) € C°(R"1).
Since LK (z,y) is supported in {x, = 0}, for any § > 0,
(LK. o(2)f(y)) = <Lf( V(@) (l‘)f(y»
= (K, "L(sp) f

:/Rn /R / K(x,y) "L(¥sp) (x) f (y)dady

= lim /R 1/ K(z,y) "L(¢sp)(x) f (y)dady

e—0t

where D, = R"™! x (¢, 20).
Recall that

We have:

(K. 'Ls9)f)p. = (LK. Vs f)o Z [y s s
- ZZ/ /Rn1 %(Gija_@wdw)fdxdy
+ ZZ / / T a%w(sso))fda:dy.

Note that (LK, ¢¥spf ) p. = 0. We consider each integral above:
When 1 <k < n,

an [ [ oK s ow) fadsdy = o



since () is of compact support.
When k£ = n,

/Rn s / K (z,y)¢s(wn) (@) f (y)dady
/ (/ R K%w)dwn)ﬂ )da'dy
/Rn /R n(@, K (@', e, y)p(a', )vs(e) fy)dyda’
Bl /R /R bu(a',€)K (2, e,y)p(a, €) f(y)dydx' (for € < 0)

which as € — 0T, converges to

(4.2) - /]R"—l b (2',0)p(2',0) f(2")da'.

For ¢« < n,

49 [ ] GG ie) sy =0

since p(x) has compact support.

Whenz—nandj<n Weget

/]R" / <~”” y)vs(zn)p()) f(y)dady
/]Rn /R 1“"3 v'€) (l‘ e, y)e(@’,e) f(y)da'dy (e < 0)
B / / o, (@i 6>¢<x’a ) K (', €,) f(y)dyda’

which as € — 0%, converges to

(4.4 [ ante 0pte. 0 3L i

Ifi=n,j=n

/R 1 / 8xn G (x Y)Us(xn)p(x)) f(y)dedy

n

(9K
- /]R"l /Rnl (#, €) 5, (@ e y)p(a’, €) f(y)dyda’

which as € — 07, converges to

(4.5) _/Rn1 ann(2',0)p (2", 0)Af (2')dx

11
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where Af comes from the Dirichlet to Neumann map.
For 1 <i < n, taking 0 < € < 9§, we clearly get

0 0
/Rn_1 /D @(aij(I)K(x’y)axl

-(4"¢) (-r)) f(y)dzdy = 0.
When ¢ = n,

0 0
/Rnl /D a—%<anj(x)K(:c,y)a$n

/ / a / /
[ ] e oK@ gt @ fdatdy
Rn—1 JRn—1 Tn

since ¢/(t) = 0 when [t| < 1.
As € — 07, the latter integral converges to

(4.7) = — /Rnl anj(:c’,O)aa;O («',0) f(2")dz'.

Then from (4.1)-(4.7), we see that
LR @) f0) = [ e’ 0l 0) (0
—Z/Rn 1%:6 ,0) (2 0)§£( o' )da!
- / a0l 0)AS )
+Z [ a0 5 0w
- (h(x’) o <x',o>,f<x'>) + (0. v1@)
= (W) 1@y 050 )0+ (V76 8 60 )0
+ (47 @ 8t ) o)

where h is real analytic and V' is a first order tangential differential

wwm)f(y)dxdy

operator.
It is well known that the operator A is a first order pseudodifferential
operator. This is well known when the underlying Dirichlet problem

is uniquely solvable. The map is also known to be a pseudodifferential
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operator in the absence of uniqueness (see for example [9] and [10]).
Let

Ai(f)=Af+VFf.
Then

(LK, o) fw)) = (h()f() @ 6’<xn>) (o) + (Alf ® 6<xn>) ()

hf7 7190) + (Alfa 7090)
Y (hf), o) + (v (ALf), )

(4.8) —

o~~~

where 7 and ~; are the trace operators yyp(z',0) = ¢(2/,0) and
Tp(2’,0) = 0y, p(2’,0). Let @ be a parametrix of L in a neighbor-
hood of B;f. Then

QL=1d+R

where R is an analytic regularizing operator.

(QLK), () f(y)) = (LK, Q" (p(x)) f(y))
(Vi (hf), Q' () + (%5 (ALf), Q' ()

Thus we have:
| QUE) @y fy)dy = QUi + Q05(A1f).

It was proved by Boutet de Monvel in [27] that when 7" is a pseu-
dodifferential operator of order d satisfying the transmission condition,
then the operator E defined by

Ev(x) = rtT(v(2') @ §(x,))

is a Poisson operator of order d + 1 (see Theorem 10.25 in [30]).

It follows that modulo a real analytic regularizing operator, K is given
by (for x, > 0) a Poisson operator which we denote by K.
The operator K is of order 0 and hence by the result just mentioned,

for some real analytic pseudodifferential operator S of degree —1 with
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symbol s(x, &),
Kf(x) = s(f<x’> e 6<xn>) (x)
=[] s, )6l e

_ / ( / ei@'y'>-f’emfns<x,s>ds)f(y')dy'
Rnfl n

= /RM k(z, 2’ — o) f(y)dy

where for x € R, ¢ € R"L,

k(x,t’):/ el EFmntn) g1 €)dE.

The symbol s(z,€) is a classical symbol and so

o0

8(27,5) = Zsj(l',f)

§=0
where s; is homogeneous in § of degree —j — 1, real analytic and for
each compact K, dc, A > 0 such that for all j, «, 3:

(4.9)

89‘:3?%(3:,5)‘ < ¢ AP ol )1Bl¢ TP v e K.

See [28] for the definition of real analytic pseudodifferential operators.
For 7 =0,1,2,... define

k;j(:t,t’):/ ei(tl’5/+x”§")sj(x,§)d§.

We next argue as in [28] with some modifications. Fix an integer m <
—n + 1 and consider the family

A~ ,
7= {7<z,£>mﬂf-p-(sj<x7£)) 12eChzl=1m+j=> 0},
where f.p. denotes the finite part. For any h € F, from (4.9), we have
the uniform bound

(4.10) ] < clg™ .

Let p1(§) € CP(R™), 1 =1 for €| < 1, ¢ supported in [£] < 2. Let
9 = 1 — ¢ and for h € F, write

h = gﬁlh + (,DQh
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Inequality (4.10) shows that the Fourier transforms (in the ¢ variable)
{@ah(z,n) : h € F}
are uniformly bounded since

(4.11) |p2h(@,m)| < [lp2h]|Lr@n,

Observe that ¢1h is understood in the sense of finite parts (see [33]).
We use the results in [33] to estimate the Fourier transform of p1h. We

have:
orh(z,m) = (1 (y)h(z,y),e”¥7)
= (h(z,y), pr1(y)e” ™)
(4.12) = (h(2,9), ¥ (y) Rm-1(p1(y)e ™))
where ¢ € C§°(R™ \ 0) such that

ot
/ w(tyo)dt = 1 for some yy # 0,
0

and

R, (@1(9)6_@'") = <tT+n_27 @1(ty)@_ity'n>

_ o0 NEY)
(4.13) = (N——ll)'/o (logt) ((pl(ty)e_”y'”> (t)dt
(pr(ty)e ™ HM(0) (= 1
(4.14) + ) <;;)

with N = —m — n + 2, and the N*" derivative

(sol(ty)e_“y'"> " (1) = i (?) ( > ‘Pa@y)ya) (—iy -m)le” ™.

1=0 la|=N—1

Let ¥ (y) be supported in |y| > M. Then on the support of v,
c
h(y)| < ——
[h(y)] =T

and when y € supp(v), and ty € supp(p1),
2 2

< <+

yl = M
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and so when y € supp(¢),

Ry 1 (@1(y)e™™)

% N .
< ( / |1ogt|dt)|y\NZ|n|f
0

=0

N
(4.15) < caly™ D Il
=0

for some constants ¢; and ¢y > 0.
It follows from (4.12) and (4.15) that for x in a compact set,

{El\h(x,n) the f}
are uniformly bounded on {n € C.| : || < €} if € is small enough. Here
Cc={2€C":|Jz] <€¢R 2|}

kj(x,z) = / eiz'gsj(:c,é)dﬁ, j=0,1,2,...
and set

K(z,y') = ij(a:,x' — vy, ).
=0

Observe next that for j > n — 1, since k;(z, z) is the Fourier transform
of the finite part of s;(z,€), by the results in [33],

ki(z,2) = Ujni1(2, 2) + Qj-nt1(z, 2) log |2|

where U;_,+1(z, z) is homogeneous in z (away from z = 0) of degree
j—n+1and Q;_nt1(, z) is homogeneous polynomial in z of degree
j —n+ 1. It follows that for j > n + 1, k;(z, z) and its derivatives of
order < j —n + 1 are continuous and zero at the origin. Therefore,
integrating 7 — n times on the segment from the origin to z in C. for
Jj>n+1, we get .
cA’j!

~(—n)

[k;(x, 2)]

|2~

for z € C., |z| <e.
Thus 3%, kj(7, z) converges uniformly and has the form

(4.16) Z kij(xz,z) = |z| E(z,2), 2 € Ce,|2] <€

Jj=n+1
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where E(x, z) is holomorphic in z.

When 0 < j <n—2, kj(z, z) is homogeneous in z of degree j —n+1.
The terms k,,_; and k,, have the form

kn—l(xa Z) = U0<x> Z) + Qo(ZE) log ‘Z|7

kn(z,2) = Ui(z, z) + Q1(z, 2) log | 2],
The functions Uy, U; are homogeneous in z (away from z = 0) of degree
0 and 1 respectively, Qo(z) is real analytic and @ (z, z) is a homoge-
neous polynomial in z of degree 1.

Since
lim K(z,y") =d(z' —v),

Trn—0
we have k;(2’,0, z) = 0 for all j and so using the homogeneity in z, we
can write

A (x, 2)
RS

It is easy to see that for any f € CP(R" ) and 1 < j <n—2,

TpAn_o(x, 2)

|22

ko(z,2) = ooy kno(x,2) =

nA ) h— /7 n
lim Znd; (@, 2 yijg@ﬂyzo
o0 Jros (|2 — y' P +23)

while
anO(x7 I/ - y/J xn)

lim 7
et Juns (2 =y P+ 33
It follows that

g(y)dy' = g(2').

(4.17) Ap(2',0,0,0) =1 for 2’ near 0 € R* 1,

We will next estimate the derivatives 89’;” ko(0, x,, —y', x,) of arbitrary
order at x,, = 0,4y’ # 0.
Observe that for any N,

o {el ) F | = Nl P+ ) ¥
To compute the latter derivative, we use Faa di Bruno’s formula:

dN NI N/ D@ N
QU = X e I ()

j=1
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where the sum is taken over all N—tuples of nonnegative integers
(N1,..., Ny) that satisfy the constraint

N1+ 2Ny + ...+ NNy = N.

Let f(t) = |[y/|* +t*> and Q(s) = 572 .
At t = 0 all the terms in the preceding formula are zero except when

N = 2N, in which case we get

oW (£(0
Vi@ ().
Hence at x, = 0,3’ # 0, if N = 2Ns,
(4.18)
n —1)V2 N2(24+1)...(3+Ny—1)
N+1 12 2\ 52 _ (=1 NN 5(5 + 2 2

while when N is even, at x,, = 0,3 # 0,
(4.19) R

With Ay = Ao(0, —v/, x,,), consider

aN{ T, Ao } _ i (N>8k (x (Iy/[? _HEQ);) CONk A,
UlyPat) e R

On a given compact set, by real analyticity, 3C' > 0 such that
|02, Ag| < CIHj1.
We thus have

)
“\ QP+ a2)f

(4.20)

_ a0 (xn(|y'|2 ; xi)z")) Yo (xn(|y'|2 ; x)) oYt A,

k=0
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Note that
N-1 .
Z( > v xn |y|2—|—x ) e )85;{;’“140
=0
CN—kH k 12 2\
< N! |0 (xn(|y| + 7)) 2)‘
k=0,k odd

Na—1 CN—Zm n

—_ NI 2m+1 7|2 2\ 2

. NZ o= (2m+1)(@m+ DNGE+1) . (3 +m 1))
2m 1 1) ml |y |2m+1tn

No—1 1\ V—2m+2
N! (Cly|) n n
Ty Vet Z ml §(§+1)...(§+m—1)

m=0

3

N2 o N—2m+2
= [y [N Z 2_;(0‘?/\) (for some C} > 0)
m=0
(4.21)
< N! Cy
= e

where in the last inequality we chose |y/| < 75
From (4.18) and (4.21), when N = 2k + 1, for some constants Cy, Cy >
0:

N N N

Consider next ki (v,2) ... ky(z,z) and 322 k;(2, 2).
From (4.18) and (4.19), at x,, = 0,y' # 0, if N = 2Ny,

(4.23)
—(n-1) (_1)N2N(N!) (ﬂ)(ﬂ + 1) o (ﬂ + N, — 1)

N 2 2 2

ax"+1{x"(|y/| +an) } N, T e

while when N is even, at x,, = 0,13 # 0,

(4.24) aﬁb{xn(|y'|2 + mi) - } =0.
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It follows from (4.22), (4.23) and (4.24) that when N = 2k + 1, for

x, = 0 and ¢y’ small enough,

N
0 k| < aﬂ”#ko‘.

The same inequality holds for ko, ..., k, and

S kya,2) = || Bz, y).

Jj=n+1
Thus for some ¢, ¢y > 0, for iy # 0 and any N = 2k + 1,

N! N N!
(4.25) Cl|y,|—N+n < |aan(0/>90m?//)|zn=0| < 02|y,|—N+n
Let ¢ = ¢(2') € C°(R™™1) have support in |2/| < r, ¥(2') =1 on
2’| < § and 0 <@ < 1, r sufficiently small.
Define the function
v(z) = — K(z, YW u(y',0)dy', =€ Bf
Rn—1
where u is the solution in Theorem 2.2.

Observe that Lv = 0 in B, and v(2’,0) = u(a’,0) for |2/ < §. Let
w(x) = u(z) —v(x) for x € Bf. The function w is a solution of Lw = 0
in B and w(2’,0) = 0 for |2'| < §. By the boundary analyticity result
in [39], w(x) extends to a real analytic function on Bs(0) for some
0 < § < r. The integrability of |2/|~Mu(2’,0) for all N and estimate
(4.25) imply that the function

v(0, x,) = — (0" 20,y (Y )uly', 0)dy’
Rn—1
and hence
w0, z,) = v(0, 2,) + w(0', x,)
are C* up to z,, = 0. Since u(0,z,) is flat at z, =0, and u —v = w

is real analytic on Bs(0), we can find a constant D > 0 such that for

every k,

(4.26) 0251 (0)| = 1925 (u — 0)(0)| < D**2(2k + 1)
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On the other hand, since u(y’,0) > 0, using (4.25), for € small,

0250 (0)] = / OZTLR (0, 20y ) om0t (¥ )u(y/, 0)dy/

Rn—1
Yy )uly', 0)
Z C1(2k + 1)' /Rnl Wdy/

> c1(2k + 1)!/ uy',0

< |y |2+t

c1(2k 4+ 1)!
€ ly'|<e

The inequalities (4.26) and (4.27) hold for any k. By choosing e small
enough (depending only on D) taking the (2k+n+1)" root and letting
k — oo, we conclude that u(z’,0) = 0 for |2/| <e.

Proof of Corollary 2.2: After flattening 0D near p by a real analytic
diffeomorphism that maps p to the origin, we are in the context of
Theorem 2.2 with the additional assumption that w is flat at the origin.
By Theorem 2.2, u(z’,0) = 0 for |2/| small and hence by the result in
[39], u extends as a real analytic function on some ball Bs;(0). Since
it is flat at an interior point, v = 0 in Bs(0) and hence in B} by

analyticity. [

Proof of Corollary 2.4: Let F be a real analytic diffeomorphism from a
neighborhood of p to a neighborhood of 0 that maps p to 0 and flattens
M near p. Since R(h) is the boundary value of the harmonic function
won M™, in the new coordinates, it is the boundary value of a solution
of an elliptic, real analytic differential operator in B, for some r > 0.
By Theorem 2.2, R(h) = 0 near p in M.

Suppose now M is not Levi flat. Let L; = X; ++/—1Y;, 1 <j <n
be a basis of the CR vector fields near p. Pick a point ¢ close to p such
that M is minimal at q. By minimality, there are two neighborhoods
S1,5, 51 € Sy of ¢ in M with the property that every ¢’ € S; can be
joined to ¢ by a broken path I' C S, consisting of a finite number of
curves I'; where each I'; is an integral curve of X or Y;. Since ®(h) =0
on Sy, X;(¥(h)) =0 =Y;(Sh) on S, for all j. It follows that J(h) is
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constant on the I'; and hence it is constant on S;. Thus the boundary

value of f is constant near ¢ and so f is constant M*. [

5. PROOFS OF THEOREM 2.3, COROLLARY 2.3

Proof of Theorem 2.3: In the work [36], the existence of local Poisson
kernels Ky, K; with the following properties was established: given
01,02 € C°(R™1), the functions

up(x) = Ko(z, v )er(y)dy', ui(x) = Ki(z,y ) (y)dy'
Rnfl Rn—l

satisfy
Pug =0, Puy = 0 for z,, > 0; Byug(z',0) = ug(2',0) = ¢1(2"), Bjug(a’,0) = 0;
Biuy(2',0) = uy(2',0) = 0, Bjui(a’,0) = ¢a(z’)
for 2’ in a neighborhood of 0 in R"~ 1.
The arguments in Section 4 show that K, and K are Poisson oper-
ators and in particular, there exist Fy, P, real analytic, classical pseu-

dodifferential operators of order —1 and —2 respectively such that for
any h € C5°(R"1),

Koh(z) = 1" Py(h(z') ® 0(zy)), and Kih(z) = r* Py (h(z") ® 6(z,)),

where 77 is restriction to x,, > 0. The argument in Section 4 also show
that Ky, K, have expansions of the form:

Ko(z,y) = Zk?(x,:z:’ —y',x,) and Ky (z,y) = ijl-(x,x' — ', xy).
=0 =0

Moreover, since

OK®
a (x/7 07 y/) = 07
T
we get
L0 _ x2 Ag(z, 2) L0 _ 2 Ay (z, 2) L 22 A, o(x, 2)
0 |Z|n+1 M1 |Z|n ) ey ip—2 |Z|3 )

ko1 = Us (2, 2) + Qo(z) log |z], ki = U7 (2, 2) + Q(x, 2) log 2],

and

2 B, 2) = 2|, 2);

j=n+1



x, Bo(z, 2) x, By (z, 2) T Bn_s3(x, z)
ké(l’72>— |Z|n_1 ) k%(l’,Z):MT,...,kifg(I,Z) :T
ko, 2) = Uy (2, 2) + Qp(w, 2) log |z],
ki (@,2) = Ui (2, 2) + Q1 (, 2) log |2,
and

Z k]l($, 2) = 2| EY(x, 2).
j=n

Fad di Bruno’s formula this time implies that at z, = 0,y" # 0,

n—1

P +az) 7

2
(5.1) o ( ( Tn ) = 0 when £ is odd

and

N x? _@2N)!(n=1)(n+1)...(n 42N —3)
(5.2) 0 ((|y’]2 N x%)nZl) = (N — 1)12N-1|y/[n+2N=3

and so

(5.3)

aZN( 55}21 )> (2N)! ‘
Tn (|y’|2—|—x2)%1 = |y [rt2N-3

This in turn leads to, when N = 2k,

(5.4) Nk < e

s = ol S e
Inequality (5.4) implies that for some ¢y, ¢y > 0 for ¢’ # 0, x,, = 0, and
any N = 2k,

NI

(5.5) < 10N Ky(0,0,/)] < TS

‘@ |y PN -3
Let ¢ = (') € C5°(R™™!) be supported in |2/| < r, ¥(z') =1 on

2’| < 5,0 <9 <1, r small enough.

Define the function

v(z) = - Ko(x,y")(y )uly', 0)dy'+ - Ki(z,y")¢(y) Bju(y', 0)dy’

where u is the solution in Theorem 2.3.
We have:
Pv=0in B, v(a’,0) = u(z',0), Bjv(a’,0) = Bju(z',0) for |2/] < g

Then by the results in [39], u — v extends to a real analytic function

on Bs(0) for some 6 > 0. We can then argue as in section 4, this
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time taking derivatives of odd order to conclude u(x’,0) = 0 (near the

origin) and even order to conclude that B;u(z’,0) = 0 for 2’ small. [

Proof of Corollary 2.3: We may assume that D = Bf, p =0 and X is
the flat piece of 9B;". By Theorem 2.3, for 2’ small,
Ju
ox,,
By the results in [39] u extends as a real analytic function to a neigh-
borhood of the origin. By flatness, u =0 in BF. O

u(z',0)=0=

(2, 0).

Proofs of Theorem 2.4 and Corollary 2.5: We use the local Poisson ker-
nels of [36] to get Poisson operators K, 1 < j < m with the following
properties: given ¢; € Cg°(R"™1), 1 < j < m, the functions
uj(z) = K@,y )p;(y)dy'
Rn—1
satisfy
Pu; =0 for z, > 0; Bjug(z',0) = djppr(a’).
The rest of the arguments for both the theorem and corollary are the
same as those for Theorem 2.3 and Corollary 2.3. [J

APPENDIX

In this section, we present a simple proof of the following theorem
which can also be proved in the same way for general operators B;, 0 <
j < m—1 which satisfy the complementary boundary conditions of [2]:

Theorem 5.1. Let D C R" be a bounded domain with C*™ boundary,
p € OD. Suppose ¥ C 0D is a neighborhood of p that is a real analytic
hypersurface. Let P =" __, ao(x)0S be a real analytic, elliptic partial
differential operator. Let fj, 0<j<m-—1 beC? functions on OD.
There is u that is a solution of Pu =0 near p in D and du = f;, 0 <
7 <m—1 nearp in X.

Proof. We begin by showing first that given g € L*(D), there is a
solution w € HJ'(D) that solves Pw = g near p in 3. To see this,
define

V ={h € L*D): Juc H"D), Pu=h}.
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Then from the Fredholm Alternative (see [1]), if N = the subset of
H{"(D) that is in the kernel of the adjoint of P,

L*(D)=V & N.

We decompose g as g = g1+¢g2 = P(u1)+g2 with uy; € HJ*(D) and ¢, €
NN HY(D). Since P is elliptic and real analytic, g, is real analytic in
D. Moreover, since it belongs to HJ*(D), by the boundary analyticity
theorem of Morrey and Nirenberg, g, extends as a real analytic function
to a neighborhood of p. We then use the Cauchy-Kovalevska theorem
to get uy real analytic on a neighborhood of p that solves: P(us) = g¢o,
and ug extends to a function we still call us € HJ*(D). Thus w = u;+us
solves Pw = g near p in D and w € HJ*(D). To finish the proof of the
theorem, let F' € C?™(D) such that 9JF = f;, 0 < j < m — 1 near p
in 3. By what we just established, there is h that satisfies

Ph=—PF nearpe D, he HJ'(D).

Set u = h+ F. Then Pu = 0 near p in D and &’u = f; near p in
. O
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