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In this paper and its sequel [27], we investigate the precise relationship between the quadratic
affine Weyl group multiple Dirichlet series in the sense of [19, 13], and those defined axiomat-
ically by Whitehead [49] and [48]. In particular, we show that the axiomatic quadratic Weyl
group multiple Dirichlet series of type D" over rational function fields of odd characteris-
tic admits meromorphic continuation to the interior of the corresponding complexified Tits
cone. We shall also determine the polar divisor of this function, and compute the residue at
each of its poles. As a consequence, we obtain an exact formula for a weighted 4-th moment of
quadratic Dirichlet L-functions over rational function fields; we shall also derive an asymp-
totic formula for this weighted moment that is expected to generalize to any global field.
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1. Introduction

In this paper and its sequel [27], we investigate the precise relationship between the quadratic affine Weyl
group multiple Dirichlet series in the sense of [19, 13], and those defined axiomatically by Whitehead [49]
and [48]. In particular, we show that the axiomatic quadratic Weyl group multiple Dirichlet series of type
D" over rational function fields of odd characteristic admits meromorphic continuation to the interior of
the corresponding complexified Tits cone. We shall also determine the polar divisor of this function, and
compute the residue at each of its poles. As a consequence, we obtain an exact formula for a weighted 4-th
moment of quadratic Dirichlet L-functions over rational function fields; we shall also derive an asymptotic
formula for this weighted moment that is expected to generalize to any global field.

Before discussing our results in more detail, let us first recall some basic facts about Weyl group multiple
Dirichlet series associated to classical root systems.

A Weyl group multiple Dirichlet series, WMDS for short, is a Dirichlet series in several complex variables
attached to a root system satisfying a group of functional equations isomorphic to the Weyl group of the
root system; the number of variables is precisely the rank of the root system. These objects were initially
introduced on a case-by-case basis in the 1980’s, when the idea emerged that it could be useful to tie
together a family of related L-functions in one variable (e.g., the family of quadratic Dirichlet L-functions)
to create a double Dirichlet series, which could be used to study the average behavior of the original family
of L-functions; see [35, 14, 33, 16, 29, 22]. Motivated by the problem of understanding the asymptotics of
moments of L-functions, double Dirichlet series soon became multiple Dirichlet series (see [15] and [24]),
and since approximately 2003, the idea of how to construct WMDS attached to classical root systems took
shape; see [9, 10, 11, 12, 18, 19, 20]. It became clear that a quadratic WMDS over a global field, for exam-
ple, associated to a (finite) reduced irreducible root system ®, of rank 7 has the form

Z H(ny,...onpgsmy, .. ome)¥(ng,...,n,.)
Nyeeny Ny H|ni|51

the sum being over r-tuples of representatives of non-zero S-integers modulo S-units in the number field
setting (or 7-tuples of effective divisors prime to S in the function field setting), for S a large enough finite
set of places; see, e.g., [20, 29]. The r-tuple (m,,...,m,) of non-zero S-integers (resp. effective divisors
prime to S) is a twisting parameter, and |-| denotes the corresponding norm of an element. The function
H is the most important part, giving the structure of the series, and the function ¥ is just a technical de-
vice, varying over a certain finite-dimensional vector space of complex-valued functions, that makes the
product HV well-defined.



The coefficients H satisfy a twisted multiplicativity that reduces their specification to the determination
of the p-parts

H(pkl, o 7pkr; pll, o 7plr)p7 kisi—-—kys,
Eiyeor Ky 20
for odd primes p and tuples (I1,...,l,) € N"; see [18] and [20]. The p-parts are constructed so that
the resulting WMDS satisfies a group of functional equations isomorphic to the Weyl group of ®,; the
meromorphic continuation of this series to C" is then essentially automatic. There are several equivalent
methods of representing the correct p-parts, namely,

o Definition by the “averaging method} also known as the Chinta-Gunnells method [19, 18, 20].
o Definition as spherical p-adic Whittaker functions [11, 12].

o Definition as sums over crystal bases [11, 42].

o Definition as partition functions of statistical-mechanical lattice models [7, 8].

The Chinta-Gunnells method has been extended to the particular affine root system D$" in [13], and to
any root system associated with a symmetrizable Kac-Moody algebra in [38]. Moreover, a Casselman-
Shalika type formula for Whittaker functions on metaplectic covers of Kac-Moody groups over non-
archimedean local fields has been recently established by Patnaik and Puskas [45]. Despite these advances,
we are quite far from a satisfactory theory of multiple Dirichlet series in the general setting of Kac-Moody
Lie algebras and their Weyl groups. In a way or another, the main difficulties occurring in the infinite-
dimensional case are caused by the existence of imaginary roots. To be more precise, let us consider, for
example, the axiomatic multiple Dirichlet series associated to the fourth moment of quadratic Dirichlet L-
functions over rational function fields F,(z) of odd characteristics, see [25, 47, 49]; for simplicity, we shall
assume throughout that ¢ =1 (mod 4). For R(s;) > 1,7 =1,...,5, this series can be expressed as

[T L(si + 2. xa, ) - Pa(s's Xa,)

2

S
d monic |d| ’
d=d, d?
dy monic & square—free
_e. L .
where P;(s’;x4,), 8’ = (S1,...,84), are certain correction polynomials. Substitute z;=¢ %72 (i=1,...,

5), and denote the resulting function by Z(x;¢), where x = (x1,...,z5). Then the function Z(q'*x;q)
and the Chinta-Gunnells average Z};(x;./q) for Dfll) satisfy the same group of functional equations.
Consequently

Z(q*x;q) = F(x°) 2% (%5 1/q)

for some function F' of one complex variable. In other words, the two functions differ by a power series
whose coefficients (apart from the constant term which is 1) are supported on the positive affine imaginary
roots nd, with n > 1. The appearance of such correction factors is a common feature when dealing with
extensions of classical formulas to various infinite-dimensional settings, and pinning down these factors is
usually quite a daunting task; see Macdonald’s analogue [40] of Weyl’s denominator identity for affine root
systems, Kac’s generalization [37] of the same identity to symmetrizable Kac-Moody algebras, the affine
Gindikin-Karpelevich formula [4, 5], the affine Macdonald formula [41, 17, 6], and Whittaker functions on
p-adic loop groups [44, 45].

One of our main results is the following (Theorem 8.1):



Theorem 1.1. — The factor F'(z) is given by

F(z)=]](1- qz2n71)72.

nx1

In particular, the function Z(q */*x;q) has meromorphic continuation to 2 = {x € C°: |x°| < 1}, and in this
domain it satisfies a group of functional equations.

Remark 1.1. The function Zj;°(x;/q) cannot be meromorphically continued beyond the region 2, and
the fact that Z(q'*x;q) satisfies a group of functional equations was already known by the work of
Whitehead [49]. The coefficients of the power series expansion of Z};*(x;/q) are polynomials in u = /g,
and so Z(u 'x;u?) can be considered as a function of the additional complex variable u. In particular,
the function Z(q'*x;q™"), obtained for u = q~'/?, gives - after substituting ¢ — |p| - the p-part of the
global WMDS.

We have the following supplement to Theorem L1:

Theorem 1.2. — Let O}, denote the set of positive affine real roots of a root system of type D ". Then the singu-

larities of Z(q™V*x; q) occur along the hypersurfaces x** = q~1, for o € ®.. In particular, this function has a
simple pole at x5 = q~'/* with residue

R Z -1/2,. - _ q7
xs_)e;% (q x,q) (PQ;PQ)OO(QPQ;PZ)OO ;1:1 (mlz;PQ)oo(qx;QPQ;PQ)oo. ngqg (xixj;P)oo

where P = (2,25w374)/q, and (a;b) o = [1jso (1 — ab®) is the b-Pochhammer symbol.

S

Remark 1.2. The residue at any other pole of this function can be obtained from the residue at x5 = ¢~/2

by applying a specific functional equation.

As a first application, we obtain the precise relationship between the function Z (¢ '/*x; ¢) and the Cassel-
man-Shalika formula [45] for unramified Whittaker functions on metaplectic covers of Kac-Moody groups
over non-archimedean local fields. With the notations and terminology of loc. cit., the authors prove that,
for each dominant coweight \", the value % (w”") of the metaplectic Whittaker function on the toral
element w)‘v, where @ is a chosen uniformizer, is the p-adic specialization of the expression

oMPRA LY (—1)[(“’)( I e_dv)w*e)‘v. (2)
weW aved"(w)

Here & is the dual root system constructed in [45] using a metaplectic structure (Q, n) on a root datum.
The factor A is defined by the formal infinite product

_AV m(&)

~ 1-ve™@

A= ] (—_a)
Ged* l-e

where m(a) is the root-multiplicity of @. When the root datum is associated with an untwisted affine root
system ® of ADE type, the correction factor m is

1 —oMied0

r oo
f=ct(A™) = e
g]ljl 1- ,Umﬁ-le—jé



where {#;},., ., is the set of exponents of the underlying finite root system to ®, and 6 is the minimal
positive imaginary root of ®. For example, if ® is of D( ) type, then d is again of D( ) type (see [45, Table
2.3.2)), and if {c; };o1. 5 € DF, is the set of simple roots, z; := e, then

,,,,,

4 oo 1- ,UT7L1X2]'6
m(x;v) = H H T omeigZie’ the exponents being 1,3, 3, 5.

If we specialize (2) to the case when G is the metaplectic double cover of a simply connected affine Kac-
Moody group G of type D" over a non-archimedean local field, we get:

Theorem 1.3. — If we define

o0

i(x;v) =[] (1 —vx"5)2(1 —vx2"5)2 and D(x;v):= [] (1 —1)X2a)

n=1 acdy,
then the value of the unramified Whittaker function on the group G at the identity element is
W (1) = (MeD)(x;97) Z(q"*x;47")
where ¢ = 1 (mod 4) is the size of the residue field.

Remark 1.3. A similar comparison result for metaplectic Whittaker functions on simply laced affine Kac-
Moody groups will appear in [27]. In the finite-dimensional case, the equivalence between the Chinta-

Gunnells method and the representation of the p-parts as spherical p-adic Whittaker functions was estab-
lished by McNamara [43].

Our main reason for singling out the study of WMDS of type D" concerns the fourth moment of quad-
ratic Dirichlet L-functions. Traditionally the moment problem for this family of L-functions is asking
for an asymptotic formula for 3 4ceq-p L(%, Xd)r (r 2 1) as D — oo, the sum being over monic square-
free polynomials d € [F;[z]. A conjectural asymptotic formula, for all 7, was first given by Andrade and
Keating [2] (see also [46]), and a refined version, exhibiting additional lower order terms in the asymptotic
formula, was recently proposed in [28]. This conjecture is known only for r < 3, see [30, 31, 23], and when
r =4, a weaker form of the asymptotic formula is known by the work of Florea [32].

As an immediate consequence of Theorem 1.1, we have:

Theorem 1.4. — Assuming g =1 (mod 4) and D > 1, we have the exact formula:

4 o\ -2
Y. L(3:xa,) Pa(xa,) = Coefieo | [T (1-¢6™7%) " 27 (1,6 /)
degd=D nxl
d monic
where Py(xa,) = Pa(0,...,0;xq,) and 1 := (1,1,1,1). Here, for a monic polynomial d € Fy[z], we write
d = dyd? with d, monic and square-free.

While this result is probably special to rational function fields, the following asymptotic formula is ex-
pected to generalize to any global field.



Theorem 1.5. — For D,N > 1 and (N +1)' <O < N, we have

S L(Axa) Palxa) = Y Qu(Diq)aF + 0o q(¢F) (3)
degd=D n<N
d monic

where Qn (D, q) is a polynomial in D of degree 10 if n is odd and of degree 7 if n is even. Furthermore, if we let
0=q " eR, then the leading coefficient of Q,,(D, q) is given by an expression of the form

(—1)l/2 B2 D2l ey

2

where g, p # 0 is a power series in 0"/* with non-negative coefficients.

According to [28], a similar asymptotic formula should hold for }4csq-p L(%, Xd)4, summed only over
'2x;q) (i.e., Theorem 1.1
and Theorem 1.2 above) and its twists, which shall be addressed in a future work. However, from the ana-

square-free monics; it should be a consequence of the analytic properties of Z(g~

lytic point of view, the asymptotic formula (3) should be sufficient. This is so since it has the correct order
of magnitude, and the coefficients P;(g4,) are, as we shall see, non-negative; when d = d, is square-free,
we have P;(x4,) = |d|~*/?, which also explains the discrepancy in (3) by a factor of ¢”/? (cf. [28, Conjecture
1.2]).

Remark 1.4. The study of the analytic properties of twisted versions of Z(q '/*x;¢) mentioned in the
previous paragraph is also relevant to the problem of extending our results to higher genus function
fields. The main difficulty in dealing with both these general situations comes from the failure of the so-
called local-to-global property whose complexity grows as the degrees of the twisting parameters increase.
Recently, Friedlander [34] obtained an interesting explicit formula that can be interpreted as measuring
the degree of failure of the local-to-global property of a (finite-dimensional) twisted Weyl group multiple
Dirichlet series over rational function fields. We expect that an analogous formula will hold for affine
Weyl group multiple Dirichlet series.

1/2

Using the p-parts Z(p'/*x;p™"), with p a rational odd prime, one constructs (cf. [28, Remark 1]) the ana-
logue of (1) over the rationals. This series has the form

H?:l L(SL + %)Xﬂhdo) : Xaz(dO)Pd(sl; Xaldo)
ds:

Z(51,---755§Xa2axa1) = Z
d=d,d?>>1
(d,2)=1

(4)

where a,,a, € {+1,+2} and xy4, for d € Z non-zero and square-free, is the usual quadratic character; as in
the function field case, this expression is certainly valid when 9R(s;) > 1 (i = 1,...,5). It has some initial
continuation, and in that region it satisfies a group W of functional equations isomorphic to a Weyl group
of type D$V . If a, = 1, this function has a simple pole at s5 = %, and its residue can now be explicitly com-
puted as the infinite product of zeta functions

[TR(p == p 2 p 2 p a7 p )

p+2
with R(z;u) (2 := (z1,...,24)) given in Theorem 6.1; the residues at the other simple poles (under the
action of W) can be computed using the functional equations.

Conjecturally Z(s; Xa,, Xa,) (8 := (S1,...,55)) admits meromorphic continuation to R(d(s)) > 0, with

all its singularities contained in the set {w(s5 = %)}wew .



Let us say some words about the proofs of our main results; the proofs of Theorems 1.3-1.5 are (es-
sentially) straightforward applications of Theorems 1.1 and 1.2. The key result in establishing these
two theorems is a mew functional equation satisfied by the Chinta-Gunnells average for affine root sys-
tems. This functional equation has no finite-dimensional analogue. To state this in the Dil) case,
consider the average Zy (x;u) = ¥, cw ljw(x;u), where f|w is the Chinta-Gunnells action. We will
show in Proposition 3.1 that, as a function of the complex variables zy,...,%5,u, Zy(x;u) is holo-
morphic for [x°| < 1,u € C except for the set of points for which ux® + 1 = 0 for some « € ®},. For
a,b € {¢, 0}, where ¢ (resp. ¢) stands for even (resp. odd), let Z%" denote the part of Zy which has
parity a with respect to the involution e5(z,2z5) = (—z,z5) and parity b with respect to the involution
e1(z,xs5) = (x,—25). If we let Z =%(Z°, Z5°, Z3°), then this vector function satisfies the functional
equation

Z(x;u) = B(x;u)Z(x;uxé) (5)

for a 3 by 3 matrix B(x;u) with rational entries. In fact, the matrix

[T (1- u2x2o‘) - B(x;u)

+
aed,
a<d

has polynomial entries in x and u, and each entry of B(x;u) is divisible by (1 - u2x‘5)2, see Theorem 4.3.
(An explicit formula for B(x;u) is obtained via the identity B(x;u) = A~ (x;ux®), with A given in [1].)

The strategy to deduce Theorem 1.1 and Theorem 1.2 from the functional equation (5) goes as follows.
The divisibility of the matrix B(x;u) by (1 - u2X5)2 implies that the renormalization Zy of the Chinta-
Gunnells average, defined by (26), and the function Zy, have the same singularities in {2. We then compute
the residue of the function Zy, (x;u) at 25 = u~" by using (5) and the invariance of the average Z (x; u)
under the Weyl group, which reduce the calculation to a simple application of the classical Macdonald’s
identity [40]. The structure of this residue (given by the formula in Theorem 1.2, with ¢ replaced by u?)
allows us to construct a WMDS of type (1), with Zy (x;|p|"*/?) as the p-parts, which after substituting
; = "%, turns out to have the same residue as Zy(x; \/q) at the simple pole 5 = 1/,/g. Thus, by letting
Z(x) denote this WMDS in the variables z;, we deduce that 2(x) = Zy (x; /) Finally, we note that
the matrix B(x;u)/ (1 - u2X5)2 determines Zy, (x;u) recursively, see Lemma 5.3; this implies that the
coefficients of ZW(ux;u) satisfy the dominance axiom [25, 49], hence Zw (x; V@) = Z(q7"*x;q), and
that the coefficients P;(x4,) in Theorem 1.4 are non-negative.

Concluding remark. By the analogy between number fields and function fields of curves over finite fields,
it is conceivable that the WMDS (4) satisfies some analogue of the functional equation (32). It is also quite
probable that the mechanism behind this additional symmetry will provide a natural approach to prove
the meromorphic continuation of (4) to the half-space 3(d(s)) > 0.
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joint work with Anna Puskas [45]. We would also like to thank Bogdan Ion and the anonymous referee for
useful comments and suggestions. The authors were partially supported by the CNCS-UEFISCDI grant
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Mathematics.



2. Notation

We denote by N the set of non-negative integers, by Z the ring of (rational) integers, and by Q, R, C the
fields of rational numbers, real numbers and complex numbers, respectively.

By X <Y or X = O(Y) we denote an inequality of the form |X| < C'Y, for some constant C. We refer to
C as the implied constant, and its dependence on parameters that we wish to keep track of (e.g., €, g) will
be indicated by appropriate subscripts (e.g., X <4 Y or X = Oc4(Y)).

3. Preliminaries

We begin by recalling some basic facts about affine root systems and their Weyl groups, following closely
the standard reference [39].

Let V be a finite-dimensional real vector space, equipped with a positive definite symmetric scalar prod-
uct (z,y); we shall identify V' with its dual space V* via the scalar product. Consider the vector space
F of affine-linear functions on V' (i.e., the functions of the form f = f, + ¢d, where fo(x) = (Df,z) is a
linear functional on V, ¢ is the constant function 1, and ¢ € R). We define the positive semidefinite scalar
product on F by

(f.g9)=(Df, Dg).

The radical of this form is the one-dimensional subspace R4 of constant functions. For non-zero x € V, let
x¥=2x/(x,z), and for each non-constant f € &, let ¥ =2f/(f, f).

Let f € # be non-constant. The orthogonal reflection o; in the affine hyperplane on which f vanishes is
given by
op(x) =z - f(x)Df =z - f(z)Df".

The reflection o; acts on F by 0;(g) = gooy. For notational convenience, we shall write from now on o;g
instead of o;(g).

For each v € V| the translation z — x + v will be denoted by 7(v).

3.1. Affine root systems

Let @, be a rank 7 reduced irreducible root system, spanning a real vector space V, and let W, = W (®,)
denote the Weyl group of ®,. The dual root system of ®, with respect to a Wy-invariant positive definite
scalar product (z,y) on V is &) = {a" : @ € O, }. Regarding each a € ®; as a linear function on V (i.e.,
a(z) = (a,z) for x € V), one gets the affine root system

O={a+nd:aecdyneZ}U{md} e (o

associated with ®,. The elements of the subset ®.. = {a+nd : a € Dy, n € Z} are called affine real roots,
and the elements md (m € Z ~ {0}) are called affine imaginary roots.

For each ( € @, let 05 denote the orthogonal reflection in the affine hyperplane on which S vanishes.
Explicitly, if 8 = o + nd then

Hs=B7"0)={x eV :{a,x)=-n} and os(z) =2 - (o, z) + n)a".



The reflection o5 acts on @, by
UBB,: ﬁ’ogﬁzﬁ’—<o/,av>ﬂ, ﬁ’:a’+n'5e(1>re.

The affine Weyl group W of @ is defined to be the group of affine isometries of V' generated by all reflec-
tions 03, 3 € Py. Note that, for each « € @, the composition 7(a") := 0, © 0,,5 sends an element
x €V tox+aY, that is, 7(a") is translation by o". Thus W contains a subgroup of translations 7(Q")
isomorphic to the root lattice Q¥ of @), and we have W = Wy x 7(Q").

Let ay, ..., a, be a set of simple roots of ®;, and let ®; (resp. @) be the set of positive (resp. negative)
roots determined by v, ..., a,. If we let § € @} denote the highest root, then the affine roots o; (1 <7 <)
together with o, = -0 + § form a set of simple roots for ®.

An affine real root (3 is positive (resp. negative) relative to the open r-simplex
C={zeV:a(x)>0(l<i<r)and (-0 +J)(x) >0}

if B(x) > 0 (resp. f(z) < 0) for all x € C. If we let 7, (resp. ;) denote the set of positive (resp. negative)

affine real roots, then &, = — ®/_, and ¢, = &/ U D,. The set of positive affine real roots is

O ={a+(n+x(a))d:aecdy,neN}
where Y is the characteristic function of ®;. An affine imaginary root mJ is positive or negative according
as m >0 or m <0. If o and 3 are distinct affine roots then o < 3 will signify that 5 -« € }; Na,.

The affine Weyl group W is also a Coxeter group on the generators o, = 0, (1 <7 <7), and 0y = 04,5,
subject to the relations 07 =1 for all 0 < <7, and (0,0;)™" =1 if i # j and m,; < co.

Note that
wd=dow =4 for all w e W. (6)

3.2. Extended Affine Weyl Group
With notations as before, let P* denote the coweight lattice of ®,, that is,
P ={AeV:(\a)eZforall aed,}.

The extended affine Weyl group is defined to be W := Wyx7(P"), where 7(P") is the group of translations
by elements of P¥. The extended affine Weyl group contains W as a normal subgroup, and the quotient
W [W = PY/Q" is a finite (abelian) group.

The extended affine Weyl group acts on the set of affine roots. To see this, take an element w of W, and
express it as w = wT(\), with wy € Wy and A € PV. If 5 = a+nd € O, then

(wB)(x) = B(w™x) = (woa, z) + n— (N, a)  (for z € V).

Thus w8 = weB—(\, @)d € ® because (X, a) € Z. It follows that W permutes the affine real roots and fixes
the imaginary roots.



For an element w € W, we shall denote its length (with respect to the generators o,;,0 < i < r) by £(w). If
we let ®(w) = {f € @' : wP e &7}, then {(w) = |®(w)|. The length function is extended to W by the
same formula. If wy € W, and X\ € PY, then

L(wor (X)) = 37 (A a) + x(woar)] ()

acdf
where, as before, x is the characteristic function of ®;.

Let O = {w e W : £(w) = 0}. The elements of O permute the simple affine roots, and we have
W=W=xO
s0 O 2 W /W = P¥/Q". In particular, O is a finite abelian group.

3.3. The Chinta-Gunnells action

From now on we will assume that the affine root system ® is simply laced. Let ay,...,, be the set of
affine simple roots, where o, = =0 + 6. If two o; and «; are connected in the Dynkin diagram of ®, we
shall write ¢ ~ j. Define an action of W on monomials xP = ITi- xfi, for § = Yi_ kia; in the root lattice
of ®, by wx” = xv '8 , which corresponds to the contragredient action on roots. We also have an action
of W on variables x = (2o, ..., ,) by (wx), =X %, that is (using that ® is simply laced):

1z, ifj=i
(O'LX)J =\ Ty if] ~ 9

otherwise.

Let £,;x be the involution defined by

. ifj~1
(Eix)j:{ T 1)~
X

;  otherwise.

Let C(x,u) be the field of rational functions in z,...,x,,u, for an additional variable u. With this
notation, we define the action of a simple reflection o; on f € C(x,u) by

floi(xsu) = floxsu)J (2, 0) + f(eioixsu) S (24, 1),

where, for € € {0,1},
u-x

J(z,e) = J(z,u,¢) = g( - (—1)5). (8)

One verifies as in [19, Lemma 3.2] that this action extends to a well-defined W -action on C(x,u).

1-ux

To construct the analogue of the Chinta-Gunnells (average) function in our context, let A(x) be defined
by
A(x) = H(l—x%‘s)r - J] (1—X26). 9)
nxz1 Bedf,

The product (9) is absolutely convergent in the region |x°| < 1 of C"*', and by (6), it satisfies the transfor-
mation formulas

A(x) = -22A(0:x) (fori=0,...,7). (10)

10



The Chinta-Gunnells function can now be defined by Z;%(x;u) = Zy (x;u)/A(x), where

Zw(x;u) = ZW1|w(x;u). (11)

For affine root systems, however, there is a highly non-trivial correction of Z§“(x;u) (corresponding to
the affine imaginary roots) that one should take into account. This issue will be addressed in Section 5
when the root system is D{", but for now let us concentrate on the function Z, (x;u) that we just defined.

The following proposition (cf. [49, Proposition 3.1.2]) gives the largest possible region of convergence for
the series (11), as a function of the complex variables zq, ..., z,, u.

Proposition 3.1. — Forz, ..., x,,u € C such that |x°| < 1, the series defining Z, (x;u) converges absolutely

and uniformly on every compact subset away from the points for which ux®£1 = 0 for some 3 € ®7,. In addition,

the function Zy, (x;u) is W-invariant under the Chinta-Gunnells action.

Proof. We shall follow closely [49]. Let w be a fixed Weyl group element, and write w = o;,--0;, in
reduced form. It is well-known that the set ®(w) = {8 € & : wfS € &7} is explicitly given by the ¢
distinct positive roots

d(w) ={p1 =0, B2 =00, B3=0,0,0:,..., Bt =0,0,0, .}
Using the fact that f|w;|ws = f]w;w,, one can verify by induction on ¢ the formula:
. 4
flw(x’u) = Z f(wgzizl 6i51x;u) H J((_1)<6k72i<k6i5i)xﬁk, 6k) (12)
81yeens00 €{0,1} k=1

where £ := [T,e", for a = 3, k;cv;, and J is defined by (8); we are interpreting the factor corresponding
to k =1 to be J(x™,0,).

To estimate 1|w(x;u), express each root € ®(w) as f=a+ (n+ x(a))d with a € @y, n € N, and x the
characteristic function of ®;. By assuming that these roots are as small as possible, one finds that

@0l [t | ([ |- 1)

2

n+x(a) >
a+(n+x(a))de®(w)

where |z | denotes the integer part of z, and |®,| is the cardinality of ®,. One can also see that, for a
positive affine real root 5 = a+ (n+ x(a))J,

|7 (xP, )] < x| K (x,u) /2
where we set

K(x,u):=(1+ |u|)oI}1€z}I)X{|xa| (1+x*)} - Squ) ‘1 —uxﬁ‘_l;
0 € P

e

the supremum is finite since [x°| - 0 as m — oo, and ux” # 1 for all § € ®7,. It follows that

02
1w (i u)| < [x°| 7907 K (x, u)* (13)

1



and thus

2
w(x;u)| € x| 210 X, U
1 § (o] O(Z)K 14
weW 020 weW
L(w)=¢

2
< 3 (r+ ) 0RO K (x, )"
230

where, for the last inequality, we applied the trivial bound #{w € W : £(w) = £} <71 (r+1) < (r+1)".
The last series converges since |x°| < 1 and ux® # +1 for all 3 € ®7_. This implies our first assertion.

Finally, for z, ..., z,,u in the region of absolute convergence, we have

Zwlw'(x5u) = > Tww'(x;u) = Zy (x5 u)
weW

which completes the proof. O

Remark 3.1. The singularities ux” + 1 = 0 (8 € ®.) of the function Zy;(x;u) are at most simple poles,
and the residues at these poles of a closely related function will be evaluated in [27] by generalizing the
method introduced in the present paper to arbitrary simply laced affine root systems.

We conclude this subsection by extending the Chinta-Gunnells action to the group W, which is done as
follows. An element w € W acts on the multivariable x by (wx); = X% and for 1 € O and a function
f(x;u), we define

Fin(x;u) = f (x5 w).
This defines an action of W = W x O, and to check that it is well-defined, it suffices to check its compati-
bility with the commutation relations between the elements of O and the simple reflections o,. Since W

is a normal subgroup of W, it follows at once from [39, (2.2.5) and (2.2.6)] that, for 7 € O, we have:
noy = o if and only if no; = o;1m7. Moreover, one checks that

1 —
e®w =we" @ for all « in the root lattice and w e W

with ¢; the sign action defined at the beginning of this subsection. It is easy to check that f|n|o, = f|o;|n,
for n € O and 4, j such that na; = o, so the action is, indeed, well-defined.

Remark 3.2. One could also define the function Zw = Y., 7 1|w, but it follows from the definition of
the extended action that Zw = n - Zy,, with n the cardinality of O. For this reason, the extension of the
Chinta-Gunnells action to W will in fact not be needed. However, with no additional effort required,
some of the relations used in the proofs of our results will be stated (for completeness) in the extended

Weyl group.

3.4. Chinta-Gunnells averages of polynomials

We will also need the convergence and properties of the Chinta-Gunnells average

ZW,g = Z g|w
weW

for any Laurent polynomial g(x) with coefficients in C(u). Note that Zy,, = Zy.

12



Proposition 3.2. — For any Laurent polynomial g(x), there is an integer N = Ny > 0 such that the series
defining xN° 7, ,(x) converges absolutely and uniformly on compacta in the same region as Zy, (x), and it is
W -invariant under the Chinta-Gunnells action.

Proof. By linearity, it is enough to consider the case g(x) = x* for a = agaq + - + a,.«, an element in the
root lattice of ®. Using (12) and (13), it also suffices to show that [x* @] « |x°|-°®)_ for the length ¢ of w
sufficiently large, say ¢ > £(w,) for all w, € W; here we are taking x = (x,...,z,) in a compact set with
xz; # 0 for all 7.

We decompose w = w,t, with w, € W, and t = 7(\) a translation with A € PV. Letting i, € PV be the fun-
damental coweights (i = 1,...,7), we can write ¢t " = [;_; 7(u,;)™ for some n, € Z; we have

T(p)os =a; =90, 7(p)ag=ap+m;0 and 7(w)a,; =a; (j#0,17)
where 0 = Y.7_; m,q; is the highest root in @, It follows from (7) that
Sl <0(t) = 3 {A )| < £(wo) + €< 2¢
i=1 oce<I>ar

where the lower bound of /(¢) was obtained by retaining only the terms corresponding to o = o, € ®;.

On the other hand, if we write w;'a = Z;:U k;a;, then wa = t7'w;'a = wy'a + nd, with n given by
T
n=(\wyta) =Y (kem; — ki)n,.
=1

Thus

r r
In| < Z |kom; = Ei||ni| < CZ Ini| < 2C¢
=1 i=1

for a positive constant C' depending only upon ®, and . It follows that
|Xw’10c| < |Xwo’loz||xé|—\n\ « |X6|—QC€

where the implied constant can be taken to be the maximum over x in the compact set and w, € W,

of [x™o 10‘|. Accordingly |g|w| satisfies an estimate of type (13). It is also clear that there are only finitely
many w € W such that glw has poles when z; = 0, which completes the proof. O

For brevity, we state the following result only for the case D{", the general case being considered in [27].

Proposition 3.3. — Assume the root system ® is affine of type D\". Then for every monomial g, the function
Zyw., satisfies
Zwy(x) = Cg(x") Zw (x)

where Cy(x) is a Laurent polynomial with coefficients in Z[u], which can be determined recursively in terms

of g.
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Proof. We use the labelling of simple roots for D" given in the beginning of the next section, so that
0 =0y + 0y + az + oy + 2a;. We abbreviate Z, = Zy; , in this proof.

Let g(x) = x* be a monomial with « = a,; +--+ a5, with a; € Z. Then g(x) is even (resp. odd) for the
involution ¢; if and only if v;(g) := ¥;.; a; is even (resp. odd). Note that in this case we have only two sign
functions, €, =¢; fori=1,...,4, and ¢;.

We use the following properties of the Chinta-Gunnells action. If g(x) is odd for the involution ¢;, then
gloi = ~z;0.9

and if g(x) is even for ¢;, then
[(z: —u)gllo; = (u-x;)0:9.

By the previous lemma, we can act with w € W and sum these relations over W to obtain (replacing first
g by g/z, in the even case):

o for v,(g) odd
Zgz{ 19 or vi(g) o (14)

UZ,0,9 + UL gy, = Za2og  for v;(g) even.
We now introduce an order on the monomials g. Let d(g) be the 8-tuple consisting of the differences:
+ (al - a2)7 :i:(a5 —a; — a2), i(GS ta,— CL5), i(GS - a4) (15)

ordered decreasingly. We order the monomials g by the lexicographic order of the tuples d(g). Note that
g=x" ifand only if d(g) = (0,...,0), and that these are the smallest elements for the order just defined.
Using the relations above, we show that Z; with g # x™ can be expressed in terms of Zy with d(g') <
d(g), which shows recursively that Z, can be expressed in terms of Z, ns = x" 7, with coefficients in

Z[u].

The differences in (15) containing a, are of type +(a, - b,), £(a; —¢;), with b, + ¢; = v,(g). For each index
i, we define two differences:
d" =a,~-b, and d® =¢;,-a,

(fixing throughout a choice of b;,¢;, e.g.,, b, = ay, ¢, = a5 — ay, etc.). Since 0,9 = gxf‘(g)_Qal, and b; + ¢;

= v,(g), the differences +d'" and +d® are switched for 0,9, and the other four differences are the same
for g and 0,9, so d(o,9) = d(g).

If g # X", then there exists an index i with d" > d”; indeed, if " < d”, that is 2a, < v;(g) for all 4,
then one must have equality for all 7, and so g = x™ for some 7, a contradiction. We claim that the rela-

tions (14) for this choice of i, express Z, in terms of Zy, with d(g") < d(g), hence finishing the proof. We
have —d¥ > —d{" as well, and the pairs (d'",d®), (-=d®,-d") for x,0,g (resp. 2°0,g) are

(d?+1,d{” 1), (-d” +1,-d® - 1) (resp. (d® +2,d" -2), (=d" +2,-d” - 2)).

It follows that d(g/z;) = d(,0,9) < d(g), unless d" = d +1, in which case g = z;0,9 and Z, = 0. Simi-
larly, if v;(g) is even, we have d(220.g) < d(g), unless d\" = d® + 2, in which case g = 220,g and
Zg =uZgyy, with d(g/z;) <d(g).

The proof clearly gives an algorithm for computing recursively the polynomial Cy(z) in terms of g. [
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Remark 3.3. For D, = (0,,...,05), one can define the same 8-tuple d(¢) for a monomial g in z,, ..., z,
by setting a, = 0 in (15). The above proof then shows that for all monomials g, we have Zy, , = p(u) Zw.,,
for a polynomial p and a monomial h = []z{" such that 2a; < v,(h) for i = 2,...,5. However, there are
infinitely many such h, for example h = 25x22%22? for 2a < b < a. Therefore the previous proposition
fails for finite Weyl groups.

Remark 3.4. When specializing u = —1, the quotient of the averages appearing in Proposition 3.3, for an
arbitrary simply laced affine root system ®, becomes

7 wew (=1 w)yw(A=p)+p
W,g (X;—l) _ X)\(X) - Z eW( ) e —
ZW ZweW(_l) ( )X'D P

where ¢ = x*, and p =Wy + -+ w,, with w, the affine fundamental weights. If A were an anti-dominant
affine weight, then x, would be the character of the infinite-dimensional representation of the associated
affine Kac-Moody Lie algebra with lowest weight A. However, in our situation A is an element of the
affine root lattice, and letting wy € W be such that wo(A — p) = p is the unique anti-dominant affine
weight in the W-orbit of A — p, there are two possibilities. Either p is singular, i.e., it is fixed by a simple
reflection, and then x) = 0; or p is regular, in which case one checks easily that it must be of the form
1t =nd — p for some n € Z, and ) (x) = (-1)/®0)x™ We conclude that the specialization at u = -1 of
the function Cy(z) in Proposition 3.3 is either 0 or 2", for some n € Z. For example, when @ is of type
D" and g = 222222, we have

Cy(z) = —u*z™ + (u? = 1)?, and Cy(x)|uey = —2 1.

4. An extra functional equation

From now on we take the affine root system ® to be of type D", see [37, p. 54, TABLE Aff I]. The Dynkin
diagram of the finite root system ®, = D, is

Dynkin diagram of D4

and the Dynkin diagram of DV is ><: with the additional simple root denoted by «;; note the shift in

the labeling of simple roots compared to the previous section. The set of positive roots ®; is given explic-

itly by
O ={aq, ;+ o+ + Qs+ oy + +as+ g+ 205 bocisjca;
o =, s, s, oy, Qoo+, O+ g+ Q205 ags <)

thus the highest root is 6 = i, + a3 + 4 + 2055, and 6 = a; + .y + a3 + oy + 2a5. The Weyl group of @ is
W= <Ui>i:1

5, where 0, = g,.

.....
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4.1. A cocycle associated with the Chinta-Gunnells action

For any function f(x), and a,b € {¢, ¢}, where ¢ (resp. ¢) stands for even (resp. odd), let f** denote the
part of f which has parity a with respect to the involution £5(z, ;) = (-, z5) and parity b with respect to

the involution &, (z,x;) = (z,-x5), where z = (x4, ...,x,). For the following lemma, it is convenient to
write the Chinta-Gunnells action as
u — .TZ- —
floi(x) =z, 1—ur fi(ox) 2. f (%) (16)

where f*(x) = (f(x)+ f(£:x))/2 are the even and odd components of f(x) = f(x;u) with respect to ¢;.

Lemma 4.1. — The Chinta-Gunnells action of w € W preserves the subspace
C(x,u)o:={f eC(x,u) | f7 =0}.
Proof. Assume f““=0. Then for all i and j ~ ¢, we have
(f|0¢)0’0(x) = [[_J;Zfz_(o-lx)]l—]]_ =-z,f""(0:x) = 0.
Similarly, (f|n)?*=0 for all n € O. O
In particular, (1jw)** =0 for all w € W, so Z{;* = 0. We restrict henceforth the Chinta-Gunnells action
to the invariant subspace C(x,u),.

Letting f be the column vector -
f - t(fe,e’ fe,07f0,e)
we define a 3 x 3 matrix A, (x) such that

flw(x) = Ap(x) f(wx)  (for w e W) (17)

with A, satisfying the 1-cocycle relation A (x) = Ay (x) Ay (wx) for all w,w’ € W. On the generators
0, this cocycle is given by

(1-u?)z; 0 _u(l-z?)

1-u2z? 1-u2z?
Ao (x) = Ay (zi,u) = - 0 1 0

u(l-z?) 0 (1-u?)z;

1-u2x? 1-u?x?

fort=1,...,4, and

(1-u?)z; _u(l—mg)

1-u?ax? 1-u?x?

A (x)=A(z-.u)=—-2x _u(l-=3) (1-w?)xs

U”( ) 2( 5 ) 5 1-u2x? 1-u?x?
0 0 1

The group O c W has order 4, and it is generated by elements 7 of order 2 with na; = o and noy, = oy for
{i,7,k,1} a permutation of {1,2,3,4}. From (17) we have that A, is the identity matrix for n € O.

We denote by Z the vector Z. The functional equation Zy, = Zy |w becomes:
Z(x;u) = Ap(X)Z(wx; u) (18)

for all w e W, which follows from the cocycle relation of A,,.
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4.2. An extension of the Chinta-Gunnells action

Define the transformation 7 acting on f € C(x,u) by
Tf(x;u) = f(x;u/x5).

This transformation extends the natural action of w € W given by w f(x;u) = f(w™'x;u), and we denote
by W @Z the group generated by W and 7%, a € Z, which can be seen as a subgroup of End(C(x, u)). We
show that there is an extension of the Chinta-Gunnells action to this larger group W @ Z, from which we
will derive an extra functional equation for the vector function Z. As in the previous subsection, we will
restrict the action to the space C(x,u), of functions f with f**=0.

Similarly to the way the Chinta-Gunnells action is defined in (16), we look for an action of the form
flr(xsu) = A, (x;u)TfO0(x5u) + A, (x50)T 07 (x5u) + Ay (x5 u)T 90 (x5 1) (19)

defined for f € C(x,u),, for three unknown functions A, ., A, ,, A, . € C(x,u). In order for this action
to preserve the space C(x,u),, we require that

O, 0 _ € _ €, 0 _
A77=0, A77=0, A7=0.

We also require this action to be compatible with the Chinta-Gunnells action, namely

flr|lw = flw|r (for w € ). (20)
Formula (19) can be written: L
flr(xiu) = AGGu) f(x;u/x") (21)
for the 3 x 3 matrix
A(xiu) = (A. 72540, +1A,.). (22)

Defining A := A, condition (20) is then equivalent to the fact that the cocycle A has a well-defined exten-
sion to the monoid W x {7"}n>0 by the 1-cocycle relation, namely it satisfies Ay, = Ayr for all w e W,
that is,

Ay (x5 u) A(wx;u) = A(x;u) Ay (x; u/x‘s) : (23)

We also require that A is invertible, so that A -1 is well-defined by the cocycle relation. Therefore f|77" is

well-defined as well, by the analogue of (21) written for 77*, with A replaced by A -1.

The main theorem of this section shows that there exists an extension of the Chinta-Gunnells action to
W @7 as above, and that Z satisfies an additional functional equation under the transformation 7.

Theorem 4.2. — There exists an invertible maitrix A(x;w) of the form (22) satisfying the following condi-
tions:

o The cocycle relation (23) is satisfied.
o There exists an element a € (C(u, X5) such that the matrix a - A has polynomial entries in x and u.

o The vector function Z(x;u) satisfies the functional equation

Z(x;u) = A(x;u) Z(x; u/x5) . (24)
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In [27], we will use results in [26] to show that a similar result holds for arbitrary affine irreducible reduced
root systems.

Remark 4.1. The matrix A in the theorem is essentially unique; more precisely, any invertible matrix A of
the form (22) that satisfies the cocycle relation is unique, up to multiplication by elements in (C(u, X‘S). We
omit the proof of this fact since it is quite technical, and we will not need it in the sequel.

Proof. The relations (23), for w running through the generators o; of W, reduce to a linear system of
equations over the field Q(u), with unknowns being the coefficients of the entries of A (assuming that
these entries are polynomials of bounded degree in x). Using MAGMA [3], we solved this sparse system
assuming that the degree of each entry is at most 16 in the variables x (in which case there are about
100,000 unknowns and about four times as many equations). We found an explicit non-singular matrix
Aop(x;u) of the form (22) with polynomial entries in x,u satisfying (23), and the interested reader can
find it in [1]. Thus we have the corresponding extensions of the cocycle A, and of the Chinta-Gunnells
action, to all of W @ Z. By (21) it follows that

Ao (x;u)Z(x;u/x) = Ag(x;0) - Zwll_w(X;U/x5) = ZWW(X;UFW,F(X;U)

where F' = 1|7, and Zy » = Y, e F|w. The function F is the sum of the entries in the first column
of Ay, so it is a polynomial in x. By Proposition 3.3, it follows that Zy » = aZy,, with a € (C(u,xg),
and thus the matrix A = A,/a satisfies all the conditions in the theorem. Given A, the constant a can
be determined explicitly using the algorithm in the proof of Proposition 3.3. More explicitly, the leading

term among all the entries of A, is x'% (it occurs in the (2,2) entry), and the value of a is given by

a = usxsé(xé _ u2)3(X6 _ u4)(x3§ _ U4). D

We shall also need the following information about A -1.
Theorem 4.3. — The vector function Z(x;u) satisfies the functional equation
Z(x;u) = B(x;u)Z(x; uxé)
for a 3 by 3 matrix B(x;u) satisfying, in addition, the following two conditions:
o The matrix

[T (- u2x2°‘) - B(x;u)

+
aed],
a<é

has polynomial entries in x and u.
o Each entry of B(x;u) is divisible by (1 - u2x6)2.
Proof. Take B(x;u) = A -1(x;u) = A™ (x; ux5), with A from Theorem 4.2. The functional equation fol-
lows at once from the previous theorem, and the other conditions follow from the explicit formula of A,

see [1]. t

We shall also need:

18



Lemma 4.4. — The specialization of the vector function Z to u = 0 is given by Z(x;0) ='(A(x),0,0).

Proof: By induction on length, for w € W, we have 1w (x;0) = (-=1)““ [Tgc () x28_ where we recall that
®(w) = ®* nw *(®"). Thus our assertion is just Macdonald’s identity [40] in type D{". O

Note that, by combining the functional equations (18) and (24), we get
Z(x;u) = Ayrr (x5 u) Z(wx; u/xk‘s) (25)

for all w € W and k € Z.

5. Renormalization

The correction of the Chinta-Gunnells average for the affine root system DS" is given by

Zw(x;u) = [T (1 - uQX(Q"_I)‘S)_2 - Z58 (xsu)
n>1

(26)

1
) ' Tw(x;u).
A(X) [lns 1(1 - u2x(2n—1)5)2 w;W | ( )

As we shall see in Section 8, this function is directly connected to a Weyl group multiple Dirichlet series
associated with the 4-th moment of quadratic Dirichlet L-functions.

Letting D(x;u), the denominator of Zy (x;u), be defined by
D(x;u) = J] (1-u*x*) (27)

+
aedt,

we can now show the following:

Theorem 5.1. — The function DZy, (x;u) is holomorphic in the region |x°| < 1.

Proof. For |x°| < 1, the absolutely convergent product A™ (x) := [T, 1(1 - x2”5)4 is non-vanishing, and
the divisibility (in the obvious sense) of Zy, by A™ = A/A™ in this region has already been discussed
in [13, Section 4].

On the other hand, by (12) and (8), the function Zy;, (x;u) is a sum of rational functions whose denomina-
tors are products of distinct factors of the form 1-u?x? (o € ®7). It follows that D Z,; /A is holomorphic
when |x’| < 1, and by Theorem 4.3, that (D/A)Z(x;u) is divisible by (1 - u2X5)2. Accordingly, the vec-
tor function (D/A)Z(x; ux‘s) is divisible by (1 - u2x35)2, and by the functional equation

(%Z)(X;U) = ag; (1-u®x2) - B(x;u) (%Z)(X;ux‘s)
a<d

so does (D/A)Z(x;u). Proceeding by induction on n, we see at once that (D/A)Z(x;u) is divisible by
(1 - uzx(Qn_l)‘s)2 for all n > 1. Thus DZy, /A is also divisible by the product [],, 51 (1 - u2x(2”_1)6)2,
which completes the proof. 0
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Since Zy, is W-invariant under the Chinta-Gunnells action, it follows from (10) and the WW-invariance of
the product over imaginary roots that Zy; itself satisfies a functional equation with respect to each w e W.

More precisely, we have: . .

where we write | for the action defined on generators by

Flou(x) = = 1o = () + =% (0.3,

It is clear that the subspace C(x,u), defined in Lemma 4.1 is invariant under this action. The functional

equations satisfied by the vector Z = Zy, are:
7(x 1) = Aoy (x) 2 ) (29)
where Ay, (x) = Ay (x;u) is the 3 by 3 matrix-cocycle such that
JTw(xu) = Ay (%) f(wxs u) (30)
for w € W and f € C(x,u),. On generators, A, (x) is given by A, (x) = —%AUZ(X).

The following lemma provides some structural properties of the function Zyw (x; ) that will be used to get
some analytic information about the Weyl group multiple Dirichlet series we will introduce in Section 7.

Lemma 5.2. — Set z = (x1,...,24), k= (ki,...,ks) andl = ks. Then we have:
1. The function Zy, (x;u) can be written as

Zl—even Pl (ﬁ; u)xé

Zw(x; u) = + Z P(z; u)xé
I3 (1 - ua) I-odd
_ |E| eve E( 5 ) " 2 Qﬁ(xs, ’U,)&E
]. - ul‘g, |E‘—Odd
where P,(z;u) and Qy(xs5;u) are polynomials in ., . .., x4, u and x5, u, respectively. Here we set |k| =

ky+-+ky.

2. The power series obtained by expanding
> Pi(z;u)as

>0

is absolutely convergent for arbitrary x € C*, provided |xs| is sufficiently small, and the power series

obtained by expanding
> Quwsiu)z®
&[>0
is absolutely convergent for any x5 € C, provided all |x,|, ..., |x4| are sufficiently small.
3. We have

Po(z;u) = Qg($5;u) =1
where 0 = (0,...,0).
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4. The polynomials P,(z;u) are symmetric in x, and if | is odd then P,(z;u) is even, i.e., P(z;u) =
P(-z;u).

9. We have the functional equations

Ty

1 . 1
B(xl,xz,xs,m;u):xi“’B(—,xa,ms,m;u) and  Qy(ws;u) = 2 MQk(m—;U) (31)
5

with §,= 0 or 1 according as n is even or odd.

Proof. For notational simplicity, we denote Z(x) := Zy(x;u) in this proof (the variable u being fixed).
The functional equation of Z(x) can be broken into its even and odd parts, according to ¢;, as:

1- - 1 -~
2000 - 5 200, 260 -~ Zito)
fori=1,...,5. Note that Z* = Zli for i = 1,...,4. The even functional equations can be expressed in
terms of the functions
4
Gy (x) = [I(1 - ue) Z(x), o) = (1 - uzg) Z2(x)
i=1

as G1(x) =G,(ox) for i = 1,...,4, and G5(x) = G5(05x%).

By Theorem 5.1, the function DZ is holomorphic in € := {x € C° : [x°| < 1}, and in this domain, it
satisfies the functional equations

_ (L +uzy) - _ 1
DZA(x) = BT b ooy DZ(x) = M D7 (0x)
u+x; u? - a3
for i = ,5, which imply that DZ*(x) and DZ(x) are divisible by 1+uz; and 1-u?z?, respectively.

Thus the functlons

Fix)= J] (1-v’x*)-Gi(x), Fi(x)= TJ] (1-v*x*) Z(x)

OCECI):C OCEQFC
QAFEQ eyl QE O ey Qly
and
Hi(x):= ]] (1—u2x20‘)-G5(x), Hi(x):= ]] (1—u2x20‘)-Z5_(x)

OéECI);re ae(b;e

aF o aF o
are still holomorphic in 2. Notice that, for i = .4, F(x) is 0;-invariant, F; (x) = ;' F;(0,x), and
since o; is just permuting the roots in @, \ {ocl, ...,Qy}, the product in the deflmtlon of F is also

0;-invariant. By expanding the inverse of this product, and F}(x) in power series, we can write

Gi(x) = Y P(mu)al, Z(x) = Y. Plz;u)a;

l—even l-odd

these expansions hold as long as [x| < |u|™ for all @ € ], ~ {ay,..., a4} (e.g., z € C* is arbitrary, and
|75| is sufficiently small), which justifies the first part (i.e., the P-part) of 2. The functional equation (31) of
the coefficients P,(z;u) now follows from the o,-invariance of G, and the functional equation Z;(x) =
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x;lzl_(alx). It follows that P(z;u) are polynomials in 1,...,74,u, and our assertions 4 follow from
the fact that Z,(x) = Z;(e;x) (as Z%“ = 0), and from the symmetry of Z;(x) and Z;(x) with respect to
T1y...,24.

The Q-parts of 7, 2 and J follow from the same argument, applied to H and H;.

Finally, notice that

B 4
Z(z,0)=Az,0)" - > Luw(z,0)= q(l - ;)"
=

weE (Uz)m@

and

Z(Q) $5) = A(Qv .T5)_1(1 + 1|O'5(CC5)) = (1 - U$5)_1
which give 3. This completes the proof. O
The extra functional equation satisfied by Z(x; ) is
Z(x;u) = B(x; u)Z(x; ux‘s) (32)

where B(x;u) = B(x; u)/(1- u2x5)2, with the matrix B(x;u) from Theorem 4.3. Using this functional
equation, we now show that Z(x;u) is completely determined by Z(x;0) and B(x;u). By contrast, the

functional equations (29) alone determine Z(x;u) only up to a power series in u and x° (see [13, Theo-
rem 3.7]).

Lemma 5.3. — Expand the vector function Z(x;u) as
Z(x;u) = Zo(x) + uZy (X) + u*Zo(X) + -
and let B(x;u) = Bo(x) + uB;(x) + ---. Then we have
1

_ B 3 1 00
Zo(X) =10 s B()(X) = BO:: 0 00
0 0 00

and the matrix B(x;u) determines Z(x;u) recursively by

Zn(x)= (I -x"B,)™" ZE)X“SBTL (%) Zi(x) (33)

forn > 1, where I is the identity matrix.

Proof. The expression for v/ 0(x) follows at once from Lemma 4.4, and the explicit formula of the matrix
B(x;u) yields By. The recursion of Z,(x) follows at once from (32). O

The following corollary will be needed in the proof of the main theorem in Section 8.

Corollary 5.4. — We have that

Zw(x;u) (mod u?) = 1+ u(my + &y + T3 + 4 + T5).
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Proof. From the explicit formula of the matrix B(x;u), one finds that

) 0 Ozt xO(xt +ayt gt +agt)
B;(x) = T 0 0
Ty +Ty+Ty+T, 0 0
The formula now follows from (33) with n = 1, after multiplying by the row vector (1,1,1). ]

We shall also need a positivity result about the specializations P,(1;u) of the polynomials in Lemma 5.2,
with 1=(1,1,1,1).

Corollary 5.5. — The polynomial P,(1;u) for | odd, and the power series P,(1;u)/(1 —u)* forl even have
non-negative coefficients.

Proof. By Proposition A.2, the entries of the matrix B(l, xs;u), as power series in 5 and u, have non-
negative coefficients. Thus the matrices B, (1, x5) have entries with non-negative coefficients, and by in-
duction using (33), the same is true for the vectors Z, (1, ;). Accordingly, the function Zy, (1, z5;u) has
non-negative coefficients when expanded as a power series, and now Lemma 5.2 finishes the proof. []

6. Residues

By Theorem 5.1, the singularities of the function Zyw(x;u) can only occur at the zeros of the denominator
D(x;u), and thus Zy, (x;u) can only have simple poles. Our goal is now to compute the residue of this
function at each of these poles.

The following theorem provides the key calculation:

Theorem 6.1. — The residue of Zy, (x;u) at x5 = u™" is given by the formula

R(z;u):= lim (1 -uxs)Zy (x;u)

1/u

1
(% P7) (P P7) Ty (215 P7) (w2 P5 P7) - Thyereyen (0 P

where P = (2125w374) [u® and (a;0) o = [Tjs0 (1 — ab®) is the b-Pochhammer symbol.

The proof of this theorem will be given in the rest of this section. Using results in [27], similar ideas can be
used to prove explicit formulas for multiple residues of the average zeta function of arbitrary simply laced
reduced irreducible affine root systems.

To compute the residue at any other pole of Zy, (x;u), let a be an affine positive real root, and write it as
o = Y, n;q; in terms of simple roots. Let w, be an element of the Weyl group sending « to a5, and if
a # ;, hence n; > 1, let ¢ be a 2n;-th root of 1 in C. Let Cy, ¢(z;u) denote the limit

Cao,c(z;u) = lim (1 - Cul/"‘“xo‘/"‘“)zw(x; u)

CC5—>C71 (uxa’)fl/n;)

where o := a—nsa;. Here, we chose the principal branch of the complex logarithm, and so Ca,c(z;u) is
well-defined and analytic at least when z4,...,z, and u are away from the non-positive real axis.
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Lemma 6.2. — With notation as above, we have

1
Ca,c(zsu) = e {R(waz; ) - fuo (5u) }Hy, - o1 uxory-1/ms (34)

where f, = (1 +uzxs)|w and w,x represents the first four components of w,x.

Proof. By applying the functional equation (29) of the vector function Z - Z corresponding to w = o3,
one finds that

~ 1
lim (1 -euxs)Z(x;u) = =R(z;u)-'(1,e,0)
Ts—e/u 2

where e € {-1,1}. Applying (29) again, for w = w,, we obtain

. ns ., [Ns \ 7 1 A ns
lim (1= cut/rexei™) Z(x;u) = anz (B(wazi ) A, GO}, e quory-ages + (1,6750).

xsﬁc—l(uxa')—l/n}—,

The formula in the lemma now follows using (30), after multiplying on the left by the vector (1,1,1). [

If a = , for some 1 < i < 4, the residue of Zy (x;u) at z; = 1/u can be computed similarly from the
functional equation (29) with w,, = 0,05, which sends the simple root «; to as.

6.1. Proof of Theorem 6.1

We start by recalling a result from [13], which identifies the residue R(z;u) up to a function depending
only upon P = (z,7523%4)/u’ and u.

Proposition 6.3. — We have

1
) = F(P.w) -
R(ziu) = f(Pu) 4 (acf;P2)oo(u2x;2P2;P2)oo' Micicjea @iz P,

where the function f(P,u) is meromorphic in the region |P| < 1, with possible poles only when P™ = xu™> for
somen > 1. In addition, if we set 7. := 1,153, then for every € > 0, the function f(u’z,w) is holomorphic in
the polydisc |z| < (1 + €)™, |u| <1 +e.

Proof. For |P| sufficiently small, the decomposition follows from [13, Lemma 4.30]. From Theorem 5.1, it
follows that the function [D(x;u)/(1 - u*z3)]], _, - R(z;u) is holomorphic in the region |P| < 1, u # 0;
when |P| is small, we can express this function as

4
f(Pju)(P2;P2)M(U4P2;P2)wH(uQxf;PQ)oo(u4$;2P2;P2)oo- I[I (-zz;P),.

i=1 1<i<j<4

However, the product of the Pochhammer symbols is holomorphic when |P| < 1, and if in addition we take
P"™ + xu™? for all n > 1, we can choose z;, € C (¢ = 1,...,4) such that this product is non-zero. It follows
that indeed f(P,u) is holomorphic for |P| < 1 except for possible poles when P™ = +u ™ for some n > 1,
and that the decomposition of R(x;u) extends by analytic continuation.
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On the other hand, by Lemma 5.2, part 7, and the functional equation (31) of the polynomials Q@ (x5;u),
we have

R(uz;u) = Z Qp(u;u)z™ (35)

k|=0 (mod 2)

which implies easily that f(u®z,u) (as a function of the variables z = 21292324 and u) is holomorphic in
the polydisc |z| < (1 + €)™, |u| < 1 + €. This completes the proof. O

Thus it remains to show that 1

PQ; PQ)oo(UZPQ;PZ)oo.

The proof of this formula involves the following two steps:

(1) Formula (36) holds for « = —1. This is an immediate consequence of Macdonald’s formula.

(2) The function
g9(P,u) = f(P,u) (P* P*)_(u’P?*P?)_

is invariant under the transformation (P, u) ~ (P, u/P). (It is here where we crucially use the extra
functional equation from 4.2.)

The proofs of (1) and (2) will be given in the next two subsections, but for now let us show how they imply
(36).

By Proposition 6.3, the function g(u®z,u) is holomorphic in the polydisc |z| < (1+¢€)™, |u| < 1 +¢, hence
a normally convergent power series in z and u. Substituting z - P/u®, we can then write

g(P,u) = Z A " P"

m,nez

the series being normally convergent for, say € < |u| < 1+¢ and |P| < |u|*(1+¢)™*. Notice that @, ,, = 0 if
n < 0. Since g(P,u) = g(P,uP), it follows at once (after taking v and P such that € < [uP| < 1 + ¢) that
Amn = Qmp-m for all m,n € Z. Iterating, one finds that a,, , = @y nikm for k € Z. Since ap,, = 0 for
n <0, it follows that a,, ,, = 0 if m # 0. Therefore g(P, u) is independent of u, and by (1), g = 1.

6.2. The residue for uw=-1

From the relation between Zyy (x; ) and Zy, (x;u), we can write
1 . 1 —uxs

5 - lim .
(wPiP?) - Al 1fu) momim 1-a3

o0

R(z;u) =

where we put A;(x) := A(x)/(1 - 7). When u = -1, we see by induction on /(w) that

Hho(x-1) = (-1 ] *
Be®(w)

and so Zy (x;-1) = Fyp(x), where Fip(x) = Lyew (1) Tgeaw) x? is the function studied by
Macdonald [40]. Then

lim lim 1 - uts
u—»>-1 z5->1/u 1 — Jfg

1 1
ZW(X;U) = §Zw(% -1; _1) = §FMD(§7 _1)
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where in the first equality we interchanged the two limits; this is justified since A(x), and in particular
1 - 22, divides Zy, (x;u) (see [13, Section 4]), and so the function inside the double limit is continuous at
(1,-1) as a function of z = ux; and u. Consequently,

R(;U'—l) _ %F]\4D(£’_1) ‘ (37)
- (P;P2)? - Ay(z,-1)

o0

Using the list of roots of D, at the beginning of Section 4, we have by Macdonald’s formula [40]
4
Fup(x) =]] (a:i;x‘;)oo (7% x‘;)oo (xix5;x5)oo (27" 25'x"; xé)oo [1 (ziz;ms; x‘;)oo
i=1 1<i<j<d

(i) (i) (')

Also, A(x) = Fyp(a?,...,22), and one can easily check that (37) matches the formula in Theorem 6.1 for
u = —1. This completes the proof of step (1) in 6.1.

6.3. Functional equations of the residue function

From the formula of the residue function in Proposition 6.3, it is clear that R(z;u) = R(-z;u). Then by
Lemma 5.2, part 7, it follows at once that

lim (1 -uas)Z(x;u) = %R(g; u) - v, (38)

Ts—>1/u
where we set v, = /(1,1,0).

We need the extension of the cocycle A(x;u) to W @ Z, as in Section 4.2, by A1 (x;u) = B(x;u), with
B(x;u) defined as in the line following (32), and

Ar(x;u) = A(x;u) = A(x;u) - (1- u2/x5)2

with A(x;u) from Theorem 4.2. Then the functional equation (25) holds for Z(x;u), with A(x;u) re-
placed by A(x;u). As in Section 4.2, we have an action of 7 extending the action | such that

Flr(xsu) = A(x;u) - f(x;u/x°) (39)
for all f € C(x,u),.
Proposition 6.4. — Let w € W be such that wa; = as — §. Then

R(z;u) = Ao(z;u) - R(wz; u/x°)|

=1/u
where Ay (z;u) = [(1+uzs)|Tw]? (x;u)

T5=1/u"

Notice from (39) that [(1+uz;)|7](x;u) = A, . (x; u)+(um5/x5)/~le~70(x; ), where A, , (resp. A, ) is the
sum of the entries in the first (resp. second) column of the matrix A(x;u).
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Proof. Since wx = (wz, 25x%), the analogue of the functional equation (25) for Z(x;u), applied for wr,
together with (38) gives

R(z;u)v, = {R(wg; U/Xd)]\wT(X; u)}‘xszl/u * Yo

Note that A, (x;u) = Ay (x;u) Ay (x;u/x%) does not have a pole at x5 = 1/u; by Theorem 4.2, the ma-
trix A (x; ) does not have a pole there, and since a5 +6 ¢ ®(w), neither does A, (x;1/x°). We thus ob-
tain the functional equation of R(z;u), with A, (z;u) such that Awr(x; u)‘x»:l/u Vo = A (5 u)vy. Com-

bining (39) and (30), we get the formula for A, (z;u), and completes the proof. O

By applying this proposition to the element ¢ = 0,0,030,05, we obtain that
R(z;u) = M(z;u) R (u/zy, ... uf/zi;u/P)

with A\¢(z;u) computed explicitly from the matrix A(x;u) in [1] as

M(z;u) =(1- u)H(l u?lz) [T (1-v?/za;).

1<i<j<4

One can check easily that this factor matches the one from the same functional equation applied to the
right-hand side of the formula in Theorem 6.1, and thus completing the proof of step (2) in 6.1.

7. WMDS associated to moments of L-series

By Theorem 5.1 and the definition (27) of D(x;u), when 0 < u < 1, the function Zy; (x; ) is holomorphic
for |z;| <1 (¢ =1,...,5), and thus, in this polydisc,

Zw(x;u) =1+ > a(k; u)x" (40)
k+0

the sum being over tuples k = (ki ..., ks) € N°\ {0}. The coefficients a(k;u) are polynomials in u, and
by Cauchy’s inequalities, for every € > 0, we have the estimate |a(k;u)| <, u =¥

Before making the transition to multiple Dirichlet series, let us briefly recall some facts about quadratic
Dirichlet L-functions in the rational function field setting.

Let F, be a finite field of odd characteristic. For m € F,[x], m # 0, set [m| = ¢%°¢™ and for d,m € F,[z],
d # 0 and m monic, let x4(m) = (d/m) denote the quadratic symbol. We define x4(1) = 1, and if d € F,
we have x4(m) = sgn(d)4®®™, for all non-constant m € F,[x], where sgn(d) = 1 or —1 according as
d € (F))? or not.

For d square-free, the L-function associated to the primitive character x is defined by

L(s;xa) = % xa(m)m|™ = I (1-xa®)lp)"

meF,[z] p—monic & irreducible
m—monic
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for complex s, with 23(s) > 1. When d is non-constant this L-function turns out to be a polynomial in ¢~*
of degree degd -1, and if d e F,

1

L(s,Xd) = ———F 77>
o) = T @y
when d € (F)?, the L-function is just ((s)-the zeta-function. In addition, if one defines ,(s,d) by

1+(71)degd)

P e 1 _1ydegd _1
Yols,d) = gz D) m2) (1 sgn(d)qfs){z(“( o )(1 —sgn(d)g®™") 3 (
then L(s, xq) satisfies the functional equation

1
L(37Xd) = 7q(57d)’d‘57sL(1 - 87Xd)'

We now use the coefficients a(k;u) to build the relevant family of multiple Dirichlet series.

Let IF; be a finite field of odd characteristic, and fix an element 6, € F, \ (F)*. For s = (s,,...,5;) and
ai,a, € {1,6,}, we define #(s; a.,a,) by a series (summed over monics in F;[x]) of the form

W(s;as,a1) = Z Xaldo(m1m2m3m4))(a2(do)A(mbmzam37'm47d) (41)
2 1 -
n my,...,My, d—monic |m1|81|m2|82|m3|83|m4|84|d|85
d=d,d?, d, square free
where M, (i = 1,...,4) is the part of m,; coprime to d,. The coefficients A(m,,my, ms,my4,d) are com-

pletely determined by the following two conditions:

(i) If p is monic irreducible, then

A(pk:l’ pkz7 pk3’ pk‘4’ pl) — a(kl,kg,kg,k4,l;q_(degp)/2)-

(ii) For monic my,ma, m3, My, d, we have

A(mh Mo, M3, My, d) = H A(pkl7 pk27 pkx’ pk47 pl)
pre | m,
pld

the product being taken over monic irreducibles.
Lemma 7.1. — The series defining #/(s; a,,a,) is absolutely convergent for R(s;,) >1,i=1,...,5.

Proof. The proof is similar to that of [23, Lemma 6.5]. We first show that the series (41) is absolutely con-
vergent when 9R(s,) is sufficiently large. To see this, by condition (i) and the estimate of the coefficients
a(k;u), we have

‘ A(pkl, o phs e pks) |e|k|
for every monic irreducible p, the implied constant depending upon ¢ and ¢, but it is independent of the
degree of p. Choosing n > 1 such that this constant is smaller than ¢", it follows from (ii) that

Keg [P

|A(m17 m27 mB) m47 d)| < |m1m2m3m4d|n+e
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for all monic polynomials my, my, M3, My, d. Since

E |A(mlam27m37m4vd)|

o T P PG PG o PR )

|#(s;a,,a,)| <

Myye. ey Mg,y

we have absolute convergence as long as PR(s;) > n+ 1 + €. On the other hand, the right-hand side of the
last inequality decomposes as

I {1+ X el b))

P k+0

where R(s) = (R(s,),...,9:(s5)), and (-,-) is the scalar product on R>. Taking the logarithm, our asser-
tion now follows by a simple comparison with the series

> >0 o[
p k+0

which is easily seen to be convergent when A > 1. O

For simplicity, we shall assume from now on that ¢ = 1 (mod 4). Following [23, Section 3], we can write

Ty L(si + 3, Xardo ) * Xax(do) Pa(S; Xaydy )

W(S;af%al) = Z |d|85

d=d,d?

(42)

where P;(s’; Xa,d,) (' := (81,...,54)) is the Dirichlet polynomial defined by

Py(s15-- -85 Xards) = |1 P;(|p|_51,...,|p|_84;q_(degp)/2)
plld
1=1(mod 2)

I P(ea®bl™ o Ol 5PP)
pld:
plld

1=0 (mod 2)

(43)

Here P,(z;u) are the polynomials in Lemma 5.2. The functions P,(s’; X4,4,) are symmetric in all vari-
ables, and by (31), they satisfy a functional equation as s; - —s; for each 1 < ¢ < 4. It is clear that
(42) converges absolutely for arbitrary s,,...,s, € C~ {1/2} as long as s; has sufficiently large real part.

We can also write

L S5 + l’ 2T 1 n S a 2M0
W(s;ay,a,) = Z ( 572 X‘: n )Xsa( U)SQE( 55 Xasno ) (44)
MiMaMmamy =nyn? ’m1| 1|7n2| 2|n7’3| 3|7n4| !
where, for m = (m,, ..., m,), the Dirichlet polynomial Q,(s; Xa,n,) is given by
Qulssixan) = [T QeI @=?) - T Qu(Xawna()lpI a7 5P72).
pri | m plm
k=1 (mod 2) pri|lm

|k[=0 (mod 2)

Again, by (31), the polynomials Qp,(Ss; Xa,n,) satisfy a functional equation as s; - —s;, and for every
s5 € C\{1/2}, the series (44) converges absolutely as long as all s, ..., s, have sufficiently large real parts.
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Proposition 7.2. — Let 2(x) denote the function #(s;1,1) after substituting x; =q *,i=1,...,5. Then
the functions 2(x) and Zy, (x;\/q) satisfy the same functional equation (28).

Proof- This follows at once from (31) and the functional equation of L(s, x4). O

Remark 7.1. This functional equation was stated first in [13], in terms of the vector function

H(s;1,1) + #(s;6,,1)
W(s)=5| #(s;1,1) = #(s;00,1)
W(S7 ]-7 00) + W(Sv 907 90)

and predated the Chinta-Gunnells action. To make the comparison with early work easier, and because it

generalizes more readily to number fields (for which the Chinta-Gunnells action is not available), we also

state the vector form of (28). The vector function obtained by substituting z; = ¢™* (i = 1,...,5) in #(s)
satisfies the same functional equation as the vector

(Zw)i(su) 101

Z(x;u) = | (Zw)i(xsu) |=VZy(x;u), where V={0 1 0

(Zu); (i) 101

namely Z,(x; 1) = My, (x; 1) Z,(wx; u) for all w € W, for the 1-cocycle M, (x;u) defined on generators
by M, (x;u) = —;—ZVAUI(X; u)V

Remark 7.2. Expressions similar to (42), (44), and the conclusions of Lemma 7.1, and Proposition 7.2 all
still hold if instead of #(s;a,,a,), one takes the multiple Dirichlet series constructed in the same way
using the coefficients of Z5°(x;u). More generally, one can start with any power series F'(z,u), and
take the multiple Dirichlet series whose p-parts are F(|p|°®), [p|™/?) Zy (|p| ™', ..., [p|7**; [p|/?), where
0(8) = 51 + Sy + S5 + 54 + 255. It is easy to see that this multiple Dirichlet series is, in fact,

HF(|p|_6(S)a|p|_1/2) W(Sa a2aa1)' (45)
p

Choosing F'(z,u) so that the product converges absolutely when SR(d(s)) > 6, one sees that the multiple
Dirichlet series can be expressed as in (42) and (44) for R(s;) > 1, ¢ = 1,...,5, and that it satisfies the
required functional equations. Thus to determine a canonical normalization of Z (x; 1) (or equivalently
Z5%(x;u)), which eventually allows us to establish the analytic properties of the corresponding multiple
Dirichlet series, some additional conditions must be imposed.

There is yet another multiple Dirichlet series

Z(x;q) = Y, b(k;q)x"
keNr+1

associated with moments of L-functions that is worth considering; as before, z; stands for ¢™%,i=1,...,
r+ 1, and the coefficients b(k; ) are finite sums Y ¢, A over ¢-Weil algebraic integers of weights v, € N,
subject to the following three conditions:

(a) Each ¢-Weil integer A occurs in the sum together with all its complex conjugates.

(b) The coefficients c, are rational numbers, and if A\, \" are conjugates over Q, then ¢, = c,.
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(c) For |k| = ky + -+ k1 > 1, we have that [k| + 2 < v, < 2|k] for all A occurring in the sum.

The lower bound of v, in the last condition will be referred to as dominance. Let E be a fixed algebraic
closure of IF;,. We require that the multiple Dirichlet series to be of the form (41), with multiplicative coeffi-
cients B(my, ..., m,,d), such that the following conditions are also satisfied:

(Al) The sub-series

T 1
b(k,0;q)z" =
%:r g 1 -qx;
where, as before, z := (z1,...,2,) and k := (ky, ..., k,). In addition,
1
> b(k,1;9)a" =g and Y b(0,1;q)zl,, = -
keNT >0 1- qTria

In particular, B(1,...,1) =b(0,...,0;q) = 1.

(A2) The coefficients b(k; ¢™) corresponding to Z(x;¢™) over any finite field extension F;n c |, of F, are
given by
b(k;q") = > e\
A

(A3) For every monic irreducible p € F,[x] of degree e > 1, the coefficients B (pkl, e pk”l) are given by

B(pkl, e ,pk"“) = qe\klz N ©.
A

In [25], the first two authors established the existence of a unique multiple Dirichlet series satisfying all
these conditions. This axiomatic construction was generalized by Whitehead [49] to simply laced affine
root systems, and by Sawin [47], using geometric methods, in a more general setting.

One should notice that it is not a priori clear that this multiple Dirichlet series satisfies a group of func-
tional equations. To see that this is indeed the case, one can adapt the proof of [49, Proposition 2.2.1].
However, in the next section, this will be clarified when r = 4.

8. Comparison

Let notations be as above. Our goal in this section is to compare the functions 2(x) and Zy; (x; V1), and
deduce from this comparison (combined with Theorem 5.1) the meromorphic continuation of Z(x) to the
maximal possible region |x°| < 1.

One checks that the functions 29(x) and Zy (x; \/q) satisfy the following conditions:
(i) Both 24(x) and Zy (x; /) are holomorphic for |z;[<1/q (i =1,...,5).
(ii) Both D(x;./q)2(x) and D(x;./q) Zw (x;/q) are power series that converge absolutely if either

2 € C* and |z5| is sufficiently small, or 25 € C and |x,|, ..., |x,| are sufficiently small.
(iii) Both 2(x) and Zy (x;/q) are symmetric in =y, . .., 24, and satisfy the same functional equation
(28).
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It follows from [13, Theorem 3.7| that
Z(x) = C(x") Zw (x;1/7) (46)

for some function C' of one complex variable.

Theorem 8.1. — We have the equalities
Z(x) = Zw(x5\/9) = Z(q*%:9).

Proof. We first show that 2(x) and Zyy (x; /q) have the same residue at z5 = 1/,/g (hence C'(x°) in (46)
is identically 1).

From the expression (44) of #(s;a,,a,), we see that this function has a (simple) pole at s; = % only if

a, = 1, and the part contributing to this pole is
Qm(ss;1)

Gurd) S 2l (e d) ]

mumaimamy =0 M| [me]*[mg|%|m, |* ) p (|k|50 (mod 2

Qi (IpI™*; [p| ™) )

) |p|klsl+k252+k333+k4s4

Note that the local factor of the product in the right-hand side is

Y. Qu(wsiu)zt
|k|=0 (mod 2)

where, for a monic irreducible p, we set z; = [p|™ (i = 1,...,5), and u = [p|"/*. By (35), this local factor
evaluated at x5 = u is just R(uz;u), and thus

lim (1-q2%)#(s;1,a,) =[[ R ’%_S‘, R ’%_84; -3).

Sﬁ%( ¢ )W (531, 1) IpT (e e Y I )
By using the formula of R(z;u) in Theorem 6.1, the product equals R(q™*", "%, ¢~*,¢ **;\/q), that is,
Z(x) and Zy,(x;,/q) have the same residue at x5 = 1/,/q. This shows that

Z(x) = ZW(X; Va)-

To prove the second equality, set u = ,/q. It is clear that Zyw (ux;u) satisfies the conditions (a) and (b) in
the previous section. The upper bound in condition (c) follows easily from (12) and the fact that the coeffi-

cients of the power series expansion of J(x/u,u,e) are polynomials in u™".

To show that the coefficients of Zw(ux; u) satisfy the dominance condition, we have to show that the coef-
ficients a(k;u) in (40) are divisible by u? if [k| > 1. This follows from Corollary 5.4.

The first and third conditions in (Al) can be verified using Lemma 5.2; the generating function of b(k, 1; q)
can be computed from the term 1|o;(x;u) in Zy (x;u). Conditions (A2) and (A3) can be easily verified
directly. This completes the proof. O

Remark 8.1. The fact that 2(x) coincides with Z(q/*x;q) shows that our choice of the p-part Z,
for the Weyl group multiple Dirichlet series associated with the 4-th moment of quadratic L-functions
is canonical; this comparison was the sole reason for introducing the axiomatic multiple Dirichlet series
at the end of the previous section. The uniqueness of Z(x;¢q) implies, for example, that the multiple
Dirichlet series with all the p-parts equal to Z$¢(|p|™™,..., |p|™%; [p| */?) cannot satisfy the full set of
conditions that 27(x) satisfies. In fact, the reader can check directly using (45) in Remark 7.2 that
condition (A3) (i.e., the local-to-global principle) is not satisfied for this choice of the p-parts.
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9. Applications

In this final section of the paper, we begin with two straightforward consequences of Theorem 8.1. First,
by taking coefficients of the function ZW(X; /@) with respect to the variable x5, we obtain an exact for-
mula for the 4-th moments of quadratic Dirichlet L-functions over rational function fields, weighted by
the polynomials P, defined in Section 7 and Lemma 5.2. Then, from the analytic properties of Zw (x; VD),
we also deduce an asymptotic formula for these moments,completely analogous to that conjectured in [28]
for arbitrary moments. For the remaining of the section, we study in some detail the secondary terms in
the asymptotic formula. In particular, our analysis will show that all these terms are non-zero.

Theorem 9.1. — For D > 1, we have the exact formula:

) _
S L(3,xa,) Palxa,) = Coefep Zy (1,€:/q)
degd=D

where Py(xa,) = Pa(0,...,0;xq,), and (1,§) := (1,1,1,1,§).
Proof- 1If we put £ = ¢~*, then by (42) we can write
1 D
#(s;1,D) = > 3 Y TI1L(si+%,xa,) Pa(s'sxa,) 1 €7
D>0 \degd=D 1i=1

Setting s; = 0, the asserted formula follows at once from the equality 27(1,¢) = Zy (1, ¢&; VO)- O

However, one cannot expect to have an analogue of this result for general function fields, or number fields.
For this reason, we shall also give the asymptotic formula for the fourth moment sums that is, indeed, ex-
pected to generalize to any global field. This asymptotic formula has also the advantage of separating the
contributions corresponding to the singularities of the function Z(1,¢).

For n > 1, let, as in [28, Section 6],

5
D, = {Zniai edl ing = n}
i=1

and, for D > 1, define Q, (D, q) by

Qn(D7 Q) = hInl

( >y Ra,g(z;\/a)CDXDa'/”)

aed, (2n=1
where o' = a — nas, and Ry, ¢(2;./q) is given by (34). We have the following:

Theorem 9.2. — For D,N > 1 and (N +1)™' < © < N7, we have the asymptotic formula

S L xa) Palxa) = Y Qu(D,q)q¥ + 0o 4 (¢%).
degd=D n<N
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Proof. The asymptotic formula follows from Theorem 8.1 and a straightforward application of the residue

1 2(L,¢)
%jggi@ P+l de

where o, = {€ € C: ¢ <|¢] < ¢7®/*} — see also [28, Theorem 6.1]. O

theorem to the integral

Remark 9.1. One might be puzzled by the discrepancy of a factor of ¢”/? in this asymptotic formula. This

is simply explained by our normalization x - ¢~/*x of the function Zy; (x; /@) which is causing the cor-
rection polynomials P;(xg4,) to be off by a factor of |d|"/?. For instance, when d = d, is square-free, then

Pa(xa,) = d|"?
instead of 1.

Notice also that Corollary 5.5 and definition (43) of the Dirichlet polynomials P;(si, ..., S4; Xa,d,) imply
that P;(xq4,) is non-negative for all d. In particular, we have the inequality

Y L) W< Y L) Paa):

d-monic & sq. free d—monic
degd=D degd=D

Moreover, [28, Conjecture 1.2] predicts an asymptotic formula for the (traditional) moment sum in the left-
hand side of the above inequality, similar to that in Theorem 9.2. (This similarity between the two asymp-
totics should still persist when considering the analogues of these moment sums over any global field.) For
these reasons, the presence of the correction factors P,;(x4,) in our fourth moment sum is harmless for
all practical purposes. That is, if an analogue of the asymptotic formula in Theorem 9.2 is proved in the
number field setting, it would have the same applications as the corresponding asymptotic formula for the
traditional fourth moment sum.

9.1. An explicit formula for Q.(D,q)

We now give explicit formulas for the terms Q,,(D, ¢) in Theorem 9.2, following closely [28]. In loc. cit.,
conjectural formulas were given for the first two terms ), and (), in the asymptotics of the r-th moment of
quadratic Dirichlet L-functions, summed over square-free monic polynomials. It is interesting to note that
we obtain the same formulas, except for the so-called “arithmetic factor” which is simpler when summing
over all monic polynomials. Here, we are able to treat all the terms @), (D, g) since the sets ®,, can be ex-
plicitly described for DSV .

First, we rewrite the double sum in the formula of Q,,(D, u?) by grouping together the terms with +(. De-
note by ¢ = f; (resp. f* = f;) the even (resp. odd) part of the function f(x) with respect to the sign func-
tion €,, and let i, be the set of k-th roots of unity in C. We have

1
Qn(Da'UZ):_ Z CDIn,C(D7u)
T Ceponf {21}
with
In,¢(Dyu) = Jim 57 %P R(waxcs u) £ )}, ot ry-im (47)

= " Saed,
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where f,, = (1 + ux;)|w was defined in Lemma 6.2, and a, € {¢, ¢} denotes the parity of D. Although
the function R does not depend on x5, we write R(x;u) for R(z;u), hence R(wz;u) = R(wx;u).
Notice that R(wx;u) is even with respect to both £, and €5 for all w € W, and that I,, _+(D,u) =
(-1)"L,, ¢(D,u), so the sum over ( above is indeed well-defined.

Next, we give integral formulas for the sum in (47), from which it will be clear that the limit exists, and it is
a polynomial in D of degree 10 if n is odd, and of degree 7 if n is even.

9.1.1. The case n odd
Letn =2k+1 with k£ > 0. For I c S := {1, 2, 3,4}, possibly empty, put w, = [[,.; 0;, and o; = ¥ ;7 v;, with
the understanding that the empty product is the identity, and the empty sum is 0. Also, let ¢ = 0,--- 0405,
for which tas = a5 — . Then

O, ={a;+a,+ké:IcS} and tkwl(a5 +a;+k0) = as.
Notice that ¢? is a translation, with t?a; = a; + 6 (¢=1,...,4), and t2as = s — 20.
Lemma 9.3. — Letn =2k +1 with k >0, and let o = o5 + kS and w,, = t*. Then we have a decomposition

1

R(waX; u)|x5 =¢ L (uxe)~ln = Rna C(£7 u) ’ H 1
Igijed b T iy

with Ry, (1;u) = R, (u=2I™|C?) for an explicit function R,,(0). Moreover, the function R,,(0) is given by an
absolutely convergent power series for |o| < 1; whenn =1, we have

Ri(0) = (0:0)e -
Due to Remark 9.2 below, we omit the formula for R,,(9) when n > 1.

Proof. The assertion follows at once from the explicit formula of R(z;u) in Theorem 6.1. O

Recall that f,, = (1 + ux;)|w. For be {e,}, let fgc(g;u) = b (x;u)|

in the previous lemma. Since o and w,, are fixed, we omit them from the notation R, ¢ and fg ¢

2= 1 (uxe'y-1/n for @ and w, as

Proposition 9.4. — The limit (47) is given by the integral

2
§£ jghn ‘ D(Z Hlsi<j$4(zj_zi) (1_Zizj)%m%

I, ¢(D,u)
el 4' (2mi T (1-2) 4 2
where
- u
(z;u) |/fq (zu) T, if D even
e p(z “)‘M—D/(zn) n,¢ e
i=1%i fag(ES w) Hizl 21-, if D odd.

Here each path of integration encloses the point z; = 1, but not the points z; = 0, u.
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Proof- Let o € @,, and w, € W be as in the previous lemma. By taking 8 = a + o, € ®,, in (47), with
Wg = WaW;, we have

Funn () = Fu s ) = TT 502 (o) + o ).

iel 1 - U.Tz-
Assuming D is even (the case D odd being similar), we can then write the sum in (47) as
4
[1(1 - ufa)zP? 3 h(wx; ), _ (-1 (uxerthas)-1/n
i=1 IcS

R(waxsu) f,7  (x5u)

ML, (1-u/z)aP/ ™"

where h(x;u) = Now we use the following:

Fact 9.5. — For any function g(x) and a fixed index 1 < j <4, the transformation x; — 1/x; takes

x]Hl/w]
g(x)|x5 =cfz¢ T g(O'jX) |z5 =c/x?

where a,b e Q witha+b =1, and c is any function not depending on x; and x;.

Taking for g(x) the function h(x;u) and applying [28, Lemma 7.1] (the case m = 0 of Lemma 9.9 below)
yields an integral representation for the sum above. Now one can take  — 1 inside the integral, giving the
above expression for I,, (D, u). O

From the integral representation, a standard argument (e.g., [28, Prop. 7.7]) leads to the following:

Corollary 9.6. — When n is odd, I,, (D, u) is a polynomial in D of degree 10, with leading term given by

2
1 1 4 Thiccjaa(ti =) (t + 1))

D10R 1:u ap 1;u _—ﬁ f e li. SEIS J L dt, - dt,.

m{(_ )fn,g(— )4|(2n)10 (271—7,)4 |t4|=1 |t1|=1 g H;‘l:l t? 1 4

The integral (with the factor (27i)~* included) equals 8/1575. When n = 1, following [36, Prop. 2.1], we
can express the leading term of Q, (D, q) as

17 (2))!

I1

2" i (r+7)!

DYRi(q) (r=4).

It agrees with the analogous main term in the conjectural asymptotic formula of the fourth moment over
the rationals (see [24], [21], or [36, Theorem 1.1]), apart from the “arithmetic factor”, which in our case is

Ri(0) = (0;0)5

9.1.2. The case n even

Let n = 2k with k > 1, and let t = 0,--- 0 be as before, with ta; = a; — . Then

¢, ={+ta; +kd:i€S} and tkilait(—ai + ko) = tkilaita,-(ozi +kd) = as.
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Lemma 9.7. — Letn =2k withk > 1, and let oo = —cvy, + kd € ®,, and w,, = th=Lo,t. Then we have a decom-
position

1
1 (L—2,2,)(1 - 24/x;)

with R, ¢(1;u) = R (u™2™C?) for an explicit function R,,(0). In addition, the function R, (o) is given by
an absolutely convergent power series for |o| < 1; when n = 2, we have

Ry(0) = (0;0)m (0:0°) e (1 =1/0)".

3
R(waX;w)ly, _o1(uxe’y-1m = B (@3 u) - H

Proof. The assertion follows at once from the explicit formula of R(z;u) in Theorem 6.1. O
For be {e, o}, let f° c(@iu) = £ (x; )|y, -1 (uxe'y-1/n for @ and wy as in the previous lemma.

Proposition 9.8. — The limit I,, (D, u) is given by the integral

H1<z<]<4(z Z; )e (1 — 2% ) Hl<k<l<3(1 - Zkzl) H?:I'Zi dz; dz,
jg 9§ hn,¢,p(2;u) —

2 3' (27T y Mg (1-z) 2 zy
wheree,; = 1 or 2 according as j = 4 or not, and
1-u
fe(zw) I ———  if D even
B¢ p(2;0) = nCD(/n u) | fic(zw)l gy if
“ [ c(zw) M, 2" if D odd.

The paths of integration are as in Proposition 9.4.

Proof. Let a € ®,, and w,, € W be as in the previous lemma, and set o = o, € Dy, and w,- = Wo0,. As
before, assume that D is even, as the case D odd is entirely similar. We have f,, . = f,, |04, and the two
terms of the sum in (47) corresponding to & and o™ can be written as

4
H(l —ufz)xP? - (h(x; u)l,. — 1 (uxe )1 h(o4x; u)|I =C’1(uxo‘+l)*1/n)

R(wax;u 100, (XU
where h(X7 U) W
=1 t

the two terms inside the parenthesis are interchanged by the transformation x, — 1/x,. Moreover, the
function h(x;u) is clearly symmetric in the first three variables, and we claim that the first term in the
parenthesis is also invariant under the transformations z; — 1/z;, for j = 1,2, 3. Indeed, fixing one such

and a*' denotes the sum of the first four components of a*. By Fact 9.5,

J, by applying again Fact 9.5, we have that

~1/x;
h(x7u)’x 1(ux0¢ ) 1/n —> h(U X3 u)’ 1(uxa’)_1/” °

One checks that h(o;x;u) = R(”L;‘;ZJI’;“){;“&"/(X';)
1(1-u/z;

. Since w,0;00 = W = a5, our claim follows now by

Lemma 6.2.

Using these symmetries and the lemma below with m = 3, we can express the sum in (47) as an integral.
Our assertion follows now by taking & — 1 inside the integral. O
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Lemma 9.9. — Let a,,...,a, be distinct non-zero complex numbers such that a,a; + 1 forall 1 <i,j <r
Suppose h is a function of v complex variables, holomorphic on a domain containing (afl, . .,aff) for all
(01,...,0,) € {£1}". ForO <m <, define K,,,(z) by

h(z)

K (Z) = )
" HZL HZT:m+1(1 -2.2) (1= 2'2) Hm+1<k<l<r(1 - 2:2,)

z:= (21,0, 2r).

Then we have
S Ko, a0
0€Sr o) =%1 ( @ ())
_ ( 1)T(r+1)/2 jgh( ). Micicjer (2= 2)" (1= 2:2;) - Thercrem(1 = 202) [T fom@
(2mv-1 ;jzl(l—ziaj)(l—z,-a;l) z

wheree,; =1 or 2 according asi < m and j > m +1 or not, z" := 27--- 2, and where each path of integration

encloses the a', but not z; = 0.

Proof The same idea as in the proof of [28, Lemma 7.5]. O]
The argument in [28, Prop. 7.7] gives the following:

Corollary 9.10. — When n is even, I, (D, u) is a polynomial of degree 7 in D with leading term

2720 o7 (1),

Remark 9.2. We omitted providing formulas for the functions R,,(¢) in Lemmas 9.3 and 9.7, when n > 3.
Instead, we will show in the next subsection that the leading term of Q,,(D, u”) can be solely expressed in
terms of R,(0) or R,(p) (according as n is odd or even), and of the matrix B(x;u) in Theorem 4.3.

9.1.3. The leading term of Q,,(D,q)
The leading term of Q,,(D, q), as a polynomial in D, is

7

(2 ) D
24n10H( . ’\/a) or WSH(Dﬂ/a)

according as n is odd or even. Here we set

Sn(D,u) = l Z CDRn(C_2U_2/n) S;Z(la C—lu—l/n; u)

T Cepan {21}

where a € @, w, € W, and the functions R,,(0) are those occurring in Lemmas 9.3 and 9.7. Recall that
ap € {e, ¢} stands for the parity of D, and that f* = f*°+ f>°, f* = f>° for f e C(x,u),.

In what follows, we show that the functions S, (D, /q) are non-zero for all n > 1 and all D, so that all
Qn(D,q) are present in the asymptotic formula in Theorem 9.2. In fact, we prove the stronger result that
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Sn(D,\/q) is given by a power series in g

depending on the residue of n modulo 4.

, whose coefficients are either all positive or all negative,

We start by giving an expression for S, (D, u) involving only the term for ( = 1 in the summation. To do
so, we need a property of the function f,, = (1 + ux;)|w.

Lemma 9.11. — Forallw € W, the functions f;°, fo° and f°° are even, odd and odd, respectively, as func-
tions of u.

Proof. We have L )
fu(xsu) = Ay (x;u) -t(l, ux™ *,0). (48)

As functions of u, the entries of A, (x;u) have the same parities as the corresponding entries of the ma-

trix (zlL i 11L) This follows easily by induction on the length /(w) of w; the case /(w) =1 is clear from the
u

formulas of A, and A, in Section 4.1, and the product of such matrices is again of the same type, so the co-
cycle relation gives the induction step. Our assertions now follow from (48). O

For c € Z, let %y, be the operator acting on Laurent series f(0) = Y7 no" with n,, € C, defined by
1 -
%n,C(f) = Z nka = = z ¢ f(¢ 1@)‘
k=c (mod n) o cep,
We will apply this operator to Laurent series f which converge absolutely for 0 < |g| < 1, when it is

well-defined and the equality above clearly holds. Note that %,, . depends only on ¢ modulo n.

Proposition 9.12. — With o, w,, and R,,(0) from Lemma 9.3 (resp. Lemma 9.7) for n odd (resp. n even), we
have:

S (D) = Un, o B (w2 - £ (1w w) |+ wll, o R (w7 - 20 (Lo 0) |
if D is even, and
S (D) = ™"y, oy | R (M) e o (1,07 ) |

-2/n

if D is odd. Here we view the functions between brackets as Laurent series in o = u™ /", by the previous lemma.

Proof. By Lemma 9.11, we have that

forl Lasiu) = gi(23,v®), [0 (Lasiu) = uwsge(@3,u’) and £ (L zs5u) = ugs(23,u)
with g; € Q(x,u). Thus, assuming D to be even (the case D odd being similar), we have the following ex-
pression for S, (D, u):
-n 1 -n -n
Sp(Dyu) = Sp(D,0™) == S (PRa(0/¢H)(9:(0/¢P 0™™) +ugs(o/¢t0™))
n
Cepan/{£1}
= Un,pp2[ Rn(0)9:(0,07")] + uln, pjs[Ri(0)g5(0:07")].

Note that the functions between brackets converge absolutely as Laurent series in o for 0 < |g| < 1, by
Lemmas 9.3 and 9.7, so the last equality holds. Switching back to the variable v completes the proof. [J
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This proposition yields explicit formulas for the leading term of @, (D, ¢), which, for small n, can be used
to check that this term is given by a non-zero power series with coefficients of the same sign. To prove this
property for all n, in Corollary 9.15 below, we shall give different expressions for the functions between
brackets in the proposition, using the extra functional equation introduced in Section 4.2.

Recall the extension of the cocycle A to W & Z from the beginning of Section 6.3. In particular, we have
A1 (x5u) = B(xsu) = B(xu) /(1 - ua®)?
and the vector function Z = Z satisfies the functional equation (25), with the cocycle A in place of A.

Consider the vector version of the residue in Lemma 6.2:

Ca7<(§;u) = lim (1 _ Cul/nxa/n) Z(X;u)

xﬁﬂc—l (uxa’ )—l/n

for any a = nas+a’ € ®,, and ¢ € pty,. The residue vector Cajg(g; u) appears in the proof of Lemma 6.2,
where it is shown that

1 -
Coyc(@iu) = 5 {R(wazsw) fuo (0}, _ 1 atyim (49)

with w, € W such that w,a = a.

Assuming now that « is chosen as in Lemmas 9.3 and 9.7, we give a formula for C,_.(z;u) in terms of
the above extended cocycle.

Lemma 9.13. — a). Ifn=2k+1 and o = a5 + kd € @, then

1 ~
Cayclei) = o (RGO, 06) )], _ sy

where vy =1(1,1,0).
b). Ifn=2k+2and o= -a, + (k+1)0 € ®,, then

1 ~ —
Cac(zsu) = o~ {R(outz:ux") A (x0) - T (x|,

5= C*l(uxcx')fl/n

wheret = 0,0,030,05.

Proof. We use the functional equation (25), written for Z and the cocycle A, to compute the residue vector
Cq, ¢(z;u). In part a), we take the element 7% in (25), while in part b) we take the element o7~ %. Note
that by Theorem 4.3 and the cocycle relation, the matrix A (x;u) has poles only if ux® = +1 for some
B € ®* with 3 < ké. Since a > k6, it can be evaluated at 25 = ¢~ (ux®)"/", that is, when ux® = +1. [J

The decompositions in Lemmas 9.3 and 9.7 have the following analogues:

Lemma 9.14. — a). Forn=2k+1>1 and o = a5 + ké € O, we have

1

ko ko
R(:U;ux )| _ -1’ V-1/n = R, 1(x;ux | D 71/77,) : | |
ID—C (ux ) $5—< (ux ) 1SZ$]<4 1—.731-%]-
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where the first factor in the right-hand side becomes R, (u=>/" |C?) when evaluated at x = 1. Here R, ,(z;u)
and R, (o) are the same functions as in Lemma 9.3.

b). Forn=2k+2>2and o =—-a,+ (k+1)d € O, we have

1
(1-zy2;)(1 —x4/x;)

3

kd ko
R(outz;ux )lwszc—l(uxa')—l/n:R2,1(£;ux ’xS:C—l(uxa')—l/n) 11— ||
4 =1

where the first factor in the right-hand side becomes R,(u=2/" |C?) when evaluated at x = 1. Here R, (z;u)
and R,(0) are the same functions as in Lemma 9.7.

Proof. The assertions follow at once from the cases n =1, ( =1 and n = 2, ( = 1 of the two aforemen-
tioned lemmas, after making the substitution

M (ux®)Y™ifn odd

ko —
U = ux |$5=C*1(uxa’)71/n - {CQn.’BlQ/nUQ/n if 1 even
4 .

Note that R(z;u) is even in u, and so the factors (" = +1 can be ignored in the above substitution. [J

We now give simpler formulas for the functions inside brackets in Proposition 9.12, in which the depen-

dence upon n appears only in the cocycle matrix A l(n-1)/2]. We express the arguments in terms of g =

u2/™, choosing the square root '/2 := u /™,

Corollary 9.15. — Let v € O, wo € W and Ry, () be as in Lemma 9.3, for n odd, or as in Lemma 9.7, forn
even. Then:

a). If n = 2k + 1, we have
Rn(0) fua (L,0"%507") = Ry () Ak (L, 0% 07"%) - 0o
where we recall that R,(0) = (0;0) .
b). If n = 2k + 2, we have
Ru(0) fua (1,0 07) = Ra(0)Ar k(L 0" 07"%) - for (L, 0% 07")
where we recall that R,(0) = (0;0)= (0; 92)'6 (1-1/0)". We also have

1/2. -1\ _ ‘[ o +7g +13g +70+1 o +7g +70+1 39 +70+3
fmt( o ;0 ) ot ) 072 ’ o3 .

Proof. The identities follow by expressing C,, 1(z;u) in two ways, using (49) and Lemma 9.13. After can-
celling the singular parts, one can then evaluate at £ = 1 by using Lemma 9.3 (resp. Lemma 9.7) for n odd
(resp. n even), and Lemma 9.14. O

We are now ready to show the following:

Proposition 9.16. — Forn > 1, put o = ¢"*/" < 1. Then the leading coefficient of Q,, (D, q) is
( 1) n/2 3|n/2]-|(n+1)/2] (\/—)

where g,, , # 0 is a power series with non-negative coefficients depending only upon | D[2| modulo n.
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Proof. As before, put k = | (n—-1)/2]. When k =0 (i.e, n = 1,2), our assertion can be verified directly from
Proposition 9.12 and Corollary 9.15; the cocycle Ay is the identity matrix in this case. If £ > 0, we first
observe that the entries of the matrix A« (1, 0"/?; 0/) in Corollary 9.15 are of the form (-1)%g3*("=%)

1/2

times non-zero power series in ¢'/# with non-negative coefficients. Indeed, by the cocycle relation, we can

write

]\T—k (1, zs;1/2y) = B(l, Ts; 1/x§)B(l, x5 L[l ?) - f?(l, x5y 12l 7??)

and note that n — 2k + 2 > 3. Now, for 7 > 3, Lemma A.1 gives the functional equation
B(L,2s;1/2l) = =280 1B(1, 255 2172). (50)

By Theorem 4.3, the function B(1, x5; u) has poles only if ual = +1 (j =0,1,2), and so both sides of (50)
are defined. Furthermore, by Proposition A.2, the entries of the matrix in the rightN—hand side of (50) are
non-zero power series in z; with positive coefficients, and thus the assertion about A__« (1, 0'/*; 0™"/?) fol-

1/2

lows at once by taking x; = ¢* and summing the exponents of ¢ coming from (50).

The remaining factors in the right-hand sides of the formulas in Corollary 9.15 are also power series with
non-negative coefficients, except for the factor

(1-1/0)T==0"(1+ 0+ >+ 0" +-)

in the formula of R, (o). Thus, when n is even, the product —o" f, (1, 0/*; 0™!) gives an additional factor
of (—0)®. Finally, to see that the series obtained after applying Proposition 9.12 is not identically zero, one
just needs to notice that the power series of R, () and R,(0) contain powers ¢’ with non-zero coefficients
for all residue classes j modulo 7 (coming for example from the expansion of (1 — p)™"). This completes
the proof. O

Remark 9.3. The estimate of the power of g dividing the leading term in the previous proposition is
essentially optimal. To see this, let us assume that D is even and that D/2 = 3|n/2]-[(n+1)/2] (mod n).
Then the leading coefficient of the polynomial @, (D, q), expanded as a power series in ¢'/? = ¢7'/*", is
asymptotically
1)
1

It if n even.

(1)) B2 D20 (1 L 0(p)) - {

Indeed, by Lemma 5.3, one has B (x;0) = B’O, and the formula follows at once from the argument of the
proof of the previous proposition, combined with Proposition 9.12 and the formulas at the beginning of
this subsection.

A. Properties of the matrix B(x;u)

We collect here two properties of the matrix B(x;u) in Theorem 4.3 that were needed in the proofs of
Corollary 5.5 and Proposition 9.16.

From the explicit formula of the matrix B(x;u) = A~ (x; ux®), with A given in [I], one verifies the follow-
ing functional equation.
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Lemma A.l. — The matrix B(x;u) = B(x;u)/(1 - u?z®)? satisfies

'B(x; l/ux‘s) = —uSx¥ B(x; u).
The main result of this appendix is the following:

Proposition A.2. — Each entry of B(1, z5; ) is of the form

Z pa,b,c(xE) u) +
abeoo (1-u2)"(1-u2a2)’(1 - uizt)
a+b+c=11

where p, ,, .(x,y) are polynomials with non-negative coefficients.

Let o = 22, ¢ = v*, and set 7 = pq. We have:

by, \/Fb12 \/abm
(g-1)*(r-1)"(or-1)*  (g-1)*(r-1)*  (g-1)*(r-1)19(or-1)*
® . _ \/Fbm 2 \/Ebzs
B(l7 $57u) - (or-1)4(r-1)1 (r-111 (or-1)4(r-1)%0

\/(_]b:;l \/Eb:u b33
@D @D -DY G D -1 (e

where the numerators b;; = b;;(0,q) are explicit non-zero polynomials, given in [I]. The proposition fol-
lows immediately from the following decompositions of b,;.

Lemma A.3. — We have by,(0,q) = poo(r), where the polynomial p,, has negative coefficients, and the other
numerators decompose as follows

bnzas’ﬁua b12:é4’]3127 b21:f4‘]3217
bz = (q - 1)Qa6 “Prs + (T - 1)364 “Gis, bs1 = (Qr - 1)5'6 “Prs + (7’ - 1)364 iz,
b23:]?3']5237 b32:éa'ﬁ327 b33:a6'ﬁ33

in terms of the vectors dyy, = [(r—1)*7*(q-1)"(or - 1)’7]1-:07“.7,{ ,

€y = [(7“ -1 (g~ 1)i]i=0,...,k . [(7“ 1) (or - 1)i]i=07...,k

where p,; and G,5 denote vectors of non-zero polynomials with negative coefficients of the same size as the first
vector in the scalar products.

Proof: The decompositions can be verified using the explicit formulas of the vectors p;; and G, in [1]. By
Lemma A.l, the polynomials bj;(0,¢) can be expressed in terms of b;;(0,1/q0*), and so we only have to
consider half of the off-diagonal entries of B. We illustrate how one arrives at these decompositions by
considering an example.

For the entry bs3, we notice that bs3(0,1/0") = (0-1)°gn(0) forn=0,1,2,..., where g,, are Laurent poly-
nomials with negative coefficients. Therefore we look for a decomposition involving the factors in the de-
nominator of the (3,3) entry of the form:

3
bas(0,q) = ;(T - 1) (g-1)"(er — 1)'hi(r)
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with h;(r) polynomials in 7 = pg. (This assumption on h; and the type of decomposition is suggested by
the symmetry of the diagonal entries under ¢ = 1/go°.) Under this assumption, the polynomials /; can
be determined recursively, by letting ho(r) = bs3(r,1)/(r — 1), and repeating the same procedure with
bss (0, q) replaced by
bss(0,q) — bss(r,1)
(g-1)(er-1)

etc. All the coefficients of the polynomials /,(r) and hs(r) thus found are already negative, and only two
of the coefficients of h,(r) and h,(r) are positive. To eliminate the latter, we replace h,(7) and h,(7) in
the above decomposition by

hy(r) = ho(r) = (r=1)*(r+77),  Ri(e,q) = ha(r) + (r+r7)(q—1)(er-1)

so that hl(r) has now all coefficients negative. In the same way, we replace R/ (o, q) and ho(r) by k! (0, q)
and h{ (o, q), respectively, so that h!’'(p,q) has only negative coefficients, and find that A/ (o, q) has only
negative coefficients as well.

The same method can be used to decompose the entries b;;, by, and b3, in terms of the entries of the
corresponding vector G, or €, as in the statement of the lemma. For b,;, we decompose both

(b13(9, Q) + b31(Qa Q))/(Q + 1)

in terms of the entries of @4, with coefficients that are again polynomials of 7 alone. We recover b,;(o, ¢)
as a linear combination of these decompositions. O
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