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ON NON-SIMPLE BLOWUP SOLUTIONS OF LIOUVILLE EQUATION

TERESA D’APRILE, JUNCHENG WEI, AND LEI ZHANG

ABSTRACT. For Liouville equation with quantized singular sources, the non-
simple blowup phenomenon has been a major difficulty for years. It was conjec-
tured by the first two authors that the non-simple blowup phenomenon does not
occur if the equation is defined on the unit ball with Dirichlet boundary condi-
tion. In this article we not only completely settle this conjecture in its entirety,
but also extend our result to cover any bounded domain. Since the main theo-
rem in this article rules out the non-simple phenomenon in commonly observed
applications, it may pave the way for advances in degree counting programs,
uniqueness of blowup solutions and construction of solutions, etc.

1. INTRODUCTION

In this article we study the following Liouville equation with finite singular
sources: let Q be an open, bounded and connected subset of R? with smooth bound-
ary dQ and let u be defined as

M
(1.1) Au+e' =Y 4nys, in Q

=1
where py,...,py are points in Q, ¥,..., %y are constants greater than —1. If a
¥ is a positive integer (¥ € N, N is the set of natural numbers), we say p; is a
quantized singular source . Studying the asymptotic behavior of blowup solutions
is particularly important for a number of applications. Let u; be a sequence of
solutions of (1.1); we say {u} is a sequence of blowup solutions if, for a point
p € Q, there exist x; — p such that ug (x;) — 27, log |xx — p| — co. Here we set 7, =0
if p is not a singular source. For a sequence of blowup solutions u, it is standard
to assume a uniform bound on the total integration and boundary oscillation: there
exists C > 0 independent of k such that

(1.2) /Qeuk <C
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and
(1.3) lug(x) —we(y)| < C,  Vx,y € dQ.

If a blowup point p is either a regular point or a “non-quantized” singular source,
the asymptotic behavior of u; around p is well understood (see [3, 7, 13, 14, 21,
26, 27, 32, 42, 46, 45]). As a matter of fact, uy satisfies the spherical Harnack
inequality around p, which implies that, after scaling, the sequence u; behaves as a
single bubble around the maximum point. However, if p happens to be a quantized
singular source, the so-called “non-simple” blowup phenomenon does happen (see
[25, 16, 17]), which is equivalent to stating that 1, violates the spherical Harnack
inequality around p. The study of non-simple blowup solutions has been a major
challenge for Liouville equations and its research laid dormant for years. Recently
significant progress has been made by Kuo-Lin, Bartolucci-Tarantello and other
authors [5, 6, 15, 25, 39, 40, 41]. In particular it is established in [6] and [25] that
there are ¥, + 1 local maximum points and they are evenly distributed on S! after
scaling according to their magnitude.

The case ¥, € N is more difficult to treat, and at the same time the most relevant
to physical applications. Indeed, in vortex theory the number ¥, represents vortex
multiplicity, so that in that context the most interesting case is precisely when it
is a positive integer. The difference between the case ¥, € N and 7y, € N is also
analytically essential. Indeed, as usual in problems involving concentration phe-
nomena like (1.1), after suitable rescaling of the blowing-up around a concentration
point one sees a limiting equation which, in this case, takes the form of the planar
singular Liouville equation:

AU +¢Y = 4mys, inR?, /zede<oo;
R

only if ¥, € N the above limiting equation admits non-radial solutions around p
since the family of all solutions extends to one carrying an extra parameter (see
[35]). This suggests that if ¥, € N and the blow-up point happens to be the singular
source, then solutions of (1.1) may exhibit non-simple blow-up phenomenon.

So, from analytical viewpoints the study of non-simple blowup solutions is far
more challenging than simple blowup solutions, but the impact of this study may be
even more significant because non-simple blowup solutions represent certain situ-
ations in the blowup analysis of systems. If local maximums of blowup solutions
in a system tend to one point, the profile of solutions can be described by a Liou-
ville equation with quantized singular source. It is desirable to know exactly when
non-simple blowup phenomenon happens. In [15] the first two authors studied the
following equation:

M
(1.4) Au+Ae' =Y 4wy, in QCR?
t=1
u=0 on JQ,

where Q is an open and bounded subset of R2, Pl,-., pm € Q, dQ is smooth, A >0
and %; € N. We note equation (1.4) transforms into a Liouville equation with no
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boundary condition of the type (1.1) by using the presence of the free parameter
A > 0 under the transformation u = u(x) +log A; then, we say that i is a sequence
of blow-up solutions of (1.4) with parameter A; — 07 if, for some point p € Q,
there exists x; — p such that u(x) 4 log A4x — 27, log |x; — p| = 4o and there is a
uniform bound on its mass:

(1.5) lk/ e < C.
Q

In [15] it was conjectured that if Q = By, M =1 and p; = 0, then there is no
non-simple blowup sequence in Bj. This conjecture of D’Aprile and Wei was
considered audacious since there was no restriction of number of bubbles inside €
and only the Dirichlet boundary condition is placed. The purpose of this conjecture
is to claim that the boundary data seem to have a great influence on the profile of
blowup solutions inside. In comparison, the series of works of Wei-Zhang [39,
40, 41] focuses on the vanishing rate of coefficient functions. In this respect, the
conjecture of D’ Aprile and Wei seems more natural and useful for application. In
the first main result we completely settle this conjecture in a far more general form:

Theorem 1.1. Let uy, be a sequence of blowup solutions of (1.4) with parameter A
that satisfies (1.5). Then uy, is simple around any blowup point in Q.

Theorem 1.1 does not impose any symmetry condition on Q. As long as Q is
a bounded open set with smooth boundary, the conclusion of Theorem 1.1 holds
under a natural uniform bound on its mass A [, e*. This comes as a complete
surprise. (Note that by a nice result of Battaglia [8], the mass A4 [, e* is uniformly
bounded as long as Q is simply connected and M = 1. In particular when Q =
B1,M =1, the mass is uniformly bounded. As a result we have completely solved
the original conjecture of the first two authors.)

If the boundary condition is the usual oscillation finiteness assumption (1.3), we
can also rule out non-simple blowup in a surprising way. The second main result
is:

Theorem 1.2. Let uy be a sequence of blowup solutions of (1.1) such that (1.2)
and (1.3) hold. If there are at least two blowup points in Q, each blowup point is a
simple blowup point.

Theorem 1.2 is also unexpected. First there is no requirement on the data of
on JdQ except that the oscillation of 1y is finite. There is also no specific require-
ment of what Q has to be. As long as there are at least two blowup points in £,
each one of them has to be simple. Thus non-simple blow-up, if happens, can only
be single. This greatly simplifies the blowup analysis in many applications.

The conclusions of Theorem 1.2 and Theorem 1.1 rule out non-simple blowup
phenomenon in several applicable situations. They seem to suggest that the only
case that non-simple blowup solutions occur is when the profile of blowup solu-
tions is very close to global solutions in the classification theorem of Prajapat-
Tarantello [35]. The proofs of the main results should lead to advances in multiple
related problems. Even though we study only one equation in this article, it rep-
resents certain situations in systems. For example, in the blowup analysis of Toda
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systems, which has ties with conformal geometry, algebraic geometry, integrable
system and complex analysis [28, 36, 37, 43, 47], one always needs to compare
blowup speeds of different components. If different components all tend to infin-
ity in a neighborhood of one blowup point, the behavior of the “fast” component is
similar to a quantized singular source to “slow” components. Therefore the asymp-
totic behavior of blowup solutions of Liouville equation with quantized singular
source provides crucial information for systems.

It is also important to point out that the study of singular equation with “quan-
tized” singular source is ubiquitous in mathematical literature; the nonsimple blow-
up phenomenon also appears in the research of Liouville system [23], prescribing
Q curvature equation [1], Monge-Ampere equation [14] and the vortices in a planar
model of Euler flows [18], etc.

The proof of Theorem 1.2 comes naturally from Theorem 2.1, which contains
most of the key ideas. The proof of Theorem 2.1 is by way of contradiction. If
non-simple blowup happens, the blowup solutions (denoted v;) would have N + 1
local maximums evenly distributed around the unit disk. We shall use N 4 1 global
solutions, each is very close to v; near a local maximum. Even though these N + 1
global solutions are close to one another, their mutual difference can be captured
as kernels of linearized Liouville equation. The mutual locations of the local maxi-
mum points plays a key role in our argument. One way to understand this argument
is that v, cannot be very close to different global solutions at the same time. In or-
der to obtain a contradiction, the point-wise estimate has to be very precise. In
this article we use Fourier analysis to obtain precise pointwise estimates around
one “easy point” first. Then this accuracy can be passed to other regions by Har-
nack inequality. In the final step a contradiction can be obtained by comparing
Pohozaev identities of v; and other global solutions. Another key ingredient in our
proof is that the behavior of v; on the boundary of its domain is significantly differ-
ent from all the approximating global solutions. This difference can be turned into
a contrast on coefficient functions, which leads to a contradiction from Pohozaev
identities. This set of ideas has turned out to be not only successful for single
equations [39, 40, 41], but also in Toda systems [38]. Many related projects such
as construction of blowup solutions, the uniqueness of blowup sequence, etc will
also be influenced by the proof in this article. The research in these directions will
be carried out soon.

The organization of the article is as follows. From Chapter 2 to Chapter 4 we
present the key proposition needed for the proof of the main theorem. The proof
of Theorem 2.1 in these chapters contains the key ingredients, which are inspired
by a series of works of the second and third authors [39, 40, 41]. Finally we place
some computations in the appendix, which consists of the last three chapters.

Notation: We will use B(xo,r) to denote a ball centered at xy with radius r. If
Xo is the origin we use B,. C represents a positive constant that may change from
place to place.
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2. LOCAL APPROXIMATION

In the section we study the following local equation defined in the unit disk B
in R?:

Au+e" =4nNo, in B

where N is a positive integer. Since A(5=log|x|) = & we can use this function to
write the equation above as

2.1) Au+|x|?Ne" =0,

if we set u(x) = u(x) —2Nlog|x|. The purpose of this section is to study blowup
solutions of (2.1).
Let u; be a sequence of solutions of (2.1):

(2.2) Auy+ |x|*Ne" =0, in B

We say uy is a sequence of blowup solutions with blowup point at the origin, if
there exists x;y — 0 such that uy (x;) — oo as k — oo. Suppose the oscillation of uy
on the boundary of Bj is finite:

(2.3) lug(x) —ur(y)| <C, Vx,y € dB;

for some C > 0 independent of &, and there is a uniform bound on the integration
of |x|*Net:

(2.4) / x[*Ne < C.
B

Our goal is to study the asymptotic behavior of u; near the origin and its relation
with the oscillation of u; on dB; (the boundary of By). For this purpose we set

1
- — u,, xE€By.
271'/331 k !

Since u; has bounded oscillation on dB;, ®;(0) = 0 and all the derivatives of
are uniformly bounded in By ;. Let P be the limit of @ over any fixed compact
subset of B;.

Then our assumption of @y is

Dy (x) = ug(x)

(2.5) Either® #0 or &, =0.

Theorem 2.1. Let uy be a sequence of blowup solutions of (2.2) that takes 0 as its
only blowup point in By. Suppose (2.5) and (2.4) hold. Then uy, is a simple blowup
sequence:

up(x)+2(14+N)loglx| <C

for some C > 0.
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3. PROOF OF THEOREM 2.1

Suppose non-simple blowup does happen. It is well known [25, 5] that there are
exactly N + 1 local maximums forming a circle around the origin. We use p’é,..., pf‘\,
evenly distributed on S! after scaling according to their magnitude: Suppose along
a subsequence

lim pg/| pg| = €,
k—+oo

then
k
lim PL — oi0+555) 1 N.
k—ro0 ‘ pg
For many reasons it is convenient to denote | p’é] as Oy and define fi; as follows:
(3.1) S =|p6l and = u(pf)+2(1+N)log .

Since p’s are evenly distributed around dBs,, standard results for Liouville
equations around a regular blowup point can be applied to have u( p;‘ ) = ug( p'{)) +
o(1). Also, fiy — oo. The interested readers may look into [25, 5] for more detailed
information. _

We write pf as pf = &ie'®% and define vy as
(3.2) vi(y) = u (8ye'®*) +2(N+1)log &, |y < §; .

If we write out each component, (3.2) is
Vi (y1 ,yz) = Mk(ﬁk (y1 cos O — yp sin Gk), O (y1 sin 6, 4y, cos Qk)) + 2(1 +N) log O.

Then it is standard to verify that v, solves

(3.3) Avi(y) + [yPNe ) =0, |y < 8",

Thus the image of p’(‘) after scaling is Q’é =e; = (1,0). Let o, Qé,...,Qﬁ‘v be the
images of p¥ (i =1,...,N) after the scaling:

Pl i
Of="Le7®%  [=0,.,N.
Ok
It is established by Kuo-Lin in [25] and independently by Bartolucci-Tarantello in
[5] that

2mi

(3.4) lim QF = lim p¥/& = e¥1, [=0,...,N.
k—yo0 k—yo0

Then it is proved in our previous work that ( see (3.13) in [39])

(3.5) 0 — ¥ = O(fye ™).

Choosing 37 > 0 small and independent of k, we can make disks centered at Q;‘
with radius 37 (denoted as B(Qf‘, 37)) mutually disjoint. The fi in (3.1) is

[ = max vg.
B(Q§.7)
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Since Q’lc are evenly distributed around dBy, it is easy to use standard estimates for
single Liouville equations ([46, 21, 13]) to obtain

max v =ik+o(l), I=1,...N.

B(Qy.€)
Let
eﬁk
(3.6) Vi(x) =log — )
(1+ s(leiik/v)Z‘yNH —e|?)?
Clearly V is a solution of
(3.7) AVi+y|?Ne =0, in R?%  Vi(e)) = k.

This expression is based on the classification theorem of Prajapat-Tarantello [35].
Now we use the following expansion of V; for |y| = Ly (L = 0, D)

~ 2
(8) Vi) = —fu+2l0g(8(N + 1)) —4(N+1)logLi+ -y
k
4cos((N+1)0)
+ N + [N cos((2N+2)0)
k k

FO(LN 3 0o ML, 2N 72,

To eliminate the main oscillation of v — Vj on dQy, we set @, x(J:-) be the har-
monic function on d€ such that Vi(y) — ¢, x(0y) has no oscillation. The reason
we use @, (&) is because ¢, is the harmonic function that eliminates the oscilla-
tion of V, on dB;. V; is a re-scaled Vj:

Vi(8y) +2(1+N)log & = Vi(y).

on dB;. From the expression of Vi we see that ¢, ; — 0 uniformly on Bj. It is easy
to see that the leading terms of ¢, x(Sy) are

4 4
O i (Oky) = WrNH cos((N+1)0)+ [N p2N+2 cos((2N+2)0) +....

k k
Naturally we define @ x(y), o« and vo x as

3.9
Pok(y) = Pr(y) — dvi(8y)
= &y (§ry) — 4622 cos(N+1)8) — 5NN 2 cos((2N +2)6) + ..

(3.10) ho = e®*.

Yok = Vk — ok,
and we write the equation of vg ; as
(3.11) Avoy+horly/*Ne =0, in O

Based on the definition of A in (3.10) we prove
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Lemma 3.1. There exist and integer L > 0,8, € (8F, &) an integer 0 < s <N such
that

(3.12) \Vh07k(e% |/6; is comparable to 1.

Proof of Lemma 3.1: The proof of (3.12) is based on (2.5). We first write the
expansion of @y (x) as

O (x) = i 7'(ak cos(n@) + bE sin(nh))

n=1

where x = re’® and the two sequences |aX| and |b¥| are uniformly bounded from
above. They could tend to zero for some n. The expansion of ¢, x(x) can be written
as

G (x i ,cos(nB) + b} ,sin(nb))

with a’,‘l’v and bfw both tending to zero as k — oo for each fixed n. Then clearly

Pox(y) = Pr(Sy) — Pua(Sry)
i (a —a )cosn9+(bﬁ—bl,‘l7v)sinn9)>.

Obviously we use y = re’® in this case. If @ # 0 (see 2.5) there exists an integer L
such that |a| 4 |b%| > C > 0 for some C > 0 independent of k. Now we set ;" as

L
5/: = Z (|a —anv|+|bk bnv)
n=1

We make three trivial remarks about §;". First
& >Co¢
because |a} |+ |b}| > C for some C independent of k. Second, since it is only a

finite sum in the definition of §,", §;" is comparable to

ma (1 b, |+ 6}~ 54, )3

The third observation is

oo

Y (lay—ayl + o5 =05, )8 = 0(5™).

n=L+1

In other words, the quantity is far less than §;. Our goal is to compute V@ at
points close to dB;. We use the following formula:

1
V0o, (x)[* = |0, Pox|* + ﬁ|39¢o,k|27 x| ~ 1.
FOr COnVenience Wwe use

(ay — ) 8¢ = & lcylcos(By), (b —buy) & = §|cy| sin(By)-
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Note that at least one |ck| ~ 1. In fact we consider those comparable to 1 in the
summation from 1 to L. Then

Doy = 8 an" N cos(B —n®) + O(8EH)

n=1

99¢0k

=0 Z r"(—n|ck|cos(BF) sin(n@) +n|ck| sin(B) cos(nB)) + O(SE)

=0 an”|ck|sm(ﬁk ) +0(5-).

n=

1
(3.13)  [Vorl* =10,P0x]* + rj139¢07k|2

~

% Z 22 ep P42 ) sttt el [ef [ cos(BE — B — (s —1)6)

s<t

+0(6L+‘)

Now we have the freedom to choose evi1. Since all these points are on the unit
circle, r = 1 in the evaluation of (3.13). By Cauchy’s inequality we see that if

Vo | = (6L+1) at one of eN+ll 1t is 0bV10usly not the case on another such point,
which means at that point, say eNiT, ]V(l)o,k(eNH )| is comparable to J;. Lemma 3.1
is established if ® # 0.

Finally if ®; = 0, based on the expansion of Vi we take §; = §2"*?. Lemma
3.1 is established. [J

If we let Q’é denote the local maximum point of v, the difference between
Of and e is O(8;e ) by the non-degeneracy of v around e; (Indeed, if we use
& = e /2 to be the scaling factor, after scaling, it is easy to see that the location
of the critical point is O(&,6;) for the scaled function. In the original setting before
the scaling, the location of the local maximum is 0(5,2‘6*‘_%) away from e;. The
maximum of vo  is fix + O(§;).

Let Vo « be the global solution of that agrees with vy ;. at Q’é:

(3.14) vox(06) = Vox(QF), Vvor(Qf) = VVor(QF) =0

and the equation for Vp  is
(.15) AVor+ |y hox(Qp)e' =0, in R?, /2 |y|*N "ok < oo,
R

Of course Vp  is a small perturbation of the previous Vi, and we see that the oscil-
lation of v x — Vo x is O(9; 5,?’“6*“’6) on d€;. At this moment we set the scaling
factor to be

_1
ge=e M = vor(0F)
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Indeed, the expression of Vp i is

e Hi

Vou(y) =log 6
(1+ 2 vty — oy

where p’é = O(e M ;). From here we see that the perturbation of vox — Vo« on
9Qy is O(§; 8 e H):

(3.16)  [(vox — Vou)(x) = (vox — Vou) )| S CEEYle ™, Vx,y € 9.

3.1. Point-wise estimate for vy ; —Vj . Inthe appendix we establish the closeness

of local maximum points of v; with et for | = 0,...,N. As mentioned before the
local maximums of vo is only 0(5,:‘&:,3) perturbation of the corresponding local
maximum points of vy.

Another observation is that based on (3.5) we have

g l|0f — P <cef, 1=0,..,N

for some small € > 0. Thus & tends to U after scaling. We need this fact in our
argument.
Now we cite Proposition 3.1 of [40]:

Proposition 3.1 of [40]: Let | =0,...,N, B = ]\2,—111 and 6 be small so that

B(eP 8)NB(eP,8) = 0 for | # 5. In each B(e'P', §)
(3.17)
Cuge M/2,  |x—ePi| < Ce /2,

vo.(x) = Vor(x)| <

uy - B .
C‘ﬁ’fe,ﬁ[l +O0(ute ™), Ce M/2 < |x—eP| < 8.
Remark 3.1. We only need a re-scaled version of Proposition 3.1 of [40]:
(3.18)  Pox(eP +&y) —Vor(eP +ey)| < Cef(1+y))Y, 0< |y <tg !
for some small constants € > 0 and T > 0 both independent of k.

Remark 3.2. The main idea of the proof of Theorem 2.1 can be observed from
the equations of vox (3.11) and Vo i (3.15). While (3.15) has a constant coefficient
ho,k(Qlé)y (3.11) has a function ho; whose derivative is not zero at some le‘. We
shall obtain a precise pointwise estimate of vo x — Vo x and the difference on these
coefficient functions will lead to a contradiction.

Proposition 3.1. Let wo ; = vox — Vo 1, then
wox(y)| <C& yeQ:=B(0,5"),

Proof of Proposition 3.1: Let M, be the maximum of [wg| on . By way of
contradiction we assume that

(3.19) M/ (8)) — .
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Now we recall the equation for v x is (3.3), vo x — Vo « 1s very close to a constant
on dB(0,8, ). Moreover

(3.20) wok(Q5) = [Vwox(Qf)| =0.
Recall that Vp . defined in (3.6) satisfies (3.15).

We shall derive a precise, point-wise estimate of wo x in B3\ UY_ B(Q¥, T) where
T > 0 is a small number independent of k. We shall prove that w4 is very small in
B3 if we exclude all bubbling disks except the one around e;.

Now based on (3.11) and (3.15) we write the equation of wy j as

(3.21) Awo e+ [y ho g (v) e wo i = [y[* (o (Q5) — hox(v))e"o*
in Q, where & is obtained from the mean value theorem:

"0k _ Vo k() .
Var(x)—Vo 1 (x)? lf VOJC()C) # VOk(X),
eék (x) _ 0.4 ()= Vo (x) ’

0K v r(x) = Vor(x).
An equivalent form is
Id 1
(3.22) 50 = / EetV04k(x)+(1*t)V0,k(x)dt — V(¥ (1 + S WOk (%) +O(wok (x)z)) :
0

Note that the oscillation of wox on d€y is O(; 6,?’ +le*“k). A trivial observation
is that the right hand side of (3.21) is zero if y = Q’(‘). This simple fact determines a
pathway for our argument. We will prove smallness of wy around Q’é first and then
pass it to other places.

By normalizing w x we shall study the following function:

Wi () = wor(¥)/Mi,  x € Q.

Clearly max, g |Wi(x)| = 1. The equation for vy is
(3.23)
A () + [y ho s (y) e (v) = O(a) [y (v = 0f e + O () [y — Qp e+

in Q. Here 6 /My = o — 0. Also on the boundary, the oscillation of Wy is
o(8)'e~Hx). By Proposition 3.1 of [40]

(3.24) Ee(Q6 + &2) = Vor(Q6 + &z) + O(f ) (1+ |2])

Since Vj« is not exactly symmetric around QF, we shall replace the re-scaled
version of Vj x around Q’é by a radial function. Let Uj be solutions of

(3.25) AU+ hor(08)e% =0, in R%, Uy(0)= max Uy = 0.
’ R
By the classification theorem of Caffarelli-Gidas-Spruck [9] we have
1
hox(OF
(1+ "5 gf2)2
and standard refined estimates yield (see [13, 46, 21])
(3.26) Vo (05 + &2) +2log & = U(z) + O(&x) |z + O(uiep).

Ui(z) = log
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Also we observe that

(3.27) log| Q6 + &zl = O(&) (1 + [2]).
Thus, the combination of (3.24), (3.26) and (3.27) gives
(3.28) 2Nlog|Qf + &xz| + & (Qf + &2) +21og & — Ui(z)

=0(ef)(1+1z]) 0< |z <tg .

for a small € > 0 independent of k. Since we shall use the re-scaled version, based
on (3.28) we have

(3.29) €20k + &z ho (O + £c2) 52678 = g (OF)eV D) + O(8) (1+|2]) >

Here we note that the estimate in (3.28) is not optimal. In the following we shall
put the proof of Proposition 3.1 into a few estimates. In the first estimate we prove

Lemma 3.2.
(3.30) Wi (05 + &2)| <o(&)(1+2]), 0<|z] < e,
for some T > 0.

Proof of Lemma 3.2: Step one: In this step we prove the following statement: For
0 > 0 small and independent of k,

(3.31) wi(y) =o(1), Vix=o0(1) in B(e;,8)\B(e1,6/8)

where B(e;,36) does not include other blowup points.

If (3.31) is not true, we have, without loss of generality that w; — ¢ # 0. This
is based on the fact that Wy tends to a global harmonic function with removable
singularity. So Wy tends to constant. Let

(332) Wk(Z) g Wk(Ql(() _|_ 8k2)7 gk — e*%vo,k(QS)j
then if we use W to denote the limit of Wj, we have
AW +e'W =0, R?, |W|<1,

and U is a solution of AU + eV = 0 in R? with [, eV < 0. Since 0 is the local

maximum of U,
1

(1+gl)?
Here we further claim that W = 0 in R? because W (0) = [VW (0)| = 0, a fact well

known based on the classification of the kernel of the linearized operator. Going
back to Wi, we have

Wi(z) =0(1), |z| <Ry forsome Ry — oo.

U(z) =log

Based on the expression of Wy, (3.26) and (3.29) we write the equation of Wj as
(3.33) AWi(2) + ho 4 (08) eV OW, (2) = Ey,
for |z| < og, ! where a crude estimate of the error term Ej is

E(z) =o(1)ef (1+z)) 3.
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Let
1 2

(3.34) g’é(r)zE A Wi(r,0)d0.

Then clearly g&(r) — ¢ > 0 for r ~ g !, The equation for gk is

d? 1d

238h(r)+ 5 - gb(r) + hoa(O)ePh(r) = B (1)
d

&(0) = & gb(0)=0.

dr

where EX(r) has the same upper bound as that of Ey(r):
ES(r)] < o(D)gg(1+7) 7>
For the homogeneous equation, the two fundamental solutions are known: g’(‘n,
gﬁz, where
¢ _dl-art o hok(QF)
801 =7, . a2 Ck= .
1+ cir 8

By the standard reduction of order process, gf,(r) = O(logr) for r > 1 with a
bound independent of k. Then it is easy to obtain, assuming |W;(z)| < 1, that

166001 < Clehy ()] [ sIES(9)gbo(s)1ds +Claha(r)] [ sl (5)EK(5)lds

<Ceflog(2+r). 0<r< &g .

Clearly this is a contradiction to (3.34). We have proved ¢ = 0, which means
wr =o0(1) in B(ey,0) \ B(e1,80/8). Then it is easy to use the equation for w; and
standard Harnack inequality to prove Vi, = o(1) in the same region. (3.31) is
established.

Step two: Now we extend the estimate to the whole neighborhood of ¢;. The
estimate will be obtained in a progressive way. Let W, be defined as in (3.32). In
order to obtain a better estimate we need to write the equation of W, more precisely
than (3.33):

(3.35) AW+ ho 1 (05)e® Wi = o(on)ay(1+|y)) ™4, z€B(0,7¢, )
where O is defined by

) = | gk 1 8kz|2Neék(Q6+ekZ)+210g€k_

Here we observe that by step one Wy = o(1) on dB(0, 7€, ). In the computation
of (3.35) we also used

ho(Q6 + &) = hok(Qp) + O(&cy).
To replace ®; by U we have an extra error that depends on the bound of W;:
(3.36) AW+ ho 1 (05) eV Wi = Er,  z€ B(0,7¢. ")
where E;, = E| 4+ E> and E| is the right hand side of (3.35). Thus
|E1| < Cowey(1+y) ™ |Ea| < Coef(1+12]) 7>
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Note that in the crude bound of E,, we used |Wi| < C. If the bound of |Wj| is better,
the estimate of £, will improve as well.

The proof is by considering the projection of Wj in different nodes. Let g’é be
the projection on 1, then we have

d> 1d
Wg'é(r) + ;Eg’é(r) + ho i (06)eY g6 = Exo

d

k k

0)= 0)=0
80(0) lrgO( )

where Ej  is the projection of E to 1. Just like in the proof of step one, the estimate
of gh is

6601 < Cleon ()] [ s1Eko(s)lhals)lds

+Clgba(r)] [ slEro(s)lghy (s)1ds

where

_ 1—cpr? o hor(OF)
T+er2 F g

and g&, = O(logr) for r > 1 and for r close to 0. If we just use

|Exo(s)] < o(1)gg (1+5)77,

gél(’)

we have
186(r)| = o(1)f log(2+7).
Let g’f be the radial part of the projection of Wy on ¢’®. Then g’{ satisfies

d? 1d , i U 1.,
art ;Zgl(r)‘i’(ho,k(Qo)e —rj)gl(r)ZEk,l

and we use the following crude upper bound for Ej |
Exi(r) =o(1)ef(1+7r)7?

and gk(0) = % g%(0) = 0. Then the two fundamental solutions are

glfl (r)

g%, (r) behaves like O(r~!) near 0 and behaves like O(r) near infinity.
0] <o(Dlgh (] [ sef(1-+3)gha(s)lds

+o(DIgha(r)] [ sef(1+) g (5)lds
=o(l)gf(1+7r)

HGR:

-
14 er?’

Forl > 2, let gf‘ be the radial part of the projection on e/
d ld ,; kN Ui P € -3
) + g () + (hor(@6)e™ — )gh(r) = o(D)eE (147)

, then the equation is
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with gf(0) = 0 and g¥(Ly) = s;4 for some 5,4 = o(1) as a result of step one. For
the corresponding homogeneous equation, the two fundamental solutions gé‘l, g’l‘2
can be chosen to behave like

gf‘l ~ rlnear 0 and oo,

l

gé‘z ~ r~'near 0 and oo

with bounds independent of k. Then
oo s _
81 (M) < |cfugh (N +o(€)gh (Ml |7 (1+5)Igh(s)lds
ro

+o(e)lgh(n)] [ Jgh (I(1+5)ds

o(€F)
< Ief 1l ()| + 2

By gi(t¢e, 1) = 514 we have \cf‘ < Csl,keli. Thus the summation of projections on
all nodes is convergent and the summation leads to

We(2)] < o(1)gg (1+1z])-
Using this new bound in the previous machinery we will obtain

We()] < o(1)2*(1+I2]).

A repetitive application of this process eventually makes E; the leading error term
in E; and we have

W) < o(De(1+ D), |ef < 7g; "
Lemma 3.2 is established. [
The smallness of Wy around e; can be used to obtain the following key estimate:
Lemma 3.3.
(3.37) we=o0(1) in B(eP 1) 1=1,.,N.
Proof of Lemma 3.3: We abuse the notation W, by defining it as
Wi(z) = wi(eP + &2), z€B(0,7e, ).

Here we point out that based on (3.5) we have g ! ]Qf{ —¢P| = 0. So the scaling
around P or Q’lc does not affect the limit function.

. . i,
8,3|e'ﬁ1 + SkZ|2Nh07k(e’B’ + Skz)eé"(e 'tez) _y oUG)

where U (z) is a solution of

AU+¢” =0, in R2, / &V < oo

R2
Since W, converges to a solution of the linearized equation:
AW +eW =0, in RZ

W can be written as a linear combination of three functions:

W(x) = cofo+c191 + 20,
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where
1—l|x]2
8
0= —"7—>
¢ 1+%|x|2
X1 X2
1= —_—, ¢2 =
’ 1+ g|x? 1+ g|x?

The remaining part of the proof consists of proving co =0 and ¢; = ¢, = 0.
Step one: ¢y = 0. First we write the equation for W, in a convenient form. Since

e + 2N = 14 0(&12),
and
£2ho i(e + £2) 5" T) = U 1 O(ef) (14 [2]) 3
Based on (3.23) we write the equation for W as
(3.38) AW, (z) + eV Wy = Ef(2)

where
Ef(z)=0(f)(1+1]z]) in Q.

In order to prove ¢y = 0, the key is to control the derivative of Wé‘(r) where
1 ,
k(2 6 -1
Wy (r) = W/)B,Wk(rel )ds, 0<r<rztg .
To obtain a control of LW, (r) we use ¢f(r) as the radial solution of

(3.39) Apf+ eV ot =0, in R

When k — o0, 9§ — ¢p. From multiplying ¢§ to (3.38) and multiplying W to (3.39)
we have

(3.40) /a : (O Wid) — Oy G W) = o(&f).
Thus from (3.40) we have
d )
G4 W) 27rr/ QWi =o(ef)/r+0(1/r%), 1<r<rte,".

Since we have known that
Wi (ze; ") =o(1).

By the fundamental theorem of calculus we have
o(gf 1
Wi (r) = W (ze, +/ (25 4 o5 =%))ds = 0(1/7%) + Oef log )
. k

for r > 1. Thus ¢o = 0 because WS (r) — co@o, which means when r is large, it is
—co+O(1/r?).

Step two ¢; = ¢; = 0. We first observe that Lemma 3.3 follows from this. Indeed,
once we have proved ¢; = ¢; = ¢g = 0 around each P it is easy to use maximum
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principle to prove w; = o(1) in B3 using Wy = o(1) on dBj3 and the Green’s repre-
sentation of ;. The smallness of w; immediately implies w; = o(1) in Bg for any
fixed R >> 1. Outside Bg, a crude estimate of v ik is

vor(y) < —e —4(N+1)logly| +C, 3 <y <8 "

Using this and the Green’s representation of w; we can first observe that the oscil-
lation on each 9B, is o(1) (R < r < §_'/2) and then by the Green’s representation

of W and fast decay rate of e we obtain W = o(1) in B(0,5, '). A contradiction
to max |wy| = 1.

There are N + 1 local maximums. Correspondingly there are N 4 1 global so-
lutions V;; that approximate v; accurately near Q;‘ for I =0,...,N. For V;; the
expression is

k
et

‘/l,k = IOg Hlkh "
(14+ 5N — (e 4+ ) )2

where p’l‘ = F and
(3.42) D=8(N+1)
The equation that V; ; satisfies is
AV + [PV ho i (QF)e"* =0, in R

Note that there is no need to define a ¢ x and v; x = vi — ¢ x because the difference
is insignificant.

Since /g x(y) = e? for some harmonic function ¢; (y) = O(&;) for [y| ~ 1, we
have

(3.43) ho k(@) —hox(Q%) = O(&;) = o(1)M;.
Since vo  and V; x have the same common local maximum at Qé‘, it is easy to see
that
k iy
. pre 2lm
3.44 k=P E1= 4 o(|pk?), — _
(344 Of =+ T+ 0l P), =55
Let M; ;. be the maximum of |vo; — VI,kI and we claim that all these M; ; are com-
parable:
(3.45) Ml,k ~ Ms,k, Vs 7é l.

The proof of (3.45) is as follows: We use L, to denote the limit of (vox — Vi x)/M «
around QX:

(Vo — Vix) (OF + &z2)
M,

:Ls,l +0(1)7 |Z| S 781;1
where

1 2
LSJ:C]?S,[i] 2—1—6‘2757171 X and L;;=0, s=0,.,N.
1+ 3zl 1+3l2]
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If all ¢1 5, and ¢y 5 are zero for a fixed /, we can obtain a contradiction just like
the beginning of step two. So at least one of them is not zero. For each s # [, by
Lemma 3.2 we have

(3.46) V()J((Q]; + SkZ) - Vs7k(Q]; + SkZ) = 0(£k)(1 + |Z‘)Ms7k, ’Z| < ’Cé‘l:l.

Let My = max; M;; (i=0,...,N) and we suppose My = M, ;. Then to determine L
we see that

vo i (OF + &2) — Vi (QF + &2)
M
—o(e) (14 |2]) + Vor(Qs +&2) = Vir(Qs + &2)
M
This expression says that L ; is mainly determined by the difference of two global
solutions V x and V ;. In order to obtain a contradiction to our assumption we will
put the difference in several terms. The main idea in this part of the reasoning is
that “first order terms” tell us what the kernel functions should be, then the “second
order terms” tell us where the pathology is.
We write Vs ¢ (y) — Vi (y) as

Vi () = Vik(y) = pué — uf +24A - A> + 0(|A])

where .
u k
I T e e
A(y)— M N k|2 ’
1+f|y + _el_ps|

. . . k
Here for convenience we abuse the notation & by assuming & = ¢ /2. Note that

& = e~H'/2 for some t, but it does not matter which ¢ it is. The difference between
h,7k(Q§‘) and h17k(Q’s‘) is in (3.43). From A we claim that

(3.47) Vir (O + &2) — Vi (OF + &2)
=01+ @2+ @3 + 91 + R,
where
Kk hs N _ > _igp
G489 o= () (1 Dl e B P)B,
hy N p—pk .
= —R _ iBs 2 Fs Pl ,—ifs
02 = sel(c e P2 (B LLeib)
4(N+1)%€?B 8B ’
hg hy — hg
g1 == ——|z+O(e)|z]**/B.
4 N

hy N, 5
B=1+"2|z+=7e
8Iz Sae |,

where hy = hox(Q), i = hox(QF), Ry is the collections of other insignificant
terms. Here we briefly explain the roles of each term. ¢; corresponds to the radial
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solution in the kernel of the linearized operator of the global equation. In other
words, (]){‘ /M. should tend to zero because in step one we have proved ¢y = 0.
¢§ /M. is the combination of the two other functions in the kernel. ¢3 + ¢4 is the
second order term which will play a leading role later. The derivation of (3.47) is
put in the appendix.

Here ¢, ¢» correspond to solutions to the linearized operator. Here we note that
if weset gy =e M /2, there is no essential difference between grand g =e" SH1
because & = &1 —|—0( ). If | sk — My k| /My > C there is no way to obtain a limit
in the form of L,; mentioned before. Thus we must have |, — i x|/Mx — 0.
After simplification (see ¢, of (3.47)) we have

Py — Pl
3.49 =lim_—"—— 7]
( ) Cls,l ggZ(N—i-])Mk kCOS(ﬁS‘F sl)7
|p¥_ V4 .
=lim———— 0
C2s.1 1110102(N+1) kMkSZn(ﬁs—'— sl)

We omit k for convenience. It is also important to observe that even if My = o(&)
we still have My ~ max, |pX — p¥|/€. Since each |pf| = E, an upper bound for M;
is

(350) M < C‘legk.

Equation (3.49) gives us a key observation: |cj 5| + |c2.5| ~ It —pﬂ/(skMk).
\PE—pk|
&

ko k
. Hence for any ¢, if lpe—pi]
Ek

So whenever |cj 5|+ |c251] # 0 we have ~ M. In other words for each [,

Ipf Pl i

M ~ max; ~ My, let M; ;. be the maximum

kK k
of [vi — Vx|, we have M j ~ M. 1f all % ~ M, (3.45) is proved. So we prove
that even if some p¥ is very close to pf‘, MF is still comparable to M. The reason

h h th |P1 pql if ‘Pffp]” _ 1
is there exists ¢ such that ~ My, if =75 = o(1)My,

1
k k k k k k k k
\Py = Pgl = |pi — Pyl — s — Pl = 5!171 — Pyl

k__ k

Thus ‘p’ekp"| ~ M and M¥ ~ M. (3.45) is established. From now on for conve-
nience we shall just use My, which has an upper bound in (3.50).

Set w;x = (vox — Vik), then we have Wl,k(Qf) = \le7k(Q’l‘)| = 0. Correspond-
ingly we set

Wik = Wi i/ M.

The equation of w; ; can be written as
(3.51)

~ k ~
A1+ [PV o (QF) €5 W = 0(01) (v — OF) [y eV + o (o) [y — OF [PeVis,

where 5/‘ comes from the Mean Value Theorem and satisfies

1 1
(3.52) S = eV (1+ W+ 0w7 ) = (14 Mo+ O(MY)).
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The function W; ; satisfies

s~ C15121 +C2512
(353) lim Wl,k(Q§+8kZ) = w
k—so00 1+§’Z|

and around each Q’S‘ (3.46) holds with M replaced by M;.
Now for [y| ~ 1, we use Wy x(QF) = 0 to write W, 4 (y) as

(.54 100 = [ Hya ()P hos(m)e ()
k
+o(1)5) e He,
where the last term is based on (3.16) and

Hy (1) := Gi(y,n) — Ge(0F, 7).

If we only consider |y| ~ 1, we use

L y=n
—log
2% |Qf -

(3.55) Hyi(n) = — +0(8).

To evaluate the right hand side of (3.54), we only need to concentrate on B(Q¥, 7)
for s = [ because the integration around Q;‘ and outside bubbling disks only con-
tribute o(&). Around each QF the ¢% can be replaced by ¢"+* with controllable
error because from Lemma 3.2, the difference between them only leads to o(¢&) in
error. Also, /(1) can be replaced by A (Q%) because

hok(1) = hox(QF) + Vhor(Q5) (1 — 0F) + 0(5; ) (n — 0F)*.

Since Vi 1 (Q%) = O(5;), we see that the difference between hg (1) and Ao (Q%)
only leads to o(&) in its corresponding integration.

From the decomposition in (3.47) we can now estimate the integral of #; » more
precisely. Clearly we only need to evaluate integrals around each Q’S‘. For this we
have

G360 Emox(@)In e san +ole) = Dl +oler)
where
i hy — hy
Dt = S My +2
STONTIR e T,

and for convenience we skip k in Q;, and we shall write the two components of O
as Q; = (Q},0?). The derivation of (3.56) can be found in Appendix B. Then for

ly[ ~1

Wi(y) = — Y (Hy(Qs) + 0(513))D]§,1
s#l

X [ (@a@on + dts@ome tus @)l ebwistn) )an +ofen
s#l 5:T
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After evaluation we have
ly — Q |
=—= Z og =——-+0(8))D},

Wlk ssél ‘Ql
=0 Ql —Q§
— 8 B s
SZ#I <b;_Qs’2 |Q1_Qs‘z)cl, 1€k
-0 Q-
(’y_Qs|2 |Qs—Q1\2)C2» 1&+o(&)

where we used
2

2

a1 Vo)
7dZ:/ ——=——dz=16m.

oty p = e T g

|ps — pil
s 2(N + 1)My e, cos(Bs+6y)

Recall that

‘ps —Pl| .
s e 6
sl 2(N +1)Myg sin(Bs + Ou)

For |y| ~ 1 but away from the N + 1 bubbling disks, we have, for [ # s,
voxk(¥) = Vi(y) + My i (y)

and
vor(y) = Vsx () +Mpws i (v).

Thus for s # [ we have

Viiy)—V, i )
(3.57) "(y)Mk”‘(y) = Wix(y) = s (y).

For |y| ~ 1 away from bubbling disks, we have
Vi (y) = Vir(y)
—uf — ! +2log%
e M — hQSe_“f + N e =P = PV -

h/
e i yNH —ep — ]

+2log(1+

To evaluate the above, we use
N+1 2
—el— Pl|

|y
Nt e — ps|? +2Re(ON T —e1 — py) (s — P1)) + |p1 —

=|y

and set
Ok := (.u nus +210g )/Mk
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k k
Then we see that 6; = o(1) and %e*“I — Do = o(My)€}. Thus
S

Vi (y) = Vix(y)

My
YW —1 p—p
:4Re(,y1v+1_1|2 m )ex + or +o(&).

On the other hand, for y € Bs \ (UY_ B(QF, 11)),
W1a(y) = Wsk(y)

1 ‘y B Qm| k
=—— log —————=D,,
2n m%;él ’Ql Qm’ "

O Q1=Cn . lpw—p
+ 8¢ ( L m n cos(B,, + 6,,
kmgyél |y Qm|2 |Ql - Qm|2 ) 2(N+ 1)Mk8k (ﬁ l)

y2— O _ QI_Q%l
!y—QmP Q1 — Onl?

[y — Ol
+ — lo
m%Y%ZQMW

Y1 _th Qi _Q1£1 ‘Pm_ps‘
— 8¢ - cos (B + Ous
k Z <(b’_Qm’2 |Qs_Qm‘2>2(N+1)Mk8k (ﬁm mS)
»n-0, 0-0;
|y_Qm|2 ‘Qs_Qm|2
for all [ # 5. If we fix a set of /,s that corresponds to the largest |DX,| and we

consider y close to QX. If we use y = ¢'Ps + 7 by abusing the notation z, then we
have

o )yl m%ﬁ%ﬁ

(N + I)MkSk

m,m#s

+ ( ) |pm - Ps| sin(ﬁm + 9ms)>

Z(N + I)MkSk

WH = (P (1+2e PN = 14+ (N+1)ze P +0(|2]).
Therefore

yN+1 —1 p_s_p_l
‘yN+l _ 1’2 Mkek

4Re(

:m <21 cos(Bs+ Bo) + z28in( By + By ) + 0(z|2)> '

In the expression of W; x(y) — W, x(y), we identify the leading term, which is
88k<( n-0; Q-0 ) ps — il
|y_Qs|2 ‘QI—QSP 2(N+1)Mk€k
»n-0 0 -0
|y_Qs|2 ’Ql_Qs|2

cos(Bs+ 6y)

+(

‘Ps_pl| .
)2(N+1)Mk kSIH(BS+6Sl)>
y— 0|

——1
|Q1 Os|

Dsl-
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If we use y = /P 4 7 for |z| small and replace Q, by ¢’ because their difference is
o(&). Then the expression above has this leading term:

2|

4’1’5 _pl‘ . 1 .
m 21 COS(B5+BSI)+Z2 Sln(ﬁs+ﬁsl) —Elog MDAI

This we obtain D¥, /&, = o(1). Therefore
(3.58) DY =o(g), Vs#lL
With this updated information we write Ww; x(y) — Ws () as

Wik (y) — Wy (y)

yi —cosfB,  cosf;—cosfy |Pm — D1
= 8¢ . —— . cos + 6,
L, <( e e 2N+ DMge Pt o)

( y2—sinf3,, sinf; —sinf,

—p .
+ |pm P | Sln(ﬁm + 6ml)>

Ve e — a2 ) 2N+ )Meer

yi—cosf, cosfs—cosBu. |pm— psl
— 8¢, : _ o ' 8
k Z <( ‘y_elﬁm|2 ’elBy _elﬁ,n|2 2<N+ I)ngk Cos(ﬁm+ ns)

m,m#-s

yo—sinf, sinfy—sinf,. |pm—ps| . >
A a ' ] sm(pP, + ems —+o0(§
T B " e 2N+ 1) Me Pt o) Holed)

for [y| € Bs\ (UL, B(Q], 1))

Now in particular we take / = 0 and we use the following notations: Wy, Vi, c1,
¢, O5, instead of WE, v , €105 €2.5.0 O5,0-
The expression of Wy gives

Vi(y)
= [ 9,60 (B0 e () + 0V (B0)(n - Qo e

& y 9%y (8Qo) (1M — Qo)”
M, =2 o!

+ |n|22Ner<")>dn +o(g),

fory € Bs\ (UN_,B(Q%,71)). Now we take y = Qy, we have

0 = Vi (Qo)
1 _
= /o (_M)‘QQOO_,;]z (hk(5on)!n Ve (M) 4 0k VB (8:Q0) (1 — Qo) ||V s (M)

& y %hi(6:Q0) (N — Q0)*

4+ K
M, =2 o!

\n\ZZNer(’”>dn +o(&),
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Obviously we will integrate each of the two components in B(Q¥, 71) for 7; > 0
small. Then we observe (3.58) that

0 (B OQOINE 1) + 000u(8:00) (1~ Qu)n eV

& v 90k(&Q0)(n — Qo)*
+Mk aZ—Z o!

In |22Nevk(”>)dn = o(&).
Based on this we use the following format: If f is a smooth function,

/B(Q . )f(n) <f)k(6kQ0)|n 12N 651 (17) + 0k VB (8:Q0) (N — Qo) |V e¥e(M)

& y d%bi(0:Q0) (N — Q0)*
Mk\tx\:2 ol

+ X In |22Ner(">>dn

=01 f(P)c1s- 16me,+ 0 f(eP)eay - 16TeL + 0(8).
Then we replace f(11,12) by

. 1 1-— m
Ji(n,m) = ( 27r)(1 R,
and
_ b )
fZ(n17n2) - 27[ (1 —771)2+7722
Then we have, from the expressions of ¢y 4, ¢2 5 in (3.49), that
0= 91Wk(Q0)
cos(fs + 65) cos B+ sin By sin(Bs + 65) | ps — pol
= l67eg
e Z < 47(1 —cos ) 2(N+1)Mg +ol&)
cos 6 |ps — pol
—4 .
& Z 1 —cos fBs 2(N + 1) Mye; ole)
Similarly
0= 32Wk(Q0)
cos(fs + 6;) sin By — cos Bysin(Bs+ 65) | ps — pol
=16
e Z ( 47 (1 — cos fBy) 2(N+1)My& Fol&)
0, -
sin S |ps pO‘ (8 )

= —4¢
ks; 1 —cos s 2(N + 1) Mg
If we use a;, to denote
k_ ok
as hmM s=1,...,N,
koo (1 — cosPBs) Mg’
then we have
N
(3.59) Z agcosB;, =0

s=1
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N
(3.60) Y aysin6; =0,

s=1

where a; > 0 for all s. Taking the sum of the squares of (3.59) and (3.60) we obtain

N
Y @+ 2a.a,cos(6,—6,) =0.

s=1 s<t
Since ¥ a? > 2Y ., asa;, we have

ZZasa, (1+cos(6;,—6,)) <0

s<t

Since each term on the left is obviously non-negative, we know each
asa;(14+cos(6;—6,)) =0, Vs<t.

If there is only one a; > 0, it is easy to see that (3.59) and (3.60) cannot both
hold. If there are three a)s > 0, it is also elementary to see this is not possible: say
ai,az,az > 0, then they have to be equal. Then we see that we must have

91—92::|:7'L', 92—93:i71', 91—93::|:717

Obviously these three equations cannot hold at the same time. So the only situation
left is there are exactly two a,s positive. All other a,s are zero. This means there
are exactly two p’s‘ , p’s‘ such that

k _ .k
fim PP i PP g, PP
k—oo  EMy k—oo  EMy k—oo  EMj

=0, Vt#s,5.

If we apply the same argument to #¥. Then from Vi4(Q¥) = 0 we would get
exactly pj and p; different from pj and

k _ ok kK k k_ pk
. Pp—pP . P,—PD .
lim —— = _lim—2—L £0, lim P L=0,vt#11,b.
k—oo &M} k—oo  EM k—>oo0 EkMk

Then it is easy to see that this is only possible when we have N = 2 because if
N =1, we would have just one a; # 0, which is not possible based on (3.59) and
(3.60). If N > 3, we have to have pﬂ‘ that satisfies

k_ ok k_ ok
— . Pr—pD
m Lt Pl =0, and lim—~—=0
koo €My koo €My
e
which is not possible because limy_, :—31/{7/\/1/(0

Finally we rule out the case N = 2. In this case we have

lim pl po = —lim p2 po #£0.
k—eo  EM k—eo  E M

However from 1 (QX) = 0 we have

mp2 i —limp0 p];é

k—oo  E M k—soo M}
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Then from /4 (Q%) = 0 we have

k_ ok k_ ok
lim 21772 oy 0P
k—oo  E M) k—oo  EM

Easy to see it is not possible for all these three equations to hold at the same time.
Lemma 3.3 is established. [J

Proposition 3.1 is an immediate consequence of Lemma 3.3. [.

4. PROOF OF THE MAIN THEOREMS
First we make a simple observation. If we let
Wk = wo,k/é,j.

It is easy to see that Wy tends to a harmonic function away from the N + 1 local
maximums of vo ;. Since Wy is bounded, the global harmonic function Wy tends to
has to be a constant. If we focus on the neighborhood of Q’é, by standard Fourier
analysis as before we see that this constant is zero. Thus over compact subset away
from the N + 1 local maximum points of vy we have w; = o(1) and Vi, = o(1),
which means in this region wox = 0(5;) and Vwgy = 0(8;). Then we use the
smallness of wg x on dB(Qy,2r) to prove

(4.1) woi (O +&2)| < C&e(1+12]), o] <2re .

In the next step we consider the difference between two Pohozaev identities over
Qo x := B(Qo, r) for small r > 0. For v we have

(4.2) /Q 0z ([y[*N ho s (v))e'o+ — /a " y[*N o k() (€ - V)

Qo

1
= / (dvvokdzvox — 5| Vvorl* (& - v))dS.
FIo 2

where & is an arbitrary unit vector. Correspondingly the Pohozaev identity for Vp x
is

@3 [ @b~ [ P ho(0h)E )

Qo

1
- / (OVid:Vox — = [VWou'(E - v))dS.
Q04 2

Using the smallness of wg ; on 8907;( we have

1
/8 - (Buvoxdeos - SI9v0a (& - v))ds

5,k

1
—/ (O Voud:Vor — 5| VVorl* (& - v))dS = o(§;).
20, 2
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Next we observe that the difference on the second terms of the two Pohozaev iden-
tities is minor:

/aQO.k evo,k‘y‘zNh07k(y)(§ V) —/(m ho,k(Qg>eV0‘k ’y‘ZN(é V) = o(&).

0,k

Finally by (4.1) we have
@ [P o)
= /Q 9% (Iy1™N (ho i (QF) + Vo (05) (y — @5))e" ™ (1 + wo i )dy+o(8)

= [ (@e ho(@8)e™ + Beho (@A) Ve + o(&).
0,k

Thus we have proved Vg x(Qo) = 0(8;). In a similar way we also obtain |Vhg (Q;)| =
o(6;) forall s =0,...,N. Thus we get a contradiction because at least one of them
is comparable to §;. Theorem 2.1 is established. []

Proof of Theorem 1.2: First it is a well known fact that all the blowup points
are in the interior of Q (see [33]). Let p be a blowup point of {u}, if p is a
regular point or a non-quantized singular point, the blowup solutions are known to
be simple [3, 45]. So we only consider the case that g is a quantized singular source.
Obviously we can use a fundamental solution to reduce the study to equation (2.2).
Because there is at least one other blowup point, we can see that around p, the
harmonic function that eliminates the oscillation of u; around p does not tend to 0O,
because around the other blowup point, the harmonic function is tending to infinity.
Theorem 1.2 is an immediate consequence of Theorem 2.1. [J

Proof of Theorem 1.1: We consider the blowup solutions of u; +1logA;. It is
well known that if A; does not tend zero, i is uniformly bounded. So we use 7y, to
denote u; +1og A and we assume that 7y, is a sequence of blowup solutions. If there
are at least two blowup points, the argument for Theorem 1.2 can be applied here
to say that each blowup point is simple. So we only consider the case that there is
one blowup point. Without loss of generality we take this blowup point to be the
origin. If the origin is a regular point or a singular point with non-quantized Dirac
mass, the blowup sequence is well known to be simple. Thus we assume that at 0
there is a quantized singular source 4N &. If the domain is a disk centered at the
origin, the proof of Theorem 2.1 also applies in this case that the only blowup point
is simple. So the only case is that €2 is not a disk centered around the origin. In this
case we assume that B; C Q C By for some R > 1. Now we recall the asymptotic
expansion of

e“k
Vi(y) = e = 2log(1+ - M = 1= pul?)
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where | py| = O(uge ). Thenf or r large, say, comparable to §, !,

4
Vi(y) = —x +2logD —4(N +1)logr + Wcos((N—i— 1)6)

+O(N e ™M) + 0(82N ).

We define a harmonic function ¢ 4 that eliminates all the oscillation of Vi on 9.
Consider the Fourier expansion of ¢ x:

oo

) (X cos(nB) + bk sin(n6))r".

n=1
Note that there is no projection on 1 because ¢y «(0) = 0. Since the value of the
absolute value of ¢ on dQ (which is between |y| = &, Uand |y| = RSk’l ) is
comparable to 5,?’ *1. we make two observations. First the restriction of ¢ on
9B(0,8, ") is between —CS8*! and CS'*'. This is because of the asymptotic
expansion of V; for [y| ~ &, !, This provides an upper bound of aX and b:

ja] + [y | < €&,
Second, we shall prove there is a point p; € dB(0, 5k_1) such that

(4.5) 100 (pe)| = CENTY, i = 871

Without loss of generality we can assume that dQ is tangent to dB(0, &;). It
is more convenient to consider this problem before scaling: Let ¢ be a harmonic
function on Q with ¢(0) = 0 and the value of ¢ on JQ can be described as

o(x) = f(]x|)cos(N+1)6), x= \x\eie €0Q,

where f(r) ~ 1 for 1 < r < R. Let ¢/% be the tangent point between 9B and 9, if
cos((N+1)8y # 0, we already have ¢ (¢'®) # 0, which certainly gives |¢ (e/®)| > C
for some C > 0 independent of k. Once this is done, after scaling and normalization
with 8! we have (4.5) for py = &, '¢'® and ¢ (y) = 8 "' ¢ (8wy).

If cos((N + 1)) = 0, we just consider a neighborhood of e/®. If 6 is just
slightly different from 6, the magnitude of ¢ on |x|e?® € Q is comparable to 1
because f(|x|) is comparable to 1. The curvature of JQ is bounded, it is easy to
use the Green’s representation formula of ¢ to find x; = €% € dB;, close to %
such that |¢(x;)| > C for some C > 0. Scaling back to dQ; we have p; = 5k’1e"91

and (4.5) holds.
Based on these two observations we set
N+1
& =Y (lay| +1B5)),
n=1
we have

CSNTE < §F <8

By setting hg x(y) = e%k as before, we have, using the same proof of Lemma 3.1,
that
Vo (Q5)] = €8,
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for at least one Q%. Then the remaining part of the proof is similar to that of
Theorem 1.2. Theorem 1.1 is established. L.

5. APPENDIX A

In this section we derive (3.47) and (3. 48) We use simplified notations:

V= us—zlog<1+ IN+l 1= pyl?).

=M - 210g(1+D Y —1—pif?).
where Dy = (NH) s hy = ho 1 (QF).

m—w:m—m+ﬂ%m+m:uFWHJAw¥+0M%

where
. et ’yN+l 1 —Pl|2 ets. ’yN+1 1 _Ps’2
CF T
5.1 et _ eiseuzfus&
Dy Dy D,
et hy—h .
= 5 (1 (= 13) + O — o)) (1+ ==+ 0(&F"))
Dy hs
ets hy—h .
= (U — s+ == Oy — )+ 67)).
Dy hy
where we used (Ds —D;)/D; = (hy — hy)/hs = O(;) and we use 87* to denote
(62

Using this we now write A as

e“’s
A= (oM 1= P 1= )
S

ets h;j—h
=t BN 1)) (14 1 )
S S

where E = O((1; — ) + 87%).
The derivation of (3.47) is as follows: Recall that the expression of Qs is in
(3.44):

+

Ds

0, =P (14 52) + 0(Ipsf?).
and y = Q; + &z. Direct computation shows
_; N(N+1 Y
P = 1 pt (V4 Dz 4 2 ) e22e 4 0(e}u).

Then
N .
P —1—pP=(N+1)% ‘Z‘i‘ESkZZe_lﬁs‘z"‘O(gI?Uk”dz
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N (ps )
2 _ —ifs
N+1 + +
—pil = ) ‘Z 2£kZ ¢ (N+1)

With these expressions one can check easily that the expression of B in (3.47)
holds:

N+1 _

[y [P+ 0(et mlzP).

h N ;
B=1+ §S|Z+ Eekzze*’ﬁﬂz+O(£,fuk)\z]2.
Then the expression of A is
hs N — — |ps_pl|2
A="(2Re(z+  gle Py 2Tl pmih g T
] < e(z+ 3 e )(N+1)8k + N1

—hy N
H et e Yot s ool ) .

hs
where E, = O(|ty — ps|* + 62*). Note that Dy = o(My), so E, = o(M?).

1 2
(5.2) A’ = ) (Re(zp c ple_’ﬁ‘)) /B* + other terms.
k

16(N +1)?

The numerator of A” has the following leading term:

v (O (1 2c0s20 - 2600 -25)

where z = |ze, ps— p1 = |p, —pz\e
(3.47) by direct computation.

s Using these expressions we can obtain

6. APPENDIX B

In this section we prove (3.56) based on (3.48). The terms of ¢; and ¢, lead to
o(&) The integrations involving ¢3 and ¢4 provide the leading term. More detailed
information is the following: First for a global solution

eH

Vup=1lo

T (L T =

of ,
8(N+1
AVy p+ (;')|Z‘2N6Vu,p =0, in R

by differentiation with respect to 4 we have

8(N+1)?

A(9uVup) + (;)\zlmev”vpayvy,p =0, in R

By the expression of 'V, , we see that

9 (Vi ) () = 0012,

Thus we have
1 N+1 2\(.12N
2NV, (I_ET‘Z —PJ7)z]
O [ Vil e =

dz=0.
Rz (1+ %|ZN+1 —P2)3
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From V), , we also have

/R2 OpVyu ply|Nevr :/R2 IV ply[PNeVir =0,

which gives

62 / %(ZNH —P)’Z B / (ZNH ’Z B
' R2 (1+ 4|V —P[2)3  Jre (14 42N —P2)3

Based on (6.1) and (6.2), the expressions of ¢, ¢, and B in (3.48) lead to

(N / (03 -2 _
/B(O,rekl) . o(&) 026 1) My o(&).

The integrations involving ¢3 and ¢4 lead to the expression of D';.l in (3.56). Thus
(3.56) holds.

|2N ‘ZN

7. APPENDIX C: LOCATION OF LOCAL MAXIMUMS OF vy,

In this section we use standard arguments to prove that the local maximum
points of v is evenly distributed around the origin. Recall that v; satisfies (3.3).
Here we abuse the notation by assuming that Q’f = e is one local maximum of v
and we use L instead of fi; to denote v (e ) for convenience.

Now we consider v, around Qf‘ . Using the results in [13, 46, 21] we have, for vy
in B(Qf‘, €), the following gradient estimate:

Qk
072

where ¢ is the harmonic function that eliminates the oscillation of v on dB(Q¥, €)
and Q’f is the maximum of vy — (Plk that satisfies

(7.1) 2N F(OF) = O(e™),

(7.2) 0) — Qf = 0(e™M).
Using (7.2) in (7.1) we have
Qk
(7.3) 2N + Vo (QF) = O(te ™).

|0fI?
The first estimate of VoF(QF) is
Lemma 7.1. Forl[=0,...,N,

N Qk
7.4 \Y% —4 +E
(7.4) ‘7’1 Qz m:%# |Qk Ok |2

where

E = O(eriﬂk).
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Proof of Lemma 7.1:
From the expression of v; on & = B(0, 70, 1) we have, for y away from bub-
bling disks,

.5 wb)=vlaa,+ [ GomnPYean
k

N
—nloa, + Y6000 [ nean
=0 B(Q1.€)

1,€
FE [ (G0 - GO0 PV +O(e ).
| /B(Q1e)

We have, by standard estimates

N N
ve(y) = vilog, —4 Y logly— Q| +87 Y. H(y, Q) + O(uke ™).
[=0 [=0

The harmonic function that kills the oscillation of v around Q¥ is
N

or=—4 Y (logly—Qf| —log|0} — Q1)

1=0,l#m
+87TZ yan vaQl)) ( keiluk)‘

The corresponding estimate for VoX is
. i Qk Qk
1=0,1%m 108 — OFP

where V| stands for the differentiation with respect to the first component. From
the expression of H, we have

Von(0h) = +8nZV1H O Of) + O(uye ™).

1 0k —728°01 /1017
27 |Qk, — 128, 20K /|0F 122
! 252 2820k — 01 /|10F

(7.6) ViH (0, 0f) =

frd T 2
2 |05 /10F1> — T-2620k |2

1 oo am 2
= ——71 0 eN+1 +O(0}0;).
o eV +0(01 6 )

2mil . . .
where 0, = max; |Q§‘ — eN+1|. Later we shall obtain more specific estimate of oy.
Thus

(1.7) V¢£<Q’<)

k N X
4y O ka 4028 Y B 1 0(0187) + Ot ™)
1=07em |90 — Q1 1=0
N k
4y 29 o680+ e ™)

1=0,1#m 0 — Qk‘z
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2mli/(N+1)

where we have used Y e = 0. Since we don’t have the estimate of oy

now we have
_ Qk — M 2
V¢m m =—4 Z k B O(ILLke ) + O(GkSk )
1=bTm |O% — O
Lemma 7.1 is established. [

Using
E, = O(er_uk) + O(Gk(skz).
The Pohozaev identity around Q’l‘ now reads
N ch — QI;_ Qk
Z k k|2 TN k|2
=074 101 — Ol 107
We have, treating every term as a complex number,
1 Al 1
Qé( J=0,j# Ql Q];

where Q;‘ is the conjugate of Q;‘ . Thus

(7.8) N=2 i o
IOJ#IQ Qk

=E.

+E17

Let B =27l /(N +1), we write QF = L + p¥ for p¥ — 0. Then we write the first
term on the right hand side of (7.8) as

o Ppf
0/ — 0% ebi—elbi 4 pf—ph
- e+ pf
(P — )1+ (o — ) (e — o)
e Py elP ko k 2
_eiﬁl _ eiﬁj + eiﬁl — eiﬁj - (eiﬁl _ eiﬁj)z (pl - p]) + O(Gk)
eiﬁl €iﬁ1p1;~ _ eiﬁjpéc ’
- eiﬁl — eiﬁj + (eiﬁl — eiﬁ_i)z + O(Gk )
Using
N B
(7.9) N=2 —
=041 elﬁl — elﬁ.i

we write (7.8) as

=E;+0(o})
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for/ =0,1,2,....,N. For convenience we set
pi=¢Pmf and B =B;—B
to reduce (7.10) to
N lB/lm N l,B/l
(7.11) Y —— < Y >ml;
j=o 1 (1 —eﬁ 7 j=or (1 =€)
= E+0(o}) +0(8,01)
for/=0,1.....,N. It is easy to verify that
e'® 1 1 1
7.12 —— ()
(7.12) (1—¢9)2  2(cosh—1) 4)sin2(9/2)

To deal with coefficients of m’j‘ in (7.11) we set

1
dj=—5—=, j=1..N
! sinz(N]—ﬁ) /
and
N
D=}, dju.
Jj=0.,j#l
Since dj = dy41—; itis easy to check that D does not depend on /:
1 _ N?*+2N
(7.13) D=Y) d,= )
Z kz‘l sin (Affl) 3
Now (7.11) can be written as
N
(7.14) — Y djymi+Dmf=E +0(c;), [=0,...N.

J#1,j=0
For [ = 0, we have By = 0 and m’(j = 0. Thus from (7.14) we have

N
(7.15) — Y dmh =E1+0(c}).
j=1
If we take (m’l‘, ,mﬁ) as unknowns in (7.14), the last N equations of (7.14) ( for
[ =1,...,N) can be written as

m)
k
(7.16) A . =E;+0(oy).
my
where
D —dl —dN,1

_dl D _dN72

—dy_1 —dy_o ... D
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Since D = |d}| + ...+ |dy| and each d; > 0, we see that the matrix is invertible,
thus |[m¥| = E for all i.

One consequence about vy 4 is that the local maximum points of v x, being per-
turbed by the amount of O(5), are O(e#§;") away from the corresponding loca-
tions of the local maximum points of v;. The reason is v is non-degenerate near
each blowup point.
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