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Abstract. We present a variant of the current widely-used method initiated by Choie
and Kohnen in the study of the location of the first sign change of the Fourier coefficients
of a holomorphic cusp form when all the coefficients are real. This version circumvents
the use of Atkin-Lehner theory of newforms, instead utilizing the Eisenstein series, and it
applies directly to cases including integral weight cusp forms on the congruence subgroup
Γ0(N) of any level N as well as half-integral weight cusp forms.

1. Introduction and the main result

Within the last two decades there have been various vital studies on the first sign

change in the sequence {a(n)}n∈N of the Fourier coefficients of a holomorphic cusp form

when all a(n)’s are real. Two scenarios have been developed respectively for the Hecke

eigenforms and generic modular forms.

The former case was considered first and dated back to 2006 in Kohnen and Sengupta

[13]. The intrinsic structure of Hecke eigenforms leads to the multiplicativity of Fourier

coefficients, which provides a stage for multiplicative number theory to play. This was

first invoked by Iwaniec, Kohnen and Sengupta (2007, [11]) and subsequently sharpened

by Kowalski et al. (2010, [14]) and Matomäki (2012, [15]). A salient idea in [14] is

the analogy between the sign of the Fourier coefficients (of newforms) and the values

of quadratic Dirichlet characters. This first sign change problem then falls in the same

context as Linnik’s problem on the least quadratic non-residue. The work of Iwaniec et

al. [11] is a significant breakthrough on the square root barrier in the Linnik problem.

Readers are referred to Tao’s post [19] on the Linnik problem and the square root barrier.

The study of the first sign change for generic modular forms was essentially pioneered

in Choie and Kohnen (2009, [4]). As noted in [4], it follows from Siegel’s work (1969,

[21]) that a modular form g, not necessarily a cusp form, of weight k ≡ 2 mod 4 for the

full modular group must exhibit a sign change within the first dk +1 Fourier coefficients,

where dk := dimMk is the dimension of the space of modular forms. However Siegel did

not specifically address the first change problem, and his method does not seems directly

applicable to the general case.

Let k ⩾ 2 be an even integer, N be a positive integer and Sk(N) be the space of holo-

morphic cusp forms of weight k and level N . When N is squarefree and 0 ̸= f ∈ Sk(N)

has real Fourier coefficients a(n), we now have from the result of Choie and Kohnen (2009,

[4]) that there exist n1, n2 ∈ N with n1, n2 ≪ k5N9/2Ψk(N) such that a(n1)a(n2) < 0,

where Ψk(N) = (kN)o(1) in general (when N does not have many prime factors). Their

detection method of the first sign change lies in the comparison of the mean value∑
n⩽x a(n) log

2(x/n) and the second moment
∑

n⩽x a(n)
2 log2(x/n) together with an up-

per bound on the size of a(n). Explicit dependence on the weight k and level N is
1
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demanded in the evaluation process. To that end, Choie and Kohnen make use of Atkin-

Lehner theory of newforms to express f in terms of a special orthogonal basis in Sk(N)

and to estimate with Rankin-Selberg L-functions for two newforms, keeping track of the

contribution of their analytic conductors.

Two further research objectives were then identified for follow-up: (i) improve the upper

bound for the location of the sign change and (ii) extend the result to a wider class of cusp

forms, e.g., of non-squarefree levels or of other weights. Objective (ii) was attempted with

a success in Choie and Kohnen (2013, [5]) for a nonzero cusp form h, with real Fourier

coefficients, in the Kohnen plus subspace S+···+
k−1/2(4m) of the space of cusp forms weight

k− 1
2 and level 4m, where k is a positive even integer and m is an odd squarefree integer.

They showed the occurrence of a sign change in the first O((k + m)5+o(1)) coefficients.

The proof method uses the theory of Jacobi forms to connect the Fourier coefficients of

h and some cusp form of weight ⩽ k + 2m and level 1, and the sign change is detected

with the method in [4]. The case of Siegel cusp forms was also studied in Choie, Gun and

Kohnen (2015, [3]) using again the bound in [4].

Very recently, Cho, Jin and Lim (2023, [2]) extended the work of Choie and Kohnen

to the case of a general level, using the same method but a more delicate treatment of

an appropriate special orthogonal basis. However, their result is weaker than that of

the squarefree level case, since it only ensures the occurrence of a sign change in the

first O(k6+εN9+ε) coefficients. A quantitative improvement on the upper bound, i.e.

Objective (i), was worked out by He and Zhao (2018, [8]) with a substantial reduction

to (kN)2+o(1) (from k5N9/2Ψk(N)) under the same conditions, i.e. k ∈ 2N and N ⩾ 1

squarefee. (One of the theorems in Jin (2019, [12]) improves the result of Choie and

Kohnen in the prime-level case but does not supersede the bound in [8].) The framework

of the method in [8] (as well as [12]) is the same as in Choie and Kohnen [4] – relying

on Atkin-Lehner theory in the space of cusp forms, Rankin-Selberg L-function theory for

(cuspidal) newforms, and Deligne’s bound for the Ramanujan conjecture.

1.1. The main result. In this note, we approach the first sign-change detection with a

variant of a key methodological component that appears in step two if we consider the

method as a two-step process. In step one, we continue to utilize the first moment (or

mean value) of the coefficients to detect the potential cancellations, applying the approach

outlined in He and Zhao [8], and derive the mean value estimate in Proposition 3.2.

The second step is to rule out the possibility that the small first moment resulted

from the small size of all coefficients. This is unveiled via the asymptotic formula for

the second moment and hence Rankin-Selberg L-functions. Previous work has employed

the Rankin-Selberg L-functions for a pair of newforms, expressing a generic form f as a

linear combination f =
∑
αgg of newforms g, using the Atkin-Lehner theory of cuspidal

newforms. However, in the case of non-squarefree levels, the structure of the coefficients

αg and the conductor of L(s, g × g′) are more complex, leading to varying result quality

between squarefree and non-squarefree levels.

The novelty here is the direct treatment of L(s, f × f) for a generic form f leveraging

the connection among Eisenstein series. It relies on the link between the Eisenstein series

for Γ0(N) at the cusp ∞ and the scaled Eisenstein series E(dz, s) for the full modular
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group, where d|N . This provides a simpler method for evaluating the second moment, as

detailed in Theorem 2 and its proof.

Our primary goal is to establish the first sign change result below, which follows from

Proposition 3.2 and Theorem 2. This result applies to integral weight cusp forms of non-

squarefree level and to half-integral weight cusp forms outside the Kohnen plus space.

Theorem 1. Let k ∈ 1
2N, and N ∈ N or 4N according as k ∈ N or not. Suppose 0 ̸= f

is a holomorphic cusp form of weight k, level N and nebentypus χ where χ is a Dirichlet

character mod N . Assume all the Fourier coefficients a(n) of f are real. Then for any

ε > 0, there exist n1, n2 ≪ε (kN)2+ε such that a(n1)a(n2) < 0.

Remark 1. (i) We reach the best known bound to date of He and Zhao with more relaxed

conditions on the level, weight and nebentypus. (ii) The approach here can easily be

transferred to deal with the case of Maass cusp forms for Γ0(N).

Remark 2. Since Theorem 1 applies to integral weight cusp forms attached with a neben-

typus, the case of half-integral weight can be deduced easily. This is because, for a

half-integral weight form f(z) =
∑

n⩾1 c(n)e(nz), the signs of c(n) for n ⩽ ℓ cannot be all

the same when f2(z) =
∑

ℓ⩾2

(∑
m+n=ℓ c(m)c(n)

)
e(ℓz), which is an integral weight form,

has a negative ℓth Fourier coefficient.

Organization. Section 2 summarizes and develops the key ingredients related to the

congruence subgroups, Fourier expansions at cusps and Eisenstein series. Section 3 focuses

on the mean value estimate with Voronoi formula. Section 4 is the core of the paper,

presenting our new variant to establish the mean square estimate. Sections 5 and 6

contain the proofs of Theorem 1 and a lemma, respectively.

2. Preliminaries

In what follows, for any 2 × 2 matrix γ, we express its entries as γ =
(
aγ bγ
cγ dγ

)
. We

denote

n(x) =
(
1 x

1

)
and a(y) =

(
y

1/y

)
for x ∈ R and y ∈ R×.

In this section, Γ denotes finite-index discrete subgroup of the full modular group

SL2(Z) unless specified in the context. We recap some basics from Diamond and Shurman

[7], Iwaniec [9], etc., below.

2.1. Cusps and right coset representatives. Let Γ be a discrete subgroup of SL2(Z)
with [SL2(Z) : Γ] < ∞. Fix a set of inequivalent cusps A of Γ, which is finite. Every

s ∈ Q ∪ {∞} is Γ-equivalent to some a ∈ A, written as s ∼Γ a. Let Γa be the stabilizer

of a in Γ, and σa ∈ SL2(Z) be a non-standard scaling matrix such that σa∞ = a. (A

scaling matrix σa is often required to satisfy σ−1
a Γaσa ∩ SL2(Z) = ⟨n(1)⟩.) This matrix

σa satisfies

{±I} · σ−1
a Γaσa = SL2(Z)∞ ∩ σ−1

a {±I} · Γσa = (σ−1
a {±I} · Γσa)∞ = ⟨±n(wa)⟩.

The width wa of a cusp a is defined as wa = wa(Γ) := |SL2(Z)∞/({±I} · σ−1
a Γaσa)|.

Clearly σaa(
√
wa) is a (standard) scaling matrix. When −I /∈ Γ, σ−1

a Γaσa equals either

⟨n(wa)⟩ or ⟨−n(wa)⟩. We call a a regular cusp or irregular cusp respectively. Both Γa and
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wa depend on a only and are independent of the choice of σa. As Γσa = σΓaσ
−1, Γb is

conjugate to Γa in Γ if b ∼Γ a.

Let R be any complete set of inequivalent right coset representatives of {±I} · Γ in

SL2(Z). Then |R| = µ where µ is the index of {±I} · Γ in SL2(Z), which equals µ′ :=

[SL2(Z) : Γ] or µ′/2 according as −I ∈ Γ or not. If the matrix σa lies in the right coset

{±I} · Γτ for some τ ∈ R, we shall have τ(∞) ∼Γ a. Up to Γ-equivalence, A = {τ(∞) :

τ ∈ R} (as sets, not multi-sets). Besides, if τ(∞) ∼Γ τ ′(∞) where τ, τ ′ ∈ SL2(Z), one
checks that τ ′ ∈ {±I} · Γτn(r) for some r ∈ Z. Let h := |A| and fix h (non-standard)

scaling matrices τa in SL2(Z). Then⊔
a∈A

{τan(r) : rmodwa}

is a collection of right coset representatives of {±I} ·Γ. Hence we have µ =
∑

a∈Awa, and⊔
rmodwa

{±I} · Γτan(r) collects all the matrices τ in SL2(Z) satisfying τ(∞) ∼Γ a. Let

a ∈ A and τ ∈ SL2(Z) such that τ(∞) = a. We have {±I} · τ−1Γaτ = ⟨±n(wa)⟩ and

{±I} · Γa = ⟨±
(
1− cawa a2wa

−c2wa 1 + cawa

)
⟩ if τ =

(
a b
c d

)
.(2.1)

For our later use, we consider specifically the congruence subgroups Γ0(N) for N ∈ N
and Γ0(N/ℓ, ℓ) for 1 ⩽ ℓ|N , which consists of matrices γ ∈ SL2(Z) with cγ ≡ 0 mod N/ℓ

and bγ ≡ 0 mod ℓ. It is easy to see that

Γ0(N/ℓ, ℓ) = a(
√
ℓ)Γ0(N)a(

√
ℓ)−1.

2.1.1. The subgroup Γ0(N). In the following, A will denote a specific cusp set (as chosen

in (II) below). From [17, 3.4.1] and [7, Section 3.8], we get

(I) the set of right cosets Γ0(N)\SL2(Z) has cardinality N
∏

p|N (1 + p−1) and

Γ0(N)\SL2(Z) =
{
Γ0(N)τ : cτ = c|N, dτ = d ∈ Z/Nc Z, (d, c,N/c) = 1

}
.

(II) the orbit space of cusps {Γ0(N)a : a cusp} is mapped bijectively to

A := {ad/c = a/c : c|N, d ∈ (Z/(c,
N

c
)Z)×}

where a is an integer with (a, c) = 1 and ad ≡ 1 mod (c,N/c). An immediate

question is to check a/c ∼Γ0(N) a
′/c where (a, c) = (a′, c) = 1 and ad ≡ a′d ≡ 1

mod (c,N/c) for some d ∈ (Z/(c,N/c)Z)×. This can be justified with [7, Proposi-

tion 3.8.3] if we find integers y, j that satisfy

y ≡ 1 mod N/c, (y, c) = 1 and ya′ ≡ a+ jc mod N .

Since (y, c) = 1 follows from the last congruence, this is equivalent to solving the

linear congruence

(1 + ℓNc )a
′ ≡ a+ jc mod N

in the variables ℓ and j, for which a solution is guaranteed, as (a′N/c, c,N) =

(c,N/c) divides a− a′, cf. [18, Section 5.2].

The set A is partitioned into τ(N) :=
∑

c|N 1 classes Ac of cusps ad/c of the same

denominator c, i.e. A =
⊔

c|N Ac. We can take the non-standard scaling τa to be

a matrix τ ∈ SL2(Z) with aτ = a and cτ = c. For every c|N , |Ac| = ϕ((c,N/c)),

where ϕ is the Euler phi function, and all the cusps a in Ac have the same width

wa = N/(N, c2).
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(III) the double coset space Γ0(N)\SL2(Z)/SL2(Z)∞ maps bijectively onto A under the

map
(
a b
c d

)
7→ ad/c, using (I) and (II). The number of double cosets is

∑
c|N ϕ((c,N/c)),

which is the number of inequivalent cusps.

2.1.2. The subgroup Γ0(N/ℓ, ℓ). Recall γ ∈ Γ0(N/ℓ, ℓ) if γ ∈ SL2(Z) with cγ ≡ 0 mod

N/ℓ and bγ ≡ 0 mod ℓ.

Lemma 2.1. Let Γ = Γ0(N/ℓ, ℓ) and A = {ad/c} be the set of Γ0(N)-inequivalent cusps

in Section 2.1.1.

(i) The coset space Γ\SL2(Z) has cardinality N
∏

p|N (1 + p−1).

(ii) A set of inequivalent cusps of Γ is given by

A(Γ) := {ℓad/c : c|N, d ∈ (Z/(c,N/c)Z)×},

corresponding to A = {ad/c}.

(iii) The double coset space Γ\SL2(Z)/SL2(Z)∞ admits the set of representatives D :=

{τ} with

aτ =
ℓ

(c, ℓ)
a and cτ =

c

(c, ℓ)

where a/c runs over all cusps ad/c in A =
⊔

c|N Ac (see (II)).

(iv) The right coset space SL2(Z)∞\SL2(Z) admits the set of representatives{
τ−1γ : τ ∈ D, γ ∈ Γb\Γ with b = ℓad/c

}
,

where D and ad/c are defined as in (iii) (so b = ℓad/c = aτ/cτ is determined by

τ), and Γb = (τSL2(Z)∞τ−1) ∩ Γ.

(v) The width of the cusp b = ℓad/c ∈ A(Γ) is given by

wb =
(c, ℓ)2

ℓ
wad/c =

(c, ℓ)2

ℓ

N

(N, c2)
.

Proof. (i) can be deduced with basic group theory. Write G := SL2(Z), H := Γ0(N) and

a := a(
√
ℓ). Operating in SL2(R) with Γ = Γ0(N/ℓ, ℓ) = a(

√
ℓ)Γ0(N)a(

√
ℓ)−1, we get

[G : Γ] = [G : aHa−1] = [G : aGa−1 ∩G][aGa−1 ∩G : aHa−1].

As the conjugation is an automorphism, [aGa−1 ∩G : aHa−1] = [G ∩ a−1Ga : H]. Also,

G and a are invariant under transposes, i.e. GT = G and aT = a. The transpose leads

to an anti-automorphism mapping bijectively from the left coset space (aGa−1∩G)\G to

the right coset space G/(a−1Ga ∩G). Thus, [G : aGa−1 ∩G] = [G : G ∩ a−1Ga] and so

[G : Γ] = [G : G ∩ a−1Ga][G ∩ a−1Ga : H] = [G : H].

Section 2.1.1 (I) gives (i).

(ii) is clear as a(
√
ℓ)a = ℓa. This leads to an one-one correspondence between the cusps

of Γ0(N) and Γ. Moreover, ℓa ∼Γ ℓa
′ if and only if a ∼Γ0(N) a

′. (ii) follows from (II).

(iii) We first check that two different τ ’s in D give rise to different double cosets.

(Two double cosets are either identical or disjoint.) Suppose ΓτSL2(Z)∞ = Γτ ′SL2(Z)∞.

Acting on ∞, the cusp τ∞ is ℓa/c = ℓad/c, which is Γ-equivalent to τ ′∞ = ℓad′/c′ and

hence ad/c ∼Γ0(N) ad′/c′ , implying c = c′ and d = d′ by (II). Checking the cardinality, we

see that
∣∣Γ\SL2(Z)/SL2(Z)∞

∣∣ = |A(Γ)| = |A|. The assertion follows.
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(iv) By (iii) and taking the inverse, we have⊔
τ∈D

SL2(Z)∞τ−1Γ = SL2(Z) =
⊔

σ∈SL2(Z)∞\SL2(Z)

SL2(Z)∞σ.

Suppose σ lies in the double coset of τ−1. Then SL2(Z)∞σ = SL2(Z)∞τ−1γ for some

γ ∈ Γ. If SL2(Z)∞τ−1γ′ = SL2(Z)∞τ−1γ, then γ′ ∈ Γbγ where Γb = τSL2(Z)∞τ
−1 ∩ Γ.

Clearly the converse is true. Thus the double coset SL2(Z)∞τ−1Γ decomposes into a

disjoint union of SL2(Z)∞τ−1γ over γ ∈ Γb\Γ.
(v) By definition, the cusp width of b is wb = |SL2(Z)∞/τ−1Γbτ |. Hence we are going

to determine the smallest positive r for which τn(r)τ−1 ∈ Γ0(N/ℓ, ℓ). Applying (iii) for

aτ and cτ , it is equivalent to the minimal r ∈ N that fulfills( ℓa

(ℓ, c)

)2
r ≡ 0 mod ℓ, and

( c

(ℓ, c)

)2
r ≡ 0 mod N/ℓ.(2.2)

Verifying locally, we will show the minimal r = (c, ℓ)2wa/ℓ. For every prime p, we write

n = ordp(N), ι = ordp(ℓ), c = ordp(c), r = ordp(r). Note that c, ι ⩽ n for c, ℓ|N .

• 2c ⩽ ι: The first congruence in (2.2) can be voided and the second congruence

implies r = n− ι. Now, noting 2c ⩽ n from ι ⩽ n, we have

w := ordp

(
(c, ℓ)2

ℓ

N

(N, c2)

)
= 2c− ι+ n− 2c = n− ι = r.

• c ⩽ ι < 2c: This case implies p|c and so p ∤ a from (a, c) = 1. (2.2) implies r equals

max(2c− ι, n− ι). Thus r = 2c− ι occurs when 2c ⩾ n, and in this case, w = 2c− ι.
If 2c < n, then w = 2c− ι+ n− 2c = r as well.

• ι < c: Now p|ℓ implies p|c, thus we can ignore a in the congruence in (2.2). So we

have r = max(ι, n − ι − 2(c − ι)) = max(ι,n + ι − 2c), which is also valid for p ∤ ℓ
but p|N . Now, w = ι+ n−min(n, 2c) = −min(−ι, 2c− ι− n) = r.

In summary, ordp(wb) = ordp(r) for all prime p. □

Remark 3. Lemma 2.1 yields that both Γ0(N/ℓ, ℓ) and Γ0(N) have the same index in

SL2(Z) and the same number of inequivalent cusps but their cusp widths may differ. The

sum of cusp widths in either group equals the index N
∏

p|N (1+p−1). For cross-checking,

the case of Γ0(N) is shown in [9, (2.30)]. We verify the case of Γ0(N/ℓ, ℓ) below:∑
c|N

∑
d∈(Z/(c,N

c
)Z)×

(c, ℓ)2

ℓ

N

(N, c2)
= N

∑
c|N

(c, ℓ)2

cℓ

∏
p|(c,N/c)

(1− 1

p
)

= N
∏
p|N

{
1

pι
+ (1− p−1)

n−1∑
c=1

pmin(c−ι,ι−c) + pι−n

}
= N

∏
p|N

(1 + p−1).

2.2. Fundamental domains. Let D := SL2(Z)\H be the fundamental domain for

SL2(Z). A discrete subgroup Γ of SL2(Z) of finite index µ has a fundamental domain

Γ\H equal to the union of µ copies of D. Moreover for each cusp a, there are wa copies of

D that meet at a. Wohlfahrt [23] defined the general level N for Γ by the least common

multiple N of wa for all a ∈ A. For a congruence subgroup Γ of level N (defined by Klein),

the two levels N and N are equal, cf. [22] or [23].

For any subgroup G of SL2(Z), we let cG := min
{
cγ > 0 : γ ∈ G

}
if G contains a γ

with cγ ̸= 0. When a ̸∼Γ ∞, ca := min{c ⩾ 1 : a
c ∼Γ a} exists. We set c∞ := 1 and
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cΓ∞ = w∞ by convention (for consistency below). By (2.1), cΓa ⩾ c2awa holds for a ̸= ∞,

because cΓa ∈ c2τwaZ for τ ∈ SL2(Z) with τ(∞) = a. Our convention maintains validity

for the cusp ∞.

Geometrically, Γ\H is identified with the glued domain of a (fundamental) polygon F

in H for Γ; the interior of the polygon in H equals the intersection of exteriors to a set of

isometric circles and the half-strip P0 where

PY := {z = x+ iy : |x| < 1
2w∞, y > Y }(2.3)

for any Y ⩾ 0, cf. [9, p.32]. The set P0 is the (H-)interior of the polygon for the

fundamental domain Γ∞\H of Γ∞, and its closure P0 in H contains all γF with γ ∈ Γ∞\Γ.
We write dµ = y−2 dx dy for the hyperbolic measure on H or its pushforward on Γ\H.

The lemma below, basically following from [10], gives a quantitative version when Γ\H
and Γ∞\H are identified with the fundamental polygons in P0.

Lemma 2.2. Let π : Γ∞\H → Γ\H, Γ∞z 7→ Γz, be the natural projection, and Y > 0.

(i) For any element z ∈ Γ\H, the multiplicity of its preimages in PY , i.e. |π−1{z}∩PY |,
is at most 1 +O((cΓY )−1).

(ii) For any nonnegative Γ-invariant function F on Γ∞\H, we have∫
PY

F dµ ⩽ (1 +O((cΓY )−1))

∫
Γ\H

F dµ.

The two implied O-constants are independent of Y and Γ.

Lemma 2.2 will be proved in Section 6.

2.3. Multiplier systems. Write j(γ, z) := cγz + dγ for γ ∈ Γ and z ∈ H. Let k ∈ 1
2Z

and χ be a multiplier system of weight k for Γ, which is by definition a function from Γ

to S1 ⊂ C and satisfies

(i) χ(αβ)/(χ(α)χ(β)) = j(α, βz)kj(β, z)k/j(αβ, z)k, ∀ α, β ∈ Γ, and

(ii) χ(−I) = e(−k/2) if −I ∈ Γ.

The multiplier system can actually be defined for any discrete subgroup Γ of SL2(R), not
necessarily subgroup of SL2(Z). If Γa = ⟨γa⟩, then χ(γa) = e(κa) for some κa = κa(χ) ∈
[0, 1). A cusp a ∈ A is a singular cusp for the multiplier system χ if χ(γa) = 1, i.e. κa = 0.

If a ∼Γ a′, then κa = κa′ : suppose a′ = σa for some σ ∈ Γ. Then σa′ := σσa is a

nonstandard scaling matrix of a′ and so Γa′ = σΓaσ
−1. By [9, (2.57)], χ(γa) = χ(γa′).

2.3.1. Example 1. k ∈ Z and Γ = Γ0(N), χ(γ) := χN (d), where N ∈ N and χN is an even

Dirichlet character mod N and d = dγ .

The cusps ∞ and a
c with (c,N/c) = 1 (which includes 0) are necessarily singular and

Sk(Γ, χ) is the space of modular forms of weight k, level N and nebentypus χN .

If N ≡ 1 mod 4 is squarefree and χN =
(
N
·
)
is the Kronecker symbol, then all cusps

are singular. If N = 4N ′ where N ′ ≡ 3 mod 4 is squarefree and χN is the Kronecker

symbol, then two thirds of the cusps are singular. See Theorem 1.1 of [1]. (We follow

Iwaniec [9] to define a singular cusp, which is called regular cusp in [1], and a singular

cusp in [1] means exactly a non-singular cusp in [9].)

For general N ∈ N, by (2.1), χ(γa) = χ(1 + cawa) for a ∈ Ac. As wa = N/(N, c2), we

infer that χ(γ
(c,N/c)
a ) = 1, which implies (c,N/c)κa ∈ N ∪ {0}, and therefore,

κa ⩾ 1/(c,N/c)(2.4)
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if κa ̸= 0. Define κ̃a := κa if κa ∈ (0, 1) and κ̃a := 1 if κa = 0, and

K(χ) := max
c|N

1

|Ac|
∑
a∈Ac

κ̃−1
a .(2.5)

Lemma 2.3. 1 ⩽ K(χ) ≪ (logN)(log logN).

Proof. Given c|N and any family A of ϕ((c,N/c)) integers a’s that are coprime to c

and distinct modulo (c,N/c). Then {a/c : a ∈ A} is Γ0(N)-equivalent to Ac. Assume

(c,N/c) > 1 and χ(γα/c) ̸= 1 for some α ∈ A, because, otherwise, K(χ) = 1.

Observe that elements in {αa : a ∈ A} are coprime to c and distinct modulo (c,N/c).

The set {αa/c : a ∈ A} is equivalent to Ac and {κa/c : a ∈ A} = {καa/c : a ∈ A} as

multisets. As χ(γαa/c) = χ(1 + αaN/(c,N/c)) and

χ(γaα/c) = χ(τn(wα/c)
aτ−1) = χ(τn(awα/c)τ

−1) = χ(1 + aαN/(c,N/c)) = χ(γαa/c)

where τ ∈ SL2(Z) maps ∞ to α/c, it follows that καa/c ≡ aκα/c mod 1. Write κα/c =
u
v

where 1 ⩽ u < v and (u, v) = 1. As χ(γα/c) ̸= 1, we have κα/c ∈ 1
(c,N/c)N, implying

v|(c,N/c), and καa/c ̸= 0.

View {a (mod (c,N/c)) : a ∈ A} = {1 ⩽ a ⩽ (c,N/c) : (a, (c,N/c)) = 1}. The

family {au (mod v) : a ∈ A} is covered by (c,N/c)/v sub-families of {1 ⩽ w < v :

(w, v) = 1}. Thus the family {aκα/c (mod 1)} can be partitioned into, not necessarily

disjoint, (c,N/c)/v sub-families which are subsets of {w/v : 1 ⩽ w < v, (w, v) = 1}.
Consequently,∑

a∈A
κ̃−1
a/c =

∑
a∈A

κ−1
αa/c ⩽

(c,N/c)

v

∑
1⩽w<v

v

w
⩽ (c,N/c) log v.

As |Ac| = ϕ((c,N/c)) ≫ (c,N/c)/(log logN), our assertion follows. □

2.3.2. Example 2. k ∈ 1
2Z \ Z. Let ∆ be a Fuchsian subgroup of the universal covering

of SL2(R) in Shimura [20], in which an element ξ ∈ ∆ is of the form (α,φ(z)). Take

χ(α) := φ(z)2k/j(α, z)k, which is a multiplier system of Γ := P (∆), the image of ∆ under

projection P . The space Sk(∆) in [20] equals Sk(Γ, χ). (A transfer of viewpoints from

the multiplier system to the metaplectic cover for half-integral weight modular forms is

explained in [6, §1.1.6].)
A typical multiplier system of the half-integral weight k for Γ = Γ0(4N) is

χ(γ) =
(−4

dγ

)−k( cγ
dγ

)
χ4N (γ)

where the nebentypus χ4N is (induced by) an even Dirichlet character mod 4N and
( ·
·
)

denotes the Kronecker symbol. By convention
(

0
±1

)
= 1, −π

2 < arg(z1/2) ⩽ π
2 and

zκ/2 := (z1/2)κ for z ∈ C and κ ∈ Z, cf. [20]. Thus
(−4

d

)1/2
= 1 or i for d ≡ 1 or 3 mod

4. For f ∈ Sk(Γ0(4N), χ4N ), its square is an integral weight cusp form

f2 ∈ S2k(Γ0(4N), ψ4N ) where ψ4N (γ) =
(−4
dγ

)2k
χ2
4N (γ).

The factor κa associated with χ at the cusp a may be equal to or halved of the corre-

sponding factor for ψ4N , hence Lemma 2.3 remains valid.
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2.4. Fourier coefficients at cusps. Let k ∈ 1
2N and let Sk(Γ, χ) be the vector space of

holomorphic cusp forms of weight k for Γ with respect to the multiplier system χ. The

space Sk(Γ, χ) is a finite-dimensional Hilbert space With respect to the Petersson inner

product ⟨f, g⟩ =
∫
Γ\H y

kf(z)g(z) dµ. Denote ∥f∥22 := ⟨f, f⟩.
For any γ ∈ GL+

2 (R), the slash operator on f ∈ Sk(Γ, χ) is defined as

f |γ(z) := j(γ, z)−kf(γz).

Then for any cusp a ∈ A, f
∣∣
σa
(z) = e(κaz/wa)

∑
n⩾0 f̂a(n)e(nz/wa), where f̂a(0) = 0 if

κa = 0, is of period wa with wa = wa or 2wa according as a is regular or irregular.

Define the regularized Fourier coefficient of f
∣∣
σa

by

λa(n) := r−1
k w

k/2
a f̂a(n)(n+ κa)

(1−k)/2(2.6)

where rk :=
√
k/Γ(k)(4π)(k−1)/2. By definition, λa(0) = 0 if κa = 0. Then,

f
∣∣
σa
(z) = rkw

−k/2
a e(κaz/wa)

∑
n⩾0

λa(n)(n+ κa)
(k−1)/2e(nz/wa).(2.7)

Proposition 2.4. Let f ∈ Sk(Γ, χ) have ∥f∥2 = 1, and let cΓ = min{cτ > 0 : τ ∈ Γ}.
For n ⩾ 0,

|λ∞(n)|2 ≪ 1 +
n

cΓw∞
.

Proof. The method is based on [9, Section 5.1]. Let Y > 0 and PY be the strip defined

as in (2.3). We suppress the subscript ∞ in f̂∞(n), κ∞ and w∞. As in [9, p.70], from

f(z) =
∑

n⩾1 f̂(n)e((n+ κ)z/w), we infer that for any n ⩾ 1,

w|f̂(n)|2
∫ ∞

Y
yk−2e−4π(n+κ)y/w dy ⩽

∫
PY

yk
∣∣f(z)∣∣2 dµ,

where dµ = y−2 dx dy. Take Y = w/(4π(n+ κ)). The integral
∫∞
Y is

≫
( w

4π(n+ κ)

)k−1
∫ ∞

0
e−u
(
u+ 1

)k−2
du≫

( w

4π(n+ κ)

)k−1Γ(k)

k
.

Applying Lemma 2.2 (ii), we obtain

|f̂(n)|2(n+ κ)1−k ≪ (4π)k−1w−k

Γ(k)/k

(
1 +O((cΓY )−1)

) ∫
Γ\H

yk
∣∣f(z)∣∣2 dµ

≪ (4π)k−1w−k

Γ(k)/k

(
1 +O((cΓw)

−1n)
)
∥f∥22,

as cΓw ⩾ 1. This gives the upper bound to the regularized coefficient λ∞(n). □

Corollary 2.5. Let α ∈ SL2(Z) and f ∈ Sk(Γ, χ) have ∥f∥2 = 1. At the cusp a := α∞,

f has the Fourier expansion as in (2.7). The regularized Fourier coefficient λa(n), n ⩾ 0,

satisfies

|λa(n)|2 ≪ 1 +
n

cΓ′wa

where Γ′ := α−1Γα and cΓ′ = min{cτ > 0 : τ ∈ Γ′}, which is a positive integer.
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Proof. For Γ′ = α−1Γα, which is also a subgroup of SL2(Z), the map b 7→ αb gives a

bijection between A(Γ′) and A(Γ), and σαb ∈ ασbSL2(Z)∞ for the cusp αb ∈ A(Γ). Thus

we have wb = wαb and κb = καb since Γ′
b = α−1Γαbα.

Let χ′(γ) = χ(αγα−1) for γ ∈ Γ′. Then, f
∣∣
α
∈ Sk(Γ

′, χ′) and f̂a(n) is the Fourier

coefficients of f
∣∣
α
at b = ∞. The corollary follows readily from Proposition 2.4. □

2.5. Eisenstein series. The Eisenstein series Ea(z, s) =
∑

γ∈Γa\Γ(w
−1
a ℑσ−1

a γz)s at any

cusp a converges absolutely for ℜs > 1, where σa is the matrix defined in Section 2.1. By

the general theory of Eisenstein series, we have

(1) Ea(z, s) extends meromorphically in s to the whole complex plane.

(2) Ea(z, s) has a simple pole at s = 1 with the residue

lim
s→1

(s− 1)Ea(z, s) = vol(Γ\H)−1.

(3) Ea(z, s) has no poles in ℜs ⩾ 1
2 except for a finite number of simple poles in (12 , 1].

(4) Let E(z, s) be a column vector consisting of Ea(z, s) where a runs over all inequiv-

alent cusps (in any ordering). Then E(z, s) = Φ(s)E(z, 1 − s) where the scattering

matrix Φ(s), of order |A|, satisfies Φ(s)Φ(1− s) = I (the identity matrix).

The functional equation in (4) connects Ea(z, s) to Eb(z, 1 − s)’s with b ∈ A, but the

complexity of Φ(s) in the general case prevents us from using it to solve our problem.

Fortunately the case of Γ0(N) is much more transparent. When N = 1, the Eisenstein

series E(z, s) for SL2(Z) is, for ℜs > 1,

E(z, s) :=
∑

γ∈SL2(Z)∞\SL2(Z)

(ℑγz)s

=
1

2

∑
(m,n)∈Z×Z
(m,n)=1

( y

|mz + n|2
)s
.(2.8)

Lemma 2.6. Let N ∈ N and Γ = Γ0(N). The Eisenstein series E∞(z, s) associated to

the cusp ∞ of Γ decomposes into

E∞(z, s) = N−s ζ(2s)

L(2s, χ0,N )

∑
q|N

µ(q)

qs
E
(N
q
z, s
)

(2.9)

where µ(·) is the Möbius function, ζ(s) and L(s, χ0,N ) are the Riemann zeta-function and

the Dirichlet L-function associated to the principal character χ0,N mod N , and E(z, s) is

defined in (2.8).

Proof. It follows from the feature of Dirichlet convolution and the explicit formula

E∞(z, s) =
∑

γ∈Γ∞\Γ

(ℑγz)s = 1

2

∑
(c,d)∈Z×Z
(cN,d)=1

( y

|cNz + d|2
)s
,
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likewise (2.8). Multiplying by 2L(2s, χ0,N ) on both sides of (2.9), the left-hand side gives

2L(2s, χ0,N )E∞(z, s) =
∑

(m,N)=1

1

m2s

∑
(c,d)∈Z×Z
(cN,d)=1

( y

|cNz + d|2
)s

=
∑

(c,d)̸=(0,0)
(N,d)=1

( y

|cNz + d|2
)s
,

while the right-hand side is

N−s
∑
N=qℓ

µ(q)

qs
ζ(2s)E

(
ℓz, s

)
= N−s

∑
N=qℓ

µ(q)

qs

∑
(c,d)̸=(0,0)

( ℓy

|cℓz + d|2
)s
,

= N−s
∑

N=quv

µ(q)

qs
vs

us

∑
(c,f) ̸=(0,0)
(v,f)=1

( y

|cvz + f |2
)s

by expressing ℓ = uv, d = uf where u = (ℓ, d) (and so (v, f) = 1). A rewrite leads to∑
v|N

( ∑
q|(N/v)

µ(q)
)( v

N

)2s ∑
(c,f )̸=(0,0)
(v,f)=1

( y

|cvz + f |2
)s

=
∑

(c,f )̸=(0,0)
(N,f)=1

( y

|cNz + f |2
)s
,

as
∑

d|n µ(d) = 1 or 0 according to n = 1 or n > 1. The formula (2.9) follows plainly. □

We shall use the following properties of E(z, s).

Lemma 2.7. In the half-plane ℜs ⩾ 1
2 , E(z, s) is holomorphic except for a simple pole

at s = 1 with the residue 3/π. Moreover, it satisfies the functional equation

(E∗(z, s) :=)π−sΓ(s)ζ(2s)E(z, s) = π−(1−s)Γ(1− s)ζ(2(1− s))E(z, 1− s).

Moreover, letting s = σ+ it and z = x+ iy, for some small constant c > 0 and any ε > 0,

we have

E(z, s)− ys − π−(1−s)Γ(1− s)ζ(2− 2s)

π−sΓ(s)ζ(2s)
y1−s ≪σ,ε y

−σ(1 + |t|)1+ε(2.10)

for σ ⩾ 1
2 − c

log(2+|t|) , t ∈ R and y > 0.

Proof. These follow from [9, p.237] and [24, Lemma 3.2]. □

Remark 4. The completed Eisenstein series E∗(z, s) is holomorphic except for simple

poles at s = 0 and 1, because, from E∗(z, s) = E∗(z, 1 − s) and the holomorphicity of

E(z, s) at s = 1/2, the simple pole of the factor ζ(2s) does not yield a pole.

3. Voronoi formula and a mean value estimate

To compute the mean value estimate, we shall apply the Voronoi formula which is

deduced from the (Hecke) functional equation of the L-function L(s, f) associated to the

cusp form f . Although the Voronoi formula is derived from a complex integral of L(s, f),

interestingly it seems not easy to obtain the same quality in the weight aspect of the mean

value result calculated by the Voronoi formula if one estimates directly with the complex

integral.
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Let f ∈ Sk(Γ, χ) satisfy ∥f∥2 = 1, and write g(z) := f
∣∣∣
W
(z) with W =

( −1
1

)
. By

(2.7),

f(z) = rkw
−k/2
∞

∑
n⩾0

λ∞(n)(n+ κ∞)(k−1)/2e((n+ κ∞)z/w∞),

g(z) = rkw
−k/2
0

∑
n⩾0

λ0(n)(n+ κ0)
(k−1)/2e((n+ κ0)z/w0).

Note that λ∞(0) = 0 (resp. λ0(0) = 0) if κ∞ = 0 (resp. κ0 = 0). Then g ∈ Sk(Γ
W , χW )

where ΓW := W−1ΓW and χW (α) := χ(WαW−1), and ∥g∥2 = 1. Set ck := (2π)k/2/rk.

The L-functions

L(s, f) :=
∑
n⩾0

λ∞(n)(n+ κ∞)−s = ck
(2π/w∞)s−1/2

Γ(s+ k−1
2 )

∫ ∞

0
f(iy)ys+

k−1
2

dy

y
,

L(s, g) :=
∑
n⩾0

λ0(n)(n+ κ0)
−s = ck

(2π/w0)
s−1/2

Γ(s+ k−1
2 )

∫ ∞

0
g(iy)ys+

k−1
2

dy

y

are absolutely convergent for ℜs > 3
2 (by Proposition 2.4), and satisfy the functional

equation (w∞
2π

)s
Γ(s+ k−1

2 )L(s, f) = ik
(w∞
w0

)1/2(w0

2π

)1−s
Γ(1− s+ k−1

2 )L(1− s, g).

3.1. Voronoi formula. Let Jν(·) denote the J-Bessel function of order ν ⩾ −1/2. We

have the following.

Proposition 3.1. Let φ ∈ C∞
0 (0,∞) and x ⩾ 1 be a parameter. Then∑

n⩾0

λ∞(n)φ
(n+ κ∞

x

)
= 2πik

x
√
w∞w0

∑
n⩾1

λ0(n)

∫ ∞

0
φ(u)Jk−1

(4π√(n+ κ0)xu√
w0w∞

)
du.(3.1)

Proof. Let φ̂(s) :=
∫∞
0 φ(u)us−1 du be the Mellin transform of φ. Then φ̂(s) is entire and

satisfies

(3.2) φ̂(s) ≪r,φ (1 + |s|)−r for all r ⩾ 0.

Let ε > 0 be arbitrarily small. A shift of path with (3.2) leads to∑
:=

∑
n⩾0

λ∞(n)φ
(n+ κ∞

x

)
=

1

2πi

∫
(ε)
L(s, f)φ̂(s)xs ds.

Inserting the functional equation, it follows with the standard argument that∑
= ik

(w∞
w0

)1/2 2π

w∞

1

2πi

∫
(ε)

(w0w∞
4π2

)1−sΓ(1− s+ k−1
2 )

Γ(s+ k−1
2 )

L(1− s, g)φ̂(s)xs ds

= ik
(w∞
w0

)1/2w0

2π

1

2πi

∫
( 3
2
+ε)

( 4π2

w0w∞

)1−s Γ(s+ k−1
2 )

Γ(1− s+ k−1
2 )

L(s, g)φ̂(1− s)x1−s ds

=
ik

2π

√
w∞w0

∑
n⩾0

λ0(n)

n+ κ0
I
(4π2(n+ κ0)x

w0w∞

)
,
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where with (3.2)

I(y) =
1

2πi

∫
( 1
3
)

Γ(s+ k−1
2 )

Γ(1− s+ k−1
2 )

φ̂(1− s)y1−s ds.

Replacing φ̂ with its Mellin transformation formula, and applying the formula

Jν(x) =
1

2πi

∫
(c)

Γ(s+ ν
2 )

Γ(1− s+ ν
2 )

(x
2

)−2s
ds where ν ⩾ −1

2 and c ∈ (14 ,
1
2),

one sees immediately that for k ⩾ 1/2,

I(y) =

∫ ∞

0
φ(u)

1

2πi

∫
( 1
3
)

Γ(s+ k−1
2 )

Γ(1− s+ k−1
2 )

(uy)1−s ds
du

u

= y

∫ ∞

0
φ(u)Jk−1(2

√
yu) du.

Our assertion follows after a little calculation. □

3.2. Mean value estimate. Next we show the rapid decay of the smoothed sum of

length longer than the “analytic conductor” for w
(k−1)/2
∞ L(s, f), following the calculation

in [8, Lemma 6].

Proposition 3.2. Let ε > 0 be arbitrarily small and φ ∈ C∞
0 (0,∞). Suppose f ∈ Sk(Γ, χ)

satisfies ∥f∥2 = 1. Let κ̃0 = 1 or κ0 according as κ0 = 0 or not (corresponding to that 0

is singular cusp or not). For any x ⩾ (k2w∞w0/κ̃0)
1+ε and any constant A ⩾ 1,∑

n⩾0

λ∞(n)φ
(n+ κ∞

x

)
≪A,ε x

−A.

Proof. By Corollary 2.5 with α =W , we see that

|λ0(n)|2 ≪ (n+ κ0).

Applying it to the right side of (3.1), the left-hand side of (3.1) is bounded by

≪ x ·
∑
n⩾0

√
n+ κ0

∣∣∣∣ ∫ ∞

0
φ(u)Jk−1

(4π√(n+ κ0)xu√
w0w∞

)
du

∣∣∣∣.(3.3)

It remains to handle the integral. We invoke the following facts for the Bessel function

Jν(x) with x > 0: (1) (xνJν(x))
′ = xνJν−1(x) for all real ν, (2) Jν(x) ≪ 1 for ν ⩾ 0 or

Jν(x) ≪ xν + 1 for ν ∈ [−1
2 , 0], where the implied constant is absolute, i.e. independent

of ν. These facts can be justified by the power series of Jν(x), together with

Jν(x) =
1

π

∫ π

0
cos(x sin θ − νθ) dθ − sin νπ

π

∫ ∞

0
e−x sinhα−να dα.

For any given φ0 ∈ C∞
0 (0,∞), if we define φr(x) := x−1φ′

r−1(x) for r = 1, 2, · · · , then
we get from (1) and (2) that∫

φ0(x) · xkJk−1(x) dx = (−1)r
∫
φr(x) · xk+rJk+r−1(x) dx.

Hence, with B := 4π
√

(n+ κ0)x/(w0w∞), we express the integral as

2

B2

∫
v1−kφ

( v2
B2

)
· vkJk−1(v) dv =

2

B2

∫ (1
v

d

dv

)r(
v1−kφ

( v2
B2

))
vk+rJk+r−1(v) dv.
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Due to the support of φ, the integration is over an interval of the form [a, b], where

a, b ≍ B. The operator v−1 d
dv acts on vK as a multiplication by Kv−2 ≍ KB−2 and acts

on φ(v2/B2) as a multiplication by B−2. Thus, for v ∈ [a, b],(1
v

d

dv

)r(
v1−kφ

( v2
B2

))
≪r k

rB−2rv1−k.

With (2), the integral is ≪r B
−2
∫ b
a k

rB−2rv1+r dv ≪ (k
√
w0w∞/((n+ κ0)x))

r. When

x ⩾ (k2w0w∞/κ̃0)
1+ε, we can bound (3.3), in both cases κ0 = 0 or not, by

≪r x · x−
rε

2+2ε

∑
n⩾1

n(1−r)/2 ≪ x−A,

implying our result by taking sufficiently large r ⩾ (2 + 2ε)(A+ 1)/ε. □

4. Mean square estimate

In this section we derive the following result. A noteworthy point is the different treat-

ment here from the typical approach with the functional equation of the column (Ea(z, s))
t

of Eisenstein series. A typical approach hurdle is the calculation of the scattering matrix.

Instead, we exploit the Eisenstein series of the full modular group, which is much simpler,

and correspondingly, we form a L-function Lℓ(s), see (4.2), by combining the L-function

L(s, fa ⊗ fa). The function Lℓ(s) satisfies a simple functional equation, see Lemma 4.2

(b), and the L-function L(s, f ⊗ f) applied in the proof of theorem below is composed of

Lℓ(s)’s.

Theorem 2. Let k ∈ 1
2N, and N ∈ N or 4N according as k ∈ N or not. Suppose

f ∈ Sk(Γ0(N), χ) has ∥f∥2 = 1, where χ is a Dirichlet character mod N . Given any

ε > 0 and any weight function φ ∈ C∞
0 (0,∞), we have, for all x ⩾ (kN)2+ε,∑

l,m⩾1
(l,N)=1

|λ(m)|2φ
( l2m
x

)
= xφ̂(1)

2π2

kN

∏
p|N

(1− p−1) +Oε,φ

(
(kNx)εkN

)

where f(z) =
√

(4π)k−1k
Γ(k) ·

∑
n⩾1 λ(n)n

(k−1)/2e(nz) at the cusp ∞.

4.1. Some Preparation. We set up some notation and prove two lemmas.

Let a ∈ A (see Section 2.1.1). Denote fa := f
∣∣
σa

and define, for ℜs > 2,

L(s, fa ⊗ fa) :=
∑
n⩾0

|λa(n)|2(n+ κa)
−s(4.1)

where λa(n) is the regularized Fourier coefficient of fa defined in (2.6). When a = ∞, we

write λ(n) = λ∞(n) and L(s, f ⊗ f) = L(s, f∞ ⊗ f∞). We also define, for ℜs > 2,

Lℓ(s) :=
∑
c|N

( (c, ℓ)2

(N, c2)

)s ∑
a∈Ac

ζ(2s)L(s, fa ⊗ fa).(4.2)

Lemma 4.1. Let N ∈ N, ℓ|N and E(z, s) be the Eisenstein series for SL2(Z) in (2.8).

Define

Iℓ(s) :=

∫
Γ0(N)\H

yk|f(z)|2E(ℓz, s) dµ.(4.3)
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(i) For ℜs > 2,

ζ(2s)Iℓ(s) =
k

Γ(k)
(4π)−sΓ(s+ k − 1)

(N
ℓ

)s
Lℓ(s).

(ii) The function

Λℓ(s) := π−sΓ(s)ζ(2s)Iℓ(s)

is meromorphic on C, having simple poles at s = 0, 1, and being holomorphic elsewhere.

It satisfies the functional equation

Λℓ(s) = Λℓ(1− s).(4.4)

Moreover, for |t| ⩾ 1,

Λℓ(σ + it) ≪f,σ |t|max(σ,1−σ)+1/2+εe−π|t|/2.(4.5)

Proof. (i) Let Γ := Γ0(N/ℓ, ℓ) = a(
√
ℓ)Γ0(N)a(1/

√
ℓ). With the notation in Section 2,

for f ∈ Sk(Γ0(N), χ), we set

fℓ(z) := f
∣∣
a(1/

√
ℓ)
(z) = ℓ−k/2f(z/ℓ) ∈ Sk(Γ, χ).

Note that a(
√
ℓ)(Γ0(N)\H) = (a(

√
ℓ)Γ0(N)a(

√
ℓ)−1)\H and τ−1(Γb\H) = τ−1Γbτ\H. By

changing variables, unfolding and using Lemma 2.1 (iv), we have

Iℓ(s) =

∫
a(
√
ℓ)(Γ0(N)\H)

yk|fℓ(z)|2E(z, s) dµ

=
∑

σ∈SL2(Z)∞\SL2(Z)

∫
Γ\H

yk|fℓ(z)|2(ℑσz)s dµ

=
∑
τ∈D

∑
γ∈Γb\Γ

∫
Γ\H

yk|fℓ(z)|2(ℑτ−1γz)s dµ

=
∑
τ∈D

∫
Γb\H

yk|fℓ(z)|2(ℑτ−1z)s dµ

=
∑
τ∈D

∫
τ−1Γbτ\H

yk+s|fℓ|τ (z)|2 dµ.(4.6)

By Lemma 2.1 (iv), for b = ℓa with a = a/c, we have aτ = ℓa/(c, ℓ) and cτ = c/(c, ℓ)

(see Section 2 for the notation aτ , cτ ). Observing that the matrix u := σ−1
a a(1/

√
ℓ)τ is

u =

(
d′ −b′
−c a

)( 1√
ℓ √

ℓ

)(
ℓa/(ℓ, c) b
c/(ℓ, c) d

)
=

(√
ℓ/(ℓ, c) D/

√
ℓ

(ℓ, c)/
√
ℓ

)
for some b, b′, d, d′ ∈ Z and D = bd′ − ℓb′d, we get a(1/

√
ℓ)τ = σau and hence, with (2.7),

fℓ|τ (z) = f |a(1/√ℓ)|τ (z)

=
( √

ℓ
(ℓ,c)

)k
f |σa

(
ℓ

(ℓ,c)2
z + D

(ℓ,c)

)
= ϖ

( √
ℓ

(ℓ,c)

)k
rkw

−k/2
a e

( κaℓz

wa(ℓ, c)2

)∑
n⩾0

ϑnλa(n)(n+ κa)
(k−1)/2e

( nℓz

wa(ℓ, c)2

)
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where |ϖ| = 1, but ϖ may not be 1 when k is half-integral, rk is defined as in the line

before (2.7) and ϑ := e
(D/(ℓ,c)

wa

)
. Consequently, as wb = wa(ℓ, c)

2/ℓ and wa = N/(N, c2)

by Lemma 2.1 (v),∫
τ−1Γbτ\H

yk+s|fℓ|τ (z)|2 dµ

=
( ℓ

(ℓ, c)2

)k ∫
⟨n(wb)⟩\H

yk+s
∣∣f |σa

(
ℓ

(ℓ,c)2
z + D

(ℓ,c)

)∣∣2 dµ
= r2k

( ℓ

wa(ℓ, c)2

)k∑
n⩾0

|λa(n)|2

(n+ κa)1−k
· wb

∫ ∞

0
yk+s−1 exp

(
− 4πℓ(n+ κa)

wa(ℓ, c)2
y
) dy

y

=
k

Γ(k)
(4π)−sΓ(s+ k − 1)

((c, ℓ)2
ℓ

· N

(N, c2)

)s
L(s, fa ⊗ fa).

Combining with (4.6) and the formation of D in Lemma 2.1 (iii) and (v), we obtain that

Iℓ(s) =
k

Γ(k)
(4π)−sΓ(s+ k − 1)

(N
ℓ

)s∑
c|N

( (c, ℓ)2

(N, c2)

)s ∑
a∈Ac

L(s, fa ⊗ fa).

This completes the proof of Part (i).

(ii) We apply the properties of E(z, s) in Lemma 2.7. By Remark 4, in the half plane

ℜs ⩾ 1
2 , Λℓ(s) = π−sΓ(s)ζ(2s)Iℓ(s) has a simple pole at s = 1, coming from E∗(z, s).

Clearly the functional equation for E(z, s) leads to Λℓ(s) = Λℓ(1 − s). Therefore, in the

plane ℜs < 1
2 , Λℓ(s) has a simple pole at s = 0.

For |t| ⩾ 1, we know that

Γ(σ + it) ≍σ |t|σ−1/2e−π|t|/2, ζ(σ + it) ≪σ

{
|t|

1
2
(1−σ)+ε if 0 ⩽ σ ⩽ 1,

|t|
1
2
−σ+ε if σ ⩽ 0,

and for all t ∈ R,

ζ(σ + it)−1 ≪ log(|t|+ 3) for σ ⩾ 1− C
log(|t|+3) .

It follows from (2.10) that Iℓ(s) ≪f,δ (1 + |t|)1+ε in (an open region containing) ℜs ⩾ 1
2

and |s− 1| > δ. Thus, for σ ⩾ 1
2 and |t| ⩾ 1,

Λℓ(σ + it) ≪f |Γ(σ + it)||t|1+ε ≪f,σ |t|σ+1/2+εe−π|t|/2.

The upper bound in (4.5) follows with the functional equation Λℓ(s) = Λℓ(1− s). □

Lemma 4.2. The Dirichlet series Lℓ(s) defined in (4.2) extends to a meromorphic func-

tion on C, having only one pole, which is simple, at s = 1. Moreover,

L(2s, χ0,N )L(s, f ⊗ f) = N−s
∑
qℓ=N

µ(q)Lℓ(s), ∀ s ∈ C(a)

Lℓ(s) =
Γ(1− s)Γ(k − s)

Γ(s)Γ(s+ k − 1)

( N

4π2ℓ

)1−2s
Lℓ(1− s), ∀ s ∈ C(b)

Lℓ(σ + it) ≪ε

(
|t|(|t|+ k)N

)2−σ
ℓσ+1(kN)ε, ∀ s ∈ Sε,1(c)

where L(s, χ0,N ) is the Dirichlet L-function associated to the principal character χ0,N mod

N and Sε,1 := {σ + it : −1 + ε ⩽ σ ⩽ 2 + ε, |t| ⩾ 1}.
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Remark 5. (i) By Lemma 4.2 (a) and (4.2), we have the formula: for ℜs > 2,

L(2s, χ0,N )L(s, f ⊗ f) = N−s
∑
qℓ=N

µ(q)
∑
c|N

( (c, ℓ)2

(N, c2)

)s ∑
a∈Ac

ζ(2s)L(s, fa ⊗ fa).

(ii) By (a), the L-function L(2s, χ0,N )L(s, f ⊗ f) has exactly one simple pole at s = 1,

and by (4.8) below, the residue is

res
s=1

L(2s, χ0,N )L(s, f ⊗ f) =
4π

k

L(2, χ0,N )

vol(Γ0(N)\H)
∥f∥2 = 2π2

kN

∏
p|N

(1− p−1)∥f∥2.(4.7)

Proof. The analytic properties of Lℓ(s) follows from Lemma 4.1, as (Γ(k)/k)Λℓ(s) =

(2π)−2sΓ(s)Γ(s + k − 1)(N/ℓ)sLℓ(s). The simple pole of Λℓ(s) at s = 0 is accounted for

by Γ(s), hence Lℓ(s) remains holomorphic at s = 0. Since Λℓ(s) = Λℓ(1− s) by (4.4), we

get the functional equation in (b).

Unfolding with the Eisenstein series for Γ0(N) at ∞, we get, for ℜs > 1,∫
Γ0(N)\H

yk|f(z)|2E∞(z, s) dµ =

∫
Γ0(N)∞\H

yk+s|f(z)|2 dµ

= r2k
∑
n⩾1

|λ(n)|2nk−1

∫ ∞

0
yk+s−1e−4πny dy

y

=
k

Γ(k)
(4π)−sΓ(s+ k − 1)L(s, f ⊗ f).(4.8)

Applying Lemma 2.6 to (4.8), we deduce with (4.3) that

k

Γ(k)
(4π)−sΓ(s+ k − 1)L(s, f ⊗ f) = N−s ζ(2s)

L(2s, χ0,N )

∑
q|N

µ(q)

qs
IN/q(s).

Invoking (i) in Lemma 4.1, it leads to

L(2s, χ0,N )L(s, f ⊗ f) = N−s
∑
qℓ=N

µ(q)

qs

(N
ℓ

)s
Lℓ(s),

which implies (a) for ℜs > 2, and for all s ∈ C by analytic continuation.

By (4.1) and Corollary 2.5, we see that for any σ = ℜs > 2,

ζ(2s)L(s, fa ⊗ fa) ≪ κ−σ
a δκa ̸=0 +

∑
n⩾1

(n+ κa)
1−σ ≪ (c,N/c)σ,

by (2.4), where δ∗ = 1 if ∗ is true. Thus, for ℜs = 2 + ε, we obtain

Lℓ(s) ≪ε (kN)ε
∑
c|N

( (c, ℓ)2

(N, c2)

)2 ∑
a∈Ac

(c,N/c)2

≪ (kN)ε
∑
c|N

(c, ℓ)4

(N, c2)2
(c,N/c)3

≪ (kN)εℓ3.(4.9)

Stirling’s formula gives the following estimates: for σ ≪ 1 and any |t| ⩾ 1,

Γ(1− s)

Γ(s)
≪ |t|1−2σ and

Γ(k − s)

Γ(s+ k − 1)
≪ (|t|+ k)1−2σ.(4.10)
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With (4.9), we infer by the functional equation in (b) that on ℜs = −1− ε,

Lℓ(s) ≪ε

( |t|(|t|+ k)N

ℓ

)3
(kN)εℓ3.

Note that by Lemma 4.1, Lℓ(s) is a meromorphic function of finite order with two simple

poles. Using the convexity principle, we obtain for −1 + ε ⩽ σ ⩽ 2 + ε and |t| ⩾ 1,

Lℓ(σ + it) ≪ε

(
|t|(|t|+ k)N

)2−σ
ℓσ+1(kN)ε.

□

4.2. Proof of Theorem 2. Let ε > 0 be arbitrarily small. Consider the contour integral

along the vertical line ℜs = 2 + ε,

J :=
1

2πi

∫
(2+ε)

L(2s, χ0,N )L(s, f ⊗ f)φ̂(s)xs ds.

We shift the line of integration to ℜs = −1− ε and hence get, with Lemma 4.2 (a),

J = ress=1 +
∑
qℓ=N

µ(q)
1

2πi

∫
(−1−ε)

N−sLℓ(s)φ̂(s)x
s ds

= M +
∑
qℓ=N

µ(q)Jℓ, say.(4.11)

In view of (4.8), M is contributed from the pole of E∞(z, s), which is an Eisenstein

series for Γ0(N), at s = 1, thus with (4.7) and ∥f∥ = 1, we have

M = xφ̂(1)
2π2

kN

∏
p|N

(1− p−1).(4.12)

The integral Jℓ needs to be treated carefully with the functional equation and the

estimate for λa(n). We apply Lemma 4.2 (b), a change of the variable of s into 1− s and

then (4.2) to deduce that

Jℓ =
1

2πi

∫
(−1−ε)

N−sΓ(1− s)Γ(k − s)

Γ(s)Γ(s+ k − 1)

( N

4π2ℓ

)1−2s
Lℓ(1− s)φ̂(s)xs ds

=
4π2ℓ

N2

1

2πi

∫
(2+ε)

Γ(s)Γ(s+ k − 1)

Γ(1− s)Γ(k − s)

( N3

16π4ℓ2

)s
Lℓ(s)φ̂(1− s)x1−s ds

=
4π2ℓ

N2

∑
c|N

∑
a∈Ac

Jℓ,c,a(4.13)

where

Jℓ,c,a =
1

2πi

∫
(2+ε)

Gk(s)
( N3

16π4ℓ2
· (c, ℓ)2

(N, c2)

)s
ζ(2s)L(s, fa ⊗ fa)φ̂(1− s)x1−s ds

with

Gk(s) :=
Γ(s)Γ(s+ k − 1)

Γ(1− s)Γ(k − s)
.
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By the definition of L(s, fa ⊗ fa) in (4.1), we expand Jℓ,c,a into

Jℓ,c,a =
∑
n⩾0

1

2πi

∫
(2+ε)

|λa(n)|2

(n+ κa)s

( N3(c, ℓ)2

16π4ℓ2(N, c2)

)s
Gk(s)ζ(2s)φ̂(1− s)x1−s ds

=
∑

0⩽n⩽wa

+
∑
n>wa

= J⩽wa
ℓ,c,a + J>wa

ℓ,c,a , say.(4.14)

From Corollary 2.5 and the fact that cΓ ⩾ 1, we have

|λa(n)|2 ≪ 1 +
n

wa
≪ 1 or

(N, c2)

N
n,

according as n ⩽ wa or n > wa. For J
⩽wa
ℓ,c,a , we shift the line of integration from 2+ ε to 1

and bound each summand trivially. Thus, bounding Gk(s) with (4.10), we obtain

J⩽wa
ℓ,c,a ≪ N3(c, ℓ)2

ℓ2(N, c2)

∑
0⩽n⩽wa

(n+ κa)
−1

∫ ∞

−∞
(|t|+ 1)(|t|+ k)|φ̂(−it)

∣∣ dt.
The integral

∫∞
−∞ is clearly ≪ k. Therefore, we obtain

J⩽wa
ℓ,c,a ≪ k

N3(c, ℓ)2

ℓ2(N, c2)
(κ̃−1

a +N ε)(4.15)

where κ̃a = κa if κa ∈ (0, 1) and κ̃a = 1 if κa = 0.

For J>wa
ℓ,c,a in (4.11), without shifting the line of integration, we bound each summand

trivially and use the fast decay φ̂(−1− ε− it) ≪ (1 + |t|)−8 to obtain

J>wa
ℓ,c,a ≪ N ε

(N3(c, ℓ)2

ℓ2(N, c2)

)2 (N, c2)
N

∑
n>wa

1

n1+ε

∫ ∞

−∞

(
(1 + |t|)(|t|+ k)

)3+ε x−1−ε

(1 + |t|)8
dt.

Plainly the integral
∫∞
−∞ is ≪ k3+ε. Consequently,

J>wa
ℓ,c,a ≪ (kNx)ε

N5(c, ℓ)4

ℓ4(N, c2)
k3x−1.(4.16)

Inserting (4.15) and (4.16) into (4.14), we deduce with (4.13) that

∑
qℓ=N

µ(q)Jℓ ≪ k
∑
ℓ|N

ℓ

N2

∑
c|N

N3(c, ℓ)2

ℓ2(N, c2)

∑
a∈Ac

κ̃−1
a

+N εk
∑
ℓ|N

ℓ

N2

∑
c|N

N3(c, ℓ)2

ℓ2(N, c2)
|Ac|

+ (kNx)εk3x−1
∑
ℓ|N

ℓ

N2

∑
c|N

N5(c, ℓ)4

ℓ4(N, c2)
|Ac|.
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Using |Ac| = ϕ(c,N/c) ⩽ (c,N/c), the three sums are respectively evaluated as:∑
ℓ|N

ℓ

N2

∑
c|N

N5(c, ℓ)4

ℓ4(N, c2)
|Ac| ⩽ N3

∑
ℓ|N

∑
c|N

(c, ℓ)4

ℓ3c(N/c, c)
(c,N/c) ≪ N3+ε

∑
ℓ|N

ℓ

N2

∑
c|N

N3(c, ℓ)2

ℓ2(N, c2)
|Ac| ⩽ N

∑
ℓ|N

∑
c|N

(c, ℓ)2

ℓc(N/c, c)
(c,N/c) ≪ N1+ε

∑
ℓ|N

ℓ

N2

∑
c|N

N3(c, ℓ)2

ℓ2(N, c2)

∑
a∈Ac

κ̃−1
a ⩽ K(χ)N

∑
ℓ|N

∑
c|N

(c, ℓ)2

ℓ(N, c2)
(c,N/c) ≪ N1+ε

where K(χ) = maxc|N |Ac|−1
∑

a∈Ac
κ̃−1
a ≪ N ε, by Lemma 2.3.

In summary, ∑
qℓ=N

µ(q)Jℓ ≪ (kNx)ε
(
kN + k3N3x−1

)
,

and together with (4.11) and (4.12), our theorem follows because∑
l,m⩾1
(l,N)=1

|λ(m)|2φ
( l2m
x

)
= J.

5. Proof of Theorem 1

We first demonstrate that the terms |λ(m)| in Theorem 2 with large m are more

dominating in the following lemma, the idea of which was exploited in [8].

Lemma 5.1. Under the same setting of Theorem 2, we choose φ ∈ C∞
0 (0,∞) to be

compactly supported on [12 , 2], 0 ⩽ φ(u) ⩽ 1 for all u and φ(u) = 1 for u ∈ [1, 32 ]. For any

ε > 0, there exists N0(ε) ∈ N such that for all N ⩾ N0(ε) and any N2ε ⩽ z ⩽ x1/2,∑
l,m⩾1

(l,N)=1, l⩾z

|λ(m)|2φ
( l2m
x

)
≪ N εz

∑
l,m⩾1
(l,N)=1

|λ(m)|2φ
( l2m

cN2εx/z2

)
holds for some c ∈ [1, 6].

Proof. Using ϕ(N) = N
∑

d|N µ(d)/d (or [18, Section 8.3, Problem 8]), we have∑
1⩽l⩽X
(l,N)=1

1 = X
ϕ(N)

N
+O(τ(N)).

Thus for any ε > 0, there exists N0(ε) such that if N ⩾ N0(ε), then∑
X⩽l⩽2X
(l,N)=1

1 ⩾
X

2

ϕ(N)

N
, ∀ X ⩾ N ε.(5.1)

Under this situation, for any x ⩾ N4ε and any N2ε ⩽ z ⩽ x1/2,∑
l,m⩾1

(l,N)=1, l⩾z

|λ(m)|2φ
( l2m
x

)
⩽

∑
m⩽2x/z2

|λ(m)|2
√
2x/m

= z
∑

m⩽2x/z2

|λ(m)|2
√
(2x/z2)/m,
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which is, by (5.1),

⩽ z
∑

m⩽2x/z2

|λ(m)|2N−ε 2N

ϕ(N)

∑
Nε

√
(2x/z2)/m⩽l⩽2Nε

√
(2x/z2)/m

(l,N)=1

1

⩽ z
∑

2N2εx/z2⩽l2m⩽8N2εx/z2

(l,N)=1

|λ(m)|2

⩽ 4z · max
c∈[1,6]

∑
l,m⩾1
(l,N)=1

|λ(m)|2φ
( l2m

cN2εx/z2

)
.

□

Now we prove our main result Theorem 1.

Let f(z) =
∑

n⩾1 a(n)e(nz) and assume ∥f∥2 = 1. We note that w∞ = w∞ = 1,

w0 = w0 = N and κ̃0 = 1. Thus, λ(n) = r−1
k a(n)n(1−k)/2. Let 0 < ε < 1

100 be arbitrarily

small and φ be chosen as in Lemma 5.1.

By Proposition 3.2, for x ⩾ (k2N)1+ε and any A ⩾ 1,∑
n⩾0

λ(n)φ(n/x) ≪A x
−A.(5.2)

Let η > 0 be chosen later and X := (kN)2+ηε. Without loss of generality, we may

only consider sufficiently large kN , meaning that kN ⩾ B2/ε for some constant B ⩾ 2

specified later. Note that
∏

p|N (1− p−1) ≫ 1/ logN . By Theorem 2 and Lemma 5.1, we

have ∑
l,m⩾1
(l,N)=1

λ(m)2φ(l2m/X) ≫ X

kN1+ε
−O((kN)1+εXε) ≫ X

kN1+ε

when 1
2ε ⩾ η ⩾ 5 and B is larger than the implied O-constant, and for z = N5ε,∑

l,m⩾1
(l,N)=1, l⩾z

λ(m)2φ
( l2m
X

)
≪ N εz

N2εX/z2

kN
⩽

X

kN1+2ε
.

Hence, ∑
l,m⩾1

(l,N)=1, l⩽N5ε

λ(m)2φ
( l2m
X

)
≫ X

kN1+ε
.

Set η = 11. Then (kN)2+ε ⩽ X/l2 ⩽ (kN)2+11ε. As φ is supported in [12 , 2] and ∥φ∥∞ ⩽ 1,

it follows that

λ(m)2 ≫ 1

kN1+ε
for some 1

2(kN)2+ε ⩽ m ⩽ 2(kN)2+11ε.(5.3)

Assume all λ(n)’s with 1 ⩽ n ⩽ 2(kN)2+11ε are of the same sign. Under this assump-

tion, applying (5.2) with 1
2(kN)2+ε ⩽ x ⩽ 2(kN)2+11ε and A = 1, we infer with φ(1) = 1

that

λ(n) ≪ (kN)−2, ∀ 1
2(kN)2+ε ⩽ n ⩽ 2(kN)2+11ε.

This contradicts (5.3), and hence we conclude the occurrence of a sign change among

λ(n)’s with n ⩽ 2(kN)2+11ε. This completes the proof.
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6. Proof of Lemma 2.2

Plainly we have Γ∞\H =
⊔

γ∈Γ∞\Γ γ(Γ\H) (a disjoint union). The projection π :

Γ∞\H → Γ\H is continuous, and the restriction of π on γ(Γ\H) is a homeomorphism

whose inverse map is γ, for every γ ∈ Γ∞\Γ. A fundamental polygon for Γ∞\H, also

denoted by Γ∞\H, is given by
⋃

γ∈Γ∞\Γ γF which is contained in P0, where F is the

fundamental polynomial for Γ\H and P0 is defined by (2.3) with Y = 0.

(i) Let z ∈ Γ∞\H. The multiplicity |π−1{z} ∩ PY | equals |{γ ∈ Γ∞\Γ : ℑγz > Y }|,
where z ∈ H is any representative of z. Let s := a(

√
w∞) and consider Γ′ := s−1Γs. It is

easy to see that Γ′
∞ = ⟨n(1)⟩ and cΓ′ = w∞cΓ. Then for any z ∈ H, we have

|{γ ∈ Γ∞\Γ : ℑγz > Y }| =
∣∣{γ′ ∈ Γ′

∞\Γ′ : ℑsγ′z′ > Y }
∣∣

=
∣∣{γ′ ∈ Γ′

∞\Γ′ : ℑγ′z′ > w−1
∞ Y }

∣∣ ,
where γ′ = s−1γs and z′ = s−1z ∈ H. By Lemma 2.10 of Iwaniec [10], we know that the

above formula is less than 1 + 10w∞/(cΓ′Y ) = 1 + 10/(cΓY ).

(ii) It is intuitively plausible as (i) implies that a point z ∈ Γ\H is locally covered by

at most |π−1{z} ∩ PY | neighborhoods in PY . In fact, we shall divide Γ\H into connected

subsets Vi (i ∈ I) so that PY can be covered by the family {γVi : γ ∈ Mi, i ∈ I} together

with a neighborhood at ∞, where every Mi (i ∈ I) is a finite subset of Γ∞\Γ with a

manageable cardinality.

For a sufficiently large number X, the strip PX lies in F and the closure P of the

box P := PY − PX+1 (the complement of PX+1 in PY ) in H is a compact subset of H.

Then P is away from any cusp of Γ and is contained in the union of a finite subfamily of

{γF : γ ∈ Γ} (see [16, Theorem 1.6.2]).

Transferring P , PY and F to the manifold Γ∞\H, we consider Γ\H (i.e. the transferred

F) to be a connected subset of Γ∞\H and the transferred P to be a subset of
⋃

γ∈I γ(Γ\H)

for some finite family I of Γ∞\Γ. Denote the transferred P , which is in Γ∞\H, by P as

well. Then P is compact and connected in Γ∞\H as is P in H.

Inside H, the set γ(Γ\H) is the polygon γF whose boundary is composed of a finite

number of geodesic segments. Its intersection with the rectangle P consists of a finite

number of connected components. Likewise, in Γ∞\H, the intersection P ∩ γ(Γ\H) can

be written into a disjoint union of finitely many connected components, i.e.

P ∩ γ(Γ\H) =
⊔
t∈Kγ

Uγ,t

where Kγ is finite and Uγ,t is connected. Denote the boundary of a set S by ∂S. Observe

that ∂Uγ,t is of measure zero. For any γ ̸= τ in Γ∞\Γ, a Uγ,t may intersect with Uτ,s at

the boundary only, i.e. Uγ,t ∩ Uτ,s ⊂ (∂Uγ,t) ∩ (∂Uτ,s) for any t ∈ Kγ and s ∈ Kτ . In

summary, we express

P =
⋃

(γ,t)∈T

Uγ,t

(in Γ∞\H), where T = {(γ, t) : γ ∈ I, t ∈ Kγ} is finite, every Uγ,t is connected and

Uγ,t ∩ Uτ,s ⊂ ∂Uγ,t ∩ ∂Uτ,s for any (γ, t), (τ, s) ∈ T .

Now π(P ) is a compact subset of Γ\H and for (γ, t) ∈ T , π(Uγ,t) ⊂ π(P ) and ∂π(Uγ,t) is

a curve lying in π(P ). If (γ, t) ̸= (τ, s) ∈ T , then ∂π(Uτ,s) is another curve on π(P ) and it
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may intersect with ∂π(Uγ,t). Consequently the curves ∂π(Uγ,t), for (γ, t) ∈ T , altogether

weave a mesh on π(P ) of the surface Γ\H. That is,

π(P ) =
⋃
i∈I

Vi

where Vi is a connected compact subset of π(P ) and ∂Vi ⊂
⋃

(γ,t)∈T ∂π(Uγ,t).

Recall that γ is the inverse of the restricted map π
∣∣
γ(Γ\H)

. Suppose γ ∈ I maps some

z ∈ V ◦
i to P where V ◦

i denotes the interior of Vi. Then γV ◦
i ∩ Uγ,r ̸= ∅ for some r, and

consequently γV ◦
i ⊂ Uγ,r because γV ◦

i is an open connected subset of P ∩ γ(Γ\H) =⊔
t∈Kγ

Uγ,t. Thus, for any i ∈ I and any γ ∈ I, we have

either γV ◦
i ⊂ Uγ,r for some r ∈ Iγ or γV ◦

i ∩ P = ∅.(*)

Moreover, Uγ,r ⊂
⋃

i∈I, γV ◦
i ⊂Uγ,r

γVi for any γ and r.

Therefore, we infer that
∫
PY

=
∫
PX+1

+
∫
P and that∫

P
F =

∑
γ∈I

∑
r∈Kγ

∫
Uγ,r

F ⩽
∑
i∈I

∑
γ∈I

∑
r∈Kγ

γV ◦
i
⊂Uγ,r

∫
γVi

F ⩽
∑
i∈I

∑
γ∈Mi

∫
Vi

F,

as ∂Uγ,t and ∂Vi are of measure zero, where Mi := {γ ∈ I : γV ◦
i ⊂ P}. Here we have

used the Γ-invariance of the integrand F in the last inequality.

Note γV ◦
i ∩P = ∅ for γ /∈ Mi by our construction. Let ∂P be the boundary of P in H.

The projection π(∂P ) of its transfer in Γ∞\H is a closed set of measure zero. If V ◦
i ̸= ∅,

then as V ◦
i ⊂ π(P ) has positive measure, we obtain V ◦

i ∩ π(P − ∂P ) ̸= ∅. This implies

V ◦
i ∩ π(P ) ̸= ∅, so by (*), we can find z ∈ V ◦

i such that

|Mi| = |{γ ∈ I : γz ∈ P}| ⩽ |π−1(z) ∩ PY |.

Since π−1(z) = {γz : γ ∈ Γ∞\Γ} and
∫
Vi

= 0 if V ◦
i = ∅, we deduce from Part (i) that∫

P
⩽ (1 +O((cΓY )−1))

∑
i∈I

∫
Vi

⩽ (1 +O((cΓY )−1))

∫
π(P )

.

Therefore, (ii) follows readily from
∫
π(PX+1)

=
∫
PX+1

and
∫
π(PX+1)

+
∫
π(P ) =

∫
Γ\H.
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