SCHUBERT EISENSTEIN SERIES AND POISSON SUMMATION FOR
SCHUBERT VARIETIES

YOUNGJU CHOIE AND JAYCE R. GETZ

ABSTRACT. Schubert Eisenstein series are defined by restricting the summation in a degen-
erate Eisenstein series to a particular Schubert variety. In the case of GL3 over Q Bump
and the first author proved that these Schubert Eisenstein series have meromorphic con-
tinuations in all parameters and conjectured the same is true in general. We revisit their
conjecture and relate it to the program of Braverman, Kazhdan, Lafforgue, Ng6, and Sakel-
laridis aimed at establishing generalizations of the Poisson summation formula. We prove
the Poisson summation formula for certain schemes closely related to Schubert varieties and

use it to refine and establish the conjecture of Bump and the first author in many cases.
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1. INTRODUCTION

In this paper we prove the Poisson summation conjecture of Braverman-Kazhdan, Laf-
forgue, Ngo, and Sakellaridis for a particular family of varieties related to Schubert varieties
(see Theorem 1.2). We were motivated to prove this case of the conjectures due to the
fact that it implies functional equations of Schubert Eisenstein series conjectured to exist
by Bump and the first author in [BC14], see Theorem 1.1. We begin by recalling the defini-
tion of Schubert Eisenstein series and then move to a discussion of the Poisson summation

formula.

1.1. Generalized Schubert Eisenstein series. Let F' be a global field with ring of adeles
Ap, and let G be a (connected) split semisimple group over F. We let

T'<B<PZG
be a maximal split torus, a Borel subgroup, and a parabolic subgroup of G. Moreover we let
T<M<P

be the Levi subgroup of P containing T'. Let Ng(7T') be the normalizer of T in G and let
W(G,T) := Ng(T)(F)/T(F) be the Weyl group of T"in G. Finally we let
wp Mab — Gﬁjl
be the isomorphism of (2.1.12). Here M®* = M /M9 is the abelianization of M, where Q"
is the derived group of an algebraic group Q).
Let Ag,, < FX be the usual subgroup (see (2.6.1)) and let x : (Ag,, F*\Ax)** — C* be

a character. For s = (s;) € C*"! we define

Si

k
(1.1.1) Xs(ao, .- ar) = x(ao, ..., ar) [ [ la:
=0

We form the induced representation

]P(XS) = IndIGJ(Xs © wP):
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normalized so that it is unitary when s € (iR)**!. Using the Bruhat decomposition of G one
has a decomposition of the generalized flag variety
P\G = 1T P\PuwB.
weW (M, T)\W(G,T)

Here we have used the same symbol w for a class in W(M,T)\W(G,T) and for a represen-
tative of that class. Let X, be the (Zariski) closure of the Schubert cell P\ PwB in P\G. It
is a Schubert variety.

The Schubert Eisenstein series attached to a section ®X= € Ip(xs), g € G(Ar) and w €
W (G, T) is defined as

(1.1.2) SEu(g,0%) = Y ®*(yg).

YEXw(F)
It converges absolutely provided that Re(s) lies in a suitable cone. The function SE,, (g, ®X*)
is no longer left G(F)-invariant. However, it is invariant under the stabilizer of the Schubert
cell X,, under the natural action of G on P\G. Since this stabilizer contains B, it is a
parabolic subgroup, and it is often larger than B.

In [BC14] Bump and the first author posed the following questions:

(a) Do Schubert Eisenstein series admit a meromorphic continuation to all s?

(b) Do a subset of the functional equations for the full Eisenstein series continue to hold
for Schubert Eisenstein series?

(c) Isit possible to find a linear combination of Schubert Eisenstein series which is entire?

Let us pause and point out how striking the functions (1.1.2) and these questions from
[BC14] are. Schubert Eisenstein series are a novel modification of degenerate Eisenstein
series that enjoys many of the properties of the full degenerate Eisenstein series. Prior to
the work of Bump and Choie, this modification seems to have been missed, despite the fact
that degenerate Eisenstein series have been intensely studied for over a century.

We further generalize the definition of Schubert Eisenstein series in higher rank in a
manner that can be specialized to the definition in the G = SLj case treated in [BC14].
In this much greater generality we answer questions (a), (b) and (c) affirmatively when we
regard SE, (g, X*) as a function of sy and assume the s; with ¢ # 0 are fixed with large real
part. We refer to Theorem 1.1 and the subsequent remarks for details.

Before proceeding, let us examine the setting considered in [BC14] and isolate the change
in viewpoint that is the germ of our work. Technically speaking in loc. cit. the authors work
with GL3 whereas we work with SL3, but the translation between the two is straightforward.
Let G = SL3 and let B < SL3 be the Borel subgroup of upper triangular matrices. From
the point of view of this paper the most interesting Schubert variety in B\G is B\Bo,0,B

where

(1.1.3) m:(alJ,<m=CIA)
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In this case using standard facts on the Bruhat ordering [Spr98, §8.5.4-8.5.5] one has
(1.1.4) Bo10yB = Boyoy,B11 BoyB11 Boy, B11 B.

Let R be an F-algebra. Then

(1.1.5) Bo10>B(R) = {(d:£) € SLy(R) b

Indeed, the set on the right is the R-points of an irreducible closed subscheme of SLj3 that
contains the irreducible closed subscheme BoyoyB, hence we deduce equality by considering

dimensions. If we let

Pyi(R) == {(3

S0

) € SLg(R)}> PM(R) = {(ag

S0

) e SLg(R)}
then
(116) BUlO'QB = P271(710'2P172.

Indeed, it is easy to see that each Bruhat cell on the right of (1.1.4) is contained in
Py 10109 2, and it is clear on the other hand from (1.1.5) that P 0109P 2 C BojoyB.

The natural map
P2,1 X PLQ — BoyosB

is a lift of the Bott-Samelson resolution of the image X,,,, of Bajo,B in B\SLs. This was
the point of departure for the arguments in [BC14]. In [BC14] the first author and Bump
suggest employing these methods to prove the meromorphy of Schubert Eisenstein series in
higher rank, but we do not know how to execute this suggestion.

Instead of pursuing Schubert varieties and the Bott-Samelson resolution to study higher
rank analogues of the left hand side of (1.1.6), we generalize and study the right hand side
directly. Let us step back to consider the situation for a general split semisimple group G.
Consider the closure PwB in G. It is the union of Bruhat cells Uw <wPw' B, where < denotes
the Bruhat order [Spr98, §8.5.4-8.5.5]. The group G acts on itself on the left, and we let @) be
the stabilizer of the closed subscheme PwB C G (i.e. the algebraic subgroup of G sending
PuwB to itself). This is a closed algebraic subgroup of G [Mil17, Corollary 1.81]. The group
() contains P, and hence is a parabolic subgroup.

To prove analytic properties of series indexed by P(F)\PwB(F), we could consider any
parabolic subgroup P’ with P < P’ < @ and study series indexed by

PwB.

Since PwB(F) is a finite union of Pw’'B(F) as recalled above it is also a finite union of sets
of the form P'w'B(F'). Thus if series indexed by sets of the form P'wB(F') already admit
meromorphic continuations the same is true of the Schubert Eisenstein series. This is indeed
the case, as we will show in Theorem 1.1 below.
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In fact, our main result also applies to subschemes of G of the form
(1.1.7) P'~H

where P < P' < G are a pair of parabolic subgroups, 7 € G(F) and H is an arbitrary
algebraic subgroup of G. Not all Schubert cells are the image in P\G of a set of the form
(1.1.7). Indeed, Schubert cells are often nonsmooth, whereas the image of any set of the
form P'yH in P\G is a smooth subscheme (this follows from Lemma 2.5).

In order to treat series indexed by sets of the form P (F)\ PyH (F) and P (F)\PwB(F)
simultaneously we work with an arbitrary reduced subscheme Y C G that is stable under
left multiplication by P’. Let X3 := P4"\G be the Braverman-Kazhdan space associated to
P and G. Let

(1.1.8) Yp = Im(Y — X32).

To be more precise, the set theoretic image of Y — X3 is locally closed by Lemma 2.4. This
set is the underlying topological space of a subscheme Yp of Xp. The subscheme Yp C X3
is quasi-affine. We emphasize that the schemes Yp generalize both schemes of the form
P\ PyH and Schubert varieties. In particular Yp need not be smooth. For some examples
when G = SL,, we refer to §2.3.

Let Xp be the affine closure of X3 and let

(1.1.9) Ypp C Xp

be the partial closure of Yp in Xp constructed in (2.2.10) below. We observe that there is a
natural action of M®* on Yp pr that preserves Yp (see (2.1.5)).

Without essential loss of generality we assume G is simple and simply connected. We
additionally make the following technical assumption:

(1.1.10) P is maximal in P’

We will explain the motivation for this assumption after stating Theorem 1.1 below. Under
(1.1.10) there is a unique parabolic subgroup P* < P’ with Levi subgroup M that is not
equal to P. Thus one might think of P* as the opposite parabolic of P with respect to P’.
In §3 we define Schwartz spaces
S(Yo,p(Ar))
for @ € {P, P*} together with a Fourier transform

(1111) .Fp‘p* : S(Yp’p/(AF)>;>S(YP*,P/(AF)).

The Schwartz space S(Yg pr(Ar)) is contained in the set of restrictions to Yp(Ar) of functions
in C*(Xp(Ap)). Let H < G be a subgroup, and consider the action of H on G by right
multiplication. Assume that Y is stable under the action of H. Then the Schwartz spaces
S(Ypp(Ar)) and S(Yp- pr(Ar)) are preserved under the action of M (Ar) x H(Afp) of
(3.3.2) and the Fourier transform satisfies a twisted equivariance property by Lemma 3.4.
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Let Ih.(x) := Ind%. (xs owp). The * indicates that we are inducing s o wp, not X, 0 wp-.

The group M?® acts on Yp and Yp- on the left, and hence we obtain Mellin transforms

S(Ypp(Ar)) — Ip(Xs)lyp(ar)

Frs Fu)im Furl)i= [ S m)on(m) fn )
(1.1.12) M A

S(Ype pr(AR)) — Tpe(Xs)|vps (ar)
fr—= £5.0) = fr.p () ‘_/ P2 (m)xs(wp(m)) f(m™")dm.

Here 0 is the modular quasi-character of an algebraic group ). The fact that the Mellin
transform fy, (resp. fY ) is absolutely convergent for Re(so) large (resp. Re(so) small) is
built into the definition of the Schwartz space.

Remark. We will write X+ for a section of Ip(x;) that is not necessarily a Mellin transform
of an element f € S(Ypp/(Ap)). We take the analogous convention in the local setting and
when Ip(xs) is replaced by 5. ().

For fi € S(Ypp/(Ar)), fo € S(Yp- pr(Ap)) we define generalized Schubert Eisenstein

series

Ey, (f1Xs) - = Z Jixe (y),

Mab(EW\Yp(F
(11.13) yEM>(F)\Yp (F)
By, (f3.) = > fa ).
y*€Mab(F)\Ypx (F)

These sums converge absolutely for Re(sg) sufficiently large (resp. small) provided that
Re(s1), ..., Re(sy) are sufficiently large. Here (so, ..., si) are used to define x, as in (1.1.1).
To help motivate this definition we point out that Lemma 2.1 implies that

P(E)\Y (F) — M*™(F)\Yp(F)
is a bijection.

Theorem 1.1. Let f € S(Ypp/(Ar)). Assume that
(1) F is a function field, or
(2) F is a number field and Conjecture 1.3 is valid.
Fiz s1,...,s; such that Re(s;) is sufficiently large for 1 < i < k. Then Ey,(f,,) and

BEy,.(Fpp-(f)y,) are meromorphic in sy. Moreover one has
By (fy.) = By, (Fpip-(f)}.)-

Conjecture 1.3 below states that certain normalized degenerate Eisenstein series have only
finitely many poles. It is known if G = SL,, and in several other cases (see the remark after
the statement of the conjectures below).



SCHUBERT EISENSTEIN SERIES AND POISSON SUMMATION 7

Let w € G(F) and let P’ be the stabilizer of PwB under the left action of G. Let M’
be the Levi subgroup of P’ containg M. Then one expects a family of functional equations
for £ Pdcr\m( fx.) analogous to the family of functional equations for the Eisenstein series
formed from the induction of a quasi-character of P N M'(Ar) to M'(Ar). In the special
case where P < P’ is maximal, only one functional equation is expected, and Theorem 1.1
provides this, answering question (b). It also provides the meromorphic continuation of the
Eisenstein series in sg, answering the question (a) as a function of sg. The proof also shows
that we can choose a linear combination of Schubert Eisenstein series that is entire in s for
fixed s1, ..., s all with large real part, answering question (c) as a function of sg. With some
effort, our methods should generalize to treat the case where P is not necessarily maximal
in P’.

Bump and the first author were able to obtain the meromorphic continuation of Schubert
Eisenstein series in the SL3 case in all complex parameters and more than one functional

equation. It would be interesting to see if to what extent this continues to hold in general.

Remarks.

(1) We have already seen that one can choose the data so that Yp ps is a lift to Xp of a partial
closure of a Schubert cell. Schubert varieties admit analogues in any Kac-Moody group, and
there is the intriguing possibility that Theorem 1.1 can be generalized to this setting. There
have been tantalizing hints of interactions between classical automorphic forms and Kac-
Moody groups, a nice summary is contained in the introduction to [GMP17]. The fact that
such groups are infinite dimensional is a source of difficulty. The key observation here is that
the Schubert cells in the flag varieties of Kac-Moody groups are finite-dimensional.

(2) It is an important problem to investigate whether generalized Schubert Eisenstein series
can be used to produce integral representations of automorphic L-functions. See §1.4 below
for more details. For example, one could try to generalize the famous doubling method of
Piatetski-Shapiro and Rallis [GPSR87].

(3) For some information about the possible poles of Ey,(f,,), see Corollary 5.5.

1.2. The Poisson summation conjecture. To prove Theorem 1.1 we prove new cases
of a seminal conjecture due to Braverman and Kazhdan [BK00]. The conjecture was later
investigated by Lafforgue [Lafl4] and refined by Ngo6 [Ngol4, Ng620]. It was partially set in
the framework of spherical varieties by Sakellaridis [Sak12]. Here a spherical variety X for
a reductive group G over F is a normal integral separated G-scheme X of finite type over F
such that Xz admits an open orbit under a Borel subgroup of G'%.

The conjecture can be roughly formulated as follows. Assume that X is an affine spher-
ical variety with smooth locus X®™. Then there should be a Schwartz space S(X(Ar)) <
C*(X*(Ar)) and a Fourier transform

Fx :S(X(Ar)) — S(X(Ar))
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satisfying a certain twisted-equivariance property under G(Ar) such that for f € S(X(Ar))
satisfying certain local conditions

Y. @)= ) Fx(hH).

zEXm(F) zEX M (F)

We refer to this (somewhat vaguely stated) conjecture as the Poisson summation con-
jecture. The original motivation, explored in [BK00, Ngo14, Ng620], is that it implies the
meromorphic continuation and functional equation of Langlands L-functions in great gen-
erality. By the converse theorem [CPS99] this would imply Langlands functoriality in great
generality.

Remark. We highlight the possibly confusing convention that functions in S(X (Ag)) need not
be defined on all of X (Ar), only on X*™(Ar). One expects that for each place v elements of
S(X(F),)) are functions in C*°(X*(F,)) that are rapidly decreasing away from the singular
locus (X — X®™)(F,) and have particular asymptotic behavior as one approaches (X —
X®™)(F,). This was conjectured in [Ng620, §5] in a special case.

The only case of the Poisson summation conjecture that is completely understood is the
case where X is a vector space. For the affine closures Xp of the Braverman-Kazhdan space
X% much of the conjecture is known [GL21, GH20, GHL23, JLZ24, Shal8]. There are some
additional examples in [Get22, GL19, GH20, Gu21]. However the cases that are known are
still very limited.

In order to prove Theorem 1.1 we prove the Poisson summation conjecture for Yp pr. We
do not know if Yp pr is affine, but it is clearly quasi-affine. We also do not know whether it
is always spherical under the action of a suitable reductive subgroup of H, but this is true
in many cases [Gae22, HY22].

In Theorem 1.2 we state our Poisson summation formula in an imprecise form. Let K,
be the maximal compact subgroup of M?"(Ar).

Theorem 1.2. Let f € S(Ypp(Ap)). Assume

(1) F is a function field,
(2) F is a number field, Conjecture 1.3 is valid, and f is Ky/-finite, or
(3) F is a number field and Conjecture 1.4 is valid.

One has

Z fy) +x= Z Feip-([)(Y") + .

yeYp(F) y*EYpx (F)

The sums over y and y* are absolutely convergent.
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The precise version of this theorem is given in Theorem 5.2 below. In Theorem 1.2 the
contributions marked % and *x are certain boundary terms coming from residues of auxil-
liary degenerate Eisenstein series. Using Lemma 3.10 one can choose many f so that these
contributions vanish.

Theorem 1.2 is our main theorem in the context of Poisson summation formulae. It is a vast
generalization of the Poisson summation formula for Braverman-Kazhdan spaces of maximal
parabolic subgroups in reductive groups [BK02| which in turn is a vast generalization of the
Poisson summation formula for a vector space. The work [BKO02] in fact treats arbitrary
parabolic subgroups, and with more effort one could probably use it to generalize our work
to the case where P is not maximal in P'.

Remark. In the degenerate case H = GG, Theorem 1.2 reduces to the Poisson summation for-
mula for the Braverman-Kazhdan space Xp. In this special case under suitable assumptions
on f the formula was proved in [BK02]. When G = Sp,, and P is the Siegel parabolic it
was proved for general test functions finite under a maximal compact subgroup of Sp,,,(Ar)
in [GL21].

1.3. Conjectures 1.3 and 1.4. Let Mg, be the simple normal subgroup of the Levi sub-
group M’ of P’ defined in (2.2.2) below. For any topological abelian group A we denote by
A the set of quasi-characters of A, that is, continuous homomorphisms A — C*.

For @ € {P, P*} let S(Xqnm,, (Ar)) be the Schwartz space of (3.3.3). For any

—

(m, fl,fg,X, S) € MBO(AF) X S(XPOM/BO (AF)) X S(XP*HM[;O(AF» X AGmFX\A;‘ x C

let xs := x| - |° and form the degenerate Eisenstein series

E(m, fiy.) = > fix (am)
(1.3.1) z€(PNMp, )\ Mg, (F)
E*(m, f3,.) = > Fre (am).

xe(P*mMﬁ())\Mﬁ() (F)

They converge for Re(s) large enough (resp. Re(s) small enough). Here fi,, and f; = are
the Mellin transforms of (1.1.12) in the special case P’ = Mg, .

Let K < Mpg,(Ar) be a maximal compact subgroup. The following conjecture appeared
in the statements of theorems 1.1 and 1.2 above:

—

Conjecture 1.3. For each character x € Ag,, F*\AL there is a finite set Y(x) C C such
that if E(m, fy,) has a pole for any K-finite f € S(Xprm,, (Ar)) then s € T(x).

We point out that continuous homomorphisms Ag,, F*\A; — C* are automatically unitary
because Ag,, F*\A7 is compact.
In fact we expect the following stronger conjecture to be true:
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Conjecture 1.4. There is an integer n and a finite set T C C depending only on Mpg, such
that if E(m, fy.) has a pole for any K-finite f € S(XpmMBO(F)) and x € Ag,, F>*\Ay then
xX"=1andse Y.

In §6 we prove Conjecture 1.3 (or more accurately extract it from the literature) when
Mg, is SL,, and Conjecture 1.4 when P N Mg, is a Siegel parabolic in the symplectic group
Mpg,. The case of other simple groups remains open, but provided that Mg is not of type E
or I Hsu [Hsu21] has reduced Conjecture 1.4 and 1.3 to a local archimedean statement.

We point out that the natural analogues of conjectures 1.3 and 1.4 for general sections of

Ip(x,) are false:

Ezample. Let P be the Borel subgroup of upper triangular matrices in GLo, let K < GLy(Ag)
be a maximal compact subgroup, and let f,  be a standard section, that is, f, (k) is inde-
pendent of s = (s1,82) for all & € K. Write x5 (%3) = Xi1s(a)x2s,(b), and assume for
simplicity that x;x5' # 1. Let S be a finite set of places of Q including all infinite places
such that x; and y, are unramified outside of S. Then E(m, f,,) has poles at every zero of
L%(s1—s24+1,x1X5 ") by [Bum97, Theorem 3.7.1]. The corresponding normalized Eisenstein
series defined in loc. cit. has at most one pole.

This is why the sections in conjectures 1.3 and 1.4 are assumed to be Mellin transforms of
elements of the Schwartz space.

1.4. On integral representations of L-functions. In this subsection we make some
comments on how one might try to use Theorem 1.1 to study integral representations of
L-functions. Though this discussion is purely speculative, we include it as motivation for
several questions regarding algebraic homogeneous spaces. The questions are posed below.

Let a subgroup H < G act on G via right multiplication, and assume that Y is stable
under the action of H. For example, we could take Y = P'vH for some v € G(F).

Remark. The subgroup of G stabilizing P\ PwB on the right contains B and hence is a
parabolic subgroup of G. On the other hand the stabilizer of P4"\ PyH may have reductive
neutral component. Indeed, one could take H to be any maximal connected reductive
subgroup of G such that PyH # G; then the neutral component of the stabilizer of PyH on
the right is H. For example, one could take H to be the neutral component of an orthogonal
similitude group in G = GL,,. Let P’ be a maximal parabolic subgroup of GL, with Levi
quotient GL,,_; x GL;. Then P'\GL, = P"! and the natural action of H on P"~! is not
transitive, hence for any parabolic subgroup P maximal in P’ one has PyH # GL,, for any
v € GL,(F).
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Assume that Y admits an open H-orbit. Let ¢ be a cusp form in a cuspidal automorphic
representation m of H(Ap). If one wanted to use Theorem 1.1 to study integral representa-
tions of L-functions one could try to investigate expressions of the form

(L41) / (1) By (R() i, )dh
H(F)\H(AF)

where R(h)fy,(y) = fy.(yh). If convergent, (1.4.1) admits a functional equation because
Ey,(R(h)f.) admits a functional equation by Theorem 1.1. The problem is deciding whether
or not (1.4.1) or some variant of it yields any new L-functions. Ignoring all questions of

convergence, the integral above unfolds into a sum

(1.42) > o(h) . (yoh) .
yoeMb (F)\Yp(F)/H(F) * Hoo FNH(Ar)

where H,, is the stabilizer of yo € (M*\Yp)(F) in H. Due to the conjectures of Sakellaridis

and Venkatesh [Sakl12, SV17] one expects this expression to unfold into a finite sum of

Eulerian integrals when M@\ Yp is spherical as an H-scheme.

This motivates the following questions:

(1) When is M?"\Yp spherical as an H-scheme?

(2) If M*P\Yp is spherical, what is the stabilizer in H of a point in the open H-orbit?

(3) If H and a spherical subgroup H' < H are fixed, can one classify the possible spherical
embeddings of H'\ H obtained from M*\Yp as P, P', G, and Y vary?

We can also pose analogous questions when H is not necessarily reductive by replacing H
by a Levi subgroup as in [Gae22, HY22|. Finally, it is of interest to consider the questions
above in the Kac-Moody setting mentioned in Remark 1 after Theorem 1.1.

1.5. Outline. We outline the paper and give some indication of the proofs. We begin with
observations on the underlying geometry we are considering in §2. We then define the
Schwartz space of Yp pr locally and adelically in §3. We also construct a Fourier transform
and prove that the Fourier transform preserves the Schwartz space. To accomplish this we
reduce the question to a similar statement on an auxilliary Braverman-Kazhdan space and
then use the methods developed in [GL21, GHL23].

We then prove a Poisson summation formula for the auxilliary Braverman-Kazhdan space
in §4. This formula is proved in [BK02] for a different definition of the Schwartz space with
some restrictions on the test functions involved. It was obtained for arbitrary test functions
in [GL21] in a special case. In Theorem 4.4 below we deduce it for all Braverman-Kazhdan
spaces attached to maximal parabolic subgroups. We point out that it is most natural in
our setting, and perhaps even necessary, to work with sections that are not finite under a
maximal compact subgroup of G(F) when F' is a number field (see §3). Hence, some care
is required in applying well-known results on Eisenstein series in this work. Indeed, our
sections need not even be standard, so we cannot use Lapid’s results in [Lap08§].
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In §5 we prove theorems 1.1 and 1.2. The procedure is to first prove Theorem 1.2 by
reducing it to the summation formula of §4. We then use Theorem 1.2 to deduce Theorem
1.1. In §6 we verify Conjecture 1.3 in certain cases.

To address questions of the referee, we have added Appendix A. In it we indicate possible
generalizations of our results. We also give some commentary on why it is convenient to
work with Schwartz spaces instead of working solely with Eisenstein series and intertwining

operators.
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2. PRELIMINARIES

2.1. Braverman-Kazhdan spaces. We work over a field F. Let G be a connected split
semisimple group over F. We only consider parabolic subgroups of G containing a fixed split
torus T'; for such a subgroup P we write Np for its unipotent radical. We fix a Levi subgroup
M of G containing T" and write

(2.1.1) M .= M/M*.

This is again an algebraic group [Mill7, §5.c]. For all parabolic subgroups P of G with Levi
subgroup M we have a Braverman-Kazhdan space

(2.1.2) X5 = PYN\G.

Here the quotient exists in the category of schemes and is constructed in the usual manner
[Mil17, Appendix B|. We observe that

(2.1.3) P = M Np
where Np is the unipotent radical of P. The scheme X} is strongly quasi-affine, i.e.
(2.1.4) Xp = Xp" = Spec(I(Xp, Oxs))

is an affine scheme of finite type over F' and the natural map X3 — Xp is an open immersion
[BGO2, Theorem 1.1.2]. Strictly speaking, in loc. cit. Braverman and Gaitsgory work over
an algebraically closed field, but their results hold in our setting by fpqc descent along
Spec(F) — Spec(F). A convenient reference for fpqc descent is [Pool17, Theorem 4.3.7].
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Lemma 2.1. The torus M? is split. The maps
M(F) — M™(F) and G(F)— (PY*\G)(F)
are surjective.

Proof. In [GHL23, Lemma 3.2 and Corollary 3.3] this is proved in the special case where P
is a maximal parabolic. The same proof implies the more general statement here. 0

We have a right action of M?*” x G on X3 given on points in an F-algebra R by

o ab o
(2.15) Xp(R) x M*(R) x G(R) — XﬁER)
(x,m,g) — m™xg.

This action extends to an action of M2 x G on Xp.

We now discuss the Pliicker embedding of P4\ G as explained in a special case in [GHL23].
We assume for simplicity that G is simply connected. Let T'< B < P be a Borel subgroup,
let Ag be the set of simple roots of 7" in G defined by B and Aj; the set of simple roots of
T in M defined by BN M. Let

(216) AP = Ag—AM
be the set of simple roots in Ag attached to P. For each 5 € Ag we let
(2.1.7) B<P; <G

be the unique maximal parabolic subgroup containing B that does not contain the root
group attached to —pf.

As usual let X*(T') be the character group of T. For each 5 € Ap let wg € X*(T)q be the
fundamental weight dual to the coroot Y, in other words,
1 ifa=p

(2.1.8) ws(a’) =
’ 0 otherwise.

Here oo € Ag. Since G is simply connected, the fundamental weight ws lies in X*(T').
There is an irreducible representation

(2.1.9) Ve x G — Vp

of highest weight —ws. Here G acts on the right. Let

(2.1.10) V=[] Ve, Vo= ] (vs—{0}.

BeAPp BEAP

Choose a highest weight vector vg € V3(F') for each .
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Lemma 2.2. There is a closed immersion
(2.1.11) Plp: Xp — V°
given on points by

Plp(g) := (vs9).

It extends to a G-equivariant map Plp : Xp — V. The character wg extends to a character

of M for all 8 and the map

(2.1.12) wp 1= H wg 1 M*™ — GAP
BEAP

is an isomorphism. If we let M® act via wp onV then Plp is M* -equivariant. In particular

for (m,g) € M?**(R) x G(R) one has

(2.1.13) Plp(m™'g) = (ws(m)vsg).
Here
GAP = H G-
BEAP

We will use similar notation below without comment. In the introduction, we implicitly
chose a bijection between {0, 1,...,k} and Ap sending 0 to 3y, where 3y is defined as in §2.2
below.

To ease notation, for any subset A C Ag let

(2.1.14) Va=]]Vs and VR3:=]](Vs-{0}).
BeEA BEA

Proof. The stabilizer of the line spanned by vz in Vj is the parabolic P of (2.1.7) [Jan03,
§11.8.5]. Since P < Pj for 5 € Ap we deduce that Plp is well-defined, that wg extends to a
character on M, and that (2.1.13) holds. Since V is affine the map Plp tautologically extends
to a M x G-equivariant map P1: Xp — V. We are left with checking that Plp is a closed
immersion and that (2.1.12) is an isomorphism.

We first check that (2.1.12) is an isomorphism. The group M?2® is isogenous to the center
Zy of M which is contained in the subgroup of 7" on which all the § € Ay, = Ag — Ap
vanish. Thus Z); has at most dimension |Ap|. On the other hand the homomorphism
Gy — M? given on points by (z5) — [, 8" (2s) is a section of wp. Thus dim M* = |Ap|
and wp is injective. Using the usual contravariant equivalence of categories relating tori and
their character groups we deduce that wp is also surjective.
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To check that Plp is a closed immersion we first point out that we have a commutative
diagram

Xp ——L s Ve

(2.1.15) l - l

PI
P\G — H,BeAp PVg

where Plp is induced by Plp. We claim that Plp is a closed immersion. Since P\G is proper
and [] senp PVp is separated the map Plp has closed image. It is an immersion provided
that P is the stabilizer of the image of (vg) in [[4cn, PVs by [Mill7, Proposition 7.17]. The
stabilizer of the image of (vg) is

(2.1.16) M Ps

BeEAP
But (2.1.16) is a parabolic subgroup containing B. By considering the root groups contained
in (2.1.16) we deduce that it is P. This completes the proof of the claim.

Extend wp to a character of P in the canonical manner. Since the stabilizer of the image
of (vg) in [[5cn, PV is P we deduce that the stabilizer of (vg) is contained in P and hence
equal to ker(wp : P — G4P). Since (2.1.12) is an isomorphism ker(wp : P — G4P) = Pder,
Thus the map Plp is an immersion of X onto the orbit of (vg) [Mill7, Proposition 7.17].

The left vertical arrow in (2.1.15) is the geometric quotient by the action of M, and the
right vertical arrow is the geometric quotient by G427, In view of the equivariance property
(2.1.13) and the fact that (2.1.12) is an isomorphism, we deduce that Plp(X$5) is the inverse
image of Plp(P\G) in V°. We have already proved that Plp(P\G) is closed, so we deduce
that Plp(X$5) is closed. O

Example. Let G = SL3 and P = B, the Borel of upper triangular matrices. For a suitable
ordering f3;, B2 of the set of simple roots of 7" in B the representations V3, and Vj, are just
the standard representation G2 and A?G?2. If we choose (0,0, 1) and (0, 1,0) A (0,0,1) as our
highest weight vectors then

Plg <§> =(c,bNc).

Under the Pliicker embedding the image of Xp is the cone C' whose points in an F-algebra
R are given by

C(R) = {(U1,1)2> € R3 X /\2R3 AN 0}

2.2. The Yp spaces. We assume that we are in the situation of the introduction. Thus
Y C (G is areduced subscheme whose stabilizer under the left action of G' contains a parabolic
subgroup P’ > P. We assume (1.1.10), that is, P is maximal in P’. Moreover we let P* < P’
be the unique parabolic subgroup with Levi subgroup M that is not equal to P. There is a
unique simple root Sy in Ag — Ay such that the root group attached to —f, is a subgroup
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of P’ but not P. Let M’ be the unique Levi subgroup of P’ containing M. The set of simple
roots of T" in M’ with respect to the Borel B is

(2.2.1) Apr = {Bo} U Ay

Since G is simply connected, it follows from [BT72, Proposition 4.3] that the derived group
Mt is simply connected. Hence it is a direct product of its simple factors. There is a

unique decomposition
(2.2.2) M = Mg, x MP

where Mp, is the unique simple factor containing the root group of /3. It then is the unique
simple factor containing 3y (G,,). Let Np denote the unipotent radical of P.

Lemma 2.3. The group Ty, = T N Mpg, is a maximal torus of Mg, and B N Mg, is a
Borel subgroup of Mpa,. The group PN Mg, is the unique mazimal parabolic subgroup of Ma,
containing B N Mp, that does not contain the root group attached to —py, and M N Mg, is a
Levi subgroup of P N Mpg,. We have

Npamg, = Np N Mg,
M0 Mg, = (M N Mg, ),
PN Mg, = (PN Mg,)*, and
P = (P9 1 My, )M™ Np:.

(2.2.3)

Proof. The first two sentences follow from [ABD*66, Propositions 1.19 and 1.20, §XXVI].
Since N PAMg, 18 the maximal connected normal unipotent subgroup of P N Mg, it is
clearly contained in Np, the maximal connected normal unipotent subgroup of P. Thus
Npamg, < Np N Mg, On the other the image of Np N Mg, < (M N MﬁO)NPmMBO = PN Mg,
under the canonical quotient map P N Mg — M N Mg, is the identity. It follows that
Np N Mg, < Npag, -
Let Zy denote the center of an algebraic group H. Since Z < M and M Po < M we have

(2.2.4) M = Zp (M 0 Mgy x M™) = Zypi(Zasengg, (M 0V Mg, )% x M),
Thus MP < M and hence
(2.2.5) M = (M9 N Mpg,) x M"™.

Taking derived groups of both sides of (2.2.4) we deduce that and (M N Mg, )% = MM Mg, .
We have

(226) NP — NPﬂM’NP’ = NPmMﬁ()NP/
SO

(2.2.7) P = MY Np = (M 0 Mg,)* Npag,, X M7 Np:.
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Thus
(2.2.8) PN Mgy = (M 0 Mg, ) Npang,, < (P 0 Mg, )™
Since (P N Mg, < PN Mg = P N Mg, we deduce (P N Mg,)%" = P N Mg,.
Combining (2.2.7) and (2.2.8) we also deduce P = (P N Mg, ) MPo Np:. O
Let
pr: G — Xp

be the natural map. In the following it is convenient to denote by |X| the underlying
topological space of a scheme X. As usual, a subset of a topological space is locally closed if
it is open in its closure.

It is helpful to recall that if X is a scheme then Z +— |Z] defines a bijection between the set
of reduced subschemes of X and the set of locally closed subsets of | X| [GW10, Proposition
3.52]. In particular, by definition, the schematic closure of a reduced subscheme Z C X is
the unique reduced subscheme Z C X satisfying |Z| = |Z].

Lemma 2.4. The set pr(|Y|) C |Xp| is locally closed.

Proof. Let Y be the schematic closure of Y in G. Then Y is stable under left multiplication
by P, The map pr is a geometric quotient [Ray67]. In particular the underlying map
of topological spaces is a quotient map. It follows that pr(]Y]) is closed in |X3|. The
restriction of pr to |Y| is again a topological quotient map, so pr(|Y|) is open in pr(|Y]). We
claim that the closure of pr(|Y|) is pr(|Y]). Indeed, if pr(]Y]) is contained in any closed set
Z, then |Y| C pr—(Z), which is closed, and hence |Y| C pr—'(Z). This implies in turn that
pr(lY]) € Z. O

As in the introduction, Yp is the subscheme of X3 with underlying topological space
pr(Y]), given the reduced induced subscheme structure.

Lemma 2.5. If Y = P'vH for some subgroup H < G and v € G(F) then the subscheme
Yp C X3 is smooth.

Proof. The space Y is smooth, and pr is a locally trivial fibration. Since Y is left Pder-
invariant pr restricts to a locally trivial fibration pr: Y — Yp. 0]

Lemma 2.1 implies the following lemma:

Lemma 2.6. The map
Y(F) — Yp(F)

18 surjective. 0
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Using notation from (2.1.6) and (2.1.14) let
(229) Xpp o =Plp!(Vg, x VR ) € Xp
. XP*JD, L= Pl}l(Vﬁg1 X VAOP,) g Xp*.
Thus Xpp and Xp« pr are subschemes of Xp and Xp-«, respectively. Let
Ypp i =Yp C Xpp
(2.2.10) —
Yp«pr:=Yp: C Xp« pr

be the closures of Yp in Xppr and Yp+ in Xp« pr, respectively.
Using (2.2.6) we see that the natural map

(2.2.11) Npan,, — Np/Np:
is an isomorphism. For all y € Y (F') we have a morphism
(2.2.12) Ly : X},OMﬁO — Yp
characterized by the requirement that the diagram

Mg, —— Y

(2.2.13) l l

o Ly
XPﬂMﬂo ? YP

commutes, where the top arrow is given on points by m — my and the vertical arrows are
the canonical surjections.

Lemma 2.7. Let = C Y (F) be a set of representatives for P9 (F)\Y (F). One has

Vo(F) = [T ts(X5ng, (F) and You(F) = [T (X3, ().

yeE YEE
Proof. With notation as in (2.2.2) we have Mg, MP Np, = P4 The fibers of the canonical
projection M (F)Np/(F)\Y (F) — P9 (F)\Y (F) are Mg, (F)-torsors, so
Mg, (F)E'

is a set of representatives for MP(F)Np/(F)\Y (F). Moreover no two elements of = are in
the same Mg, (F)-orbit. By Lemma 2.6 P4 (F)\Y(F) = Yp(F). By Lemma 2.3 the fibers
of the natural projection

MP(F)Np (F)\Y (F) — PY(F)\Y (F) = Yp(F)

are (P9 N Mg, )(F)-torsors. Again by Lemma 2.3 we have P4 N Mg, = (P N Mg,)%" and
we deduce the first equality of the lemma.
To obtain the second equality we replace P by P* and argue by symmetry. 0J
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2.3. Examples. Let G = SL,, n > 2. We generalize the example of (1.1.4) to higher rank
in two different manners. Let o; € SL,(F), 1 < j < n—1, be the matrix that is the identity
matrix with the rows e; and e;;; replaced by —e;41 and e;. Let

Y1 =0102" - 0Op—1-

This is a Coxeter element. Let R be an F-algebra. Let B,, < SL,, be the Borel subgroup of
upper triangular matrices and let

P(R):={(?}) € SL.(R) : (9,b) € GLa(R) x B,—2(R)}
H(R):={("%) € SL,(R) : (9,b) € GLa(R) x B,_(R)}
Then B, B, C Py H C B,v:1B,, and

(2.3.1) BoiBa(R) = {g € SLu(R) 1 g = 0if i > j + 1}
If we take P = B,,, then P is maximal in P’ and
(2.3.2) B(R) == {<b : d) € SL.(R) : a,c € R*,d € BR_Q(R)}.

As another example, take

J
(2.3.3) 1= (- 1 )
where J is the matrix with 1’s on the antidiagonal and zeros elsewhere and e € {0,1} is
chosen so the matrix has determinant 1. Write
Pop(R) :={(?},) € SLu(R) : (9, h) € GLa(R) x GLy(R)} .
Then
BnvaB, € Py1172P1n-1 € By B,

Choose positive integers a, b such that a +b =mn — 1. Then we may take

P(R) == {(g b y) € SLo(R) : (g1, 92, ¢) € GLa(R) x GLy(R) x RX}.

C
In this case

g1 Y

PH(R) = { (% 0 }) € SLu(R) : (91,92, ¢) € GL(R) x GLy(R) x R* } .

2.4. Function spaces. Let X be a quasi-projective scheme over a local field F. We denote
by C°(X(F)) the space of complex valued continuous functions on X (F'). Assume that F is
nonarchimedean. In this case we denote by

(2.4.1) C(X(F))

the space of locally constant compactly supported functions on X (F'), also denoted by
CX(X(F)). If X is smooth, then we set

S(X(F)) = C(X(F)) = CZ(X(F)).

For certain nonsmooth schemes X we will define S(X (F)).
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Now assume that F'is archimedean. In this case we define C(X (F)) as follows. To contrast
schemes with real algebraic varieties, we abuse notation and identify real algebraic varieties
with their real points. The set X (F') = Resp/r X (R) is a real algebraic variety, and hence an
affine real algebraic variety [BCR98, Proposition 3.2.10, Theorem 3.4.4]. In particular there
is a closed embedding of real algebraic varieties

(2.4.2) X(F) —» R

for some n. We define C(X(F)) to be the space of restrictions of the usual Schwartz space
S(R™) to X(F). This space is independent of the choice of embedding and is naturally a
Fréchet space [ES18, §3]. Thus C(X(F)) < C°(X(F)). We observe that if X is not smooth
then C*°(X(F')) is not defined when F is archimedean.

If X is smooth then we set

S(X(F)) = C(X(F)) < CF(X(F)).
We have S(X(F')) > C®(X(F)) but the inclusion is strict in the archimedean case when
X(F) is noncompact. We will also define S(X(F')) for certain nonsmooth X.

2.5. Measures. Let F' be a global field. We fix a nontrivial character ¢ : F\Ap — C* and
a Haar measure dz = ®/ dx, on Ar. We assume that dx, is self-dual with respect to v,. We
let d*x be the Haar measure on A} given by

; Go(1)

’ |x’v

® dz,.

We fix, once and for all, a Chevalley basis of the Lie algebra of G with respect to T. For
every root of 7" in G this provides us with a root vector X, in each root space, and hence
isomorphisms

G, — N,

where N, is the root group. This in turn provides us with a Haar measure on N, (Af) for all
a. As a scheme (but not a group scheme) the unipotent radical of any parabolic subgroup
P with Levi subgroup M is a product of various N,. Thus we obtain a Haar measure on
Np(Ar). We use this normalization so that factorization of intertwining operators holds
(otherwise it only holds up to a constant depending on the choice of Haar measures).

We fix a Haar measure on M9 (Ar). We give M (Ar) the unique Haar measure such that,
upon endowing M (Ar) with the quotient measure, one has that

(2.5.1) wp : M™(Ap) — (Aj)27

is measure preserving. This is independent of the parabolic P with M as its Levi, as different
choices will just replace various wg with their inverses.

Each of the measures we fixed above factors over the places of F' into a product of local
measures, normalized so that the local analogue of (2.5.1) is measure preserving. We use
these local measures when working locally below.
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2.6. Quasi-characters. Our convention is that characters are unitary. We refer to general
continuous homomorphisms to C* as quasi-characters. Let

= H x5 (Ag,, FX\AR)AP — C~
BeAP

be a quasi-character. If s = (sg) € C27 we let

Xs = H Xﬂ| . |Sﬁ'

BEAP

We define a subgroup
(2.6.1) Ag,, < F}

in the following manner. The global field F is a finite extension of Fj, where Fy = Q or
Fy = F,(t) for some prime p. Let Z < Resp/p, G, be the maximal split subtorus. When F
is a number field we take Ag,, to be the neutral component of Z(R). Thus Ag,, is just R.g
embedded diagonally in . When F' is a function field we choose an isomorphism

Z—G,,
and let Ag,, be the inverse image of tZ.

2.7. The unramified setting. For a nonarchimedean place v of the global field F' let IF, be
the residue field of F, and ¢, := |F,|. Let S be a finite set of places of F' including the infinite
places. Upon enlarging S if necessary, we can choose a reductive group scheme G over O3
(with connected fibers) and affine spaces Vs = ijog for some integer dg > 0 (isomorphism

over O%) equipped with homomorphisms
G — Aut(Vs)

over 0% whose generic fibers are the representations G — Aut(Vj3). By abuse of notation,
write GG for G. For any of the subgroups M, P, P’, etc. of Gr we continue to use the same
letter for their schematic closures in GG. Upon enlarging S if necessary we may assume that
these groups are all smooth. We assume moreover that the groups whose generic fibers were
reductive (resp. parabolic, etc.) extend to reductive group schemes (resp. parabolic group
schemes, etc.) over O%. We also assume that wp induces an isomorphism on Op, -points for
all v € S, the highest weight vectors vz € V(F) lie in V3(0%), and their image in Vj(F,) is
again a highest weight vector for G, of weight —wgs. Finally, we continue to denote by Y
the schematic closure of Y in G. It is a scheme over O%, and the action of Pj. on Y extends
to an action of P’ on Y.

Under the assumptions above (which are no loss of generality for S large enough) and we
are considering the local setting over F, for v ¢ S we say that we are in the unramified
setting.
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3. THE SCHWARTZ SPACE OF Yp p/(F')
For all but the last subsection of this section F' is a local field.

3.1. Induced representations. Consider the induced representations:

(3.1.1) Ip(xs) = nd%(xs owp) and  Ip.(xs) := Ind%. (xs o wp).

By convention, sections of these induced representations are smooth functions on G(F).
Let ®Xs be a section of Ip(xs). Assume F' is archimedean. We say ®X¢ is holomorphic
(resp. meromorphic) if s = ®X:(g) is holomorphic as a function of s € CA” for all g € G(F)
and characters y : (FX)27 — C*. If F is nonarchimedean with residue field of cardinality
q we say that ®Xs is holomorphic if ®X*(g) € C[{¢**,q ¢ : § € Ap}] for all g € G(F)
and characters x : (F*)?P — C*. Similarly we say it is meromorphic if for all characters
X @ (F*)A7 — C* there is a p, € C[{¢*,q % : B € Ap}] such that s — p,(s)®X:(g) is
holomorphic for all g € G(F). Fix a maximal compact subgroup K < G(F) such that the
Iwasawa decomposition holds: G(F) = P(F)K. We then say that ®X- is standard if the
restriction of the function (s, g) — ®X:(g) to CA7 x K is independent of s. We take the
analogous conventions regarding sections of I5.(xs). Standard sections are allowed to be
nontrivial on K in particular standard sections may be ramified.

Let € denote the ring of entire functions on C2? when F is archimedean and C[{¢*?, ¢~ :
B € Ap}] when F is nonarchimedean. For a fixed character x : (F*)27 — C* there is
an obvious action of £ on the C-vector space of holomorphic sections of Ip(xs) preserving
the subspace of K-finite sections. As an £-module, the subspace of holomorphic K-finite
sections is generated by the subspace of standard K-finite sections. This allows us to apply
results in the literature stated for K-finite standard sections to sections that are K-finite
and merely holomorphic. We will use this observation without further comment below.

3.2. The Schwartz space. We define P, P* and P’ as in the introduction. Thus P N P* is
the Levi subgroup M of the parabolic subgroups P and P*. Moreover P and P* are maximal
(proper) parabolic subgroups of P’. To define the Fourier transform Fpp- we first apply an
intertwining operator to certain functions on Yp(F') to arrive at functions on Yp«(F'). We
then twist by certain operators that we recall in this section. These operators were first
introduced in [BK02].

Suppose we are given A € X, (M?). Let s’ € C. We define

(3.2.1) M(s) i C(Ype(F)) — CO(Yp-(F))
by
A()(f)(@) = /F 0H2(Ma) f(Maz)e(a)|al” da.

Here ¢ : FF — C* is the local factor of the global additive character fixed in §2.5 and da
is the Haar measure on F. In the special case where P is maximal and P’ = Y = G this
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reduces to [GHL23, (4.2)], where it was denoted by A(u5). The same operator is denoted by
A(n5) in [BK02, Shal8]. To extend the domain of definition of A/(s'), let ® € S(F) satisfy
®(0) =1 and & € C=(F). Here ®(z) := [ ®(y)¥ (zy) dy. Define the regularized integral
: a _ y
(3.2.2) M) = lm @ (5) SY2(M (@) M@V )(a)|al* da.
o FX

This limit is said to be well-defined if the integral

[ o (S0 o6 v

is convergent provided |b| is large enough and the limit in the definition of A (s')™8(x) exists
and is independent of ®. Thus if the integral defining A\ (s’)(f) is absolutely convergent
then A\ (s)™8(f) = M(s')(f). In particular this is the case if f € C(Yp«(F)). To avoid more
proliferation of notation we will drop the superscript reg.

Let L(s',x), (s, x, %), and

5(8/7 X 1/})[/(1 - 8/7 X_1>
L(s',x)
be the usual Tate local zeta function, e-factor, and v-factor attached to a quasi-character

(s, x, ) =

X : F* — C* and a complex number s’ € C.

We use a hat to denote the dual group of an F-group (more precisely the neutral component
of the Langlands dual). Let NV be a 1-dimensional representation of Zy; = M with s € %Z
attached to it. The action of Zg; is given by a character A : Zg5 — G,,, which we may
identify with a cocharacter A : G,,, — M?P. Let

CLN(XS) =1L (_3/7 Xs © /\) and /“(’N(XS) = P)/(_Sla Xs © )\7 w)
We let

(3.2.3) N

be AV (on which M® acts via —)) with the real number —1 — ¢ attached to it.

More generally, assume N = @%_,N; is a finite-dimensional representation of M?*> with
each N; 1-dimensional. We let the Zy-action on N; be given by A; and assume each N; is
equipped with a complex number s;. Define

(3.2.4) an(x:) - = [J i (o).
0
(3.2.5) i) = [ e (o)

We also define N := @le.&/fi. We will in fact only consider N' = @¢_, N; where the parameters
attached to N; are all of the form (s;, \;) where ); is an integer multiple of 3. Here f3 is the
simple root of (2.2.1). We will therefore abuse notation and allow ourselves to again write
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A; for the integer n; such that A\; = n;3y. Assume that A; > 0 for all . Then we can order
the N; so that

Air A

for all <. Choosing such an ordering we define

Si+1 > Si

(326) UN P = )\1!(81) O---0 )\g!(Sg).

Theorem 3.3 below explains why it is reasonable to use the symbol i in both (3.2.5) and
(3.2.6).

Let np be the Lie algebra of the unipotent radical Np of P and let np be its Langlands
dual. Let

(327) /I{p‘p* = ﬁp/ﬁp N ap*.

Let {e,h, f} C m be a principal sly-triple (here m denotes the Langlands dual of m, the
Lie algebra of m). Consider the subspace ﬁ;l p« < Tpp- annihilated by e. It admits a

decomposition
(3.2.8) o pr = OV

where the N are 1-dimensional eigenspaces for the action of Z;.
We observe that Z3; acts via a power of By on N;. We assign each N; the real number s;
that is half the eigenvalue of h, and define

(3.2.9) app(Xs) = az—((Xs) ), appp+(Xs) = dag, . (Xs)-

€
"p|p*

These factors enjoy the symmetry property

(3210) aP|P<Xs) = G p*|p* (Xs)a ap|p+ (Xs) = aP*\P(Xs)

by the discussion on passing to the opposite parabolic contained in [GHL23, §4.2].

Lemma 3.1. There is an € > 0 depending only on P and P’ such that for any character
X (F*)2r — C* the function app(xs) is holomorphic and nonzero for

Re(sg,) > —¢.

Proof. Consider the set of parameters {(s;, \;3y)} attached to npjp~. It suffices to check
that for each ¢ one has s; > 0 and \; > 0. Since s; is % the highest weight of a certain sl
representation with respect to the usual Borel subalgebra (h, e) it is nonnegative. It is also
clear that A\; > 0. O

As above, let M’ be the unique Levi subgroup of P’ containing M and define Mg, as in
(2.2.2). We have Np«am,, = Np- N Mg, by Lemma 2.3 (in which we can replace P by P*
by symmetry) and this in turn is equal to Np- N M’. On the other hand Np N Np = Np:
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and (Np« N M')Np = Np-«. It follows that the closed immersion Np«n Mgy — Np« induces a
bijection

Thus the usual unnormalized intertwining operator restricts to define an operator

(3.2.11) Rpppr : CX(Yp(F)) — C°(Yp(F))

given by

(3:2.12) Reir-(Hlg) = [ flug)du = [ F(ug)du
NP*ﬁ]VIBO (F) Npxpr (F)

Here we have used the fact that Np«n Mg, = Np+nprr. We will use the same notation whenever
Rpip+(f) is defined (e.g. for more general smooth functions or via analytic continuation).
In [Shal8, §4] Shahidi proves that this agrees with the operator defined by Braverman and
Kazhdan.

A section ®X+ of Ip(ys) is good if it is meromorphic and if the section

Rrie®*(9)
ap |Q(X8)
is holomorphic for all g € G(F) and @ € {P, P*} (recall our conventions regarding mero-
morphic sections from §3.1).

We defined adelic Mellin transforms in (1.1.12) above. We use the obvious local analogues
of this notation. We write f,, for the Mellin transform of any function f : Yp(F) — C or
f: Xp(F) — C such that the integral defining the Mellin transform is absolutely convergent
or obtained by analytic continuation from some region of absolute convergence.

Assume F is nonarchimedean. Let K < M*"(F)x G(F) be a compact open subgroup.
Let Cg,(Xp(F')) be the space of K-finite f € C*(X3(F')) such that for Re(sg,) sufficiently
large the integral defining the Mellin transform f,, converges absolutely and defines a good
section. We define the Schwartz space of Yp p/(F) to be the space of restrictions to Yp(F)
of functions in Cg, (Xp(F)):

(3.2.13) S(Yppi(F)) = Im(Cg (Xp(F)) — C°(Yp(F))).

Remark. We expect that the space C2°(Yp(F')) of compactly supported and locally constant
functions on Yp(F') is contained in S(Yp p/(F')). However this is not obvious. If Mg, is not
of type E or F then it follows from the proof of [Hsu2l, Theorem 1.3] that C(Yp(F)) <
S(Ypp/(F)). We expect an analogous statement holds in the archimedean case, but it may
be more difficult to prove. One can also obtain alternate characterizations of S(Yp p/(F'))
from the results of loc. cit.

Write Kg, for the maximal compact subgroup of F*. Say that two quasi-characters
X1, X2 : F* — C* are equivalent if x; = x2| - |* for some s € C. Then the set of equivalence
classes of quasi-characters of £’ is in natural bijection with K¢ . Thus we sometimes write
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IA(Gm for a set of representatives of the quasi-characters of F'* modulo equivalence. In the
archimedean setting we fix the following sets of representatives:

~ {1,sgn} it F=R

K = m

For extended real numbers A, B € {—oco} UR U {oco} with A < B let
(3.2.14) Vap:={s€C? : A < Re(sz) < B for B € Ap}.
For functions ¢ : CA7 — C and polynomials p on C*7 let

(3.2.15) $lapp = sup [p(s)p(s)|

SEVa,B
(which may be infinite). Assume F' is archimedean. The action (2.1.5) induces an action
of U(m* @ g) on C*(X3(F)). Here U(m® @ g) is the universal enveloping algebra of the
complexification of the Lie algebra m®® @ g of M?® x G, viewed as a real Lie algebra.

Let Cg,(Xp(F)) be the set of all f € C°(Xp(F)) such that for all D € U(m®™ @ g) and
each character y : (F*)*7 — C* the integral (1.1.12) defining (D.f),, converges for Re(sg,)
large enough, is a good section, and satisfies the following condition: For all real numbers
A < B, @ € {P,P*}, any polynomials pp|g such that ppio(s)apig(ns) has no poles for all
(s,m) € Vap % l?é:; and all compact subsets {2 C Xp(F) one has

|f|A,37PP\QvaD = Z Supg€Q|RP|Q(D'f)Us(g)|A7B=pP\Q < 0.

nEKGm

We observe that it is indeed possible to choose ppio(s) as above (independently of 7).
This follows directly from the definition of apjg(ns). Since we have defined Cg,(Xp(F)) for
archimedean F' we can and do define S(Yp p/(F)) as in (3.2.13).

In the archimedean case the seminorms | - [4 B, .00 give S(Ypp/(F)) the structure of a
Fréchet space as we now explain. The seminorms |+|a 5y, ,.9.0 give Cg,(Xp(F)) the structure
of a Fréchet space via a standard argument. See [GH20, Lemma 3.2] for the proof in a special
case, the proof in general is essentially the same. As in the proof of [GH20, Lemma 3.5],
using Mellin inversion, one checks that with respect to this Fréchet structure evaluating a
function in Cg, (Xp(F')) at a point of X (F) is a continuous linear functional on Cg, (X p(F)).
Thus the C-linear subspace I < Cg,(Xp(F)) consisting of functions that vanish on Yp(F') is
closed subspace. Restriction of functions to Yp(F') induces a C-linear isomorphism

(3216) C@O(XP(F>>/I —)S(YRPI(F))

and thus we obtain a Fréchet topology on S(Ypp/(F')) by transport of structure. This
definition is inspired by [ES18, §2.2]. The set of seminorms giving S(Yp p(F)) its topology

are
flaBoroan = 0f{|flaBpmean : f € Ca(Xp(F)) and fly,r) = f}
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for f c S(YPP’(
stabilizes Y. Then

). Let H < G act on G via right multiplication, and assume that H
(
an action of M?P(F) x

)-
2.1.5) restricts to an action of M (F) x H(F) on Yp(F). This induces
) X H(F') on S(Ypp/(F')) that is continuous in the archimedean case.

Remarks.

(1) We have defined the Schwartz space in terms of restrictions of functions on Xp(F) in
order to take advantage of the transitive action of G(F') on X (F).

(2) The space Ypp/(F') plays no role in the definition of S(Yp p/(F')). However, at least in
the nonarchimdean case, using the results of [Hsu2l| it should be possible to give a char-
acterization of S(Yp p/(F')) as the space of smooth functions on Yp(F') that have particular
germs as one approaches the boundary Yp p/(F') — Yp(F).

As in the special cases treated in [GL21, GH20, GHL23|, we have defined the Schwartz
space to be the space of smooth functions with sufficiently well-behaved Mellin transforms.
This is reasonable because we can obtain information on f from its Mellin transforms via
Mellin inversion as in the proof of Lemma 3.2 below.

We now discuss the problem of bounding functions in S(Ypp/(F')). Since we have an
embedding Plp : Xp — V of Xp into an affine space we will phrase our bounds in terms of
this affine space. Let K < G(F) be a maximal compact subgroup such that the Iwasawa

decomposition

G(F)=P(FK
holds. If we are in the unramified setting in the sense of §2.7 we take K = G(Op). The
group K does not act on Yp(F') in general.

The group G(F') acts on each V3(F'). For each § € Ap choose a K-invariant norm | - |g
on the F-vector space Vz(F). As a warning, for F' = C we have |cv|s = cc|v|g for ¢ € F
and v € V3(F) (this is the “number theorist’s norm”). If we write z = P (F)mk with
(m, k) € M*(F) x K then by Lemma 2.2 one has

(3.2.17) [Plp, ()]s = [Plp, (m)]s = lws(m)| .

The inverse here appears because G is acting on V3 on the right. Let rg € Ry, be the real
numbers satisfying

(3.2.18) [T lwsm)™ = 6% (m).

BeEAP

Recall the definition of Vj, from (2.1.9) and V} , from (2.1.14).

Lemma 3.2. Let f € S(Ypp/(F)). For any sufficiently small o € R there is a nonnegative
Schwartz function @y, € S(Vg,(F) x VR _,(F)) such that

f(@)] < Bpa(Plp(z) [] Plp,(2)]5 "
BeEAP
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where 5 is in (3.2.18). If F' is archimedean, then ®y, can be chosen continuously as a
function of f.

Proof. Let

7 [—loﬂ, loﬂ} if F'is non-archimedean
IF = i i
1R if F'is archimedean.
Let ¢y, € Ry be chosen so that cydz is the standard Haar measure on F, where dz is
normalized to be self-dual with respect to 1. Here the standard Haar measure is the Lebesgue

measure if F' = R, twice the Lebesgue measure if F' = C, and the unique Haar measure giving

Or measure [0|'/? if F' is nonarchimedean, where 0 is a generator for the absolute different.
Then let
cylogq if F'is nonarchimedean
(3.2.19) cF =4 it F =R
e if F = C
For suitable continuous functions f : Yp(F) — C the Mellin inversion formula states that
|AP|
cpds
(3.2.20) f(z) /U L Z;P Foo(@) it

for suitable o € R27. By [BB11, §2] this formula holds whenever the integral defining f,, is
absolutely convergent for all € K& " and s such that Re(s) = o and

(3.2.21) /UH?P > I faul@)lds < oo

nekg,,

By Lemma 3.1 we have that apjp(x) is holomorphic for Re(sg,) > —¢ for some € > 0
independent of the character x. It follows that, for f € S(Ypp/(F)), (3.2.20) holds for

o = (—¢/2,...,—¢/2). Writing z = P (F)mk with (m,k) € M*(F) x K the above
becomes
(32.22) v=[ X o mmern)s s
2. f(m e - m)ns(wp(m)) fy, (2md)Brl
neks T

To obtain the bound and the continuity statement from this expansion one uses the same
argument as that proving [GH20, Lemma 3.5]. O

3.3. The Fourier transform. To ease notation let

fp = e,
(3.3.1) i
pup(Xs) : = pg, . (Xs)

where the operator (resp. function) on the right is defined as in (3.2.6) (resp. (3.2.5)).
By the same argument proving [GHL23, Theorem 5.12] we obtain the following theorem:
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Theorem 3.3. The map
-FP\P* = up o Rp|p* : S(Yp’p/(F)) — S(Ypﬂp/(F))

1s a well-defined isomorphism, bicontinuous in the archimedean case. Moreover the diagram

]:P|P*

S(Ypp(F)) S(Yp,p(F))

lom l(-);zs

wp(Xs)Rppx
Ip(Xs)lvp(r) Ipe (Xs) [y ()
commutes for all x : F* — C* and s € C*. O

Recall that Yp is the image of Y C G in X} (see above (1.1.8)). We point out that Rpjp- is
well-defined on the the space Ip(xs)|yy(r) of restrictions of sections in Ip(xs) to Yp(F') since
Y is invariant under left translation by P’.

The commutativity of the diagram must be understood in the sense that one has an

identity of meromorphic functions

Fpip-(f)s, = np(Xs)Rpip+ (fx.)-

Let H < G be a subgroup, and consider its action on G via right multiplication. Assume
that Y is stable under the action of H. For

(m, h,z1,29) € M*™(F) x H(F) x Yp(F) x Yp«(F)
and (fl, fg) € S(YRP/(F)) X S(Yp*7p/(F)) let
(3.3.2) L(m)R(h) fi(x1) = film™a1h), L(m)R(h)fa(xs) = fo(m ™ a3h)

be the left and right translation operators. It is easy to see that L(m)R(h) preserves
S(YP,P/(F)) and S(Yp*,p/(F)).

Lemma 3.4. One has
Fpip+ © L(m)R(h) = dp+anr(m)L(m)R(h) o Fp|p-.

Proof. The operator up is M?*(F) x H(F)-equivariant. Thus the lemma follows from the
definition (3.2.12) of Rp|p-. O

We have Schwartz spaces
(333) S(XPOMBO (F)) and S(XP*QMBO (F))
defined as in [GHL23, §5.2] and a Fourier transform

(3.3.4) Frams, | Pomg, - S(Xpang, (F)) — S(Xpang, (F))
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defined as in [GHL23, Theorem 5.12]. It is an isomorphism, bicontinuous in the archimedean
case. These facts are a special case of our construction of the Schwartz space S(Yp p/(F))
and the Fourier transform Fp p-. One simply replaces

(3.3.5) (G,P,PY)
by
(3.3.6) (Mg,, P 0\ Mg,, Mg, Mg,).

Recall that for each y € Y(F') we have a map ¢, : Xbrng,, = Yp defined as in (2.2.12).

Proposition 3.5. For each y € Y(F) one has a surjective map
LZ : S(YRPI(F)) — S(XpmMﬁo (F))
fr—fouy

that fits into a commutative diagram

.7'-p|p>s<

S(Ypp (F)) > S(Yp« pr(F))

* *

Fprom o| PN Mg,
S(Xpanty, (F)) ——— S(Xp+ruy, (F)).

If F' is archimedean then v, is continuous.

As observed by the referee, Proposition 3.5 asserts that Fpjps is glued from its restrictions

via Ly.

Proof. We recall that Langlands dual groups are contravariantly functorial with respect to
morphisms of reductive algebraic groups G — H with normal image, and behave as expected
with respect to Levi and parabolic subgroups. For precise statements see [Bor79, Chapter

I]. In particular in view of the commutative diagram
MﬂMﬁO — PﬂMﬁO — Mﬁo
M—— — PNM —— M
of inclusions of subgroups we can choose the dual groups (which are only defined canonically

up to isomorphism) so that they fit in a commutative diagram

M/ﬂ]\w,go — P mﬁo — ]/WE)

e PO ——s 7
where the left horizontal arrows are inclusions of Levi subgroups and the right horizontal
arrows are inclusions of parabolic subgroups. Here the surjectivity of the right vertical arrow
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follows from the fact that Mgz, is simple, and the surjectivity of the other vertical arrows
follows from the surjectivity of the right vertical arrow.
Consider the representation

UPNMg, |P*NMg, = NPNMpg,

of Mmgo. We regard it as a representation of M via the quotient map M= MM Bo-
Choose a principal sl,-triple in m. Its image under the quotient map

m — mNmg,
is a principal sly-triple in m/ﬂFgO. Using our comments on dual groups at the beginning of
the proof one checks that the quotient map
aP\P* — ﬁPmMﬁo\P*mMﬁo

is an isomorphism of M. -representations that restricts to a bijection

we e
Npipx = MpnMg | P*NMg, -

In view of these observations it is easy to check that the map ¢ is well-defined and surjective,

the diagram is commutative, and ¢ is continuous when F' is archimedean. ([l

Corollary 3.6. One has
fp|p* O]:P*\P = Id

Proof. In [BK02] Braverman and Kazhdan prove that Fpang, |PrMg, © Fpenms, | Prvg, 18 the
identity. Thus the corollary follows from Proposition 3.5. 0

3.4. The unramified setting. We assume that F'is nonarchimedean and is unramifed over
its prime field, that ¢ is unramified, and that we are in the unramified setting in the sense
of §2.7. Let

Ly € CX(Yp(F)).
be the characteristic function of the image of Y (Op) in Yp(F'). We define the basic function
(341) bYP,P’ : YP(F) —C
to be the unique function in C*°(Yp(F')) that is finite under a compact open subgroup of
M?(F) such that
(bypyp/)Xs = aP‘P(XS)(I]‘O)XS
for Re(sg,) sufficiently large. As explained in (3.3.5) and (3.3.6), the spaces XPmMﬁO are

special cases of Yp pr, so bx,, 2y 1 defined.
0

Lemma 3.7. Assume that y € P (F)f3)(F*)Y (Or). Then t}(by, )

=b )
XPOMBO
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Proof. We have already explained the relation between npn Mg, [(PAMpg, )* and ﬁp‘ p+ as repre-
sentations of M and Mmﬁo in the proof of Proposition 3.5. This relationship implies that

apip(Xs) = A PNMpg, |PNMg, ((Xﬂo)sﬁo)- 0

Define r5 as in (3.2.18). Arguing as in the proof of Lemma 3.2 we obtain the following

lemma:

Lemma 3.8. There are constants o/, ¢ > 0 independent of the cardinality of the residue field
q such that if ¢ > ¢ and o/ > o > 0 then

by, ()] < ﬂvgo(op)xvo ) (Plp(x H [Plp, (z)[*".
BEAP

O

Remark. The claim on the independence of the residual characteristic is important because
we will require this result for all but finitely many places of a global field.

Proposition 3.9. One has by, ,, € S(Ypp (F)). Moreover fp‘P*(bYRP,) = by -
Proof. The characters of Z3; that appear in nip|p+ are all of the form A3y with A € Z. Let
Vi =1pp(N) = ﬁMﬁomp()\)
be the \Gy-isotypic space and let
Ty M\Bo — Aut(V))

be the corresponding representation. It is irreducible [Sha88, Proposition 4.1] [Lan71]. Let
triv : (FX)27 — C* be the trivial character. Recall the comments on the relationship be-
tween Np|p- and Npn Mg, from the proof of Proposition 3.5. Let 7 be the trivial representation

of Mg, (F). The Gindikin-Karpelevic formula implies that

L(Asg,, m, 1Y)
(1 + )‘5507 T, T;\/)

(342) 7?1P|P*((IL0)triVs) (lo)trlvs H L
A

where the product is over all A € Zs; such that V) # 0 [Sha88, (2.7)] [Lai80, Proposition
4.6]. Here the L-functions are Langlands L-functions and r is the dual of 7. In more detail,
7 determines a Langlands class ¢ € Mg, (C) by the Satake isomorphism, and

)

L(s,m ry) = det (IVA -

In fact, if o : SLy — ]/\Zgo is a principal SLy then ¢ = o <q1/2 q_1/2> [Gro98, §7].
Consider npjp+«(A). As a representation of a principal sly-triple in m it decomposes into
a direct sum of irreducible representations in natural bijection with the N in (3.2.8) that
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appear in ﬁ§3| p+(A). The dimension of the corresponding irreducible representation is 2s; + 1,
where 2s; is the h-eigenvalue on N; as above. We conclude that

L(/\Sﬁov W,TX) _ H 1— q—l—si—As;;O 1— q—si—)\350 1— q—l-&-si—)\s[go)
L(l + )\850, T, 7’){) 1— q_si_)‘sﬁo 1— ql_si_)\sﬁo 1 — qsi_)‘sﬁo

—1—s; 7)\850

l—gq
= 1:[ 1_— qsi—)\sgo

where the product is over N; in (3.2.8) that appear in 0% . (A). Thus

(3 4 3) H L()‘Sﬁov T, 7’;\/) __ ap|px (tI‘iVS)
N A L(1 +>\8ﬁ077(77ﬂ;\/) N (lP|P(tl"iVS) '

We deduce for all unramified y : F* — C* that

ap|px (Xs)

(3.4.4) Repe-(Lo)y.) =

(Lo)k,-

It follows immediately that by, ., € S(Ypp/(F)). For unramified x

) = ap-1p-((xs)™")

3.4.5 )=
( ) MP(X aP|P* <X5>
where pp(xs) is defined as in (3.3.1). Hence
ap-p((Xs) ") - 1,
(3.4.6) pp(xs)Rep-((1o)y,) arp (%) (To)%.
Applying Theorem 3.3 we have
(3.4.7) Frp-(by, 1)y, = apip(Xs) e (xs)Reps ((To)y,) = ap+p+((xs) ) (o)},
Combining this with Mellin inversion we have Fp|p- (byp’ P,) = byp*’ b O

Let w be a uniformizer for F'. Recall the left translation operator L from (3.3.2). For our
use in the proof of Theorem 1.1 below we require the following lemma:

Lemma 3.10. Let (o, \) € C X Zg. For any f € S(Ypp/(F))MOr)>xH(OF)

(67

d———— LB (=™ S(Vip.pr(F))M(©r)xH(Or)
( S (3 () (85 ( )))fE (Yppr (F))

and

Id_m;[/ﬁovw_)‘ = (1 — ayg, (= -
(( P ”)f)X (1 = axa (@)

s
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3.5. The adelic setting. Now let I’ be a global field. We let
(3.5.1) S(Ypp(Ar)) = QoS (Ypp(Fy)) @ @y S(Yep (Fy))

where the restricted direct product is taken with respect to the basic functions of (3.4.1).
Here when F' is a number field the hat denotes the projective topological tensor product and
when F'is a function field it is the algebraic tensor product. The tensor product of the local

Fourier transforms induces an isomorphism
(3.5.2) Fpipe : S(Ypp/(Ap)) — S(Yp- pr(AR)).

Here we are using Proposition 3.9.
The following is the global analogue of Proposition 3.5:

Proposition 3.11. For each y € Y (Ap) one has a map

Ly S(Ypp(Ar)) — S(Xpan,(Ar))

fr— fouy

that fits into a commutative diagram

.Fp|p*

S(YP,P/(AF)) > S(Yp*’p/(AF))

* *

-7:PmMBO|P*mMﬁO
S(XPFWMBO (Ap)) ——— S(XP*NM;;O (Ar)).

Proof. Let K =[], K, < G(Ap) be a maximal compact subgroup. The element y = (y,) €
Yp(AFp) has the property that y, € K, for almost all v. Thus the proposition follows from
its local analogue Proposition 3.5 and the corresponding statement for basic functions in
Lemma 3.7. 0]

Lemma 3.12. For f € S(Ypp(Ar)) (resp. f € S(Yp+p(Ap)) the integrals defining f,
(resp. fr.) converge absolutely for Re(sp,) sufficiently large (resp. sufficiently small).

Proof. This follows from the estimates in lemmas 3.2 and 3.8. OJ

Lemma 3.12 implies that the Mellin transforms (1.1.12) define maps

(Dxe = Oy : SYpp(AR)) — Ip(Xs)|vp(ar)
()3 = C)yope : S pr(AF)) — Tpe(Xs) v (ap)

for Re(sp) sufficiently large (resp. sufficiently small). These Mellin transforms will be used
in the following sections.
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4. THE POISSON SUMMATION FORMULA ON Xpnar,, (F)

The Poisson summation formula on Xpn Mg, (F) was established under some local assump-
tions on the test functions involved in [BK02] with a slightly different definition of the
Schwartz space. In this section we establish it in general following the arguments of [GL21].

To ease notation, for this section only we assume that P < Mgz, which implies Mg, = G.
This amounts to assuming that G is simple and P is a maximal parabolic subgroup. Thus,
letting Y = G, we have

Xpnmy, = Xp =Ype.

The construction of the Schwartz space and the Fourier transform given in the previous
section reduces to the construction of [GHL23| in this case. We observe that Ap = {f} in
the setting of this section. Thus we drop Ap and Sy from notation when no confusion is
likely.

For a quasi-character y : Ag, F*\Ar — C*,s € C, f; € S(Xp(Ar)) and fy € S(Xp+(AFr))
we have degenerate Eisenstein series

E(g, fix.) = Z Jix.(v9)

P(F)\G(F
(4.0.1) YEP(F\G(F)
E(g.f5.) = Y. f.009).
YEP*(F)\G(F)
Here x5 = x| - |®. It is well-known that these converge absolutely for Re(s) large enough

(resp. small enough). For the proof of absolute convergence in a special case see [GL21,
Lemma 6.5]; the proof generalizes to our setting.
Let

(40.2) arp(xs) = [Larp ()

Lemma 4.1. Let x € Ag,, F*\Ay . The function app(xs) is holomorphic and nonzero for
Re(s) > 0. It admits a meromorphic continuation to the plane. Moreover there is an integer

n depending only on G such that ap|p(xs) is holomorphic if x™ # 1.

Proof. The first claim follows from the same remarks proving Lemma 3.1. Since app(Xs) is
a product of (completed) Hecke L-functions the second two assertions are clear. U

Theorem 4.2 (Langlands). Let f € S(Xp(AR)) be finite under a mazximal compact subgroup
of G(Ap). For a character x : Ag, F*\Ayr — C* the Eisenstein series E(g, fy,) has a

meromorphic continuation to the s-plane and admits a functional equation

(403) E(.g?fx,s) :E*(gv‘FP|P*(f);§)
If Re(z) = 0 then the order of the pole of E(g, fy.) at s = z is bounded by the order of the

pole of apip(xs) at s = z.
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Proof. To ease translation with the manner the theory is usually phrased, let () be the unique
parabolic subgroup containing B that is conjugate to P*, and let Mg be the Levi subgroup
of @ containing T. Choose w € G(F) so that wP*w™! = Q and wMw™! = Mg. There is an

isomorphism
J i CF(Xpa (F)—C=(X5(F))
fr=s(z v flw ).

For suitable sections ®X* € I () and g € G(Ap) we can then form the Eisenstein series

(4.0.4) Eq(g, @)= > @%(yg).
YEQUFN\G(F)

Let K be a maximal compact subgroup of G(Ag). If ®Xs is K-finite and holomorphic for
Re(s) sufficiently large, then Eq(g, ®X*) is absolutely convergent for Re(s) sufficiently large.
We observe that for f € S(Xp(Ap)) one has

(4.0.5) E*(g, 13,) = Eq(g,3(f,))

for Re(s) sufficiently small.

By definition of the Schwartz space, for any f € S(Xp(Ar)) the section f,, is a holomor-
phic multiple of the product of completed Hecke L-functions app(x,). With this in mind, the
meromorphy assertion is proven in [BL24, Lan76] for K-finite functions f. These references

also contain a proof of the functional equation

E(g, sz) = EQ(QJ (RP|P*<fxs>))

which implies by (4.0.5) that

(406) E(Q?sz) :E*(ngHP*(sz))'
We have
(4.0.7) Repp-(fv.) = (Frip- ()3,

by Theorem 3.3 and the argument of [GL21, Lemma 6.2]. Thus the functional equation
stated in the theorem follows from (4.0.6).

As mentioned above for any f € S(Xp(Ap)) the Mellin transform f,, is a holomorphic
multiple of app(xs). Thus the last assertion of the theorem follows from the fact that
Eisenstein series attached to K-finite holomorphic sections are themselves holomorphic on
the unitary axis [Art05, Theorem 7.2], [Lan76]. O

Let C(xs) be the analytic conductor of x,, normalized as in [GL21, (5.7)]. Using notation
as in (3.2.14) and (3.2.15) one has the following estimate:
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Theorem 4.3. Assume that F is a number field, that Conjecture 1.3 is true, and f €
S(Xp(Ap)) is K-finite. Let A < B be real numbers and let p € Clz| be a polynomial such
that p(s)E(g, xs) is holomorphic in the strip Vapg. Then for all N > 0 one has

|E(g7sz)

Proof. The argument is the same as that proving [GL21, Theorem 6.3]. O

—-N

ABp <, Cxs)

Remark. Lapid has proved a version of Theorem 4.2 without the assumption of K-finiteness
[Lap08]. However, the proofs we know of Theorem 4.3 still require the Eisenstein series to be
K-finite. Indeed, Eisenstein series that are K-finite are known to be quotients of functions
of finite order (in the sense of complex analysis). The main input into the proof of Theorem
4.3 is the Phragmen-Lindelof principle, which requires the functions involved to be of finite
order.

Let Ky < M?"(Ar) be the maximal compact subgroup and let

% if I’ is a number field
(4.0.8) kpi={ e

T P if F'is a function field

dF (q—l)

where 7 and 75 are the number of real (resp. complex) places, hp is the class number, Ry is
the regulator, dp is the absolute discriminant, ez is the number of roots of unity in F, and
in the function field case F' has field of constants IF,. For complex numbers s let

1 if Re(sg) =0,

(4.0.9) w(sg) =
1 otherwise.

We now prove the following special case of Theorem 1.2:

Theorem 4.4. Let f € S(Xp(Ap)). Assume that

(1) F is a function field,
(2) F is a number field, Conjecture 1.3 is valid, and f is Ky/-finite, or
(3) F is a number field and Conjecture 1.4 is valid.

One has

> fl +Z y £ Res W B (L Fpip- (£)5)

X R:((;§;C>o
—= Z fplp*( +Z Z R SS S0 ([7sz)
x GXO soeC

Re(s0)>0

Here the sum on x is over characters of Ag,, F*\A%. The sums over x and x* are absolutely
convergent.
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It is clear that if f is Kj;-finite and Conjecture 1.3 is valid then the double sum over y and
so has finite support. The same is true if F' is a function field or Conjecture 1.4 is valid.
This is how we are using these assumptions here and below.

Remark. Before proving Theorem 4.4 we clarify its meaning. Assume F' is a number field
and Conjecture 1.3 is valid. For any sy € C and f>* € S(Xp(AY)) with the finite adels A¥
consider the linear functional

(4.0.10) foo > Ress—s E(1, (foof™)x.)-

It is defined on the dense subspace of S(Xp(FL)) consisting of K..-finite functions. The
proof of the theorem shows that this linear functional is continuous with respect to the
Fréchet topology on S(Xp(F)). Hence it extends to all of S(Xp(F)). For fo that are not
K -finite this is the manner the expression Res,—s, E (I, fy,) is to be interpreted in this paper.
We take the obvious analogous conventions regarding the meaning of Res,—,, E*([, f;*) for
'€ 8(Xp-(Ap)) that are not K. -finite.

Proof of Theorem 4.4. Let K., < G(F,) be a maximal compact subgroup. Assume first
that f = foo [ where [, € S(Xp(Fy)) is Koo-finite. Let
7 [—IL, IL} if F'is a function field, and
Ip = ogq’ logg
1R if F'is a number field.

By Mellin inversion and Theorem 4.3 in the number field case

ds
(.0.11) > =% [ Bof0S
ot ] c2mi
TEXS(F) X F
for o sufficiently large and a suitable constant c. Here the sum over y is as in the statement
of the theorem. Since f is K -finite, the support of the sum over y is finite. The constant
¢ may be computed as follows. It depends on our choice of Haar measure on [M?P], which
is induced by the Haar measure on M?**(Ar) fixed in §2.5. This is constructed as explained
in §2.5 from a measure on Ap that is self-dual with respect to 1. The induced measure on

F\Ar is independent of the choice of 1. As in [Wei74], give Ag, the Haar measure that

dt
t

counting measure if F' is a function field. Thus using [Wei74, §VIL.6, Proposition 12| and a

corresponds to < under the isomorphism |- | : Ag,, >R-¢ if ' is a number field and the

choice of self-dual measure one obtains

% if F'is a number field
(4.0.12) meas(Ag,, F*\AR) = dp"ep

I/Qh—F if F'is a function field.
dF (q_l)

This implies ¢ = kp. Notice that in the function field case kr = meas(Ag,, F*\Ax)logq
because of the measure of Ir.
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We shift contours to Re(o) very small to see that this is

(4.0.13) GEDS //H BUL )= 3 3 Resscsy UL £

z€X(F) X x so€C

where now o’ is sufficiently small. Here the support of the sum over y and sq is finite by
assumptions (2) or (3) in the number field case and the fact that E(Z, f,,) is rational in
the sense of [MW95, IV.1.5] in the function field case [MW95, Proposition IV.1.12]. In the
number field case the bound required to justify the contour shift is provided by Theorem
4.3. We now apply the functional equation of Theorem 4.2 and Mellin inversion to deduce
the identity

(4.0.14) Yo f@wy= D> Fep(f)@ —i——ZZRess WwE(, f.).

TEXY(F) T*€X 0. (F) x soeC

Since all elements of the Schwartz space S(Xp(Ar)) are K -finite in the function field case
assume for the moment that F is a number field. Write Ko, = Ky N M?P(F,). We assume
without loss of generality that f = f. > where fo € S(Xp(Fx)), [ € S(Xp(AY¥)). We
additionally either assume (2) and that f., transforms according to a particular character n
under Koo, or we assume (3). Since K-finite functions are dense in S(Xp(F.)) by the
standard argument [War72, §4.4.3.1] we can choose a sequence {f; : i € Z>1} C S(Xp(Fi))
of K-finite f; such that f; — f in the Frechét topology on S(Xp(F.)). Under assumption
(2) we additionally assume that the f; transform under Ko by n. We observe that the
support of the sum over x and sg in (4.0.14) and its analogues when f is replaced by f;f*>
are contained in a finite set independent of 7 under either assumption (2) or (3). In fact, the
finite set can be taken to depend only on the K3j-type of f*.

It is clear from Lemma 3.2 that for each fixed f* € S(Xp(A%¥)) the map

Al’foo : S(XP<FOO)) — C
foor= > feol@) ¥ (@)

2EX S (F)
is continuous on §(Xp(F)). The same is true of
A2,f°° . S(XP(FOO)) — C
feor= D0 T (o) @) Ferp- (/%))

T*€X%. (F)

since the Fourier transform is continuous. Thus A; pee(fi) — Aj e (f) for as i — oo for
j € {1,2}. Finally consider

Afoo 5y S(Xp(Fy)) — C
foo /> Ress—s, E(I, fy.)-



40 YOUNGJU CHOIE AND JAYCE R. GETZ

Using Lemma 3.10 we can choose an ' € S(Xp(A%)) such that
Afoo750 - Al,f/oo - Az’f/oo.

In more detail one uses Lemma 3.10 to choose ' so that the contribution of Res,—s, E(I, fy.)
to (4.0.14) is unchanged, but the contribution of the other residues vanish.

Thus Afe g, is continuous. We deduce that (4.0.14) is valid for all Kj-finite f under
assumption (2) and for all f under assumption (3).

We now return to the case of a general global field. To obtain the expression in the theorem
from (4.0.14) we use the functional equation and holomorphy assertion of Theorem 4.2 and

the observeration that for any meromorphic function f on C and any sy € C one has
(4.0.15) Ress—s, f(s) = —Ress—_s, f(—5).
OJ

—

Lemma 4.5. Let x € Ag,, F*\Aj. Let n be the mazimal order of the pole at so of E(I, fy,)
as [ ranges over Ky -finite elements of S(Xp(Fx)). For each f* € S(Xp(AY)) there are
continuous linear functionals

Ai(() ) : S(Xp(Fx)) — C
such that if fo is Ko -finite then

n—1

(4.0.16) 5528 (1)) D [t (og [t O As(foo ) = Resamay E(L, (LB (£)) foo f)xa)-

i=0
As usual, when F is a function field we give S(Xp(F)) the discrete topology.
Proof. We have # =22 Clomso)logtl) g0 ¢ iy 5 neighborhood of syg. On the other hand

Jt]%o
if fo is K -finite then we can write

B (fuf)) = S CV Il

8 — s z+1
=0 0

where ¢(s) is holomorphic in a neighborhood of sy and A;(fsf>°) € C. Then the expression
(4.0.16) is valid for K -finite f.

The fact that A;((+)f*°) extends to a continuous functional on all of S(Xp(F)) is tau-
tological in the function field case. In the number field case it follows from a variant of the

proof of the continuity of the functional A~ 4, in the proof of Theorem 4.4. 0

5. PROOFS OF THEOREM 1.1 AND THEOREM 1.2

For f € S(Ypp/(Ar)) consider the sum

(5.0.1) > fly

yeYp(F)

Lemma 5.1. The sum (5.0.1) is absolutely convergent.
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Proof. Let |- |g =11, |gv, where |- s, is the norm on V3(F,) fixed above (3.2.17). Using
lemmas 3.2 and 3.8 and the notation in these lemmas we see that for any sufficiently small
a > 0 there is a Schwartz function on ® € S(Vj,(Ar) x VR, (Ar)) such that the sum is
dominated by
(5.0.2) S I 165 <o

¢evo(F) BeAp

where V° is defined as in (2.1.10). O

Recall the function w(sp) from (4.0.9). The following theorem is the precise version of
Theorem 1.2:

Theorem 5.2. Let f € S(Ypp/(Ap)). Assume
(1) F is a function field,
(2) F is a number field, Conjecture 1.3 is valid, and f is Ky-finite, or
(3) F is a number field and Conjecture 1.4 is valid.

One has
Z f(z S Y SRes W B(La(Fep (1))
z€Yp(F yEP’der (F\Y(F) x speC
Re(s0)>0
- Z FP\P*(f)(x*) + Z Z Z SOE([7LZ(f>XS)
z*€Ypx (F) yeP!der(F)\Y(F) x _ so€C

Re(s0)>0

where the sums on x are over all characters of Ag,, F*\Aj. Moreover the sums over x and

x* and the triple sums over (y, X, So) are absolutely convergent.

Remark. We point out that conjectures 1.3 and 1.4 are assertions about functions in S(Xpan, (Ar)),
whereas f lies in S(Yp p/(Ar)).

Proof. We use Lemma 2.7 to write

(5.0.3) Y@=, > fum=3 >  uHO)

z€Yp(F) Y AE€X Do, (F) Y AEXPa, (F)

Here and throughout the proof all sums over y are over P'4*(F)\Y (F). By Proposition 3.11

we have ¢3(f) € S(Xpru,, (Ar)). There is a natural map (M N Mg,)*> — M* and hence

(M N Mpg,)*(Ap) acts on S(Ypp(Ap)). With respect to this action ¢} is (M N Mg,)* (Ap)-
equivariant. In particular if (2) is valid the assumption that f € S (YP, p(Ap)) is Ky-finite

implies ¢ (f) is finite under the maximal compact subgroup of (M N Mpg,)**(Ar). Hence

y
applying Theorem 4.4 we see that the above is

- Z (Z Z Ss—so 2" (1, (meMﬁoP*mMﬁo(LZ(f)));Zs))

soeC
Re(s0)>0
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+ Z ( Z F Py, | P ﬂMBO )+ Z Z R eSs—so (1, LZ(f)XS)>.

'yGXo (F) S0 eC
PrnMg, Re(s0)>0

By Proposition 3.11 this is

—Z(Z > Upes, (1 ,L;‘,(fpp*(f»;zg)

soeC
Re(s0)>0

+Z< >, Fee(f +Z > = (fw;‘,(f)xs))

7EX B, (F) Res(osigio
By Lemma 2.7
(5.0.4) SO SFEeUe = Y Fee ).

¥ VEX D, (F) 2*€Yp (F)

This completes the proof of the identity in the theorem.
For the absolute convergence statement in the theorem, we observe that (5.0.3) and (5.0.4)
are absolutely convergent by Lemma 5.1. By the argument above and the functional equation

in Theorem 4.2 we see that

Yoo SO = > w(Fee ()

YEX Brag, (F) VEX D ragy (F)
(5.0.5) = > f) = DD Ferangpeea, (6(5))()
YEX B, (F) fyex;;mMBO (F)
=—ZZMMO ()
X soeC

for all y. Arguing as above, the sum over y of the first line of (5.0.5) converges absolutely,

and hence the sum over y in

Ly (z S Resuu E(1. (1), >)

X soeC

is absolutely convergent as well.

The support of the sum over x is finite and under assumptions (1) or (2) it depends only on
the K-type of f. Under assumption (3) it depends only on the K, NM (A¥)-type of f. With
this in mind, for any fixed sy € C we can use Lemma 3.10 to choose an ' € S(Ypp(Ar))
with the same Kj,-type as f so that

(5.0.6) Z (ZZReSS “ ) ZRess w0 B(L, 1y(f)x.)-

X S()E(C
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We deduce that the right hand side of (5.0.6) is absolutely convergent, and the same is true
if we replace E(1,¢;(f)y.) by E*(1,¢;(Fpp+(f))s.) by Proposition 3.5 and Theorem 4.2. [

Let (f1, f2) € S(Ypp(Ap)) x S(Yp+ pr(Ap)). Recall the definition of the generalized Schu-
bert Eisenstein series Fy, (fi,,) and EY. (fs,.) of (1.1.13). Using lemmas 3.2 and 3.8 and
standard arguments one obtains the following lemma:

Lemma 5.3. For f, € S(Ypp (Ar)) one has
[ s mlortm) fim ) ldm < oo
ceMab(F)\Yp(F) Y M (AF)

provided that Re(sg) is sufficiently large for all f € Ap. In particular, Ey,(f1y,) converges
absolutely provided that Re(sg) is sufficiently large for all B € Ap. Similarly, for fy €

S(Yp- pr(Ar)) the series By, (f5,.) converges absolutely provided that Re(sg,) is sufficiently
small and Re(sg) is sufficiently large for 5 # [o. O

With notation as in Lemma 2.2, let
(5.0.7) AP = kerwg, : M™ — G,

Thus M?" is the internal direct sum of 3Y(G,,) and A® by Lemma 2.2. Recall that M’ is
the unique Levi subgroup of P’ containing M. Applying Lemma 2.2 with P replaced by P’
we see that the canonical map M3 — M’®P restricts to induce an isomorphism

(5.0.8) AP0y pprab,

We have a Haar measure on A% and we endow A™(Ar) with a Haar measure by declaring
that the product measure on A% (Ar)Sy (A7) is our Haar measure on M?"(Ag). As usual let

AN ={teAl:t|=1}, (ANT={te Al |t|>1}, (AR ={teAl: |t <1}
For algebraic F-groups G we set
[G] := G(F)\G(AF)
and define
(Gu]' == F\(AR),  [Gn]*™ = F*\(Ap)™.

In the proof of Theorem 4.4 we endowed Ag,, and hence Ag,, \A} with Haar measures. We en-
dow (A})! with the pull-back of this measure along the canonical isomorphism (A7)! = Ag, \AX.
The following technical lemma will be used in the proof of Theorem 1.1:

Lemma 5.4. Let f € S(Ypp/(Ap)). Assume
(1) F is a function field,
(2) F is a number field, Conjecture 1.3 is valid and f is Kyr-finite, or
(3) F is a number field and Conjecture 1.4 is valid.
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Fix (5 ) € CA7 such that Re(55) is sufficiently large for all 8 # By. For every x €
(Ag,, FX\AX)AP, X' € Ag,, FX\A and sy € C one has that

O S ooy T s top ) Ress B (LS (0m) ) )

is finite. Moreover for Re(sg,) sufficiently large

(5.0.10)
S0 ) s O Rescs B0, (L ) 1)
y m]~ X 0 F

converges. The expression

(5.0.11) Z / S5 (B (tym) xs(twp (m))Res.—g B(1, 5(L(BY (t)m) ). )dmd*t

m] x APo AF

originally defined for Re(sg,) large, admits a meromorphic continuation as a function of sg,.
Here all sums over y are over P'(F)\Y (F).

Proof. The group [G,,]! is compact. Using this observation and a variant of Lemma 5.3 we
see that for all fi € S(Ypp/(Ap)) and fo € S(Yp- p(AF)) the integrals

/ 2B (Om) [xs(twp(m))| D 1A (O)m) ™ ) dmd*t
(Gl x[A%0] vEYD (F)

(5.0.12)
/[G , WO]6}!2<53<t>m>|xs<twp<m>>| S (8 (m) e dmd*t,

z*€Ypx (F)

are convergent. Here and throughout the proof we assume that Re(sg) is sufficiently large

for § # fo.

Let (foo, [) € S(Ypp (Fuo)) XS(Ypp (AF)), let (t,m) € Afx ABO(AF) and let y € Y(F).
Arguing as in the proof of Theorem 5.2 for each x' € Ag, F X\AX and sy € C there is an
> € S(Ypp(AR)) such that

(5.0.13)
Yo wl NG M) ) = > Fenatgpeng, by (LB (m) (foo /™)) (27)
mGXpmMBO(F) fE*EXP*mMBO (F)

= Res.—sy B (1, 1 (L(By (£)m) (foo f *))xz)-
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Multiplying both sides of (5.0.13) by 5};/2(ﬁg(t)m)xs(twp(m)), summing over y € P4 (F)\G(F)
and then integrating over [G,,]* x [A™] we arrive at

(5.0.14)
/ Wo]z(sm Ao (Bm)x(feop (m >>< Do e Hm) )

QCEXPmMBO(F)

— Z FPaMy, | PMg, by (L (B (t)m )(foofloo))(x*)>dmdxt

I*EXP*nMBO (F)

— /[G S, (5113/2(ﬁ(\)/( ) Xs tWP ZRGSZ s0 LZ(L(BG/(t)m)(foofoo))XIZ)ddet

To prove that the bottom sum and integral in (5.0.14) converge absolutely it suffices to prove
that the top sum and integral converge absolutely. Using Lemma 2.7 and Proposition 3.11
this reduces to the assertion that the integrals in (5.0.12) are convergent. Hence

(5.0.15)
/ Yo B (Om) X (twp(m))Res.—g, E(L 1y (LB (1)) (foo ™)) ye) [dmdt

yEPIer (P)\Y (F)

converges, where the integral is over [G,,]' x [A™]. Using (5.0.8) we see that (5.0.15) unfolds
0 (5.0.9). This completes the proof of the first assertion of the lemma.

Let n be the maximal order of the pole of E(I, f},) at z = s as ' € S(Xprwm,, (Ar))
varies. Recall the continuity assertion for ¢; contained in Proposition 3.5. Using the first
absolute convergence assertion of the lemma and Lemma 4.5 there are continuous linear

functionals
(5.0.16) Niy(()f) : SVpp(Fy)) — C

for 0 <¢ <n —1 such that

/Am OB (1)m)(t (m) Ressay B (1, (LB (6)m) 1) )i

ye P (F)\Y (F) ©
(5.0.17)

/A%M<2X8 twp (m))[#]* (log [¢)) X (1) A: <L<m><foof°°>>)dm

for all ¢ € Aj. Here when F is a function field we give S(Yp p/(Fy)) the discrete topology.
Varying f*° and using Lemma 3.10 we deduce that

yEP’

(5.0.18) / o, P (L) o

yeP! F)\Y(F
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is convergent for each i. Using this fact we see that for Re(sg,) sufficiently large the integral
over t € [G,,]” of (5.0.17) is

(5.0.19)

/A"Om </[G ]sz tap(m))e™ logl el <>dXtAz-,y<L<m><foof°O>>> dm

in other words, it is permissible to bring the integral over ¢ inside the other integral and the

yeP! F)\Y

sum. The integrals over ¢ may be evaluated in an elementary manner, yielding the remaining
assertions of the lemma. O

Proof of Theorem 1.1. Assume for the moment that f is Kj-finite and that Re(sg) is suffi-
ciently large for all 5 € Ap. Then, using Lemma 5.3 to justify convergence, we have

Brof) = [ 8P mx(ontm) 3 fm o)

[M=P]

ZEEYP(F)
-/ Sy (Omxatwor(m)) Y A (Em)a)dma
[Gy ]+ x[APO] :L‘EYP ()
+/ 5119/2(50%) m)xs(twp(m Z FUBY (t)m) z)dmd*t
[Gm]t x[AP0] eV (F)
+f GO S A O et
[Gon]~ x[A%0] Wit

Here d*t is the measure on [G,,]. The subgroup [G,,]! < [Gm] has nonzero measure with
respect to d*t if and only if F' is a function field.
By Lemma 3.4 one has

(5.0.20) Fpip- o L(m) = dp-nnr(m)L(m) o Fpp-.

Moreover 5113/ >(m)8psapr (M) = 5113/*2(m). With this in mind we apply the Poisson summation
formula of Theorem 5.2 to % the second integral and the third integral above to see that
Ey,(fy.) is the sum of (5.0.21) and (5.0.22) below:

(5.0.21) / SH2(BY (t)m) s (twp(m Z FUBY )m) z)dmd*t
[Gm] T x[AP0]

wEYp(F)
1
+35 / S8 (Om)xs(twp(m)) D" F((BY (tym) " x)dmd*
[Gm ]t x[AP0] z€Yp(F)
1 _
+35 / T3 (Om)xs(twp(m)) Y Fpp (F)((B) (H)m) ™ x)dmd*t
[Gm]t x[APo] a:EYp*(F)

- /[Gm]x[Aﬁo] 1/2(50( t)m)xs (twp(m Z }—P\P* ( m )_1x)dmdxt

IGYP*
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and

(5.0.22)

1

§/[Gm}1x[,4ﬂo] Xs(twp(m)) SO;C (Zdl/z 50 m)Res,—s, E(1, LZ(L(ﬁ(\)/(t)m)f)X/z)
Re(s0)>0

. 251/2 (BY (t)m)Res.—o, B*(1, 0 (L(BY (£)m) Fpip-(f)) Z)>dmdxt

wp(m 1/2 0 €Sz=s >L* (\)/ m X"
R S (25 (B (0)m)Res.—ay BT, 5 (L(B (0)m) )

speC
Re(s0)>0

- 251/2 m)Res.—s, " (1, ( (50( )m )]:PP*(f));’Z)>ddet

—

where the sums over y are over P'4"(F)\Y (F) and the sums over x’ are over Ag, F*\AX.
We recall that the sums over sy have finite support in a set depending only on the K;-type
of f by Conjecture 1.3 in the number field case and the fact that E(I, f,,) is rational in the
sense of [MWO95, IV.1.5] in the function field case [MW95, Proposition IV.1.12]. Moreover,
using Lemma 3.4 we see that the sums over x’ have support in a finite set depending only
on the Kj-type of f.

For the remainder of the proof we continue to assume that Re(sg) is sufficiently large for
p € Apr. Our goal is to understand the behavior of Ey,(fy,) as a function of sz,. Lemma 5.3
implies that the upper two integrals in (5.0.21) converge absolutely for Re(sg,) large enough,
and hence they converge for all sg,. Lemma 5.3 also implies that the lower two integrals in
(5.0.21) converge absolutely for Re(sg,) small enough. Thus they converge for all sg,. We
deduce that (5.0.21) is a holomorphic function of sg,.

Now consider (5.0.22). We have the functional equation

(5.0.23) E(I, LZ(L(m)f)XSﬁO) = Op=rarr (M) E* (1, 1, (L(m) Fp|p= (f))x%)

by Proposition 3.11, Theorem 4.2 and (5.0.20). Using Lemma 5.4 and (5.0.23) to justify
switching sums and integrals, we deduce that for Re(sg,) sufficiently large (5.0.22) is equal

to
(5.0.24)

1 302/

S()E(C
Re(s0)>0

Yaltiwp(m)) (5”2<th< DRes._ E(L 5 (L(5Y ()m) f)., )

'm]1 ABU AF

— 62 (twp(m))Resomgy B (1, 25(L(BY (tym) Fpyp-( Wiy, )> dmd*t
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Py s |

soeC
Re(s0)>0

m] XAﬁO AF

Yeltwp(m)) (5}:/2(6<¥<t>m)Resz=50E(I, (LB (Om) e, )

— SH2(BY (E)m)Res.—o B (1, 15 (LAY (£)m) Fip - <f>>z;<%)>> dmd*t

where the sums on y are now over P'(F)\G(F'). Here we are using (5.0.8) to unfold the
integral. By Lemma 5.4 and (5.0.23) the expression (5.0.24) is holomorphic for Re(s) large,
and admits a meromorphic continuation to the plane. Thus under the assumption that f is
K j/-finite, we have proved the meromorphic continuation statement in the theorem.

By a symmetric argument we deduce that the sum of (5.0.21) and (5.0.22) is E5., (Fpip«(f)5,)-
This proves the functional equation

Evp(fx.) = Evp. (Frip-(£)3,)-

Thus far we have assumed that f is K Aﬂfgte. To remove this assumption we note that for
any f € S(Xp(Ar)) and any x € Ag, F*\Aj there is a Ky-finite f* € S(Xp(Ap)) such
that f,, = f,.. It will then satisfy Fpp-(f)s, = Fpip-(f');, by Theorem 3.3. This allows
us to remove the K)-finiteness assumption. 0

The proof of Theorem 1.1 shows that the poles of Ey,(f,,) are controlled by the poles of
E(I, f&sﬁ ) for f € S(Xpnu,, (Ar)). In particular it is easy to deduce the following corollary
0

from the proof:

Corollary 5.5. Under the hypotheses of Theorem 1.1, for fized (sg) € C2r" with Re(sp)
sufficiently large (for B # Bo) the order of the pole of Ey,(fy,) at sg, = so is no greater
than the mazimum of the orders of the pole of E(Lf;cz%) at z = sy as f' ranges over
S(XpmMﬁo (Ar)). OJ

6. ON THE POLES OF DEGENERATE EISENSTEIN SERIES

We assume for this section that F'is a number field. Our goal here is to verify conjectures
1.3 and 1.4 in some cases. Without loss of generality we take G' = Mp,, thus P < G is now a
maximal parabolic subgroup containing our fixed Borel B and P* is the opposite parabolic.
Let @ be the unique maximal parabolic subgroup containing B that is conjugate to P*.

Let K < G(Ar) be a maximal compact subgroup and let

C, :={z € C:Re(z) > 0}.

Lemma 6.1. To prove Conjecture 1.3 it suffices to show that for each character xy €
z‘lq;,Tn/FX\\A}X7 there is a finite set Y(x) C Cy such that if E(g, ®F) or E(g, ®§’) has a pole at
s = so with Re(sg) > 0 for any holomorphic K-finite section ® € Ip(x,) or & € Ig(xs)
then s € T(x).
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Proof. By the observations in the proof of Lemma 3.1 if app(x;s) has a pole at s = sy for
Re(sg) > 0 then sy = 0. Moreover, the order of the pole is bounded by an integer depending
only on P and G. Thus for any f € S(Xp(Ar)) Theorem 4.2 implies that the only possible
pole of E(g, fy,) on the line Re(s) = 0 is at s = 0 and its order is bounded in a sense
depending only on P and G.

Now consider poles of E(g, fy.) for Re(s) < 0. Using notation from the proof of Theorem

4.2 and arguing as in that proof we have

E(g, fxs) = E*(Q,fP\P*(f);S) = EQ(gaj(fP|P*<f);s))'

Thus the order of the pole of E(g, fy.) at so is equal to the order of the pole of Eq(g, j(Fpip-(f)}.))
at sg. Since Fpp«(f) € S(Xp-(Ap)) and ap-p-((xs)~") is holomorphic for Re(s) < 0 by
Lemma 4.1 we have that Fpp-(f)5, € Ip+(xs) is a holomorphic section for Re(s) < 0. This

implies j(Fpip(f);,) is a holomorphic section of Io((x")-s) for Re(s) < 0. The lemma
follows. O

The proof of the following lemma is analogous:

Lemma 6.2. To prove Conjecture 1.4 it suffices to show that there is a finite set T C C,
and an integer n > 0 such that if E(g, ®%') or E(g, ®') has a pole at s = sq with Re(sp) > 0

for any x € Ag,, F*\Af and holomorphic K-finite sections @ € Ip(xs) or & € Ig(xs)
then so € T and x™ = 1. O

Theorem 6.3. Suppose that G = Sp,,, and that P is the Siegel parabolic, that is, the parabolic

subgroup with Levi subgroup isomorphic to GL,,. Then Conjecture 1.4 is true.

Proof. We use the results of [Ike92]. We point out that app(xs) = ar,(Xs) in the notation
of loc. cit. by [GHL23, §4.3]. Thus the theorem follows from Lemma 6.2, the fact that
ap|p(xs) is holomorphic and nonzero for Re(s) > 0 by Lemma 4.1, and the Corollary of
[Tke92, Proposition 1.6]. O

Theorem 6.4. Suppose that G = SL,,. Then Conjecture 1.3 is true.

Proof. This can be derived using Lemma 6.1 and the same arguments as those proving
[HM15, Theorem 1.4]. The proof comes down to two statements explained in [HM15, §6].
The first is the statement that a certain quotient of completed L-functions depending on x has
only finitely many poles for Re(s) > 0. The second is that a certain normalized intertwining
operator has only finitely many poles. These are proven exactly as in loc. cit. The required
facts on induced representations of GLy may be found in [JL70]. U

Much of the work towards proving Conjecture 1.4 for arbitrary parabolic subgroups of
symplectic groups is contained in [Han18], and much of the work towards proving Conjecture
1.4 for general linear groups is contained in [HM15]. The additional steps necessary seem
to require careful analysis of the reducibility points of local principal series representations
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at the archimedean places. More generally, the nonarchimedean work in [Hsu21] reduces
Conjecture 1.4 to a related conjecture involving only the archimedean theory for any simple
group not of type E or F.

APPENDIX A. POSSIBLE GENERALIZATIONS

In this paper we have focused on series related to degenerate Eisenstein series as opposed
to cuspidal Eisenstein series. One of our reasons for this decision is that the the Poisson sum-
mation conjecture is not yet known for the spherical varieties attached to cuspidal Eisenstein
series.

This leads one to two interconnected questions:

(1) Can one prove analogous results for series related to general Eisenstein series (e.g. cus-
pidal Eisenstein series)?
(2) Can one work directly with Eisenstein series without explicit reference to the Poisson
summation conjecture?
In this appendix we explain our expected answers to these questions.
We maintain the notation adopted earlier in the paper. In particular P < P' < G are
a pair of parabolic subgroups with P maximal in P, Y C G is a subscheme stable under
left multiplication by P’, etc. Let o be an irreducible A\ M (Ap)-subrepresentation of
L*(AyM(F)\M(AF)). We can then form the global induced representations

Ip(0) :=nd%(c) and I}.(0) := Ind%. (o)
of G(Ar) and the subspaces
Ip(0)° := Ind$(0)° < Ip(o),
I5.(0)° := Ind%. (0)° < Ip.(0)

in the usual manner [GH24, §10.1-10.3]. For ¢ € Ip(0)? and ¢* € I}.(0) we form the

Eisenstein series

(A.O.l) E(gj, ©, s) - = Z @(vx)e<HP('YI),S+PP>
~yeP(F)\G(F)

(AOZ) E(LE’ (p*7 S) L= Z (p*(/ym)€<HP(’7$)75>e<HP* ('Y-T)?.DP*>‘
yeP*(F)\G(F)

Here we are identifying C**! with the vector space a};c of loc. cit.
In this context generalized Schubert Eisenstein series are the sums

(A.0.3) EYP (x7 0, s) C = Z S0(yx>€<HP('mt),s—l-pp)
yEMaP(F)\Yp(F)

yEM? (F)\Yp« (F)
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Assume Re(s;) is sufficiently large for 1 < i < k. If Re(so) is sufficiently large (resp. small)
then Ey,(z,,s) (resp. Ey. . (z,¢",s)) converges absolutely by comparison with E(z, ¢, s),
(resp. E*(z, ¢*, s)) [GH24, Proposition 10.3.1]. We expect that Ey, (x, ¢, s) and Ey,. (z, ¢*, s)
admit meromorphic continuations in sy and a functional equation relating one to the other.

In order to prove this one could probably roughly argue as we have in this paper. One
would want to break Fy,(z,p,s) into an infinite (but convergent) sum of Eisenstein series
on Mg, as before. One would then try to prove that the well-known properties of Eisenstein
series under intertwining operators are inherited by these sums. In other words, one would
want to study intertwining operators in families. The key difficulty to overcome to complete
the argument is to understand this family of intertwining operators. This may require
normalization. The argument would also be complicated by the necessity of understanding
infinite sums of Eisenstein series outside their ranges of absolute convergence.

To relate this to the philosophy of the current paper we observe that the Fourier transform
is essentially a lift to the Schwartz space of a normalized intertwining operator. Moreover
it is easier (at least for the authors) to understand Poisson summation formulae in families
as opposed to infinite linear combinations of meromorphically continued functions. In the
former case one is always working with absolutely convergent sums, and not functions only
defined via meromorphic continuation. This gives a conceptual advantage of working with

Schwartz spaces.
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