KODAIRA DIMENSIONS OF ALMOST COMPLEX MANIFOLDS I

HAOJIE CHEN AND WEIYI ZHANG

ABSTRACT. This is the first of a series of papers, in which we study the plurigen-
era, the Kodaira dimension and more generally the litaka dimension on compact
almost complex manifolds.

Based on the Hodge theory on almost complex manifolds, we introduce the
plurigenera, Kodaira dimension and litaka dimension on compact almost complex
manifolds. We show that plurigenera and the Kodaira dimension are birational
invariants in almost complex category, at least in dimension 4, where a birational
morphism is defined to be a degree one pseudoholomorphic map. However, they
are no longer deformation invariants, even in dimension 4 or under tameness
assumption. On the way to establish the birational invariance, we prove the
Hartogs extension theorem in the almost complex setting by the foliation-by-disks
technique.

Some interesting phenomena of these invariants are shown through examples.
In particular, we construct non-integrable compact almost complex manifolds
with large Kodaira dimensions. Hodge numbers and plurigenera are computed
for the standard almost complex structure on the six sphere S°, which are different
from the data of a hypothetical complex structure.
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1. INTRODUCTION

The Iitaka dimension for a holomorphic line bundle L over a compact complex
manifold is a numerical invariant to measure the size of the space of holomorphic
1
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sections. It could be equivalently defined as the growth rate of the dimensions of
the spaces H(X, L®d), or the maximal image dimension of the rational map to
projective space determined by powers of L, or 1 less than the dimension of the
section ring of L. The litaka dimension of the canonical bundle Kx of a compact
complex manifold X is called its Kodaira dimension and dim¢ H°(X, K}@}d) is called
the d-th plurigenus.

The Kodaira dimension, plurigenera and the canonical section ring are birational
invariants. They play important roles in the study of complex manifolds. In par-
ticular, Kodaira dimension is used to give a rough birational classification of com-
plex manifolds. It is known that Kodaira dimension is a deformation invariant for
compact complex surfaces, although it is no longer true for complex (non-Kéhler)
3-folds [32]. Siu [35], [36] shows that plurigenera, and thus also the Kodaira di-
mension, are invariant with respect to projective deformations of algebraic varieties.
Birkar-Cascini-Hacon-McKernan [2] shows that the canonical ring of a smooth pro-
jective variety is finitely generated, which implies that there is a unique canonical
model for every variety of general type.

The theory of complex manifolds lies in the more general framework of almost
complex manifolds. In [42], intersection theory of almost complex manifolds is
introduced. As a consequence, pseudoholomorphic degree one maps are considered
as birational morphisms in the almost complex category. An important step to
develop birational geometry for almost complex manifolds is to introduce and study
birational invariants.

In this series of papers, we will generalize the notions of Kodaira dimension,
plurigenera as well as the space of holomorphic p-forms to compact almost complex
manifolds. The crucial initial step is to have generalizations of holomorphic line
bundle and its holomorphic sections. We have two equivalent versions.

The first is from differential geometry. A pseudoholomorphic structure on a com-
plex vector bundle E over an almost complex manifold X is a differential operator
Og acting on smooth sections which satisfies the Leibniz rule (Deﬁnition. In par-
ticular, the canonical bundle has a natural pseudoholomorphic structure inherited
from the almost complex structure on X. By Koszul-Malgrange theorem, 5% =0on
a complex manifold is equivalent to that Og is induced by a holomorphic structure
on E. Our generalized version of holomorphic sections is just the smooth sections
in the kernel of 0.

Denote the space of generalized holomorphic sections of E to be HY(X, E). To
show that it is of finite dimension, we apply the method of Hodge theory. Hodge
theory is well developed on compact complex manifolds and on general compact
Riemannian manifolds. On the way of making sense of the counting of pseudoholo-
morphic sections and defining plurigenera for almost complex manifolds, we develop
the Hodge theory for Hermitian bundles over compact almost complex manifolds in
details and show the following theorem, see Proposition [3.8] and Corollary [3.9
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Theorem 1.1. Let E be a complex vector bundle with a pseudoholomorphic struc-
ture over a compact almost complex manifold (X,J). Then H°(X, E) is finite di-

mensional. In particular, HY(X,K®™) is finite dimensional and an invariant of
J.

This result gives us a good base to count pseudoholomorphic sections. In fact,
we are able to define groups of harmonic forms Hgijq) (X, E') which give Dolbeault

type cohomology groups when ¢ = 0. The vector space H°(X, E) is simply the
case of p = ¢ = 0. When FE is the trivial bundle, the space of harmonic forms
of type (p,q) has been defined in [21]. Its dimension is denoted by hP*?. The
Problem 20 in Hirzebruch’s list [21], raised by Kodaira and Spencer, asks whether
the dimensions are independent of the choice of the Hermitian structure. (Recently,
this problem is answered negatively in Theorem 5.1 of [22].) Our discussion gives
an affirmative answer to this problem when ¢ = 0 or, by Serre duality (Proposition
, q = dim¢ X.

The second description of pseudoholomorphic sections is more geometric. There
are special almost complex structures on the total space of the complex vector bun-
dle F, called bundle almost complex structures, introduced by de Bartolomeis-Tian
in [13]. The authors show that there is a bijection between bundle almost complex
structures and pseudoholomorphic structures on E. We further observe that a sec-
tion in the kernel of a pseudoholomorphic structure O is exactly a pseudoholomor-
phic section with respect to the bundle almost complex structure J corresponding
to 5E

With these two equivalent descriptions understood, we are able to give our defi-
nition of (F, J)-genus and the definition of Iitaka dimension, as well as their special
cases - the plurigenera and the Kodaira dimension - in the end of Section [

Definition 1.2. Let E be a complex vector bundle with bundle almost complex
structure J over a compact almost complex manifold (X,J). The (E,J)-genus is
defined as
Pg.g :=dime H)(X, (E, 7)),

where HY(X, (E,J)) denotes the space of (J, J) pseudoholomorphic sections. The
mt" plurigenus of (X, J) is defined to be P, (X,J) = dim¢ HO(X, K&™).

Let L be a complex line bundle with bundle almost complex structure J owver
(X,J). The Iitaka dimension v’ (X, (L,J)) is defined as

—00, if Prom 7 =0 for any m >0

"{J(X7 (Laj)) = IOgPL®m“7

lim sup,,, oo , otherwise.

logm

The Kodaira dimension r’(X) is defined by choosing L = K and J to be the
bundle almost complex structure induced by 0.

The advantage to have the second description is that the intersection theory
of almost complex submanifolds developed by the second author in [42] can come
into play. The theory works particularly well when the base manifold (X, .J) is of
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dimension 4. In this situation, the zero locus of a pseudoholomorphic section is a
J-holomorphic curve in the first Chern class of the complex bundle £. With this
understood, the rich theory of pseudoholomorphic curves are in our armory.

As we mentioned above, the plurigenera and thus the Kodaira dimension are clas-
sical birational invariants. We certainly expect it is true for P, (X) and x”(X). As
suggested by Theorem 1.5 in [42], a degree one pseudoholomorphic map is the right
notion of birational morphism in the almost complex setting, at least in dimension 4.
The next result, as a combination of Theorems and confirms the birational
invariance of plurigenera, Kodaira dimension and h'?(X) := dim¢ H°(X, Q1(0)).

Theorem 1.3. Let u: (X, Jx) — (Y, Jy) be a degree one pseudoholomorphic map
between closed almost complex 4-manifolds. Then P, (X, Jx) = Py (Y, Jy) and thus
kX (X) = k! (Y). Moreover, the Hodge number h'0(X) = h10(Y).

The most essential ingredient is to establish the desired Hartogs extension theorem
in the almost complex setting, which certainly has its independent interest. It is
only established in dimension 4 by the foliation-by-disks technique (see e.g. [37,42]).
It is Theorem which we reproduce in the following.

Theorem 1.4. Let (E,J) be a complex vector bundle with a bundle almost complex
structure over the almost complex 4-manifold (X, J), and p € X. Then any section
in HY(X \ p, (B, J)|x\p) extends to a section in H*(X, (E,J)).

The next step is to study the property of plurigenera under deformation of almost
complex structures. For projective manifolds, the plurigenera are showed to be in-
variant under projective deformation by a famous work of Siu [35,36]. On complex
surfaces, Friedman-Qin [18] proved the Van de Ven conjecture which claims that
the Kodaira dimension of compact complex surfaces is a differentiable invariant. It
turns out that the plurigenera are also differentiable invariants on compact com-
plex surfaces (see Theorems 9.4 and 9.5 in [1] and the reference therein). When
the complex dimension is greater than 2, the works of Catanese-LeBrun [9] and
Réasdeaconu [34] show that Van de Ven conjecture does not hold any more.

By virtue of our Hodge theoretic description of plurigenera, they are upper semi-
continuous functions under smooth deformation. However, it is easy to see that the
dimensions could jump. When we deform an integrable almost complex structure
of a surface of general type, a generic perturbed almost complex structure does not
admit any pseudoholomorphic curve, while as mentioned above the zero locus of a
non-trivial pseudoholomorphic section of a pluricanonical bundle is a pseudoholo-
morphic curve in the class mK. This argument itself does not exclude the possibility
of invariance when the canonical class is torsion. In Section 6, we construct some
explicit deformations on Kodaira-Thurston surface and 4-torus, and show that the
plurigenera, the Kodaira dimension and A" are not constant under smooth de-
formation even when the canonical class is trivial. Recently, Kodaira dimension is
computed for some interesting families of almost complex structures in [10,11] where
the deformation property and the relation with the curvature of the canonical con-
nection for an almost Kéhler manifold are explored.
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In Section 6, the relation between non-integrability of almost complex structures
and the Kodaira dimension is also studied. We search the possible values of Ko-
daira dimension if the almost complex structure is non-integrable. By applying the
Riemann-Roch formula and the almost complex Kiinneth formula, we prove the
following result (Theorem .

Theorem 1.5. For every k € {—00,0,1,--- ,n— 1}, n > 2, there are examples of
compact 2n-dimensional non-integrable almost complex manifolds with k’ = k.

We expect that the above range of Kodaira dimension for non-integrable almost
complex structures is optimal. In the second paper of the series, we will show that
if the second version of the Kodaira dimension equals the complex dimension of the
manifold, then the almost complex structure must be integrable.

In the last section of the paper, we compute the Hodge numbers, the plurigenera
and the Kodaira dimension on the six sphere S°. It is classically known that there
exist almost complex structures on S° |16]. A standard construction is to use the
cross product of R” applying to the tangent space of S®. Denote this standard
almost complex structure by J. In Theorem we prove that

Theorem 1.6. For the standard almost complex structure J on S8, the following
hold: (1) h'? = h?9 = h23 = p13 = 0; (2) Pn(S%,J) = 1 for any m > 1 and
J

k* =0.

This calculation is somewhat surprising since it is generally believed that the
Kodaira dimension of a hypothetical complex structure is —oo. Our plurigenera
distinguish J from hypothetical complex structures on S, since for the latter P; =
h30 = 0.

In a subsequent paper [12], we will interpret the Kodaira dimension through the
pluricanonical map and discuss the significant geometric consequences. We will also
investigate its comparison with the symplectic Kodaira dimension [29] on symplec-
tic 4-manifolds. Some vanishing theorems on positively-curved almost Hermitian
manifolds will be discussed.
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Wang and Fangyang Zheng for their encouragement and particularly thank Xiaolan
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2. NOTATIONS

We start by fixing our notations and explain the natural pseudoholomorphic struc-
ture on the pluricanonical bundles. Let (X, J) be a 2n-dimensional almost com-
plex manifold. The complexification of the cotangent bundle of X decomposes as
T*X®C = (T* X))o (T*X)%! where (T*X)"° annihilates the subspace in TX ®C
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where J acts as —i. A (1,0)-form is a smooth section of (7% X)!*; similarly a (0,1)-

form is a smooth section of (T*X)%!. The splitting of the cotangent bundle induces
a splitting of all exterior powers. Write AP4X = AP((T*X)'0) @ AI((T*X)%1).
Then for any r > 0, we have the decomposition

AN'T*X ®C = ®pgg=rAPIX.

Let 7P4 be the projection to AP4X. A (p, q)-form is a smooth section of the bundle
AP9X . The space of all such sections is denoted Q4(X) = I'(X, AP1X).
The 0 and 9 operator can be defined by:

=P od: QPI(X) — QP X)

d=rPtbod: QPI(X) — QPTHI(X),

where d is the exterior differential. Both 0 and 0 satisfy the Leibniz rule, but in
general 3% and 9 may not be zero. They contain important information of almost
complex structures. Applying 0 to AP°X and in particular to K = A™°X, we have

d:APOX — APLX = (T*X)% @ APOX,
D:K— A X = (T* X)) K.
Here we write IC (or any vector bundle) in short for any smooth sections of K (the

vector bundle). We can extend the d to an operator J,, : K™ — (T*X)%! @ K&™
for m > 2 inductively by the product rule

Om (51 ® 52) = 081 ® 82 + 81 @ Opp_152.

It satisfies the Leibniz rule 0,,(fs) = 0f ® s + fOms for any section s of K®™ and
APOX.

Definition 2.1. The space of pseudoholomorphic sections of K®™ is defined to be
HO(X,K®™) = {s € D(X,K®™) : s = 0}.

Remark 2.2. The space H°(X, K®™) is categorical in the almost complex category.
Indeed, if (X', J') is another almost complex manifold which has a diffeomorphism
F: X' — X to(X,J) satisfying dF o J' = JodF, we say that (X', J') is pseudoholo-
morphic isomorphic to (X, J). Then F*(QP4(X)) = QP9(X') and F*0dy = 0y o F*.
So s € T'(X,Ky) satisfying Os = 0 if and only if 0y F*s = 0. Similar result holds
on K?m where F* and 0 are replaced by an isomorphism FY, and the operator Oy,.
Therefore, F induces an isomorphism F : HO(X,K9™) — HO(X',KS™) for any
m > 1.

3. HODGE THEORY ON ALMOST COMPLEX MANIFOLDS

In this section, we will define Dolbeault cohomology groups for a complex bun-
dle associated with a pseudoholomorphic structure. We show that they are finite
dimensional when X is compact in Theorem As a consequence, H?(X, K®™)
is finite dimensional. We will follow the method of Hodge theory to define a formal
adjoint operator of 0, and apply the elliptic theory.
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Hodge theory is well developed on compact complex manifolds (see [20], [23], [39],
[44]). Tts extension on compact almost complex manifolds was initiated in [21] for
(p, q) forms. To derive our results, we will set up Hodge theory for (p, q) forms with
values in a Hermitian pseudoholomorphic bundle E. One of the new observations is
that for a holomorphic vector bundle E over a complex manifold, the d operator on
the holomorphic dual E* coincides with the (0,1) part of a Hermitian connection
on E when identifying E* with £ by a Hermitian metric.

Choose a Riemannian metric ¢ on X compatible with J, namely g(Ju, Jv) =
g(u,v) for any v,w € TX. Then g induces a Hermitian structure h on TX ® C
by h = g — iw, where w(u,v) = g(Ju,v). ¢ also induces Hermitian structures on
the bundles AP X for any (p,q) which we still denote by h. Explicitly, assume that
{e;} is a local unitary frame in 7X ® C and {¢;} is the unitary coframe. Assume
a = {iy, iz, - ,ip}, B = {j1,J2, - ,jq} is any ordered set of (p,q) multiindices.
Denote ¢, = ¢i1 A ¢i2 VANEIERIVAN ¢z‘p7 éﬂ = éjl A &jQ VANKIERWAN &jp' Then h on AP?X is
defined by letting {¢q A 5} be orthogonal and h(¢a A ¢g, pa A ¢g) = 2PT.

The * operator on an almost Hermitian manifold is the unique C-linear operator

x  APIX 5 APTOPTPY
satisfying
(1) h(p1, p2)dV = o1 AFp3

where dV is the volume form of g and 1,2 € AP9X.
Using the unitary coframe {¢;}, we can write out the * operator directly. Let

&, B be the ordered set of the complement multi-indices of a, 8 in {1,2,--- ,n}. As
> n
w= %Z?Zl ¢; N\ ¢; and dV = %, if we define on the basis

(2) #(Ga A g) = 2P (i) e g5005 A Pa

where € b4 is the sign of permutation of

(ila o aipajla to ajqajla to ajnfqaily e 7in*p) — (L 1/7272,' o ,TL,TL/),
then the operator of (2) satisfies (1). By uniqueness it gives the * operator.

Define a global inner product on QP9(X) by (¢1,92) = [y h(e1,p2)dV for
V1,2 € QPI(X). Let

O =—%0x*.
Then the following holds

<5801,902> = <801»5*802>-
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The proof is the same with the integrable case, because the Leibniz rule holds and
0 = d acting on Q" }(X). Indeed, by (1), we have

(D1, p2) = / h(Dp1, p2)dV = /8901A*902
:/8g01/\*<p2 (— 1)p+q_1/g01/\8*<p2
X
:/ ©1 /\*(5*@2)
X

:/ h(ﬁplvé*@Q)dV = <901’5*902>’
X

where we use the Stokes’ theorem in the third line. -
The above discussion produces the formal dual operator of 0 on Q77(X). Next
we generalize it to any Hermitian bundle F with a pseudoholomorphic structure.

Definition 3.1. Let (E, hg) be a Hermitian vector bundle over (X, J). A connection
V:I'(X,E) - T'(X,(T*"X ® C) ® E) is called a Hermitian connection if

(3) d(hg(s1,52)) = hg(Vsi,s2) + hg(s1, Vsa),
for any two sections s1,s2 of E.

Definition 3.2. A pseudoholomorphic structure on E is given by a differential
operator O : T'(X, E) — (X, (T*X)%' ® E) which satisfies the Leibniz rule

5E(fs) = af ® s+ ngS
where f is a smooth function and s is a section of F.

Let FE be a complex vector bundle over a complex manifold X. Then by Koszul-
Malgrange Theorem, the datum of a pseudoholomorphic structure dp satisfying
5% = 0 is equivalent to a holomorphic structure on £ . In particular, any pseu-
doholomorphic structure on a complex vector bundle over a Riemann surface S is
holomorphic, since (7*5)%2 = 0.

Denote V10, V(0D the (1,0) and (0,1) components of V. We have

Lemma 3.3. For any Hermitian bundle (E, hg) with a pseudoholomorphic structure
O, there is a unique Hermitian connection V so that V(1 = dp.

The lemma is well known when J is integrable and should be known to experts
for general J (see |13]). We include a proof for convenience of readers.

Proof. We first prove the existence. Assume that {U,} is an open chart covering of
X with partition of unity {ps} such that E|y, is trivial. For any s € I'(X, F) and
any connection V, Vs =V Y a5 =Y, V(pas). So we only need to define V on
U, locally.

Let {s;,1 <i < N} be a unitary frame of E on U,. Using summation notation,

denote dps; = 07s;, where 03 (T*X)%L. Let {s},1 < i < N} be another unitary
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frame of E with s, = fijsj. As Yo, fff,g = Oiks (f_l)g = f; Denote Jgs’ = («9’){59.
We have ‘ ) B
(0] =D _(OFF + 11601}
k
To define V, let wg = 9{ - @ and Vs; = w{sj. Similarly, for {s,}, let (w’)g =
J i _ J J J : iy :

(9’)?— (0")} and Vs; = (_w’)is;-. If {w]} and {(w')]} satisfy the transition equation
(W] =3 (dfF + flwk) ff , they give a well defined connection. This follows by

(W)l = (0] - ()
=N (OfF + flof) FE — (0FF + £l 1)
k

= D ff + f1OF = O FF = Do + fluf) ff
k k
where we use 9() fE f]’“) = 0 for the third equality. So V is independent of the
frames. From the skew symmetry of V, we know that it is a Hermitian connection
compatible with hg.
The uniqueness follows easily if we restrict V to the open chart above. O

Remark 3.4. Recall that the almost Chern connection [17](see also [19]) associated
to g is the unique connection V¢ on the tangent bundle such that V¢J = Vg =0
and that the torsion © has vanishing (1,1) part. The O operator on (T*X)%0 in-
duces a natural pseudoholomrphic structure. It turns out that the unique Hermitian
connection on (T*X)0 induced by 0 as in Lemma equals V€. To see this, as-
sume that Ve; = w{ej for a unitary frame {e;}. By the first structure equation,
the it" component of © is © = d¢; + wj N ¢;, where {¢;} is the coframe. Also V°©
acts on (T*X)'0 by Vep; = —w§¢j. Then ©' has vanishing (1,1) part if and only
if Op; + (w})o’l A ¢; = 0 which is equivalent to (V¢)%1) = 3.

Suppose that E is the pluricanonical bundle K?m with the induced pseudoholo-
morphic structure Op,. Then the unique Hermitian connection on K?m induced by
the Chern connection on (T*X)10 is just the Hermitian connection determined by

O in Lemma[3.9

Let (E,hg) be a Hermitian bundle with a pseudoholomorphic structure dp. We
can define a unique dual pseudoholomorphic structure on E*:

Op+ : (X, E*) - T'(X,(T*X)" @ E¥)
as follows. For any section s* € I'(X, E*) and any section s’ € I'(X, E), let
(4) (Op=(s"))(s") = O(s™(s")) — s"(Ip(s")).
It is easy to verify that O+ satisfies the Leibniz rule, giving a pseudoholomorphic
structure. On the other side, with the Hermitian structure hg, there exists a nat-

ural complex linear isomorphism E* = E, where E is the conjugate bundle of E.
Therefore, g~ induces a pseudoholomorphic structure on E. By Lemma there
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is a unique Hermitian connection V on E determined by 0 and hg. The conjugate
of the (1,0) part of V induces

v E - (T*X)" o E.
Define 0z = V(1.0). We prove

Lemma 3.5. By identifying E with E*, 0p = Op+.

Proof. Let s € Efand s’ € E. The inner product hg on E induces a bilinear paring
between F and E which we still denote by hz. Then by (3),

(5)  Ohgp(s',5) = hp(VO's,8) + hp(s', VAO35) = hp(dps',5) + he(s', 0p3).
Therefore, J satisfies the product rule . Then 95 = Op=. U
Next we extend the dg operator to APYX ® E and dz to A™*X ® E by
(6) Or(p@u) = (0p) @u+ (—=1)PT9p A dpu
Ip(¢p @v) = (0¢) @ v+ (=1)"T5¢ A dpv.
Then there is a wedge pairing
A:(APX @ FE) x (N*X ® E) — APThats x

defined by (¢1®@u)A(p2®@v) = hp(u,v)p1Ap2. As before, in this situation, hg(u,v)
is denoted to be the C-bilinear product between E and E. We have the Leibniz rule
for the wedge pairing

Iu(p1 @ u) A (p2 ®v) =(0p1 @ u+ (=1)P 1 A dpu) A (92 @ v)
=hg(u,0)dp1 A gy + (—1)2P D hp(dpu,v) A 1 A @
(7) =hp(u,0)(A(p1 A p2) = (=1)P 01 A Dp2)
+ (Ohp(u,v) — hp(u,05v)) A @1 A @2
=9((p1 @ u) A (p2®0)) = (=1)PT(p1 @ u) A Ip(p2 © v)

where we use (5 in the third line and h(u, d5v) A1 Ay = (=1)PTIFH5 (0 @ u) A
(p2 ® Ogv) for the fourth line.
Now let (E, hg) be a Hermitian bundle. Define

x  APIXQFE - A" 9" PXQF
by *(¢ @ u) = (xp) ® u for any ¢ € AP4X,u € E. From the definition we have

he(p1 ® ul, p2 @ u2)dV = @1 @ us A *(p2 ® ug)

where ¢1 ® u1, P2 @ ue € AP4X ® F, hy denotes the inner product on AP4X ® E
and dV is the volume form of X. The inner product on I'( X, AP X ® F) is given by

(P1 ®uy, P2 @ ug) = / he(e1 ® ur, 2 & u)dV.
X

Define
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We have
(G5(6 ®w), ¢ ® u) = / he(9p(6 ® w), ¢ ® W)dV
X

=/5E<¢®ww<eo®u>
X

_ /X 8@ wA* @) — (~1)PH (¢ @ w) Adp(x(p @ u))

—— / (6 ®w) A (~1)PHIV0 x (p @ u)
X

= (p@w,0(¢ @ u))

for p@w € APIIX @ E,p®@u € AP1X @ E. We use in the third line and
Stokes’ theorem in the fourth line. So 9% gives the formal ad301nt of Op.
Define the Laplacian

(8) AgE = 5}55& + éEéE
As (Ag,s,s) = (Ops,0ps) + (05s,0%5s), Ag, s = 0 if and only if Jdps = 0 and
d%s = 0. Denote the space of harmonic (p, ¢) form section of E by

HIV(X, E) = {s € D(X, AMX © E)|Ag,s = 0}.
Assuming that X is compact, we get the following.

Theorem 3.6. Let (X, J) be a compact almost compler manifold. Let (E,hg) be a
Hermitian vector bundle over X with a pseudoholomorphic structure . Then A,

1s an elliptic differential operator and Hg;q) (X, E) is finite dimensional.
When FE is the trivial bundle, this was pointed out in [21].

Proof. We first prove the case when E is a trivial line bundle with Oz = 0. We shall
show that Aj is elliptic at any point p € X. As it is a local property, it suffices
to discuss in a coordinate chart U. Let (J¢ hc) be the constant almost complex
structure and Hermitian structure on U with J.(p) = J(p), he(p) = h(p). J. is
isomorphic to the canonical complex structure of open set in C". Denote 0, the
0-operator of J. and *. the operator corresponding to h.. We have

(00 — ep)(p) = 0, #(0)(p) = *c(9)(p)

for any ¢ € T'(U, AP"?). So 0 and 0, differ by a differential operator whose coefficients
vanish at p. As the principal symbol is only related to the highest degree differential,
any operator from compositions of 9, *,0 would have the same principal symbol at
p with the operators obtained by replacmg them by O, *¢, O.. In particular, Aj has
the same principal symbol with Ag at p. The latter is the flat Laplacian on C"
which is elliptic. Therefore Aj is elliptic at p and hence everywhere.

For a complex vector bundle E. Let {¢;} be a local unitary coframe of (7*X)%0
and {u,} a unitary frame of E. Using Einstein summation notation, any section s



12 HAOJIE CHEN AND WEIYI ZHANG

of AP4X ® E can be expressed as:
s = faﬂy(gba A Q_SB) X Uy,

where (a, ) runs over all multi-indices of type (p,q) and v runs over 1 to the
dimension of E. Then by Leibniz rule,

Ops =0(f*P N ¢a A p) @, + (=1)PH(f* $o A dp) ® Dpu,)
=0 A (¢a A D5) @ wy + P (da A B5) @ wy
+ (= D)PHP (o A dg) ® Oy

The calculation of the principal symbol relies only on the differential of f% (see
e.g. Page 113 in [27]). So any operator which has the same differential term on the
coefficients f*# with O would have the same principal symbol too. Denote ~ to be
the relation for operators with the same principal symbol. Let 0 ® id represent the
differential operator determined by 0®@id((f* ¢aAdp)@u,) := O(f*PY o Nds)Du,
(it depends on choice of {u, } and is only defined locally). Let A5®id be the operator
given by Ag @ id(f¥ ¢po A ¢ @ uy,) := Az(f*P ¢ A ) @ u,,. We have
Op ~ 0 ®id and A5E ~ Ay ®1d.

We have shown above that Aj is elliptic. Then Az ® id is elliptic. Therefore Aj_
is elliptic.

The second part follows directly from the elliptic theory (e.g. Theorem 5.5, Corol-
lary 5.7 in [27]). Explicitly, there is a Green operator G together with the projection
operator H : QP9(X, E) — ngq) (X, E) such that Ay oG+ H = Id. Also, Ay,

and G are both Fredholm operators and ngq) (X, E) is finite dimensional. O

The following Serre duality also holds on compact almost complex manifolds.

Proposition 3.7. For any 0 < p,q <mn, Hg;’q) (X,F) = (Hgl_p’n_@ (X, E*))*.

E*

Proof. The argument is essentially the same as the classical case (see for example
Proposition 4.1.15 of [23]), except clarifying the operators on the bundle E*. It

suffices to show that the natural paring between Hg;q)(X, E) and ’H(%n*p’nfq) (X, E")
E*

is nondegenerate. For any nonzero s € ’Hgi:q)(X, E), since Ops = 5%5 = 0, by
Lemma |3.5 we have

and - _ _
i (¥8) = — % O * (¥8) = —(—1)PFO=P=0) 4 55 — 0.
So *s € Hg;:p’nf(ﬁ (X,E*). As [ sA%s = ||s||* # 0, the non-degeneracy stands. [
Since AP'X = (T*X)%'X ® APYX, the 0 operator induces a natural pseudo-
holomorphic structure on AP°X for 0 < p < n. Denote QP(E) = AP°X ®@ E. The
pseudoholomorphic structures on AP X and E gives a pseudoholomorphic structure
on QP(E). Identifying AP'X ® E with (T*X)%! @ QP(E) by a permutation sign,
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the pseudoholomorphic structure on QP(E) coincides with the dr operator given by

@. Define
HY(X,QP(E)) = {s e (X, (E)) = Q"°(X,E) : Ogs = 0}.
We have

Proposition 3.8. Let E be a complex vector bundle with a pseudoholomrphic struc-
ture over a compact almost complex manifold X , then H°(X, QP(E)) is finite dimen-
sional for 0 < p <mn.

Proof. As 0% =0 on QP%(X, E), Ogs = 0 is equivalent to Ag,.s=0. So

H(X, 07 (B)) = HLO (X, B),
which is finite dimensional. U
Corollary 3.9. H°(X,K®™) is finite dimensional.

Proof. Let E = K®™ with 0 = 0,, and p = 0. Then it follows from Proposition
5.8 O

Proposition also implies that ngE’O) (X, E) is independent of the Hermitian

metric used to define Az, . This should not hold for Hg;q) (X, E) for ¢ > 0. How-
ever, it is possible that the dimension of ’Hg;q) (X, E) is independent of the defining
Hermitian metric. When ¢ = dimc X, Proposition [3.7] implies this is true. In gen-
eral, the following question is a generalization of Problem 20 (Kodaira-Spencer) in

Hirzebruch’s list [21].

Question 3.10. For which pairs (p,q) with 0 < q¢ < dimc X, do the dimensions
dim Hg;’Q) (X, E) depend only on J and Op?

4. BUNDLE ALMOST COMPLEX STRUCTURE AND IITAKA DIMENSION

Recall that for any holomorphic vector bundle over a complex manifold, the total
space is also a complex manifold so that any smooth section s is 0 closed if and only
if s induces a holomorphic map. For a complex vector bundle E over the almost
complex manifold (X, J), a bundle almost complex structure as in [13]| (here we use
the rephrasing from [28]) is an almost complex structure J on TE so that

(i) the projection is (J,J)-holomorphic,

(ii) J induces the standard complex structure on each fiber, i.e. multiplying by i,
(iii) the fiberwise addition « : £ xx F — F and the fiberwise multiplication by a
complex number p : C xE — E are both pseudoholomorphic.

Proposition 1.3 in [13] shows that a bundle almost complex structure J on E
determines a pseudoholomorphic structure 97, and the map J + 97 is a bijection
between the spaces of bundle almost complex structures and pseudoholomorphic
structures on E. Denote 07 to be the pseudoholomorphic structure determined by
a bundle almost complex structure 7. We have
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Lemma 4.1. For any s € I'(X, E), 07s = 0 if and only if s is (J,J) holomorphic.

Proof. We apply a local argument. For each 2-dimensional J-invariant subspace P
in T, X at a point p, we know there is a J-holomorphic disk D passing through p
with the tangent plane P. Then J is integrable on D and E|p is a holomorphic
bundle by dimension reason (see the argument after Definition 3.2). Restricted on
D, it is known that d7s = 0 is equivalent to that s is (J, J) holomorphic. Since
both d7s = 0 and (J,J) holomorphic are local conditions and only depend on
the complex direction, we can choose P to be any direction and obtain the general
equivalence. O

We call such a section s a pseudoholomorphic section of (£, J). The above cor-
respondence builds the bridge to the second author’s paper [42] on the intersections
of almost complex submanifolds, and is used frequently in this paper. In particu-
lar, when E is a complex line bundle over a 4-manifold (X, J), the zero locus of a
pseudoholomorphic section s is a J-holomorphic 1-subvariety in the class ¢ (F) by
Corollary 1.3 of [42].

For any (E, J) over a compact almost complex manifold (X, .J), define

H(X,(B,J)) = H(X,E) = {s € (X, E) : 975 = 0}.

By Theorem it is finite dimensional. The (E,J)-genus of X is defined as
Pg.7 = dim¢ HY(X, (E,J)). When there is no confusion of the choice of bundle
almost complex structure J, we will simply write it as Pg. The bundle almost
complex structure J on E induces a bundle almost complex structure on E®™,
which is also denoted by J. Thus the notation Pgem 7 or simply Prpeom makes sense.
When F = K is endowed with the standard bundle almost complex structure, the
mt" plurigenus of (X, .J) is defined to be P,,(X,J) = dim¢c H°(X,K®™).
We are now ready to define the Iitaka dimension (and the Kodaira dimension).

Definition 4.2. The litaka dimension x”(X,(L,J)) of a complex line bundle L
with a bundle almost complex structure J over a compact almost complexr manifold
(X, J) is defined as

—00, if Prom 7 =0 for any m >0

HJ(X7 (Laj)) = log PL®m7j

lim sup,,, o0 , otherwise.

logm
The Kodaira dimension x”(X) is defined by choosing L = K and J to be the
bundle almost complex structure induced by 0.

5. BIRATIONAL INVARIANTS

As suggested by the results in [42], degree 1 pseudoholomorphic maps are the
right notion of birational morphism in the almost complex category. We define
two almost complex manifolds M and NN to be birational to each other if there are
almost complex manifolds My, -, M,4+1 and Xy, -+, X, such that M; = M and
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M, +1 = N, and there are degree one pseudoholomorphic maps f; : X; — M; and
giZXi—>Mi+1,i:1,”- , M.

The next natural step is to find birational invariants. In birational geometry,
there are many important birational invariants, including the fundamental group,
the Hodge numbers h??, the plurigenera and in particular the Kodaira dimension.
As shown in Theorem 1.5 of [42], X = M#kCP? when there is a degree one pseu-
doholomorphic map ¢ : X — M between 4-dimensional almost complex manifolds.
Hence, the fundamental group is apparently also birationally invariant in the almost
complex category.

We will show in this section that the almost complex Kodaira dimension x”,
plurigenera P,, and Hodge numbers h?? are birational invariants for 4-dimensional
almost complex manifolds.

We first show that plurigenera and Kodaira dimension for almost complex 4-
manifolds are non-increasing under pseudoholomorphic maps of non-zero degree.

Lemma 5.1. Let u : (X,J) — (Y,Jy) be a surjective pseudoholomorphic map
between closed almost complex 2n-manifolds. Then P, (X,J) > P, (Y, Jy). Hence,
k(X)) > kMY (Y).

Proof. Pullback of sections defines
up, : HO(Y,K$™) — HY(X, K$™)

for all m > 1. Combining the argument of Theorem 5.5 and the result of Theorem
3.8 in [42], we know that the singularity subset S, has finite (2n — 2)-dimensional
Hausdorff measure. (Theorem 1.4 of [42] shows that S, supports a J-holomorphic
1-subvariety when n = 2.)

For any s € HO(Y,K$™), if u},(s) = 0, then the restriction u},(s)|x\s, = 0 would
imply s|y\u(s,) = 0. Since s is smooth and Y \ u(S,) =Y, we know s = 0. Hence
uy, is injective, which implies the inequalities. O

For any pseudoholomorphic structure Jg of a complex vector bundle E, it also
induces a pseudoholomorphic structure on E|p for any non-compact embedded J-
holomorphic curve D C X. By Koszul-Malgrange theorem, it is holomorphic. Since
D is Stein, by Oka’s principle, any holomorphic bundle is isomorphic to the product
D x CF.

Let s be a smooth section of E over a compact almost complex manifold X.
Then for any point x € X and a J-holomorphic disk D passing through it, we
could write s|p as a vector valued complex function s’ : D — CF. In fact, ¢ is
the composition of s with the projection from D x C¥ to C¥. Since the projection
is holomorphic, s is (J, J)-holomorphic if and only if s’ is holomorphic. In other
words, s’ is a holomorphic function. Later, we will simply write s instead of s’ by
abuse of notation.

Since there is no local complex coordinate system for a general almost complex
manifold, we use the J-fiber-diffeomorphism [37] to play such a role.

We start with any point x € M, and want to choose an open neighborhood U of .
Without loss of generality, as in [37./42], we can assume the almost complex structure
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J is on C? with coordinates (wg,w;). It agrees with the standard almost complex
structure Jy at the origin, but typically nowhere else. Let 2 be a non-degenerate
2-form which is compatible with J and Q|, = %(dwo A dwg + dwy A dwy).

Denote a family of holomorphic disks D,, := {(£,w)||¢] < p}, where w € D. What
we get from [37], mainly Lemma 5.4, is a diffeomorphism f : D x D — C? onto its
image U, where D C C is the disk of radius p, such that:

e For all w € D, f(D,) is a J-holomorphic submanifold containing (0, w).

e For all w € D, dist((&,w); f(&,w)) < z-p-[£|. Here z depends only on Q
and J.

e For all w € D, the derivatives of order m of f are bounded by z,, - p, where
Zm depends only on €2 and J.

We call such a diffeomorphism J-fiber-diffeomorphism. We have freedom to
choose the “direction” of these disks by rotating the Gaussian coordinate system.
As in [3]|37,/42], we are also able to choose the center f(0 x D) to be J-holomorphic.

With these preparations, we are able to derive the following version of Hartogs’s
extension theorem for almost complex manifolds.

Theorem 5.2. Let (E,J) be a complex vector bundle with a bundle almost complex
structure over the almost complex 4-manifold (X, J), and p € X. Then any section

in HY(X \ p, (B, J)|x\p) extends to a section in H*(X, (E,J)).

Proof. Near p, as in [42], we choose a J-fiber-diffeomorphism of a neighborhood U
of p, f: D x D — U, such that f(0 x D) and f(D X w),Vw € D are embedded
J-holomorphic disks. By possibly shrinking U, our complex vector bundle (E,J)
could be trivialized such that each section of it (on a subset of U) restricts to f(Dy,)
and f(0x D) are complex vector valued functions. We can achieve it by first choosing
the trivialization along f(0 x D) and then fiberwise along each f(D,,).

Let s € HY(X \ p, (E, J)|x\p)- By choosing the above trivialization and the
previous discussion, s is a vector valued holomorphic function along each D,, when
w#0, (D\{0})x0and 0x (D\{0}). We use Cauchy integration formula to define

a5(22) = = /é 22) e vjez

= omi =p &I

It is a smooth (vector valued) function and ag(z2) = s(0, z2) when z2 # 0. Hence, in
particular, ag(z2) is holomorphic on D\{0}. We let a;(0) = lim,, 0 a;j(22). Since for
fixed 29 # 0, s(&, 22) is holomorphic for £ € D, we know a_;(22) = 0 for j > 0. By
the continuity of s, we know a_;(0) = 0,Vj > 0. Hence, s(£,0) =322 __a;(0)& =

h j=—00
720 a;(0)§’ is also holomorphic at § = 0 with value ag(0) at £ = 0. In particular,
ao(0) = 555 |€|=p S(%O) d€. Since ap(z2) = s(0, 22) is holomorphic when 2 # 0, the
partial derivative
2]
0 1 87528(57 22)
— = — = d¢=0.
852610(22) 271 /|€=p 5 E

This extends to zo = 0 since s is smooth. Hence, ag(z2) = s(0, 22) is also holomorphic
at z9 = 0.



KODAIRA DIMENSIONS OF ALMOST COMPLEX MANIFOLDS I 17

To summarize, what we have proved in the above is that the extensions of holo-
morphic functions s(0, z2) and s(z1,0) on 0x (D\{0}) and (D\{0}) %0 to (0,0) have
the same value ag(0), and are holomorphic at both disks 0 x D and Dy. As in [42],
we can choose the center f(0 x D) of the J-fiber diffeomorphism (that transverse
to f(Dyp)) to be (a subdisk of) any given J-holomorphic disk. Moreover, we can
also choose a family of disks passing through p whose complex tangent directions
at p form a disk around a given direction x in CP!. Moreover, each of them is the
Dy fiber of a J-fiber diffeomorphism (see Lemma 5.8 of [37] or Lemma 3.10 of [42]).
Since CP! is compact, we can choose finite many such families such that their union
covers a neighborhood of p, and their tangent directions cover CP?.

We choose J-fiber diffeomorphisms around p whose fiber passes through p lying in
the above union of families and take the center of the foliation to be either f(0 x D)
or f(Dy) in our above construction. By this process, we know all the disks in the
above union of families have the same extended value at p, and are holomorphic at
all the directions. Hence, our section s € H(X \ p, (E,J)|x\,) is extended over p
to a section in HY(X, (E,J)). O

J

We are ready to show the Kodaira dimension x” is a birational invariant for

almost complex 4-manifolds.

Theorem 5.3. Let u : (X,J) — (Y, Jy) be a degree one pseudoholomorphic map
between closed almost complex 4-manifolds. Then P, (X,J) = Py (Y, Jy) and thus
k(X)) = kMY (Y).
Proof. First, by Lemma we know that any element in H(X,K$™) is (J, Jy)-
holomorphic where J; is the bundle almost complex structure corresponding to
O

By Lemma we only need to show u, is surjective. By Theorem 1.5 of [42],
we know there is a finite set Y7 C Y such that

w: X\u (V) =Y\ 1

is a diffeomorphism. For o € H(X, K$™), we could pull it back by u~! ly\v; to get
(u=H*(o) € HO(Y \ Yl,le?’\nYl). By Theorem we could extend point-by-point
over Y to get a unique element in HO(Y, K&™).

Hence, uy, is surjective and we complete the proof. O

There are also other birational invariants. Since AP!X = (T*X)%! @ APOX
the O operator induces a natural pseudoholomorphic structure on AP°X for 0 <
p < n. By Proposition B.g HO(X,0%) := H(X,00(0)) = PV (X, 0) is finite
dimensional. We denote h?*(X) := dim¢c H°(X, QP(0)). For a pseudoholomorphic
map u : (X,J) — (Y, Jy) between closed almost complex 2n-manifolds and any
0 < p < n, pullback of sections defines u* : HO(Y,Q}.) — H°(X,Q%). When u is
surjective, by the same argument as Lemma 5.1} we have

Lemma 5.4. Let u : (X,J) — (Y,Jy) be a surjective pseudoholomorphic map
between closed almost complex 2n-manifolds. Then u* : HO(Y, %) — HO(X, Q%) is
injective and hP0(X) > hPO(Y) for any 0 < p < n.
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We can also show that h?? are birational invariants in dimension 4. In fact, the
only one which does not follow from Theorem is BV,

Theorem 5.5. Let u : (X,J) — (Y, Jy) be a degree one pseudoholomorphic map
between closed almost complex 4-manifolds. Then hP9(X) = hPO(Y) for any 0 <
p<2

Proof. First, by Lemma we know that any element in HY(X, Q%) is (J, J)-
holomorphic where J; is the bundle almost complex structure on AP0 corresponding
to the pseudoholmorphic structure induced by 0.

By Lemma we only need to show u* is surjective. By Theorem 1.5 of [42],

we know there is a finite set Y7 C Y such that
w: X \u (Y1) =Y \Y

is a diffeomorphism. For ¢ € HY(X, Q% ), we could pull it back by U_1|y\y1 to
get (u=1)*(o) € HO(Y \ Y17Q€/\Y1)v which are the pseudoholomorphic sections of
APO(Y) over Y \ Y;. By Theorem we could extend it point-by-point over Y;
to get a unique element in HO(Y, QI;,) Hence, u* is surjective and we complete the

proof. O

We would like to remark that the dimension of the J-anti-invariant cohomology
H; (X,R) defined in [30] is also a birational invariant as shown in Theorem 1.2
of [3].

6. EXAMPLES

In this section, we give some explicit examples on the calculation of the almost
complex plurigenera, the Kodaira dimension x” and h"?. As we have seen in Section
all of them are birational invariant on 4-manifolds. However, different from the
integrable case, they are no longer deformation invariants. This is easy to see by
deforming an integrable almost complex structure of a surface of general type as
shown in the introduction. This argument does not quite extend to the case when the
canonical class is torsion. Our first two examples study such explicit deformations
on Kodaira-Thurston surface and 4-torus.

In Section we show that there are examples of compact 2n-dimensional non-
integrable almost complex manifolds with Kodaira dimension {—o00,0,1,--- ,n—1}

for n > 2 (Theorem [6.10)).

6.1. The Kodaira-Thurston surface. Consider the Kodaira-Thurston surface
X = S' x (I'\Nil®), where Nil® is the Heisenberg group

Nil® = {4 € GL(3,R)|A =

o O =

o = 8

— < W
—

and I is the subgroup in Nil® consisting of element with integer entries, acting by left
multiplication (see [38]). X is homogeneous and has trivial tangent and cotangent
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bundle. An invariant frame of the tangent bundle is given by

R )

o’ 0x’ 0Oy 0z' 0z’
where ¢ is the coordinate of S'. The corresponding dual invariant coframe is given
by

dt, dx, dy, dz—xdy.

For any a # 0 € R, define the almost complex structures J, by:
0 0 0 0 0 0 10 0 0 0
2= Ja(5) = Ja(e b ams) = o Ja(a
o) "o T Gr) T e g, ) T uan el = e, t gy

As (T*X)'0 is spanned by ¢ = dt + idx, ¢o = dy + ia(dz — zdy), any section of
K can be written as s = f¢1 A ¢9. Since

dgs = —iadx N dy = —%(%/\52—le/\¢2—¢31/\$2+¢1/\¢2),

we have (d¢z)"? = %(Z)l A ¢ # 0, which implies the Nijenhuis tensor is nonzero. By
the Newlander-Nirenberg theorem [33], we know .J, is not integrable.
Moreover, we have

(1 A d2) = —1 A Dby = %cﬁl A (p1 A p2 — 1 A ¢2)
= %51 A1 A @a.

Ja(

So 0s = 0 if and only if
_ a -
9) of + Zf¢1 =0.
Let w =t + iz, % = 3(& +i2) and V = %((By +22)+il2). Then 2,V are
dual vectors of ¢1, ¢o. From @ we have

(10) g-’f+ Ty

(11) V(f)=0.
Let f = fi1 + ifs, where fi, fo are smooth real functions on X From (| get

we
that VV f = 0 where V is the conjugate of V. As VV = (( + xaz)Q + (é%)Q),
we obtain

O fi % f1 .  1.0*h
(12) e + 22 99 8Z+($ +?)7822 =0,

% f 9% fa o 1.9%f
(13) T P gt @t )G =0

Consider the fibration p : X — T? = R?/Z? given by

p(t, 2.y, 2]) = [t, z].

The fiber of p is a torus with coordinate (y, z . is strictly elliptic without
zero order term when viewing f as a function of Y, Z. As the fiber is compact, by the
maximum principle f is constant in each fiber. We can push down f to a function
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on the base T2 with (¢,2) coordinate. To solve the equation on T?, consider
the Fourier series

f(f) _ Z fk7l€2m(kt+l$), fk,l _ / f(t, x)e_QWi(kt-’_lx)dtd.fL‘.

(k,)ez? T
For smooth function f, f = 0 if and only if fx; = 0,V(k,l) € Z* by the completion
of the series {eQm(ktHx)}. Apply F to , we get

D7 (G + wlik = 1) frge 1) — .
(k,1)eZ?

If a ¢ 477, then § + 7(k —il) # 0 for any (k,[) € Z% So fry=0and f=0. If
a = 4l for some [ € Z\{0}, then f = Ce?>™* are the solutions. Therefore we get
0,a ¢ 477
1,a € AnZ

For m > 2, assume that s = f(¢1 A ¢2)®™ is a holomorphic section of £®™. Then

Pi(X, Ja) =

_ ma -
Oms = (Of + == fé1)(1 A $2)*™ = 0.
The same computation from above shows that f is constant on (y, z) and satisfies

of ma

— 4+ —f=0.
ow * 4 /

Using Fourier transform, we get that if a ¢ %TFZ, then f =0;if a = %T for some

1 € Z\{0}, then f = Ce*™* So

0,a ¢ 1nZ

(14) P (X, J,) =
l,a € %T{'Z.

_ To compute @I’O(Xl, assume that v = g1¢1+g2¢2 € H(X,Qx). As dp1 = 0 and
Opy = =501 N g2 + 01 A @2, from 0y = 0 we obtain

(15) g1 + %gﬂ% =0
(16) dga — %92&1 =0

is in the same form with @D So we have V(g2) = 0 and then g9 is independent
of y, z. is equivalent to

dq
1 —_—
( 7) ow 0
(18) V(g) + 92 =0

From we have that g; is independent of ¢,x. As gy is independent of y, 2,
composing V to we get that V'V (g1) = 0. Therefore, g is a constant. Returning
to we get that go = 0. Therefore v = c¢; for some constant ¢ and h*°(X) = 1.
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In conclusion, we have
Proposition 6.1. For any a # 0 € R, there is a non-integrable almost complex
structure J, on X = S x (T'\NiP) such that h'"°(X) =1 and
—00, a¢7mQ
0, aemQ\{0}
Proof. As | 477 = nQ, we have that if a ¢ 7Q, Py, = 0 for all m; if a € 7Q,

meZy m
then P, = 1 for some m. ]

KJa (X) -

%w, -+, then the first nonzero plurigenera are

If we choose a = 4, 27, %7‘(‘, cee
Py, Py, P3, --- P, ---. Therefore they are not birationally equivalent though s’ =

0.

Remark 6.2. Let J be the almost complex structure given by

0 0 0 0 0

— )=, J(=—)=—=— —.

o) "oz M) Ty T ez

Then J is integrable and induces the usual complex structure on X. In this case, K
is holomorphically trivial with a closed section (dt + i(dz — xdy)) A (dy + idx). So

Pn(X,J) =1 for any m > 1 and x’(X) = 0.

J(

From , we see that both plurigenera and Kodaira dimension are not defor-
mation invariant. However, we still have upper semi-continuity. Assume that A is
an open set in C and {J(t),t € A} is a family of almost complex structures on a
compact smooth manifold, depending smoothly on t. Let P,,(t), h?%(t) be the m-th
plurigenus and (p,0) Hodge number of J(¢). We have

Proposition 6.3. P,,(t) and h?°(t) are upper semi-continuous function of t.

Proof. As all sections in H?(X, K(t)®™) and H(X,P(t)) are exactly the harmonic
sections, by the properties of elliptic operators (Theorem 4.3 in [26], see also [14]),
Py, (t) and hPO(t) are upper semi-continuous. O

6.2. 4-torus. We offer another example on the four torus. Consider the four torus
X = T* = R*/Z* with coordinates (21,2, 23,24). We study the almost complex
structure J introduced in [§] given by

0 -1 o f
J— 1 0 -8 «
0 0 0 1
0 0 -1 0

o
Assume that o, are any two real smooth functions on T? satisfying % +
1

2 .
% # 0 in a dense open set. For example, o = cos 27 (x1 + x2), = sin 27w (x1 +
2
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x9). Direct computation shows that J is integrable if and only if «, § are independent
of x1, 2 (see [§]). Therefore, J is not integrable by our assumption. Let
¢1 = dx1 + i(dl’g — adxrg — ﬁdl’4), P9 = dxs — idxy.
Then (T*X)"0 is spanned by ¢1, ¢2. Assume that s = f¢1 A ¢ is a smooth section

of K. Let w = x1 + ixo, a% = %(821 - iaim). Js = 0 if and only if
- 10(B +ia) .~
(19) of + 57,}%2 =0.
It is equivalent to
of
(20) Se =0
ofr  Jof _,0f  gof, 0Btie),
(21) 0x3 + a@aﬁg Z(8x4 + 83;2) + ow F=0.

As T* is compact, from we get that f is constant in the (1, z2) direction. Then
become
of . of I +ix)

Apply % to to get

0%(B +ia)
2 ——=f=0.
(23) Qwow f=0

By the assumption of «, 3, we have f = 0 and s = 0. Similarly, for K™ m > 2, if

s = f(¢1 A ¢2)®™ is holomorphic, then

= mo(p +ia) , -

of + fbf $2 = 0.
2 ow

The same argument gives that s = 0. Therefore, P, (X,J) = 0,m > 1 and
k7 (X) = —o0.

For h'0, assume that v = g1¢1 + g2 € H(X,Qx). Then from 0y = 0 we get
that

~ 10 ; B

(24) g1 + 2%@91@ =0
_ 19(8 —i B

(25) g2 + Q(ﬁawm) gi161 = 0.

is the same with , so we get that gy = 0. Putting it to , we deduce that
g2 is a constant. So v = c¢o and A0 = 1.
For any t = t1 4+ it € C, let

0 -1 tloz tzﬂ
J(t) _ 1 0 —tQ,B tla

0 0 0 1

0 0 —1 0
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J(0) is the standard complex structure on 7% and J(1 + i) = J. By the above
calculation, for any m > 1, t € C, we have

1
0,t#0 RN = it #0
1L,t=0 2,t=0

P (t) =

This gives an example where the plurigenera, the Kodaira dimension and A" are
not constant under smooth deformation even when K = 0 for ¢ = 0.

6.3. Non-integrable almost complex manifolds with large Kodaira dimen-
sion. Although a generic almost complex structure does not have any pseudoholo-
morphic curve, which forces Kodaira dimension to be —oc or 0, we still have inter-
esting non-integrable examples with large Kodaira dimension. In this subsection, we
give examples of non-integrable almost complex structures on 2n-manifolds with Ko-
daira dimension lying among —00,0,1,--- ,n—1. First, we construct non-integrable
almost complex 4-manifolds with 7 = 1.

Let S be a compact Riemann surface with genus g > 2. We shall define a non-
integrable almost complex structure on X = T2 x S. Denote the two projections
by

T T?x S — T 7 :T?x S — S.
Assume that T? = R?/Z? has coordinate (z,y). Then %, a% is a global frame on

T?. The tangent bundle of X has a splitting 7X = TT? x T'S. Let Jg be the
complex structure on S with local holomorphic coordinate w and h = h(w) be a
smooth real nonconstant function on S. h is pulled back by 75 to be a function on
X (we still denote it by h which is constant on (z,y) direction). Define an almost
complex structure on X by

) 5 O )
VY= —(1 _ _
J(ay) (I+h%)—+h

0 0 0
h ox y

%) = — % + @a
Jlrs = Js
Then J? = —id and (TX)'"0 =<V, & > where V=2 +i(hZ — 2). As
Vgl = —ish o =L (v 4 V)
J is not integrable by Newlander-Nirenberg’s theorem since g—g # 0.Then J(dz) =
—(hdz + (1 + h?)dy). Let a = dx + i(hdz + (1 + h?)dy). Locally
(T* X))’ =< a,dw > and K5 =< (a Adw)®™ >
for any m > 1. There is an embedding
w5 T(S,KE™) — T(X,K5™)
given by m3(7) = (a)®™ Ay for any v € T'(S,K§™). Define the (0,1) form 8 =

;Z((hhjg) Oh. We get

Lemma 6.4. m3(v) € HY(X,K®™) if and only if Oy + mB A~y = 0.

J(
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Proof. Assume locally that v = f(w)dw®™. Then 75(v) = (a)®™ Ay = f(aAdw)®™.
We have

dj(a A dw) = (da A dw)2’1
B 3%< B 2h(i+ h)
20w 1+ h?
—i(h +1) Oh

= ———dw A aAdw.
2(h—4) oo N

;Z(%h_tl)) Oh. As f depends only on w, we have

05(m3 (7)) = (;‘}; +mbf)dw(a A dw)®™.

So d;(m3(7y)) = 0 is equivalent to g—g +mbf = 0 which gives 0y + mBAy=0. O

)dw A o A\ dw

Let b= 5= 8% and § =

Denote
HY(S,KE™) = {y € T(S,KE™),8y +mB A~y = 0}.

When h = 0, then 8 = 0 and the group is the ordinary holomorphic pluricanonical
section group of K%m. From Lemma we get an injective map

T Hy(S,KE™) — HO(X, K&™).

We can compute the dimension of HP(S, K?m) explicitly when m > 1. Notice
that the operator 0, = 0 4+ mf A _ satisfies the Leibniz rule and then gives a
deformed holomorphic structure of /C? as dimS = 1. For the holomorphic line
bundle (Kg™, ),

deg(KG™, Oh) = deg(Kg™,0) = 2m(g — 1)
by the deformation invariance of ¢;. Also,
H°(S,Ks ® (K™, 0p)*) =0

for m > 1 since the degree is negative. Applying the Riemann-Roch formula to
(/Cf?m7 On), we have

dim Hj (S, KE™) = dim H}(S,Kg™) — dim H°(S, Ks ® (K™, 0p)*)
= deg(Kg™,0h) — g +1
(26) =@2m-1)(g—-1)

for m > 1. When m = 1, as deg(Ks ® (Ks,9,)*) = 0, we have dim H°(S,Kg ®
(Ks,0n)*) < 1. Applying the Riemann-Roch formula we obtain

g—1<dimH}(S,Ks) <g.
Next, we show that 75 is surjective.

Lemma 6.5. For any s € H'(X,K®™), s = w3(y) for some v € Hp(S,K§™).
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Proof. We offer two different proofs. The first follows from direct calculation. The
second proof applies the results of intersection theory built in [42] which can be
generalized to other cases (Theorem below).

Assume that s = g(a A dw)™ locally. As da = B A a, we have Op,s = (0g +
mgpB)(a A dw)™. So g + mgB = 0, which is equivalent to

(27) Vig)=0

0
(28) (8—5_] + mbg)dw = 0.
Using the same technique in example 6.1, from we get that g is independent of
z,y. So we can define v = g(dw)®™ € HP(S,K5™), and s = m5(7).

The second approach is more topological. Define a deformation

o o 9 B} Y )
- = — -_ —_— —_— = — 1 e —_—
833) (th)ax + ay,Jt(ay) (1+th >8x +(th)8y

Jilrs = Jg,0 <t < 1.

Then J; = J and Jy is the product complex structure on X. By the homotopy
invariance of the Chern classes, we have c;(K;) = ¢1(Ky,) = (29 — 2)[T?], where
[T?] is the cohomology class of the fiber of m2. Also, each fiber T is a J-holomorphic
curve by definition.

Let 2p = (tp, wp) be any point in X where ty € T?,wp € S and s € HO(X, K®™)
is a nontrivial section. First assume that s(zp) = 0. By Lemma s induces a
holomorphic map. Therefore, s~1(0) supports a pseudoholomorphic 1-subvariety in
X (Corollary 1.3 in [42]). By the positive intersection of pseudoholomorphic curves
(see [42]), either T2 x {wo} C s7(0) or T? x {wp} has positive intersection with
s710). As

Je(

[s7H0)] = m - e1(Kg) = m(2g — 2)[T7]
and [T?] - [T?] = 0, the latter case cannot be possible. So 8|72 x fuwoy = 0-
Next, assume that s(z9) # 0. Denote H}(S,K&™ — {wo}) the first sheaf coho-
mology group of the tensor bundle (K§™, 05) ® (—{wo}). By the Kodaira vanishing

theorem, when m > 1,
HE(S,KE™ — {wo}) =0

as deg(lC?(m_l), Op) > 2. From the exact sequence

0 — K&™ —{wo} — K§™ — K& |wo — 0,
we get the exact sequence of cohomology groups ( |20]) :
0 — Hy(S, K™ ~{wo}) — HR(S,KG™) — KG™ g — Hj (S, K™ ~{wo}) = 0.
Therefore, there is a 5 € Hp(S,K§™) such that §(wg) # 0 when m > 1. Then
75 (%) (20) # 0. Since s(zp) # 0, there is some k # 0 such that (s — k73(5))(z0) = 0.
As s — kmy(7) € HY(X,K®™), by the same argument as in the first case,

(8 = k3 ()72 x fwo} = O

So s = km3(7) on T? x {wp}.
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Therefore, in either case, s is constant on the fiber of m5. Then we can push down
s through 7o to get a section v € I'(S, K?m) such that s = 73(y). By Lemma
v € H)(S, K?m). O

Combining Lemma Lemma and , we have

Proposition 6.6. 75 : H)(S,Kg™) — H°(X,K®™) is an isomorphism. There-
fore, P (X, J) = dim HY(S,K§™) = (2m—1)(g—1) form >1,g—1 < P(X,J) < g
and k7 (X) = 1.

To compute the]zl’0 of X, assume that 7 € H°(X,Qx). Locally write 7 =
g1 + godw. From Ot = 0 we get

(29) dg1 +g18 =0

(30) dg2 = 0.

From ([29)) we get that

(31) V(g) =0
g1 _

Then gives that g1 is independent of x,y as before. can be interpreted as
follows. The 9, = 0+ B A _ also induces a deformed complex structure on the trivial
line bundle. Define HY(S,0) = {g € C*(S),0,g = 0}. Then (32) is equivalent to
g1 € H,?(S, 0). As deg O = 0, we have dimH,?(S, O) < 1. From (30)) we get that

¥ 992

Vgg = 0, % =0.
which implies that go is constant. Therefore T = gjov + cdw, with g € Hp (S, O).
As h10(S) = g, we obtain

g <h(X)<g+1,

The case h'9(X) = g+1 corresponds to dim Hy (S, 0) = 1 which implies that (O, d,)
is holomorphic trivial. The case h'9(X) = g corresponds to dim H (S, 0) = 0.

We can generalize the calculation to the case where X admits a smooth pseudo-
holomorphic elliptic fibration.

Theorem 6.7. If (X*,.J) admits a smooth pseudoholomorphic elliptic fibration over
a Riemann surface of genus greater than 1 with J tamed, then k’ = 1.

Proof. Let m : X — S be the pseudoholomorphic elliptic fibration. By [37], the
canonical class K is represented by J-holomorphic 1-subvariety ©. For the fiber
class T', we have T'-T = 0. Hence K -T = 0 by adjunction formula. By positivity of
intersection, any component of © is contained in a fiber. Since each fiber is smooth,
we have K = bT. On the other hand, any section of Kx pushed down to a section
of Kg by integrate out the fiber. Hence K = (29 — 2)T.

In other words, as complex bundles, 7T*<K:%?m) = IC_?ém. We notice that 0, maps
(S, KE™) to m*L(S, K™ ® T*S). We thus denote 9, 7*(fv) = 7*(9(7)) where
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Or is an operator mapping I'(S, K?m) to I'(S, K%m ® T*S). Hence, for any smooth
function f on S, by the Leibniz rule of 9,,, we have

T (Or(fY)) = Omm™ (fy) = 0" f AT Yy + 7" f - O™y = 75 (Or f Ny + fOr).
That is to say O, also satisfies the Leibniz rule and hence it is a pseudoholomorphic
structure on K?m. Since S is a Riemann surface, it defines a holomorphic structure
on it. To summarize, 7*(y) € H°(X,K®™) if and only if v € H2(S,K§™), where
HY(S,KE™) = {y € I(S,KE™), Oy = 0}.

Since any section s € H9(X,K®™) would have zero locus a J-holomorphic 1-
subvariety in class mK = m(2g — 2)7T', Lemma (or the argument in the first
paragraph) still applies and we know any section s € H?(X,K®™) is of the form
7*(7y) for some v € H2(S, KE™).

Therefore, P, (X, J) = dim HY(S,Kg™) = (2m—1)(g—1) for m > 1 and v’ (X) =
1. [l

We remark that the only place we use tameness is that it guarantees the existence
of pseudoholomorphic 1-subvariety in the (pluri)canonical class.

In fact, the examples in Section (as well as Section are smooth pseudo-
holomorphic elliptic fibrations over 72. In these cases, (K?m, Or) are holomorphic
line bundle of degree 0. These bundles are holomorphically trivial if and only if
P,=1.

With those 4-manifolds with s/ = 1, we can construct more non-integrable almost
complex manifolds with large Kodaira dimensions. First, we derive the Kiinneth
formula for pluricanonical sections of almost complex manifolds. For two almost
complex manifolds (X1, J1) and (X2, J2), the product map J; x J2 induces an almost
complex structure on X; x Xs. We have

Proposition 6.8. P, (X1 x Xo, J1 X J2) = Py (X1, J1) P (X2, J2) for m > 1.

Proof. We apply the harmonic theory in section 3 to derive the formula, similar to
the argument in the integrable case (see [20]). Let

p12X1XX2—>X1,p2:X1XX2—>X2

be the two projections. We have Kx, «xx, = pj(Kx,) A p5(Kx,). Choose Hermitian
metrics g1 and go on X7, Xo respectively. Then g; x go gives a Hermitian metric
on X1 X Xo. A form ¢ € T'(X; x Xo,Kx,xx,) is called decomposable if ¢ =
Pi(o1) A p5(¢p2). Similar arguments as those in Page 104 in [20] show that the
decomposable smooth forms are dense in the Hilbert space L*(X1 x X2, Kx,xx,)-

Denote Ay, Ay, the Laplacian operators associated to dj,,0;, as given in .

By the definition, they are both semi-positive operators. Let 1,2, -, be the
eigenforms of Ay, in I'( Xy, Kx,) with eigenvalues A1, Ao, -+ and 11,9, -, be the
eigenforms of Ay, in I'(X9, Kx,) with eigenvalues pi1, pa,---. Then A; > 0,1, > 0

for any i. Let Ay «j, be the Laplacian operator associated to J; x Jy and g1 X ¢a.
From the definition, we directly get Ay, «7, = Ay, + Ay,. Also,

A g5, (P1(0i) Ap3(5)) = (N + )P (0i) A p3(5).
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So we have A «s,(pi(wi) Ap5(h;)) = 0 if and only if \; = p; = 0. As {¢;}, {¢i}
give Hilbert bases for L?(X1,Kx,) and L?(Xs,Kx,) respectively, {p}(¢:) A p3(¥;)}
gives a Hilbert basis of L? (X1 x X9, Kx, xx,) by the density of decomposable forms.
Therefore, we get Ker(Aj xj,) =< pi(@:) Ap5(1;) > with A; = pj = 0. Namely,

HO(X1 x Xo,Kx,xx,) = H'(X1,Kx,) ® H*(X2,Kx,).

This shows that P (X7 X Xo,J1 x Jo) = Pi(Xy,J1)Pi(Xe, J2). Similar argument
gives that

HO(Xy x X, K7 ) = H(X1,KY") @ HO (X2, KYT)
and Pm(Xl X Xo, J1 X Jg) = Pm(Xl, Jl)Pm(XQ, Jg) for any m > 1. ]
From the definition of Kodaira dimension we have

Corollary 6.9. x/1*72(X; x X3) = £/ (X1) + x72(X2) for any two compact almost
complex manifolds (X1, J1), (X2, J2).

Theorem 6.10. There are examples of compact 2n-dimensional non-integrable al-
most complex manifolds with Kodaira dimension lying among {—00,0,1,--- ,n—1}
forn > 2.

Proof. By taking direct products of the Kodaira-Thurston surface with copies of
two torus T2, we can get compact 2n-manifolds with non-integrable almost complex
structure and k7 = —oo or 0.

By taking direct products of the 4-manifold X = T2 x S as in Proposition
with copies of 2-torus T2 or the Riemann surface ¥ with g > 1, we get compact
2n-manifolds with non-integrable almost complex structures and £/ = 1,2,--- ,n —
1. O

7. THE SIX SPHERE

By a result of Borel and Serre [4], the only spheres which admit almost complex
structures are S? and S%. The standard way to construct an almost complex struc-
ture on S% is to use the cross product of R” applying to the tangent space of S6.
In this section, we will compute the Hodge numbers, the plurigenera and Kodaira
dimension of the standard almost complex structure. Our method is to consider S°
as a homogeneous space of the exceptional Lie group Go and apply an explicit real
representation of the Lie algebra gs.

First, we review some definitions following [7]. Let ej,eq,- -, e7 be the standard
basis of R” and e!,e?,--- e’ be the dual basis. Denote €% the wedge product
e’ Ael A ek and define

B — 123 4 145 4 167 4 246 25T _ 34T _ 356
Then ® induces a unique bilinear mapping, the cross product: x : R” x R7 — R’
by (u x v) - w = ®(u,v,w), where - is the Euclidean metric on R7. It follows that
uXv=—vxXuand

(33) (uxv) u=0.
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Also, further discussion (see [7]) shows that
(34) ux (uxv)=(u-v)u—(u-u).

We remark that the cross product x differs from the cross product induced by
Cayley’s multiplication table of octonions, though they are isomorphic. For example,
here e1 X eg = er.

The six sphere S% = {u € R”, u - u = ||u|| = 1}. The tangent space at u € S5 is
T,S% = {v € R"|u-v = 0}. Let J, = u x _ be the cross product operator of u. Then
by ,, Ju(T,,8%) € T,,S% and J? = —id on T,,S%. In particular, when u = e;,

we have

Jel (€2> = €3, Jel (63) = —€g, Jel (64) = €5,
(35> Jel (€5> = 64, J€1 (66) =er, Jel (€7> = —e€g.

Let J = {J,,u € S®}. Then J gives an almost complex structure on S which is the
standard almost complex structure we consider. It is shown [15] [17] that J is not
integrable since the Nijenhuis tensor of J is nowhere vanishing.

On the other side, denote

(36) Gy = {g € GL(7,R)|g*(®) = @},

where G5 is the simple Lie group of type GGo which is compact, connected and simply
connected with real dimension 14 (see [5]). G2 preserves the inner product - and the
cross product x and acts transitively on S%. Let Gy x S6 — 56 be the transitive
action and p : Go — S the induced map given by p(g) = g(e1). The map p is a
submersion with p~t(e;) = {g € Galg(e1) = e1} = SU(3). This makes Go into a
principal right SU(3) bundle over S°.

Next, we give the explicit representation of the Lie algebra go of G2 and define
a left invariant almost complex structure on it. Let ¢;;, be skew-symmetric unit
indices such that & = %eijkeijk. For example, €193 = —e€130 = €231 = 1. By the
characterization in [6] (section 2.5 there), a skew-symmetric matrix A = (a;j) is in
go if and only if

7
(37) Z €ijkAik = 0

Jk=1

for all 1 < ¢ < 7. These give a system of seven linear equations. For example, the
first equation reads

a3 + ag5 + ag7 = 0.
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Let ¥ = (21,72, 23,24, 75,26) € RS, ¢ = (y1,y2,--- ,ys) € R®. Solving gives
that a general element A in go C gl(7,R) has the following form

0 1 —XI2 T3 —T4 xT5 —T6
—x1 0 Y1 —Tet+ys Ts+Ys Ta—Ys —T3—Ys
) — 0 —Y3 Ya Ys —Y6
A=A{Z. 7} = | -25 26— wm Y3 0 —Yy1+Y2 —T2—Ys T1—Yr
Ty —T5—Y3 —Ys Y1 — Y2 0 Y7 —Ys
—r5 —Tat+ye —Ys T2+Us —Y7 0 —Y2
re x3tys Yo —T1+yr ys Y2 0

Here {-,-} denotes an operation {-,-} : R® x R® — g, whose definition is stated
above. The above expression is chosen so that it suits our later discussion on S°.

Denote @;,i = 1,---,6, the i-th unit vector in R® and gj,j =1,---,8, the
j-th unit vector in R®. Define f; = {d’i,ﬁ},hj = {6,@} For example, f; =
{(1,0,0,0,0,0),0}, he = {0, (0,1,0,0,0,0,0,0)}. Then {f;,hj;1<i<6,1<j <8}
forms a basis of go. The Lie brackets between f; and h; are computed in the
appendix. Let

m:SpCLn{fl,"‘ 7f6}7 h:span{hl,--- 7h8}‘

Then go =m @b, [h,h] C h and h = su(3). A Cartan subalgebra of go is given by
the span of hi, hs. The corresponding decomposition of go into root spaces can be
also calculated. For the projection p : Go — S%, we have

ker dp =1, dp(fi) = (=1)"eit1.
Define an almost complex structure J on g2 by

J(f1)=—fo, J(fs)=—f1, J(fs)=—F,

J(h1) = —hg, J(h3) = —hg, J(hs) = —he, J(h7)= —hs.

J: induces a left invariant almost complex structure on Go which is still denoted by
J. By , the following holds at 1g,,

(38) dpoJ = Jodp.

Since both J and J are Go-invariant, holds globally on G2. In other words, p
is a (J, J)-pseudoholomorphic map.
With the construction of J, we prove the following

Theorem 7.1. For the standard almost complex structure J on S, 10 = p20 =
h%3 = A3 =0, Pn(S%,)) =1 for any m > 1 and ? = 0.

We would like to thank several people, including Huijun Fan, Valentino Tosatti,
Jiaping Wang and Bo Yang for encouraging us to proceed the calculation.
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Proof. Compute the plurigenera P,,(S%,J) first. Denote (CI:*SG)LO the bundle of
(1,0) forms on S® and p* the pull back map of forms. As pis (.J, J)-pseudoholomorphic,
we have p*((T*S%)10) c (T*G2)" = (g3)'0. p* is injective since p is a submer-
sion. Denote {f?, h/} the basis in g3, dual to {fi, h;}. Then (g3)1? is generated by
{¢',---,¢"}, where

O = if S = if @ = if

ot =hnt —in?, ¢ =h3—iht, ¢S =n> —inb, o' =hT —ihd.
As [b,b] C b, using the Lie brackets in the appendix, we get
df' = —f* AR =23 N O+ AR = 2f A FP = AR — P AR+ fO AR,
df* = [P AR+ fEARY = [P ARY — fOARS + fL AR,
df3 = —f*ARY 2 N FO+ AN — AR+ fAARY — fAARE — FSARS+ fONRT,
df* = P AL+ fEARS = PARY = AR AR P AR — fO AR,
dfS = —fANFAH FEARS — PPN FPARS+ AR+ fANRT + fO AR,
dfS = —2f A 3= FLARP+ F2PARS — FAART+ fAARS — f5 AR

Therefore, the definition of J gives

e LA A

(39) 06> =~ 0" NG — P NG i A
*3_£1 *2_1'2 71 }3 74
00" = 5" A" — 56" NG+ 5¢ NG
Then
' N N §%) = D' N p* N — ¢! NDG? AP+ ¢' A ¢? N DS = 0.

By the arguments in |7] (equation (2.11) in [7]), ¢! A ¢* A ¢ induces a nowhere-
vanishing Go-invariant (3,0)-form ® on S®. As p is pseudoholomorphic and p* is
injective, 0® = 0.

Assume s € HY(S% K), then s = f®, where f is a smooth function on S®. From
ds = 0 we get that Of = 0. Since S% is compact, the maximum principle gives that
f is a constant. Therefore, P;(S%, J) = h3? = 1 with ® being a generator. Similarly,
we get P, (S%, J) =1 for m > 2, with ®™ being a generator of H°(S% K©™). So
k) =0.

Next, we compute the Hodge numbers h1? and h*°. Assume that s € H0(S°).
Then p*s is in the span space of {¢', ¢?, ¢3}, satisfying d(p*s) = 0. Let p*s =
k1g' + kod? + k3¢®, where k; are smooth functions on Ga. From (39) we get that

_ _ _ 1 -
(40) Oks = ik19°® + ikod” + §k3¢4.
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Let X;,1 < i < 7, be the dual complex vector of ¢*. Namely, X; = %(f1 +
ifa), -, Xy = %(h7 + ihg). From the Appendix, the following Lie brackets hold

_ , . - ) - i
(41) (X1, Xo] = —iX3 + 5X5) (X5, X5] = 3h, (X5, X3] = Fhe:
Equation gives us that
X1(k3) = Xa(k3) = X3(k3) = X5(k3) = 0.

From (A1), we have X3(k3) = 0 and hq(ks) = 0. Then by the last relation in (4I),
ha(ks3) = 0. So X4(k3) = 0. Evaluate X4 to (40) we get that k3 = 0. Then (40
directly gives that k1 = ko = 0. Therefore, p*s = 0. As p* is injective, we get s = 0.
Hence, H'(S%) = 0 and A% = 0.

To calculate h??, assume that o € H*°(S%). Then p*o satisfies d(p*o) = 0. Let
po = Lo A P? + 1bd? A @3+ 130° A @b, where [; are smooth functions on Go. From

we get
_ 1 _ _ _
0@ NG?) = 58" NP NG! +id NP A" —igt N® A ST,
(@ NG = SO NG NG — 28 N§* NGt + 2" NP A,
_ j 1= _ _
08 N o) = —50' N> NG + ¢! NG* NG —id” NP NG,
So d(p*o) = 0 gives that
(42) ly = —il1 45 + %lzé‘* +ils 30
Then X (l2) = Xa(l2) = X3(l2) = X7(l2) = 0. By the Appendix, the following hold
. i 7 . oo o
(43) [X17X7] = _§h27 [Xth] = ZX77 [X27X3] = _Zfl - ih’?
From (43), we have hy(l) = 0 and X7(l2) = 0, which implies h7(lz) = hg(l2) = 0.
Putting it to the last equation in , we have fi(l2) = 0. As Xj(l2) = 0, then
0= [fl,Xl](lg) = —%(hl + hQ)(lg). So hl(lg) = 0 and then X4(l2) =0. Evaluating
in , we derive [; = lo =13 = 0. So p*o = 0. By the injectivity, ¢ = 0. Therefore,
H?9(S%) =0 and %" = 0.
By the Serre duality (Proposition , we have h!3(S%) = h23(5%) = 0. O

On the other hand, for a hypothetical complex structure on S8, P =h¥0 =0,
The key point is a d-closed (3,0) form is also d-closed on a complex 3-fold.

8. APPENDIX

Direct calculation gives the following Lie brackets of go:
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f17 2 _h1+h27 [fl)f3]:2f67 [fl)f4]:f57 [f17f5]:_f4)

Ji. fel = —=2f3, [fi,h1] = —(fa—hg), [f1,ho] = —hs,
Ji,hal = —(fa+he), [fi,ha] = f3,  [f1,hs] = fs,
fi,he) = —fs+h3, [fi.h7] =0, [fi,hs] = ho,

]
]
]
]
| = f5 ha,  [fo, fa] = —ha,  [fo, f5] = —f3+ hs,
| =he, [fo,ha] = fi+he,  [f2,he] = —hs,
| = f3 hs,  [fo,ha] = fa,  [fo,hs] = —f5 + hs,
|=—fe, [fe,h7]=ha, [fo,hs] =0
| =ha, [fs;fs]=hs, |[fs,fel =2f1, [fs,h1] = fa+ hs,
chol=—fa,  [fs,hs] = —(fa—hs), [fs;hal=—f1, [fs,hs] =0,
| =—(h1+ha), [fs,h7]=fe, [f3,hs]=—15,
| =2(fi+h7), [fs,fe]l=hs, [fa,h1]=hs— fs,
I=1fs, [fa,hs]l=fi+hs, [fa,ha] = —fo,
| =—(hi+ha), [fo,he] =0, [fa,h7]=—f5, [fa,hs]=—Tf6,
| =—h2, [fs,h1] =ha, [fs,ha] = fe,
=0, [fs,ha]=—h1, [fs,hs] = f2— hs,
| = f1 +hr,  [fs,hr] = fa,  [f5,hs] = f3,
| =
| =

ha,hs) = —h7,  [ha,he] = —hg,  [ha,h7] = hs,  [ha, hg] = he,
- _2(h1 + h2)7 [ ] bl _h47 [h57 hB] = _h37
he,h7]) = h3,  [he, hg] = —h4, [h7, hg] = —2hs.

Je, 1 3, [fe,hal =—fs5, [fe,h3] =—h1, [fe,ha] =0,

fe, s _fh [fe, he] = f2,  [fe,h7] = —f3,  [fe,hs| = fa,
[hi,he]) =0, [h1,hs] = —2hy, [h1,h4] =2hs, [h1,hs] = —he,
[h1,he] = hs,  [h1,h7] = hg,  [h1,hs] = —hr,

[ha,h3) = ha,  [ho,ha] = —h3,  [ho,hs] = —hg,  [ha, he] = hs,
[h3,he] = h7,  [h3,h1] = —he,  [h3, hg] = hs,

[ ]

[ ]

[ ]
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