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ABSTRACT. We present a variant of the current widely-used method initiated by Choie
and Kohnen in the study of the location of the first sign change of the Fourier coefficients
of a holomorphic cusp form when all the coefficients are real. This version circumvents
the use of Atkin-Lehner theory of newforms, instead utilizing the Eisenstein series, and it
applies directly to cases including integral weight cusp forms on the congruence subgroup
[o(N) of any level N as well as half-integral weight cusp forms.

1. INTRODUCTION AND THE MAIN RESULT

Within the last two decades there have been various vital studies on the first sign
change in the sequence {a(n)},en of the Fourier coefficients of a holomorphic cusp form
when all a(n)’s are real. Two scenarios have been developed respectively for the Hecke
eigenforms and generic modular forms.

The former case was considered first and dated back to 2006 in Kohnen and Sengupta
[13]. The intrinsic structure of Hecke eigenforms leads to the multiplicativity of Fourier
coefficients, which provides a stage for multiplicative number theory to play. This was
first invoked by Iwaniec, Kohnen and Sengupta (2007, [11]) and subsequently sharpened
by Kowalski et al. (2010, [14]) and Matomaki (2012, [15]). A salient idea in [14] is
the analogy between the sign of the Fourier coefficients (of newforms) and the values
of quadratic Dirichlet characters. This first sign change problem then falls in the same
context as Linnik’s problem on the least quadratic non-residue. The work of Iwaniec et
al. [11] is a significant breakthrough on the square root barrier in the Linnik problem.
Readers are referred to Tao’s post [19] on the Linnik problem and the square root barrier.

The study of the first sign change for generic modular forms was essentially pioneered
in Choie and Kohnen (2009, [4]). As noted in [4], it follows from Siegel’s work (1969,
[21]) that a modular form g, not necessarily a cusp form, of weight k¥ = 2 mod 4 for the
full modular group must exhibit a sign change within the first dy + 1 Fourier coefficients,
where dj, := dim M}, is the dimension of the space of modular forms. However Siegel did
not specifically address the first change problem, and his method does not seems directly
applicable to the general case.

Let k > 2 be an even integer, N be a positive integer and Si(N) be the space of holo-
morphic cusp forms of weight & and level N. When N is squarefree and 0 # f € Si(N)
has real Fourier coefficients a(n), we now have from the result of Choie and Kohnen (2009,
[4]) that there exist ny,ny € N with ny,ny < k°N%2W(N) such that a(ny)a(ng) < 0,
where ¥y (N) = (kN)°M) in general (when N does not have many prime factors). Their
detection method of the first sign change lies in the comparison of the mean value
> n<z @(n) log?(x/n) and the second moment Y n<a a(n)?log?(z/n) together with an up-
per bound on the size of a(n). Explicit dependence on the weight k£ and level N is

1



2 G. CHEN, Y.-K. LAU & Y. WANG

demanded in the evaluation process. To that end, Choie and Kohnen make use of Atkin-
Lehner theory of newforms to express f in terms of a special orthogonal basis in Si (V)
and to estimate with Rankin-Selberg L-functions for two newforms, keeping track of the
contribution of their analytic conductors.

Two further research objectives were then identified for follow-up: (i) improve the upper
bound for the location of the sign change and (ii) extend the result to a wider class of cusp
forms, e.g., of non-squarefree levels or of other weights. Objective (ii) was attempted with
a success in Choie and Kohnen (2013, [5]) for a nonzero cusp form h, with real Fourier
coefficients, in the Kohnen plus subspace S;_”'l’;z(llm) of the space of cusp forms weight
k— % and level 4m, where k is a positive even integer and m is an odd squarefree integer.
They showed the occurrence of a sign change in the first O((k + m)®t°()) coefficients.
The proof method uses the theory of Jacobi forms to connect the Fourier coefficients of
h and some cusp form of weight < k£ + 2m and level 1, and the sign change is detected
with the method in [4]. The case of Siegel cusp forms was also studied in Choie, Gun and
Kohnen (2015, [3]) using again the bound in [4].

Very recently, Cho, Jin and Lim (2023, [2]) extended the work of Choie and Kohnen
to the case of a general level, using the same method but a more delicate treatment of
an appropriate special orthogonal basis. However, their result is weaker than that of
the squarefree level case, since it only ensures the occurrence of a sign change in the
first O(k5t¢N9¢) coefficients. A quantitative improvement on the upper bound, i.e.
Objective (i), was worked out by He and Zhao (2018, [8]) with a substantial reduction
to (kN)2to() (from kSN9/2W,(N)) under the same conditions, i.e. k € 2N and N > 1
squarefee. (One of the theorems in Jin (2019, [12]) improves the result of Choie and
Kohnen in the prime-level case but does not supersede the bound in [8].) The framework
of the method in [8] (as well as [12]) is the same as in Choie and Kohnen [4] — relying
on Atkin-Lehner theory in the space of cusp forms, Rankin-Selberg L-function theory for
(cuspidal) newforms, and Deligne’s bound for the Ramanujan conjecture.

1.1. The main result. In this note, we approach the first sign-change detection with a
variant of a key methodological component that appears in step two if we consider the
method as a two-step process. In step one, we continue to utilize the first moment (or
mean value) of the coefficients to detect the potential cancellations, applying the approach
outlined in He and Zhao [8], and derive the mean value estimate in Proposition 3.2.

The second step is to rule out the possibility that the small first moment resulted
from the small size of all coefficients. This is unveiled via the asymptotic formula for
the second moment and hence Rankin-Selberg L-functions. Previous work has employed
the Rankin-Selberg L-functions for a pair of newforms, expressing a generic form f as a
linear combination f =) ayg of newforms g, using the Atkin-Lehner theory of cuspidal
newforms. However, in the case of non-squarefree levels, the structure of the coefficients
a4 and the conductor of L(s, g x ¢') are more complex, leading to varying result quality
between squarefree and non-squarefree levels.

The novelty here is the direct treatment of L(s, f x f) for a generic form f leveraging
the connection among Eisenstein series. It relies on the link between the Eisenstein series
for To(N) at the cusp oo and the scaled Eisenstein series E(dz,s) for the full modular
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group, where d|N. This provides a simpler method for evaluating the second moment, as
detailed in Theorem 2 and its proof.

Our primary goal is to establish the first sign change result below, which follows from
Proposition 3.2 and Theorem 2. This result applies to integral weight cusp forms of non-
squarefree level and to half-integral weight cusp forms outside the Kohnen plus space.

Theorem 1. Let k € %N, and N € N or 4N according as k € N or not. Suppose 0 # f
18 a holomorphic cusp form of weight k, level N and nebentypus x where x is a Dirichlet
character mod N. Assume all the Fourier coefficients a(n) of f are real. Then for any
€ > 0, there exist ni,ny <. (kN)?T¢ such that a(ny)a(nz) < 0.

Remark 1. (i) We reach the best known bound to date of He and Zhao with more relaxed
conditions on the level, weight and nebentypus. (ii) The approach here can easily be
transferred to deal with the case of Maass cusp forms for I'g (V).

Remark 2. Since Theorem 1 applies to integral weight cusp forms attached with a neben-
typus, the case of half-integral weight can be deduced easily. This is because, for a
half-integral weight form f(z) =}, -, c(n)e(nz), the signs of c(n) for n < £ cannot be all
the same when 2(z) = > rmg (X man—s c(m)e(n))e(£z), which is an integral weight form,
has a negative ¢th Fourier coefficient.

Organization. Section 2 summarizes and develops the key ingredients related to the
congruence subgroups, Fourier expansions at cusps and Eisenstein series. Section 3 focuses
on the mean value estimate with Voronoi formula. Section 4 is the core of the paper,
presenting our new variant to establish the mean square estimate. Sections 5 and 6
contain the proofs of Theorem 1 and a lemma, respectively.

2. PRELIMINARIES

In what follows, for any 2 x 2 matrix v, we express its entries as v = (i” Z”). We
2l Y

denote

n(x) = (1 f) and a(y) = (y 1/y)

for x € R and y € R*.

In this section, I' denotes finite-index discrete subgroup of the full modular group
S L2(7Z) unless specified in the context. We recap some basics from Diamond and Shurman
[7], Iwaniec [9], etc., below.

2.1. Cusps and right coset representatives. Let I" be a discrete subgroup of SLy(Z)
with [SL2(Z) : T'] < co. Fix a set of inequivalent cusps 2 of I', which is finite. Every
s € QU {oo} is I'-equivalent to some a € 2, written as s ~p a. Let I'y be the stabilizer
of ain I', and o4 € SLy(Z) be a non-standard scaling matrix such that oq00 = a. (A
scaling matrix o, is often required to satisfy o '1Tq0q N SLa(Z) = (n(1)).) This matrix
o, satisfies

{£1} -0, T40q = SLa(Z) oo Nog H{ET} - Tog = (0, T} - Tog)oe = (En(wy)).

The width w, of a cusp a is defined as wy, = wu(T) 1= |SLa(Z)oo/({E£I} - 07 Ta0y)].
Clearly oqa(,/wg) is a (standard) scaling matrix. When —I ¢ T, o, 'T'y0, equals either
(n(wq)) or (—n(wq)). We call a a reqular cusp or irreqular cusp respectively. Both 'y and
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wq depend on a only and are independent of the choice of oq. As I'yq = 0Lqo ™!, Ty is
conjugate to 'y in " if b ~r a.

Let R be any complete set of inequivalent right coset representatives of {+I} - I' in
SLy(Z). Then |R| = p where p is the index of {£I} - T in SLy(Z), which equals p' :=
[SLa2(Z) : T or p'/2 according as —I € I' or not. If the matrix oq lies in the right coset
{£I} - T'r for some 7 € R, we shall have 7(c0) ~r a. Up to I'-equivalence, 2 = {7(c0) :
7 € R} (as sets, not multi-sets). Besides, if 7(c0) ~p 7/(00) where 7,7 € SLs(Z), one
checks that 7/ € {+I} - I'rn(r) for some r € Z. Let h := || and fix h (non-standard)
scaling matrices 74 in SLy(Z). Then

|_| {man(r) : rmod wq}

ac
is a collection of right coset representatives of {£/}-T". Hence we have 1 =} o wq, and
Ll mod w, 1L} - I'man(r) collects all the matrices 7 in SL2(Z) satisfying 7(c0) ~r a. Let
a € A and 7 € SLy(Z) such that 7(co) = a. We have {1} - 77147 = (£n(w,)) and
(2.1) {£I} Ty = (£ <1 T At a*w, >> if 7 = <‘CL Z)

—c*wg 14 cawq

For our later use, we consider specifically the congruence subgroups I'y(N) for N € N
and I'g(N/¢,¢) for 1 < ¢|N, which consists of matrices v € SLy(Z) with ¢y =0 mod N/¢
and b, = 0 mod /. It is easy to see that

To(N/,0) = a(VOTo(N)a(VE) ™.

2.1.1. The subgroup I'o(N). In the following, 2 will denote a specific cusp set (as chosen
in (II) below). From [17, 3.4.1] and [7, Section 3.8], we get

(I) the set of right cosets I'o(N')\SLz(Z) has cardinality N [], 5 (1 + p~!) and
Lo(N)\SLo(Z) = {To(N)T: ¢; =¢|N,d- =d € Z/2Z, (d,c,NJc) = 1}.
(IT) the orbit space of cusps {T'g(/N)a : a cusp} is mapped bijectively to

A :={ag.=a/c: ¢|N,de(Z/(c, g)z)x}

where a is an integer with (a,¢) = 1 and ad = 1 mod (¢, N/c¢). An immediate
question is to check a/c ~p () @'/c where (a,c) = (a’,¢c) = 1 and ad = d'd = 1
mod (¢, N/c¢) for some d € (Z/(c, N/c)Z)*. This can be justified with [7, Proposi-
tion 3.8.3] if we find integers y, j that satisfy

y=1mod N/¢, (y,¢) =1 and ya’' =a+ jc mod N.
Since (y,c) = 1 follows from the last congruence, this is equivalent to solving the
linear congruence

(1 +€%)a’ =a+ jc mod N

in the variables ¢ and j, for which a solution is guaranteed, as (a’N/c,c, N) =
(¢, N/c) divides a — ', cf. [18, Section 5.2].

The set 2 is partitioned into 7(N) :=>_ v 1 classes 2. of cusps ag. of the same
denominator ¢, i.e. A = |_|c|N .. We can take the non-standard scaling 7, to be
a matrix 7 € SLy(Z) with a; = a and ¢, = ¢. For every c|N, || = ¢((¢, N/c)),
where ¢ is the Euler phi function, and all the cusps a in 2, have the same width
wy = N/(N, c?).
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(ITT) the double coset space T'o(N)\SL2(Z)/SLa(Z)s maps bijectively onto 2 under the
map (%) — ag)., using (I) and (II). The number of double cosets is > ey (e, N/c)),
which is the number of inequivalent cusps.

2.1.2. The subgroup T'o(N/€,¢). Recall v € T'g(N/¢,0) if v € SLy(Z) with ¢4, = 0 mod
N/t and b, = 0 mod .
Lemma 2.1. Let I' = T'o(N/¢,£) and A = {ay.} be the set of ['o(N)-inequivalent cusps
in Section 2.1.1.
(i) The coset space I'\SLy(Z) has cardinality N [], (1 +p1).
(ii) A set of inequivalent cusps of T is given by
AUT) := {lagy. : ¢|N, de(Z/(c, N/e)Z)*},
corresponding to A = {ag.}-
(11i) The double coset space T\SLy(Z)/SL2(Z)s admits the set of representatives D :=

{T} with
c

1
(c,0) (c,0)
where a/c runs over all cusps a4/ in A = |,y Ac (see (1I)).

ar = a and c¢r=

(itv) The right coset space SLa(Z)oc\SL2(Z) admits the set of representatives
{7'_17 17 €D,y eT\I' with b = Zud/c} ,

where D and aq). are defined as in (iii) (so b = lag). = ar/c; is determined by
T), and I'y = (TSLQ(Z)OOTil) NT.

(v) The width of the cusp b = fay. € AU(L') is given by
(c, 0)? (.0 N

Wy = E wad/c = 2 (N’ 02).

Proof. (i) can be deduced with basic group theory. Write G := SLo(Z), H :=T'g(N) and
a := a(v/?). Operating in SLy(R) with T' = T'o(N/£,£) = a(v)To(N)a(vVE) ™!, we get

[G:T]=[G:aHa '] =[G:aGa ' NG)aGa ' NG : aHa ).

As the conjugation is an automorphism, [aGa ' NG : aHa '] = [G Na~'Ga : H]. Also,
G and a are invariant under transposes, i.e. GT = G and a” = a. The transpose leads

to an anti-automorphism mapping bijectively from the left coset space (aGa=!NG)\G to
the right coset space G/(a~1GaNG). Thus, [G : aGa ' NG] =[G : GNa 'Ga) and so

G:T]=[G:GNa'Gd[GNa"'Ga: H =[G : H].

Section 2.1.1 (I) gives (i).

(ii) is clear as a(v/f)a = fa. This leads to an one-one correspondence between the cusps
of I'o(N) and I'. Moreover, fa ~r £a’ if and only if a ~p yy @'. (ii) follows from (IT).

(iii) We first check that two different 7’s in D give rise to different double cosets.
(Two double cosets are either identical or disjoint.) Suppose I'TSL2(Z)oo = I'T'SL2(Z) -
Acting on oo, the cusp 700 is fa/c = lag., which is '-equivalent to T'oo = lag e and
hence a4/ ~r,(n) A4/, implying ¢ = ¢’ and d = d’ by (II). Checking the cardinality, we
see that |F\SL2(Z)/SL2(Z)OO{ = |(T")| = |2A|. The assertion follows.
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(iv) By (iii) and taking the inverse, we have

| | SL2(Z)oo™'T = SLy(Z) = | | SLo(Z) o0
T7€D UGSLQ(Z)OO\SLQ(Z)

Suppose o lies in the double coset of 77!. Then SLy(Z)so = SLa(Z)ooT 7 for some
v €T. If SLy(Z) oo 1y = SLay(Z) oo 1, then o/ € T'yy where I'y = 75La(Z2) 0 NT.
Clearly the converse is true. Thus the double coset SLo(Z)s7 'T' decomposes into a
disjoint union of SLy(Z)so7 ty over v € Tp\I'.

(v) By definition, the cusp width of b is wy = |SL2(Z)00/7 'Tp7|. Hence we are going
to determine the smallest positive » for which 7n(r)7=1 € T'o(N/¢,£). Applying (iii) for
ar and ¢, it is equivalent to the minimal r € N that fulfills

(2.2) (éaC))Qr =0 mod ¢, and (ﬁ

Verifying locally, we will show the minimal r = (c,£)?wy/¢. For every prime p, we write
n = ordy(N), ¢ = ordy(¢), ¢ = ord,(c), r = ord,(r). Note that c,¢ < n for ¢, ¢|N.

e 2¢c < 1 The first congruence in (2.2) can be voided and the second congruence

2
) r=0 mod N//.

implies r = n — . Now, noting 2¢ < n from ¢ < n, we have

0H? N
W::ordp<(c’€) (N,02)> =2c—t+n—2c=n—t=r.

e ¢ < ¢ < 2c: This case implies p|c and so p 1 a from (a,c) = 1. (2.2) implies r equals

max(2c —¢,n—¢). Thus r = 2¢c —¢ occurs when 2c > n, and in this case, w = 2c —¢.
If 2¢ < n, then w =2¢c — ¢t +n — 2c =r as well.

e < ¢: Now p|¢ implies p|ec, thus we can ignore a in the congruence in (2.2). So we
have r = max(¢,n — ¢ — 2(c — ¢)) = max(¢,n 4+ ¢ — 2¢), which is also valid for p 1 £
but p|N. Now, w = ¢+ n — min(n, 2¢) = —min(—¢,2c —¢ —n) =r.

In summary, ord,(wy) = ord,(r) for all prime p. O
Remark 3. Lemma 2.1 yields that both I'o(N/¢,¢) and I'o(N) have the same index in
SLo(Z) and the same number of inequivalent cusps but their cusp widths may differ. The

sum of cusp widths in either group equals the index N Hp| ~(1+p~1). For cross-checking,
the case of I'g(IN) is shown in [9, (2.30)]. We verify the case of I'g(N/¢, £) below:

(,0)> N (c, 0)? 1
Yy U me vy I o)

N de(z/(e, Xyz)x N T plen/o)
n—1
1 — min(c—¢,t— L—n —
= NH{HF(l—p Yy pmerd gp }:NH(l‘i'p h.
p -
pIN e=1 pIN

2.2. Fundamental domains. Let D := SLy(Z)\H be the fundamental domain for
SLy(Z). A discrete subgroup I' of SLo(Z) of finite index p has a fundamental domain
I'\H equal to the union of u copies of D. Moreover for each cusp a, there are wy copies of
D that meet at a. Wohlfahrt [23] defined the general level N for I' by the least common
multiple N of w, for all a € 2. For a congruence subgroup I" of level N (defined by Klein),
the two levels N and N are equal, cf. [22] or [23].

For any subgroup G of SLs(Z), we let ¢g := min {C»y >0:v¢€ G} if G contains a ~
with ¢y # 0. When a %1 00, ¢q := min{c > 1: & ~r a} exists. We set co := 1 and
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Cr., = Wso by convention (for consistency below). By (2.1), er, > c2w, holds for a # oo,
because cr, € c2w,Z for 7 € SLy(Z) with 7(c0) = a. Our convention maintains validity
for the cusp cc.

Geometrically, I'\H is identified with the glued domain of a (fundamental) polygon F
in H for I'; the interior of the polygon in H equals the intersection of exteriors to a set of
isometric circles and the half-strip Py where

(2.3) Pyi={z=z+iy:|z| < jwe, y > Y}

for any Y > 0, cf. [9, p.32]. The set Py is the (H-)interior of the polygon for the

fundamental domain T'oo\H of T's, and its closure Py in H contains all vF with v € T'oo\T.
We write dy = y~2dx dy for the hyperbolic measure on H or its pushforward on I'\H.

The lemma below, basically following from [10], gives a quantitative version when I'\H
and T'o, \H are identified with the fundamental polygons in P.

Lemma 2.2. Let m: I'oo\H — I'\H, I'wcz +— I'z, be the natural projection, and Y > 0.
(i) For any element z € T\H, the multiplicity of its preimages in Py, i.e. |7~ {z}NPy|,
is at most 1 + O((crY)™1).
(ii) For any nonnegative I'-invariant function F on T'so\H, we have

/ Fdp<(1+ O((CrY)l))/ F dp.
Py I'\H

The two implied O-constants are independent of Y and T'.

Lemma 2.2 will be proved in Section 6.

2.3. Multiplier systems. Write j(v,z) := cy2 +d, for y € I' and z € H. Let k € %Z
and y be a multiplier system of weight & for I', which is by definition a function from I’
to S1 C C and satisfies

(i) x(@B)/(x(a)x(B)) = j(a, B2)%j(B,2)* /i(aB, z)¥, ¥ a, B €T, and

(ii) x(—=1I) = e(—k/2) if —T €T.
The multiplier system can actually be defined for any discrete subgroup I' of SLs(R), not
necessarily subgroup of SLa(Z). If I'y = (7q), then x(74) = e(kq) for some kg = Kq(X) €
[0,1). A cusp a € 2 is a singular cusp for the multiplier system y if x(v4) = 1, i.e. kg =0.

If a ~r o, then ks = Ky: suppose a' = oa for some 0 € I'. Then oy := o0, is a
nonstandard scaling matrix of @’ and so I'y = oTqo L. By [9, (2.57)], x(7a) = X(7ar)-

2.3.1. Ezample 1. k € Zand I' =To(N), x(v) := xn(d), where N € N and y is an even
Dirichlet character mod N and d = d,,.

The cusps oo and ¢ with (¢, N/c) = 1 (which includes 0) are necessarily singular and
Sk(T, x) is the space of modular forms of weight k, level N and nebentypus y n.

If N =1 mod 4 is squarefree and yy = (ﬂ) is the Kronecker symbol, then all cusps
are singular. If N = 4N’ where N’ = 3 mod 4 is squarefree and xy is the Kronecker
symbol, then two thirds of the cusps are singular. See Theorem 1.1 of [1]. (We follow
Iwaniec [9] to define a singular cusp, which is called regular cusp in [1], and a singular
cusp in [1] means exactly a non-singular cusp in [9].)

For general N € N, by (2.1), x(Va) = x(1 + caw,) for a € A.. As wy = N/(N,c?), we

infer that X(véc’N/ C)) = 1, which implies (¢, N/c¢)kq € NU {0}, and therefore,

(2.4) ko 2 1/(c,N/c)
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if kg # 0. Define Ry := Kq if K4 € (0,1) and R4 := 1 if kK = 0, and

(2.5) K(x) :== max —

Lemma 2.3. 1 < X(y) < (log N)(loglog N).

Proof. Given ¢|N and any family A of ¢((c, N/c)) integers a’s that are coprime to ¢
and distinct modulo (¢, N/¢). Then {a/c : a € A} is I'o(N)-equivalent to .. Assume
(e, N/e) > 1 and x(7q/c) # 1 for some a € A, because, otherwise, X(x) = 1.

Observe that elements in {aa : a € A} are coprime to ¢ and distinct modulo (¢, N/c).
The set {aa/c : a € A} is equivalent to 2. and {kq/. : a € A} = {kaqs : a € A} as
multisets. As X(Yaa/e) = X(1 + aaN/(c, N/c)) and

X(’Y(olz/c) = X(Tn(wa/c)a7_1> = X(Tn(awa/c)T_l) = X(l + aaN/(C7 N/C)) = X(’Yoza/c)

where 7 € SLy(Z) maps oo to a/c, it follows that K4/ = ak,). mod 1. Write k). = 3
where 1 < u < v and (u,v) = 1. As X(7a/c) # 1, we have k). € mN, implying
v|(c, N/c), and kg e # 0.

View {a (mod (¢,N/c)) : a € A} = {1 < a < (¢,N/¢) : (a,(¢,N/c)) = 1}. The
family {au (modv) : a € A} is covered by (¢, N/c)/v sub-families of {1 < w < v :
(w,v) = 1}. Thus the family {ar,/. (mod1)} can be partitioned into, not necessarily
disjoint, (¢, N/¢)/v sub-families which are subsets of {w/v : 1 < w < v, (w,v) = 1}.
Consequently,

e — (Ca N/C) v
Z Kja/lc - Z K’ac}/c S . Z w < (¢,N/c)logw.
acA acA 1<w<w

As || = ¢((e,N/c)) > (¢, N/c)/(loglog N), our assertion follows. O

2.3.2. Ezample 2. k € %Z \ Z. Let A be a Fuchsian subgroup of the universal covering
of SLy(R) in Shimura [20], in which an element & € A is of the form («,¢(z)). Take
x(@) := p(2)%/j(a, 2)*, which is a multiplier system of I' := P(A), the image of A under
projection P. The space Si(A) in [20] equals Sk(T', x). (A transfer of viewpoints from
the multiplier system to the metaplectic cover for half-integral weight modular forms is
explained in [6, §1.1.6].)

A typical multiplier system of the half-integral weight k for I' = T'y(4N) is

x(7) = (;j)’“(z)xmv)

where the nebentypus x4 is (induced by) an even Dirichlet character mod 4N and (—)

denotes the Kronecker symbol. By convention (%) =1 -5 < arg(z1/?) < 5 and

2%2 .= (21/2)% for z € C and k € Z, cf. [20]. Thus (*74)1/2 =1loriford=1or 3 mod
4. For f € Sk(I'g(4N), xan), its square is an integral weight cusp form

f% € So(To(4N), than) where Yun(v) = (;f)%XiN(V)-

The factor x, associated with x at the cusp a may be equal to or halved of the corre-
sponding factor for 14y, hence Lemma 2.3 remains valid.
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2.4. Fourier coefficients at cusps. Let k € %N and let Si(T", x) be the vector space of
holomorphic cusp forms of weight k for I' with respect to the multiplier system x. The
space Sk (T, X) is a finite-dimensional Hilbert space With respect to the Petersson inner

product (f,g) = [r\g " f(2)g(2) du. Denote ||f[[3 := (f, f).
For any v € GL3 (R), the slash operator on f € Sy(T, x) is defined as

fla(2) = (v, 2)7* f ().
Then for any cusp a € 2, f’aa (2) = e(kaz/Wq) Zn>0fa(n)e(nz/wa), where fa(O) =0 if

kq = 0, is of period w, with w, = wy or 2w, according as a is regular or irregular.
Define the regularized Fourier coefficient of f!g b

(2.6) Aa(n) = r,;lwfﬂfa(n)(n + mq)(l_k)ﬂ
where 7y 1= k/F(k)(47r)(k_1)/2. By definition, A\q(0) = 0 if kg = 0. Then,

(2.7) f}a (2) = rEwa " naz/wa Z)\ (n+ k) * D 2e(nz /wy).

n=0
Proposition 2.4. Let f € Si(T', x) have ||f|l2 = 1, and let cr = min{c; > 0: 7 € T'}.
Forn >0,

Moo (n)]? < 1+

CFWoo

Proof. The method is based on [9, Section 5.1]. Let ¥ > 0 and Py be the strip defined
as in (2.3). We suppress the subscript oo in foo( ), koo and Wuo. As in [9, p.70], from
f(z) =251 f(n)e((n + K)z/w), we infer that for any n > 1,

W Fm)? / yh e AR gy / £ dp,
Y Py

where d/'L = y_2 dz dy Take Y = W/(47T(7’L + H)) The integral f;o is

> (ZW;VW)k_l /Ooo e " (u+ 1)k_2 du > (47T(7zv+ K)>k_1rgf).

Applying Lemma 2.2 (ii), we obtain

y - (4m)*tw R -1 k 2
f)Pn+r)1* « = ——— (14 0((crY / ¥yl f(z)d
Fo) P+ ) tgge (o) ™) [ oG
(4m)*tw " -1 2
- (1
as crw > 1. This gives the upper bound to the regularized coefficient Ao (n). ]

Corollary 2.5. Let a« € SLa(Z) and f € Sk(T, x) have ||f|l2 = 1. At the cusp a := aoo,
f has the Fourier expansion as in (2.7). The regularized Fourier coefficient \g(n), n = 0,
satisfies

a(n)]? <1+

C"Wq

where T := o Ta and crr = min{c, > 0: 7 € I}, which is a positive integer.
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Proof. For I'" = a~'Ta, which is also a subgroup of SLs(Z), the map b +— ab gives a
bijection between A(I"”) and 2A(T'), and o4 € aopSLa(Z)o for the cusp ab € A(T"). Thus
we have wy = Wwep and Ky = Kop Since Fg =a T pa.

Let x'(v) = x(aya™') for v € T’. Then, f|a € Sp(I,x') and ﬁ(n) is the Fourier
coefficients of f!a at b = co. The corollary follows readily from Proposition 2.4. O

2.5. Eisenstein series. The Eisenstein series Eq4(z,s) = Zveru\r(wglgaa_lvz)s at any
cusp a converges absolutely for s > 1, where o, is the matrix defined in Section 2.1. By
the general theory of Eisenstein series, we have

(1) Eq4(z,s) extends meromorphically in s to the whole complex plane.
(2) Eq4(z,s) has a simple pole at s = 1 with the residue

lim (s — 1) Eq(2,5) = vol(I'\H) ™.

s—1
(3) Ea(z,s) has no poles in Rs > 3 except for a finite number of simple poles in (3, 1].
(4) Let &(z, s) be a column vector consisting of E4(z,s) where a runs over all inequiv-

alent cusps (in any ordering). Then &£(z,s) = ®(s)E(z,1 — s) where the scattering
matrix ®(s), of order ||, satisfies ®(s)®(1 — s) = I (the identity matrix).

The functional equation in (4) connects Eq4(z,s) to Fy(z,1 — s)’s with b € 2, but the

complexity of ®(s) in the general case prevents us from using it to solve our problem.

Fortunately the case of I'g(N) is much more transparent. When N = 1, the Eisenstein
series E(z,s) for SLy(Z) is, for fs > 1,

E(z,s) = Z (Sv2)°

YESL2(Z)oo\SL2(Z)

1 Y s
(23 =3 X ()
AT

Lemma 2.6. Let N € N and I' = T'o(N). The FEisenstein series Ex(z, ) associated to
the cusp oo of I' decomposes into

_ y-s_ S(29) M) (N
(2.9) Ex(z,s) =N L(25,X0,N)qz: E(—z,s)

where p(-) is the Mébius function, ((s) and L(s, xo,n) are the Riemann zeta-function and
the Dirichlet L-function associated to the principal character xon mod N, and E(z, s) is
defined in (2.8).

Proof. 1t follows from the feature of Dirichlet convolution and the explicit formula

Bx(za)= Y =5 Y (i)

YET o \T (c,d)EZXZ
(eN,d)=1
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likewise (2.8). Multiplying by 2L(2s, xo,~) on both sides of (2.9), the left-hand side gives

2L(28,x0,8) Ex(2,8) = Z # Z (|chy+d|2>S

(m,N)=1 (c,d)eZXZ
(eN,d)=1
= Z ( / 2)87
ez 1NZ T
(N,d)=1

while the right—hand side is

—s 14 s
N—° Z §2S Ez s =N Z: M(_E;]) Z (ﬁ) )

(c d)¢(070)
p(q Y s
=N~ NZ q° us Z <‘CUZ—|—f|2>
=quov (Cﬁg);(zoi())

by expressing ¢ = uv, d = uf where u = (¢,d) (and so (v, f) = 1). A rewrite leads to

(2 )m) 2 (i) - 2 ()

v[N  g|(N/v) (¢,f)#(0,0) (c,f)#(0,0)
(v,f)=1 (N.f)=1

as } g, M(d) =1 or 0 according to n =1 or n > 1. The formula (2.9) follows plainly. [
We shall use the following properties of E(z,s).

Lemma 2.7. In the half-plane Rs > , E(z,s) is holomorphic except for a simple pole
at s = 1 with the residue 3/7. Moreover it satisfies the functional equation

(E*(z,8) :=) 7 °T(s)C(28)E(z,8) = 7~ 7)D(1 — 5)¢(2(1 — 5))E(2,1 — s).

Moreover, letting s = o +it and z = x +1iy, for some small constant ¢ > 0 and any € > 0,

we have
“UTIT(L - 5)¢(2 — 25)
T S S
2.10) E -y - 178 ey T (14 )t
( ) (Zv S) Yy W_SF(S)<(2S) Yy < € Yy ( + ‘ D
fora}% log( T teR and y > 0.
Proof. These follow from [9, p.237] and [24, Lemma 3.2]. O

Remark 4. The completed Eisenstein series E*(z,s) is holomorphic except for simple
poles at s = 0 and 1, because, from E*(z,s) = E*(z,1 — s) and the holomorphicity of
E(z,s) at s =1/2, the simple pole of the factor ((2s) does not yield a pole.

3. VORONOI FORMULA AND A MEAN VALUE ESTIMATE

To compute the mean value estimate, we shall apply the Voronoi formula which is
deduced from the (Hecke) functional equation of the L-function L(s, f) associated to the
cusp form f. Although the Voronoi formula is derived from a complex integral of L(s, f),
interestingly it seems not easy to obtain the same quality in the weight aspect of the mean
value result calculated by the Voronoi formula if one estimates directly with the complex
integral.
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Let f € Sk(T,x) satisfy || f]l2 = 1, and write g(2) := f W(z) with W = (; 7'). By
(2.7),
F(2) = mewd Y7 deo(n)(n+ ko) F 2e((n 4 roo) 2/ W),

n=>0

9(z) = rpwy k/2 Z/\ )(n + ko) F Y 2e((n + Kko)z/wo).
n=0
Note that Aoo(0) = 0 (resp. A\g(0) = 0) if koo = 0 (resp. ro = 0). Then g € Sp(T'™,x")
where TW := WITW and x" (a) := x(WaW 1), and ||g|la = 1. Set ¢ := (27)%/2/ry.
The L-functions

T/ Weo)® Y2 =
L(s, f) = Z)\oo(n)(n—i-/ioo)s—ck@/oo/ fly)y* =z dy

n=0 F( y
(27T/WO)S_1/2 / . +ﬂ dy
L(s, = Xo(n)(n + Ko =cp— STz =2
(s,9) n§>0 o(n k T(s ’“;1) ; g(iy)y y

are absolutely convergent for Rs > % (by Proposition 2.4), and satisfy the functional

equation

(Wﬁ)SF(s + 5L L(s, ) =i (Wioo)l/2<ﬂ)l_sr(1 — s+ 5L - 5,9).

2w wo 21w

3.1. Voronoi formula. Let J,(-) denote the J-Bessel function of order v > —1/2. We
have the following.

Proposition 3.1. Let ¢ € CF(0,00) and x > 1 be a parameter. Then

Z)‘ (n+f£oo>

n=0
4/ (n + Ko)zu
3.1 = 2 Jea ( ) du.
(3.1) it WZ W) [ et (RO gy
Proof. Let @(s) := [y ¢(u)u*~! du be the Mellin transform of ¢. Then §(s) is entire and
satisfies
(3.2) @(s) <rp (1+[s])™" forall r > 0.

Let € > 0 be arbitrarily small. A shift of path with (3.2) leads to

N+ Koo 1 . R
Z Z)\ ( ) =5 /(8) L(s, f)p(s)x® ds.

n>0

Inserting the functional equation, it follows with the standard argument that
12 20 1 1-sT(1— s+ E1L ~
E — lk;(WiOO) ii (WOW2°O> ( - 12 )L(l—S,g)(p(S)ﬂfs ds
Wo Woo 271 J(o) \ 4 I(s+ £51)

Woo\1/2wg 1 472 \1-s F(S+ﬂ) N s
- lk< ) (+)( ) F<1—s+2k— L(s,9)p(1 = s)z' = ds

Wo o 2mi WoWoo Tl)
:k 2
i Xo(n) r4m(n+ ko)z
- o I( ) ’
2w Woolo n+ Ko WoWoo
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where with (3.2)
1 I'(s+ 51)
1 — — 2 3(1—s)y'*ds.
() =5 a )F(1—s+%)¢( )y

Replacing @ with its Mellin transformation formula, and applying the formula

1 r 2 —2s
Ju(x):,/()lw(;> ds wherey>—% andce(i,%),

27 (1-s+%)
one sees immediately that for £ > 1/2,
> 1 L(s + 551 1 du
1) = [ elgs [ pr T ) s
0 2mi J(1) T(1 — s + 551) u

— [ ey du
0
Our assertion follows after a little calculation. O

3.2. Mean value estimate. Next we show the rapid decay of the smoothed sum of

(k— 1)/2

length longer than the “analytic conductor” for we, L(s, f), following the calculation

in [8, Lemma 6].

Proposition 3.2. Let e > 0 be arbitrarily small and ¢ € C5°(0,00). Suppose f € Si(T, x)
satisfies || flla = 1. Let Rg = 1 or kg according as ko = 0 or not (corresponding to that 0

1+e

is singular cusp or not). For any x > (k*Weowo/Ro) ¢ and any constant A > 1

n-+k _
> Ao(n < °°) <aex A
n=>0

Proof. By Corollary 2.5 with « = W, we see that

’)\o(n)|2 < (n + Ro).
Applying it to the right side of (3.1), the left-hand side of (3.1) is bounded by
A/ (n + Ko)zu
3.3 V Jia ) dul.
(3.3) <<a:7;) n—l—m/ o(u)Jp—1 NS u‘

It remains to handle the integral. We invoke the following facts for the Bessel function
Jy(z) with z > 0: (1) (z ”J (x)) = a2V Jy—1(z) for all real v, (2) J,(z) < 1 for v > 0 or

J,(z) < a¥ +1forve[-3 5,0], where the implied constant is absolute, i.e. independent
of v. These facts can be Justlﬁed by the power series of J,(x), together with
1 s 3 o )
Jy(x) = — / cos(zsinf — vh) df — kel / e wsinha—va qq
™ Jo ™ 0

For any given ¢y € C€5°(0,00), if we define ¢, (z) := x~ ¢! _;(x) for r =1,2,---, then
we get from (1) and (2) that

/900($)‘93ka—1($) dz = (—1)T/90r($)'5Uk+r!]k+r—1($) dz.

Hence, with B := 4m+/(n + ko)x/(WowWeo), We express the integral as

2ot oo = 2 [ (LY (5o () s
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Due to the support of ¢, the integration is over an interval of the form [a,b], where
a,b =< B. The operator v*1% acts on v’ as a multiplication by Kv~=2 =< KB~2 and acts

on p(v?/B?) as a multiplication by B~2. Thus, for v € [a, b],

(i) (e(a)) = oo

With (2), the integral is <, B2 f: k"B~ oM dv < (ky/Wowoo/((n + Ko)x))". When
x> (K*WoWoo/R0)11e, we can bound (3.3), in both cases kg = 0 or not, by

& T - g T Zn(lﬂq)m < x4,
n>1
implying our result by taking sufficiently large r > (2 4 2¢)(4A + 1) /e. O

4. MEAN SQUARE ESTIMATE

In this section we derive the following result. A noteworthy point is the different treat-
ment here from the typical approach with the functional equation of the column (E,(z, s))*
of Fisenstein series. A typical approach hurdle is the calculation of the scattering matrix.
Instead, we exploit the Eisenstein series of the full modular group, which is much simpler,
and correspondingly, we form a L-function L£y(s), see (4.2), by combining the L-function
L(s, fa ® fq). The function Ly(s) satisfies a simple functional equation, see Lemma 4.2
(b), and the L-function L(s, f ® f) applied in the proof of theorem below is composed of

Ly(s)’s.

Theorem 2. Let k € %N, and N € N or 4N according as k € N or not. Suppose
f € Sp(To(N),x) has ||flla = 1, where x is a Dirichlet character mod N. Given any
e > 0 and any weight function ¢ € 680(0 oo) we have, for all x > (kN)?*¢,

I>m
2 o —_
1%21 [A(m)] sO( . ) kN H (1=p™) + Ocp ((kNz)°kN)
(LN)=1
where f(z) = M?&T’“ D An)n =D/2¢(nz) at the cusp oc.

4.1. Some Preparation. We set up some notation and prove two lemmas.
Let a € A (see Section 2.1.1). Denote f, := f} and define, for RNs > 2,

(4.1) L(s, fa® fa) : ZM n+"’fa) B
n=0

where \q(n) is the regularized Fourier coefficient of f, defined in (2.6). When a = oo, we
write A(n) = Aso(n) and L(s, f ® f) = L(s foo @ foo). We also define, for Rs > 2,

(4.2) Lo(s) ==Y ( ) Z C(25)L(s, fa ® fo).

c|N
Lemma 4.1. Let N € N, ¢/|N and E(z,s) be the Eisenstein series for SLy(Z) in (2.8).
Define

(4.3) I(s) = [ o OPEE ) an
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(i) For Rs > 2,

C(28)I1(s) = ——(4m)~T(s + k — 1) (%)su(s).

k
I'(k)
(ii) The function

Aels) = 7 T()C(25) I (s)
is meromorphic on C, having simple poles at s = 0,1, and being holomorphic elsewhere.
It satisfies the functional equation

(4.4) Ap(s) = Ap(1 —s).
Moreover, for |t| > 1

(4.5) Ao +it) €0 ‘t‘max(071*0)+1/2+567ﬂ'\t|/2.

Proof. (i) Let T := To(N/£,¢) = a(v/€)T'o(N)a(1/v/¢). With the notation in Section 2,
for f € Sp(To(N), x), we set

fe(2) = flyq v (2) = €2 F(2/0) € Si(T.x).

Note that a(v0)(To(N)\H) = (a(v€)To(N)a(v£)")\H and 7~ (T,\H) = 7~ 'T,y7\H. By

changing variables, unfolding and using Lemma 2.1 (iv), we have

s = [ V(B2 ) di
(\/)(FO(N)\H

= / ¥F1 fo(2) P (So2)* d
0€SLy(Z \SL2 MH

= Z Z / YR fo(2) P(ST72)® dp
TED ~elp\I'

= Z/ Yol fe(2)P(ST12)° dp
€D T\

(4.6) = / YU fol-(2)1 d

7;) 71T T\H

By Lemma 2.1 (iv), for b = fa with a = a/c, we have a, = la/(c,¥) and ¢, = ¢/(c,¥)
(see Section 2 for the notation a,,c,). Observing that the matrix u := o la(1/VE)7 is

= (% D) ) (e D=7 2
for some b, ¥, d,d' € Z and D = bd' — €b/d, we get a(1/v8)7 = oqu and hence, with (2.7),
fdz(2) = [floqvel(2)
= ((ch)) Floo( /;)224' (ec))

= w(%yrkw;km (w:‘fi ) Z V" Aa(n)(n + na)(kl)/Qe(u}jf’zc)Q)

n=0
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where |w| = 1, but @ may not be 1 when k is half-integral, ry is defined as in the line

before (2.7) and 9 := e(M). Consequently, as w, = wy(¥, c)?/¢ and w, = N/(N,c?)

Waq
by Lemma 2.1 (v),

/ Y| fol - (2) 2 dp

TﬁlrbT\H

= ¢ F k—+s Y D 2

N (W) /<n(wh)>\Hy ‘ﬂtm(Wz + @H dp

1 k |Aa(n)]? /OO _ 4l(n + Kq) \ dy
_ 2 a . k+s—1 AR va) N MY
= Tk <wa(€, c)2> 7;) (n+ Kkq)l—F o 0 Y P ( wqa(,c)? y)

Y

k s c,0)? N
= 4 F(s+k—1)(( €> W

Combining with (4.6) and the formation of D in Lemma 2.1 (iii) and (v), we obtain that

S C 2 S
Ii(s) = ka)(zm—sr(s +k— 1)(%) zj; (((]\;750)2)) % L(8, fa ® fa).

| =

>SL(5’fa ® fa)-

This completes the proof of Part (i).

(ii) We apply the properties of F(z,s) in Lemma 2.7. By Remark 4, in the half plane
Rs > 3, Ag(s) = m°T'(s)((2s)I¢(s) has a simple pole at s = 1, coming from E*(z, s).
Clearly the functional equation for F(z,s) leads to Ay(s) = A¢(1 — s). Therefore, in the
plane Rs < %, Ay(s) has a simple pole at s = 0.

For |t| > 1, we know that

%(1,U)+€ if 0
3 o

1\ —1/2 —mlt|/2 ; |t|
F(O’-f—lt) ~c ‘t‘o / € i/ ) C(U+Zt> Lo { ’t’270+5 if

and for all t € R,

Clo+it) ™! <log(|t] +3)  for o> 1~ iy

It follows from (2.10) that Iy(s) <fs (1 + |¢t|)'*¢ in (an open region containing) Rs >
and |s — 1| > 8. Thus, for o > 1 and [t| > 1,

D=

Ay(o+1it) <y [T'(o + it)|[t|* e <o ‘ﬂ”“/“eefﬂltl/?
The upper bound in (4.5) follows with the functional equation Ay(s) = Ay(1 — s). ]

Lemma 4.2. The Dirichlet series Ly(s) defined in (4.2) extends to a meromorphic func-
tion on C, having only one pole, which is simple, at s = 1. Moreover,

(a) L(2s,xon)L(s, f® f) =N > p(q)Le(s), VseC
gl=N
B O g () S0 Vet

(c) Lo(o +it) <o (|t|(jt] + F)N)* T (kN)®, Vs €S,

where L(s, xo,n) is the Dirichlet L-function associated to the principal character xo,ny mod
N and S;p:={oc+it: —1+e<o<2+¢ |t| > 1}.



FIRST SIGN CHANGE OF FOURIER COEFFICIENTS OF CUSP FORMS 17

Remark 5. (i) By Lemma 4.2 (a) and (4.2), we have the formula: for &s > 2,

c,0)? \s
Lesxon) L f @ ) =N 3 o) S ({5) T C@aLs oo fo
’ acAc

gl=N c|N

(ii) By (a), the L-function L(2s, xo,~)L(s, f ® f) has exactly one simple pole at s = 1,
and by (4.8) below, the residue is

_4m L(2,x0N)

272
"~k vol(To(N)\H) kN

) R
p|N

(47)  res L(2s, xo.n)L(s, f ® f) IF11* =

Proof. The analytic properties of L;(s) follows from Lemma 4.1, as (I'(k)/k)Ai(s) =
(27)~2T(s)I'(s + k — 1)(IN/£)*Ly(s). The simple pole of Ay(s) at s = 0 is accounted for
by I'(s), hence £(s) remains holomorphic at s = 0. Since Ay(s) = Ayg(1 — s) by (4.4), we
get the functional equation in (b).

Unfolding with the Eisenstein series for I'o(N) at oo, we get, for fs > 1,

/ ()P Bz s) du = / () dp
To(N)\H To(N)oo \H

2 o k-1 [ k+s—1_—dmny dy
= 7Y Am)Pn v e —

n=1 Y

(4.8) = Ff]{:)(élw)_sf(s +k—-1)L(s, f® f).

Applying Lemma 2.6 to (4.8), we deduce with (4.3) that

k . D\ _ ves G(2s) M),
%(M) D(s+k—1)L(s,f@f) =N L(QS’XO’N);; pe Insg(s).

Invoking (i) in Lemma 4.1, it leads to
s Nys
L2, xox) Lo f 0 ) = N0 Y MO (g ),
qgl=N

which implies (a) for Rs > 2, and for all s € C by analytic continuation.
By (4.1) and Corollary 2.5, we see that for any 0 = Rs > 2,
C28)L(s, fa ® fo) < Kg70xp0+ D _(n+ ko) "7 < (¢, N/c),
n>1

by (2.4), where d§, = 1 if * is true. Thus, for s = 2 4 €, we obtain

c 2
tls) < NP Y () 3 e

c|N 702) acllc
e (c. )
< (kN) %(N,&)?(C’N/C)g
(4.9) < (kN)=e3,

Stirling’s formula gives the following estimates: for o < 1 and any |¢| > 1,
I'(1—s) I'(k—s)

(4.10) T(s) T(s+k—1)

< t%  and < (|t + k)12,
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With (4.9), we infer by the functional equation in (b) that on Rs = —1 — ¢,

I([t]+ k)NN3 e
f) (kN 63,

Note that by Lemma 4.1, £,(s) is a meromorphic function of finite order with two simple

Lo(s) <e (

poles. Using the convexity principle, we obtain for —1 +e <o <2+ecand |t| > 1
Lo(o +it) <o (|t(Jt] + k)N)* T (kN)2.
d

4.2. Proof of Theorem 2. Let ¢ > 0 be arbitrarily small. Consider the contour integral
along the vertical line s = 2 + ¢,
1

J = 27 L(287X0,N)L(81f®f)¢(s)x8 ds.
T J(24€)

We shift the line of integration to Rs = —1 — ¢ and hence get, with Lemma 4.2 (a),

J = rese—1+ > QWZ/lNLg()()mds
qgl=N €)
(4.11) = M+ > u(g)Je, say.
gl=N

In view of (4.8), M is contributed from the pole of E(z,s), which is an Eisenstein
series for I'g(N), at s = 1, thus with (4.7) and || f|| = 1, we have

7'(2
(4.12) M= x@(l)i—N [Ta-»").
pIN

The integral J;, needs to be treated carefully with the functional equation and the
estimate for A\q(n). We apply Lemma 4.2 (b), a change of the variable of s into 1 — s and
then (4.2) to deduce that

1 J(1—s)I(k—s); N \1-2s ~
= — N~° Ly(1— *d
Jy o Jy o TeT (s~|—k:—1)(47r2£) (1 = s)p(s)z” ds
4720 1 L(s)['(s+k—1)7 N3 \s N 1g
- NZo2m /2+€) T(1—s)T(k— )(16w4€2) Lols)P(1 = s)a " ds
veys
(4.13) = Z > Jrca
c|N acllc
where
1 N3 (C’ 8)2 s -~ 1-s
Jé,c,a - % (210) Gk(s)(16ﬂ.4£2 ' (N’ 02)) C(QS)L(S, fa ® fa)@o(l - S):L’ ds
with
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By the definition of L(s, fy ® fa) in (4.1), we expand Jy 4 into

_ |2 N3(Ca€)2 5 ~1 1—s
Joca = ZQm /2 n—l—/fa (167T4€2(N,02)) Gi(s)C(28)0(1 — s)7 " ds

n=0

(4.14) = Y ) =Tl dnk, say.

0<n<wq n>wgq

From Corollary 2.5 and the fact that cr > 1, we have

2
.
N

n
Aa(n)? < 1+ —<lor
a

according as n < wy or n > w,. For Jf;”;, we shift the line of integration from 2 + ¢ to 1
and bound each summand trivially. Thus, bounding Gi(s) with (4.10), we obtain

N3(c, £)?

Swaq
Jeed € PN,

l,c,a

> (n+/€a)_1/_oo(\t\+ D)([t] + k)|@(—it)| dt.

0<n<wq

The integral f_oooo is clearly < k. Therefore, we obtain

N3(c, 0)?

4.1 Sve @ p
(4.15) T <M prw

(F' +N°)
where fq = Kq if kg € (0,1) and 7q = 1 if kg = 0.

For J; "¢ in (4.11), without shifting the line of integration, we bound each summand
trivially and use the fast decay §(—1 — e —it) < (1 + [t|)~® to obtain

1—¢

3te T
/ (L I+ ) e 0

e« N£<N3(cﬂ > (N,c?) Z

l,c,a 62 (N 02 1+5

Plainly the integral [*° is < k**°. Consequently,

N
(4.16) J7M < (kNx)®

lc,a

Inserting (4.15) and (4.16) into (4.14), we deduce with (4.13) that

3
> w@d < kzNQZN YR

=N (N atec

N3 (c,0)?
+ Nk — 3 Z |91 |
N c|N

_ N5 (c,0)*
(kNz)* k3 1ZN2 Z ym .
LN c|N
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Using (2| = ¢(¢, N/¢) < (c N/c), the three sums are respectively evaluated as:

0)4
ZNQZ€4 e, il < N3ZZ€3 N/C (e N/e) < N¥¥
¢N {N c|N
0)?
Zsz@ |Ql’ < NZZgCC (c; N/e) < NT¥
fN {N c|N
N3C€ ~_1 1+e
S ame LR € SONE Y (e Nje) < N1
(N ¢) acc (N c|N

where K(x) = max )y [2e| ™' Yoo, Fa b < N, by Lemma 2.3.
In summary,
> (@) e < (kNz)* (kN + N3,
gl=N
and together with (4.11) and (4.12), our theorem follows because

> hmPe(22) =

I,m>1
(ILN)=1

5. PROOF OF THEOREM 1

We first demonstrate that the terms |A(m)| in Theorem 2 with large m are more
dominating in the following lemma, the idea of which was exploited in [8].

Lemma 5.1. Under the same setting of Theorem 2, we choose ¢ € C§°(0,00) to be
compactly supported on [$,2], 0 < ¢(u) < 1 for allu and p(u) = 1 for u € [1,3]. For any
e > 0, there exists No(¢) € N such that for all N > Ny(e) and any N> < z < z'/2,

> hmke(C0) < v 3 me(dvig;z?)

l,m=1 I;m>1
(LN)=1,1>= (IN)=1

holds for some ¢ € [1,6].
Proof. Using ¢(N) = N 3_ yn p(d)/d (or [18, Section 8.3, Problem 8]), we have

Yo o1= Xd)(NN) + O(T(N)).
(i)t

Thus for any £ > 0, there exists Ny(¢) such that if N > Ny(e), then

X ¢(N)
1 Z 5 > N°©.
(5.1) Y1 s N YX=N
X<I<2X
(I,N)=1
Under this situation, for any « > N and any N% < z < z1/2,

2m
> hmPe(th) < X emPVaem

I,;m>1 m<2z/22

(LN)=1,1>z
= 2 Y [Am)PV(2z/2)/m

m<2x /22

N
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which is, by (5.1),
<z Yy ])\(m)|2N_5ﬂ > 1
o(N)

m<2x/22 Ney/(2x/22)/m<IS2NE/(2x/22) /m

(1,N)=1
> IA(m)?

2N2€x/z2<lzm<8stm/z2
(I,N)=1

/AN
S

< 4z- max |)\(m)]2g0(l2m )
ce[1,6] el cN?%g /22 .
(LN)=1

Now we prove our main result Theorem 1.

Let f(2) = > ,>1a(n)e(nz) and assume [|fll2 = 1. We note that weo = weo = 1,
wo = wo = N and &g = 1. Thus, A(n) = r ta(n)nU=F/2 Let 0 < e < 5 be arbitrarily
small and ¢ be chosen as in Lemma 5.1.

By Proposition 3.2, for z > (k*N)1*¢ and any A >

(5.2) Z)\ p(n/z) <ax A.
n=0

Let 7 > 0 be chosen later and X := (kN)2T7¢. Without loss of generality, we may
only consider sufficiently large kN, meaning that kN > B2/¢ for some constant B > 2
specified later. Note that HpIN(l —p~1) > 1/log N. By Theorem 2 and Lemma 5.1, we
have

X X
Z )\ m/X) ]{N1+E —O((kN)1+EX€) > W
I,m>1
(ILN)=1
when - 5c > 5 and B is larger than the implied O-constant, and for z = N,

I>m N2%X /22 X
2 : 2
Lm>1 Ao 90(7) NN S v

(t, ) 1,1>z

Hence,

2
2 A(m)Q‘p(l;(n) i k:]\?iré"

Set p = 11. Then (kN)?*¢ < X/I1? < (kN)*™1¢. As ¢ is supported in [, 2] and |[¢||o0 < 1,
it follows that

(5.3) A(m)? > for some 1(kN)2Te < m < 2(kN)2HLLE.

1
kN1+e

Assume all A(n)’s with 1 < n < 2(kN)?T!€ are of the same sign. Under this assump-
tion, applying (5.2) with 3(kN)?*¢ <z < 2(kN)?*!1¢ and A = 1, we infer with ¢(1) = 1
that

An) < (kN)72, ¥V 3(kN)*" < n < 2(kN)*HHe,

This contradicts (5.3), and hence we conclude the occurrence of a sign change among
A(n)’s with n < 2(kN)?*t11¢. This completes the proof.
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6. PROOF OoF LEMMA 2.2

Plainly we have I'so\H = || cp_\p7(I'\H) (a disjoint union). The projection 7 :
I'o\H — T'\H is continuous, and the restriction of 7 on ~(I'\H) is a homeomorphism
whose inverse map is 7, for every v € I'oo\I'. A fundamental polygon for I'so\H, also
denoted by I'so\H, is given by UWGFOO\F ~vF which is contained in P,, where F is the
fundamental polynomial for I'\H and Py is defined by (2.3) with Y = 0.

(i) Let z € Too\H. The multiplicity |7~ '{z} N Py| equals |[{y € Ts\I': Sz > Y},
where z € H is any representative of z. Let s := a(\/Ws) and consider I” := s~ !T's. Tt is
easy to see that I, = (n(1)) and ¢ = woocr. Then for any z € H, we have

{y €T\l : Sz > Y} = {7 € T\ : Ss7'2' > Y
= {7 €L\ : Y2 > wi Y},

where 7/ = s71ys and 2’ = s7'2 € H. By Lemma 2.10 of Iwaniec [10], we know that the
above formula is less than 1 + 10w /(cpY) =1+ 10/(erY).

(ii) It is intuitively plausible as (i) implies that a point z € I'\H is locally covered by
at most |[7~1{z} N Py| neighborhoods in Py. In fact, we shall divide I'\H into connected
subsets V; (i € I) so that Py can be covered by the family {7V, : v € M;,i € I} together
with a neighborhood at oo, where every M; (i € I) is a finite subset of I'no\I' with a
manageable cardinality.

For a sufficiently large number X, the strip Py lies in F and the closure P of the
box P := Py — Pxy1 (the complement of Pxyq in Py) in H is a compact subset of H.
Then P is away from any cusp of I and is contained in the union of a finite subfamily of
{7F : v €T} (see [16, Theorem 1.6.2]).

Transferring P, Py and JF to the manifold I'o \H, we consider I'\H (i.e. the transferred
F) to be a connected subset of I', \IH and the transferred P to be a subset of U g 7(T\H)
for some finite family J of I'so\I'. Denote the transferred P, which is in I's,\H, by P as
well. Then P is compact and connected in I's\H as is P in H.

Inside H, the set (I'\H) is the polygon 7F whose boundary is composed of a finite
number of geodesic segments. Its intersection with the rectangle P consists of a finite
number of connected components. Likewise, in T'oo\H, the intersection P N ~(T'\H) can
be written into a disjoint union of finitely many connected components, i.e.

Pny(@\H) = | | U,
teXy
where X, is finite and U, ; is connected. Denote the boundary of a set S by 9S. Observe
that U, is of measure zero. For any v # 7 in I'oo\I', a U, ; may intersect with U s at
the boundary only, i.e. Uy; NU;s C (0U,;) N (0Ur,) for any t € X, and s € K. In
summary, we express
U Us

(v,t)eT
(in Poo\H), where T = {(v,t) : v € J,t € X,} is finite, every U,; is connected and
Uy N UmiC 0U,; NOU; s for any (v,t),(7,s) € T
Now 7(P) is a compact subset of I'\H and for (v,t) € T, 7(U,;) C m(P) and d7(U, ) is
a curve lying in 7w(P). If (y,t) # (1,s) € T, then Or (U, 5) is another curve on m(P) and it
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may intersect with dm(U, ;). Consequently the curves 0n (U, ), for (v,t) € T, altogether
weave a mesh on 7(P) of the surface I'\H. That is,
- U V;
i€l

where V; is a connected compact subset of w(P) and 9V; C Uy ner 0m(Us )

Recall that ~ is the inverse of the restricted map W‘V(F\H). Suppose v € J maps some
z € V;° to P where V° denotes the interior of V;. Then vV;° N U, , # 0 for some r, and
consequently vV,° C U, , because 7V;° is an open connected subset of P N~y(I'\H) =
Utexw Uy,. Thus, for any i € I and any v € J, we have

*) either vV,° C U, , for some r € J, or ~V° NP = 0.

Moreover, Uy,r C User yvecu,, 7Vi for any v and 7.
Therefore, we infer that f Py = f Py i1 + f p and that

fr=y [ reXy > [ reyy [ r
veJ reXy i€l yeJ  reXy Vi i€l veM;
YV CUny
as OU,; and 0V; are of measure zero, where M; := {y € J: 7V° C P}. Here we have
used the I'-invariance of the integrand F' in the last inequality.

Note yV;° N P = for v ¢ M; by our construction. Let P be the boundary of P in H.
The projection 7(OP) of its transfer in '« \H is a closed set of measure zero. If V,° # 0,
then as V° C m(P) has positive measure, we obtain V° N w(P — dP) # (). This implies
Ve Nm(P) # 0, so by (*), we can find z € V,° such that

M| = |{y €T :7z € P}| < |7 (z) N Py|.
Since 77 1(z) = {yz : v € T, \I'} and fV- =0 if V° = (), we deduce from Part (i) that

[ 0ot Y [ <aroqay [

el
Therefore, (ii) follows readily from fW(PxH) = fPX+1 and fﬂ'(PX+1) +f7r(P) = fF\H'
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