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Abstract: In this paper we continue the study of the defocusing, energy-
subcritical nonlinear wave equation with radial initial data lying in the criti-
cal Sobolev space. In this case we prove scattering in the critical norm when
3<p<bo.
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1 Introduction
In this paper we prove global well-posedness and scattering for

g —Aut|ulP " u =0, u:RxR?® = R, u(0, z) = ug, ut(0,2) = uq,
(1.1)
with 3 < p < 5 and radial initial data in the critical L?-based Sobolev space.
The critical Sobolev space for (1.1) arises from the scaling symmetry

u(t,z) = AT Tu(Mt, Az). (1.2)

The H** norm, where s, is the critical Sobolev exponent

3 2
Se=5 T (1.3)
is preserved under this scaling. It is well-known that this scaling symmetry
completely determines the local theory for (1.1) (see [13]). We prove that the
scaling symmetry also completely determines the global theory for radial initial
data. The ill-posedness results of [13] imply that this result is sharp for radial
initial data.

The proof continues the study that we began in [3], [4], where we proved,
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Theorem 1.1 The defocusing, cubic nonlinear wave equation
ug — Au+u® =0, (0, x) = uo, ur (0, 7) = uq, (1.4)
is globally well-posed and scattering for all radial initial data in HY/? x H=1/2,

In this paper we prove the corresponding result for 3 < p < 5, or equivalently
by (1.3), for 3 < s. < 1.

Theorem 1.2 The defocusing, nonlinear wave equation
gy — Au+ |ulP~tu =0, (0, z) = up, ut (0, ) = uq, (1.5)

is globally well-posed and scattering for radial initial data (ug,u1) € Hse (R3) x
H*~Y(R?). Moreover, there exists a function f : [0,00) — [0,00) such that if
u solves (1.5) with radial initial data (ug,u1) € H% x H*~!  then

lull 200 gmsy < Fllluoll e + unllgrac-o)- (1.6)

There are several reasons to conjecture that such a result is true for both
radial and nonradial data.

First, as we have already mentioned, critical Sobolev regularity completely
determines local well-posedness.

Theorem 1.3 Equation (1.5) is locally well-posed for initial data (ug,u1) €
H5(R?) x H*1(R3) on some interval [T (ug,u;), T (uo, u1)], where the time
of well-posedness T'(ug,u1) depends on the profile of the initial data (uo,u1), not
just its size. Global well-posedness and scattering hold for small H%¢ x H®~
norm.

Additional regqularity is enough to give a lower bound on the time of well-
posedness. Therefore, there exists some T (||uo|| s, |1l ge—1) > 0 for any s, <
s< 3.

}%urthermore, equation (1.1) is ill-posed for initial data in the Sobolev space
H* x H5™! when s < Sc.

Proof: See [13]. O

Local well-posedness combined with conservation of the energy
E(u(t)) = 1/u (t,x)%dx + 1/|Vu(t x)[2dr + L/|u(t x)[PTdz, (1.7)
2 t\bs 2 ) p+ 1 ) ’ .

implies global well-posedness for finite energy initial data, that is, ug € HsenH!
and u; € H%~1 N L2, Indeed, by the Sobolev embedding theorem,

E(u(0)) < Ilue(0)[[72ms) +IVu(0) 12 ms) + V(072 oy 1u(O) ] oy (1:8)

and therefore,
Eu(0)) Sjuollzer (072 + [Vu(0)]|72- (1.9)
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By conservation of energy, E(u(0)) = E(u(t)), so (1.9) gives a uniform bound
over the norm |Juy(t)||2, 4 ||Vu(t)||2.. Since (1.5) is energy-subcritical, Theorem
1.3 implies that a uniform bound over the energy is enough to ensure global
well-posedness. Additionally, the results of [20] imply that for initial data of
finite energy with sufficiently rapid decay at infinity, the global solution to (1.1)
scatters.

Definition 1.1 (Scattering) A solution to (1.1) is said to scatter forward in
time if there exist (ug,uf) € H% x H%~1 such that

1 (ut), we(8)) = S@E)(ug  ul) froe s gze—r — 05 (1.10)

as t — +oo, where S(t) is the solution operator to the linear wave equation
ug — Au = 0. Scattering backward in time is defined in the corresponding way.
A global solution is said to scatter if it scatters both forward and backward in
time.

Remark: Conservation of energy does not imply global well-posedness or scat-
tering for the focusing problem, which will not be discussed here. See [14] for a
discussion of blowup solutions in the focusing case.

The second reason to conjecture scattering for a solution to (1.1) with generic
initial data (ug,u1) € H#e x H5~! is that it is known that an a priori upper
bound on the H® x H®~! norm for a solution to (1.1) implies scattering for
both radial and nonradial data.

Theorem 1.4 Suppose ug € H* (R?), u; € H*(R?), and u solves (1.5) on
a maximal interval 0 € I C R, with

S (0 ey - e ) e ey < (L11)

Then I = R and the solution u scatters both forward and backward in time.

Proof: See [17] for the proof in the radial case and [5] for the proof in the
nonradial case. [J

Theorem 1.4 is called a type two scattering result, while a blowup solution
to (1.1) that satisfies (1.11) would be a type two blowup solution.

Remark: The pseudoconformal transformation of a NLS soliton is an example
of a type two blowup solution.

Type one blowup is a solution to (1.1) for which the bound (1.11) does not
hold. Since S(t) is unitary, (1.10) cannot occur if (1.11) does not hold.

The tools for type two scattering results are very well-developed, especially
for the energy-critical wave equation. Observe that when s, =1, or

uy — Au + u’ = 0, U(O, ‘T) = Uo; ut(oax) = U1, (112)
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(1.11) automatically follows from conservation of the energy

B(u(t)) = %/ut(t,xfdx—l—%/|Vu(t,x)\2dac+%/u(t,x)ﬁda:, (1.13)

reducing scattering questions for the defocusing, energy-critical problem to type
two scattering questions. The qualitative behavior of (1.12) has been completely
worked out, proving global well-posedness and scattering, for both the radial
([7], [22]) and the nonradial case ([1], [2], [8], [16]). The proof relies very heavily
on conservation of the energy, which ensures a uniform bound over the critical
Sobolev norm, and also yields a Morawetz estimate,

//dedth(u(O)), (1.14)

which gives a space-time integral estimate for a solution to (1.12).

When 3 < p < 5 there is no known conserved quantity that gives an upper
bound on ||u|| sy frse—1- Additionally, since Morawetz estimates arise from
conservation laws, there is also no known Morawetz estimate at the critical
Sobolev regularity. Such a Morawetz estimate would likely significantly simplify
the proof of Theorem 1.4, while proving an upper bound on [|ul| 7., y frsc—1 would
mean that Theorem 1.4 would imply Theorem 1.2 for both radial and nonradial
data. The author believes that [4] and this paper are the first global well-
posedness and scattering results for initial data in a critical Sobolev space when
there is no known conserved quantity that controls the critical Sobolev norm.

To prove Theorem 1.2 we utilize the Fourier truncation method. The initial
data is split into two pieces; a piece with small H* x H%~! norm and a piece
with finite energy. Then, a solution u to (1.5) is shown to have the decomposition

u(t) = v(t) + w(t), (1.15)

where v(t) has uniformly bounded energy, and w(t) is a small data scattering
solution to (1.5). By Theorem 1.3, a uniform bound on the energy of v(t) is
enough to imply global well-posedness of (1.5).

Remark: The Fourier truncation method was used in [11] to prove global well-
posedness for the cubic problem when s > %.

To prove scattering, the wave equation (1.5) is rewritten in hyperbolic coor-
dinates. These coordinates were quite useful to the cubic wave equation because
the hyperbolic energy scales like the HY2 x H=1/2 norm. For 3 < p < 5, the
hyperbolic energy and the energy (1.13) “sandwich” the H® x H®~! norm,
giving scattering.

Remark: Previously, [18] used hyperbolic coordinates to prove scattering for
(1.5) with radial data lying in the energy space and a weighted Sobolev space.
The weighted Sobolev space used in [18] also scales like the H'/2 x H~'/2 norm.
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As in [4], energy and hyperbolic energy bounds merely give a scattering size
bound for any initial data in the critical Sobolev space, but with scattering
size depending on the initial data (up,u1) and not just its size. To prove a
scattering size bound that depends only on the size of the initial data, we use
Zorn’s lemma. As in [3] and [4], we use a profile decomposition to show that if
(upr,u?) € H% x H*~1 is a bounded sequence, then ||u”||L3f5_1)(RxR3) is also
uniformly bounded.

Remark: The upper bound in (1.6) is completely qualitative. Concentration
compactness-type arguments that proved scattering in the energy-critical case
also obtained a quantitative bound. See for example [23]. Here we do not
obtain any quantitative bounds at all. In the author’s opinion, it would be very
interesting to obtain some sort of quantitative bound.

Outline of the argument: We begin by proving global well-posedness for the
p = 4 case in section two. This is a warm-up for section three, where we then
generalize this global well-posedness result to any 3 < p < 5. After proving
global well-posedness, the hyperbolic coordinates are well-defined. In section
four, we prove an estimate on the initial data, before obtaining a scattering
bound in section five. We conclude with a concentration compactness argument
in section six.

Acknowledgements: The author was partially supported on NSF grant num-
ber DMS-1764358 during the writing of this paper. The author was also a guest
of the Institute for Advanced Study during the writing of this paper.

The author is also grateful to the anonymous referee for a detailed list of
many helpful suggestions.

2 Global well-posedness in the p = 4 case

To simplify the exposition, first consider the specific case of p =4 in (1.1),

uge — Au+ |ulPu = 0. (2.1)

In this case 3 9 5
- -__=2 _Z 2.2
ToT 4176 (2:2)

Global well-posedness is proved using the Fourier truncation method. Using
(1.2), fix 0 < e < 1 and rescale so that

| (P>1u0, Ps1ut)|| gsse o fr-1/6 < € (2.3)

Remark: In sections four and five, this data will again be rescaled so that most
of the critical Sobolev norm lies in a ball of radius one.

Then decompose the initial data

vg = P<ug, wo = Ps1ug, v = P<yuyg, wy = Psqug. (2.4)
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By Theorem 1.3, (2.1) has a local solution. Decompose the solution to (2.1),
u = v + w, where v and w solve

wy — Aw + |w]Pw = 0, w(0, ) = wo, we(0, ) = wy, (2.5)

v — Av + uPu — |wPw = 0, v(0,z) = vy, ve(0, ) = vy. (2.6)

We know from [13] that (2.5) is globally well-posed and scattering. The
proof uses Strichartz estimates and small data arguments.

Theorem 2.1 (Strichartz estimates) Let I C R, ¢ty € I be an interval and
let u solve the linear wave equation

ugg —Au=F, u(ty) =ug, uto) = u. (2.7)
Then we have the estimates

lullrparxrsy + ull oo grarxmay + Nutll o fre—1 (rxma)

(2.8)
e N0l izeqry + Nl srems oy + 1F g 1o ey
whenever s > 0,2 <p,p<o0,2<¢q,q< o0, and
1 11 1 1 1 3 3 1 3
—+-=+=<g5, —t-=5-s5==+5 2 (2.9)
p q¢p ¢ 2 p q 2 g

Proof: Theorem 2.1 was proved for p = ¢ = 4 in [21] and then in [6] for a general
choice of (p,q). O

Then,

el g oo psan e ioss < 1) s r-vse + lelidy ool a0 S e
’ (2.10)
which by (2.3) implies that w is scattering. Additionally, the radial Strichartz
estimate and Bernstein’s inequality implies

lwllzpere S €+ llwlizg lwlrers Se. (211)

Theorem 2.2 (Radial Strichartz estimate) For (ug,u1) radially symmet-
ric, if u solves (2.7) with F =0,

ull L2 oo ®xr3) S ol grray + uallL2ws)- (2.12)

Proof: This theorem was proved in [9]. The dual of (2.12) is that if ug = u; =0,
and F is radial, then
lullgerz < IFllzzrs- (2.13)

O
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Therefore, to prove global well-posedness of (1.1) in the case when p = 4, it
is enough to prove global well-posedness of (2.6). To that end, let E(t) be the

energy of v,
1 1 1
E(t) = 5/|W|2 + §/v§ - 5/|v|5dx. (2.14)

By the Sobolev embedding theorem and (2.4),
E(0) < (luoll /e + llunllgg-1/6)* + (ol grsse + luallz-1/6)°- (2.15)

To prove global well-posedness of (2.6), it is enough to prove a uniform bound
on E(t). Indeed, suppose that (2.6) has a solution on an interval [0,7"), and
that
sup E(t) < 0. (2.16)
te[0,T)

Then by Theorem 1.3, there exists some § > 0 such that for any tq € [0,7T),
By — AD+ 020 =0,  O(tg,x) = v(to,x),  Tlto,x) = ve(to,x), (2.17)

has a solution on [tg,to + d]. By (2.10) and standard perturbation theory (see
Lemma 6.2), this proves that the solution to (2.6) can be continued past 7.

Theorem 2.3 The energy E(t) given by (2.14) is uniformly bounded for all
t € R, and moreover,

fglgE(t) Siuoll s /e llusll 16 £(0)- (2.18)

Proof: The proof is quite similar to the proof in [4]. By direct computation,

d

%E(v(t)) =— /vt[|v +wP(v 4+ w) — |wiw — |[v]3v]de. (2.19)

By Taylor’s theorem,
1 1
v+ wP(v +w) — [v]Pv — |wfPw = 4w/ lv + Tw|dr — 4w/ |Tw|3dr
0 0

11
= 12wv/ / |sv 4 Tw|(sv + Tw)dsdr = 4|v[*w + O(|v|*|w|?) + O(|v||w|?).
o Jo

(2.20)
By Holder’s inequality and (2.14),
1/3 5/3
(v, [02[w]?) S [lvell 2 oy 0] o oy (01135 gy 10 15 sy S B w1315 ms),
(2.21)
and
(v, [ol[wl®) S [lvellzz o) 10l ze @) [wlFo sy S EOIw®IFs@ms)-  (2:22)
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Therefore,

%E(t) = —4(vy, [v]*w) + E@O(lw(®)l|7ss ms) + ol Zoms)-  (2:23)

If the term 4(v;, |v|3w) could be dropped, then we would have

%E(t) S E®lw®lLsms) + lw®)lis@s)- (2.24)

By radial Strichartz estimates, (2.4), and (2.10),

/R o ()20 oy + (82 (ot S €. (2.25)
Indeed,

Theorem 2.4 (Radial Strichartz estimates) Let (ug,u;) be spherically sym-
metric, and suppose u solves (2.7) with F = 0. Then if ¢ > 4 and

1 3 3
4t 2.2
5Ty "2 % (2.26)
then
lullz2rsrxrsy S woll gemay + [[unll o1 (rs)- (2.27)

Proof: This was proved in [19]. O

Then for w solving (2.5), by (2.10), the Sobolev embedding theorem, and the
principle of superposition,

lwllzspisazzrs S lwollgose + llwill grose + llwPwll o Se (2:28)
tHx

Then by Gronwall’s inequality, (2.24) and (2.25) would easily imply that

sup E(t) < E(0). (2.29)
teR

Remark: In fact, we can say something more than (2.28). Namely, by Duhamel’s
principle,

w(t) = S(t)(wo,wy) — /0 St —1)(0, |w>w)dr, (2.30)

so since the operator P; commutes with S(t),
D I1Pwlzeras) > S Q IPwollys s + [1Prwnlly o + 1P (lwPw)lfZ s 1)6) '
J J

< llwollgrsre + lwill -0 + NwPwll g gr-aso

< llwollggase + llwill g1/ + llwPwll 1y pors S e.
(2.31)
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The contribution of 4(v, [v|3>w) is controlled using a Morawetz estimate in
conjunction with weighted Strichartz estimates, as was done in [4]. Define

E(t) = B(t) + cM(t) + / loPowda, (2.32)
where M (t) is the Morawetz potential
T 1
M(t) = /vt— - Vodx + /vt—vda:, (2.33)
|| ||

and ¢ > 0 is a small, fixed constant. By Hardy’s inequality,

cM(t) < cl|Vullp2ws)l|vellL2msy S cE(t), (2.34)
and by (2.10),
[ evwds < 1ol o2 ol e S B (2.35)

Therefore, £(t) ~ E(t).
Next, by the product rule,

d
4(vy, Jo]Pw) — 7 / lvPowde = —(v, [v]3w;). (2.36)

Also, by direct computation and integrating by parts, since v is radial,

d B 5 3¢ [ |ut, )P
—c/(|v+w|3(v +w) — [ofPv — |w\3w)% Vuda (2.37)
xr

1
—c/(\v +w? (v +w) — [v]*v — |wPw) —vdz.

||

Remark: The virial identities will be computed in more detail in the next
section.

Therefore,

d 3¢ [ |u(t,x)

ZE(t) = —2ren(t, 002 — = | g
dtg( ) mwev(t, 0) E / 2] x

‘ x
—c v+ wlP(v+w) = [v]Pv — |JwPew)— - Vodz — (v, |v]>w
[l ) = oo fufu) ol o
1

fc/(|v + w3 (v +w) — |v]Pv — |wPw) —vdz

]

+OEOlw®)l|L1sgs) + Ol ms))-
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By Hardy’s inequality, the Sobolev embedding theorem, and the Cauchy—
Schwartz inequality,

1
/(|v +wl(v+w) — Jv]Pv — |w|3w)mvdx

1 2/3 1
S ([ aretde® ol loles + Ipollslollsolly (239

1
I ) _E 3 .
o [ plul*dz) + Bl
Also, following (2.21) and (2.22),

1/3 5/3
e [Pl + ollol® )5 - Vede <I935 ol

(2.40)
HIVollzz olle lwllzs < E@lwll7is + wllzs]-
Therefore,
d 3¢ [ |u(t,z)?
—E(t)+2 00+ = | 4
e +2meott. 0+ 5 [
o 3 3
—i—c/wﬁ -V(JvlPv)dx + (v, |[v]wy) (2.41)
1 Iv |5
S 5E®)llw( Mz @y + w20 @en] +0( | —7—da).
Make a Littlewood—Paley decomposition,
([ v, we) = ([v]*v, Pyw). (2.42)
J
By Lemma 3.3, if P; is a Littlewood-Paley projection operator,
1 5 1 57, < 5
H|P§jv| dx + m\PZjﬂ dx S z ||v| dx. (2.43)

Therefore, by Holder’s inequality, (2.43), and the Cauchy—Schwartz inequality,
> lvl*v = [P<jvf* (P<jv), Pyw)
J
1
<Y |||x\1/10P2jv||Lg/2(/ m(lpsﬂfP + [ Pojol*)dz)* P |22 Py | oo
J
1
< (/ mlvl5dx)3/5 Ml OPsjoll el Pywy | e
J

(2.44)
By Bernstein’s inequality and the radial Sobolev embedding theorem,

Nl Ps ol 2 ey S 290Vl 2oy S T9PEOM (2.45)

)

10
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Also, by Bernstein’s inequality, the radial Sobolev embedding theorem, and
integrating by parts,

v »

(|P<jv|?(P<jv), Pjwy) = (| P<;jvl*(P<;v), gpjwﬁ ~ 27| P<jv[*(V P<;v), (Pjwy))
s 1

S2 jHImll/wVPSJ'UHLi/?(RS)(/H|P§jv|5dx)3/5”|$|1/2ijt”L;°(R3)

. 1
20 ([ ool da) e 2Pl
(2.46)
The term f(PJw)ﬁ -V(|v]3v)dz can be handled using a similar calculation.
Indeed, by Bernstein’s inequality and (2.43),
T 3 \Y T 3
(ij)m -V(|P<jvl”(P<jv))de = g(ij)m -V(|Pgjvl”(P<jv))de
x

~ 27 / (V) - V(I Pjof (Pejv))de

iy 1
S 272 Py V|| L H|$|1/IOVPSJU||L2/2(m|P§jv|5dI)3/5

4 1
< 2 H/5 B(1)1/2( / FIEEORR RS AT

(2.47)
Meanwhile, integrating by parts,
X
/ (Pyw) - (o' — Pyof (Pyu))d
X
== [ B9w)- Z(olo = [Pesul (P (2.48)
1
=7 (Py) (v = |Pjof (Pyv))da.
The term
T B -
- (BT Zllofo = Pesol* (P (2.49)
may be handled in a manner identical to (2.44)—(2.46), giving
; 1
(2.49) S 24702 | RN R AT (2.50)

Meanwhile, by (2.43), the Sobolev embedding theorem, the Cauchy—Schwartz
inequality, Young’s inequality, Bernstein’s inequality, and the Littlewood—Paley

11
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theorem,

1 3 3 1 3 3

-2 (ij)j(\vl U—|P§jv\ (P<jv))dz S H\ijl\Pzﬂl(\ngl + [ P>jv]*)dx
o/

2 1/2 /3434/5 2 1/2

/Z|Pw| L 2 (1Pl + 1Pajol®))1/2(3 29754955 Py ) Ve
J

1 5 7.\3/5

j\ngvl dz)

/g 1
S D2 Pwlf) s [ PP
J

J

1/3 ; 1

I o) 2 (8 2 el )
J J

1 1 e ) |
o[ gyl + SEO(E 2Pl S 6 [ Tolofde) + SEO IOl
J

(2.51)
Remark: We use Young’s inequality to show
IS 2P ) s = D205 Bl e
J k>3
sn@aﬂ/ﬁ“/% ) e
J
(2.52)
Therefore, by (2.41)—-(2.51),
d
ag()+27rcvt0 /|U
1 |v(t,
S gE(t)[Hw(t)HQL;S(Rs) + lw®)l|7 rey] + 5(/ Tdf) (2.53)
1 .
B 27 o 2PV ol ).
J
For 6 > 0 small, but fixed,
1
5(/—\v|5dx) (2.54)
||
may be absorbed into the left hand side of (2.53).
Next, recall Corollary 3.3 from [4].
Corollary 2.5 For any j € Z, if w solves the linear wave equation
wy — Aw =0, w(0,x) = Pjwo, w(0,z) = Pjwn, (2.55)
then for any 2 < q < oo,
"2l g pee mxcmsy S IPjwoll grasar + |1Pjwrll frager—s- (2.56)

12
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In this case ¢ = g, so by Corollary 2.5 and (2.30),
22 Prwll sz oo S N Pjwoll ass +I1Pjwallgrass + 1Py ([w*w) | 1y gy-a/s. (2.57)
Also,
22 PiVeawll sz oo S I Pjwoll grass + I1Pswillgars + 1B ([w*w)l 1y s
(2.58)
Remark: The estimate (2.58) in the case of V,w follows easily from (2.57)
using the Littlewood—Paley decomposition. For d;w, we use the fact that
atS(t)(’LUo, ’w1) = S(t) (wl, A’wo), (259)
which by (2.57) implies

/2 PV S () (wo, wi) | 572 o0 = [l /2 P38 (1) (wr, Awp)

1572 oo
ESTLE(2.60)
S IPjwillggass + [1PjAwoll gr—2/s = [1Pjwill a/s + ([ Pjwoll grs/s-
Utilizing (2.60) in the integral term in (2.30),
t
llal' P59 [ 8= )0, el oy
0 (2.61)
§/|\Pj(|w|3w)||H3/5dT = 1B (JwlPw)ll 11 gross-
Using the computations in (2.31), for any o > 0 small, o = % will do, by
Bernstein’s inequality,
Z2_4j/5|||x‘1/2Pjvt’zw”Lf/2L$"(RxR3)
i>0 ‘
<o (2 PPVl o)

Jj=0
< (25 Py s oy + 27 Py [ s P (262)
Jj=0
H 2 By ) 2 )
Jj=0

S llwoll gsse + lwill gr-1/6 + |||’LU|3’LU||L%L2/5 S €.
Since wp and w; have the Littlewood—Paley support P>g, by (2.11),

lwlizeerz S llwollrz + lwill -2 + wllogerz lwllze
’ (2.63)
S llwoll gsse + llwall g1/ + lwllzgerz lwllzs - <e.

13
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Therefore, making a computation similar to (2.62),

> 274 |2 PPV, qw| s/

L (RxR3)
J<0
S 32PN Pywo gass + 2792 Pywn | gross + 27| Py (lwlPw)l] 1 gross
§<0
<o (29| P s + 2755 Py B se + 2759577 Py (0P0) 2, yas0)

71<0

S llwollze + llwall g1 + lllwlPwl 1 /s
< llwoll grs/e + lwillgg-s/s + llwllgs o lwll ez S e
(2.64)
Therefore, by (2.15), (2.25), (2.62), (2.64), and Gronwall’s inequality, for
e([luoll ggsses |1l g-1/6) > 0 sufficiently small, (2.18) holds, proving Theorem
2.3. O
3 Global well-posedness for general p
Now prove global well-posedness of (1.1) for any 3 < p < 5.
Theorem 3.1 The nonlinear wave equation
g — A+ JuPru =0, u(0, ) = ug, ut (0, ) = uq, (3.1)

with radial initial data ug € H* (R3), u; € H** Y (R3), s, = %—p—l, 3<p<b,
1s globally well-posed.

Proof: The proof is a generalization of the argument in the p = 4 case.

First prove a generalized Morawetz inequality.

Theorem 3.2 (Morawetz inequality) Ifu solves (3.1) on an interval I, then

//'“tz||p+ld dt < B(u), (3.2)

where E is the conserved energy (1.7).

Proof: Define the Morawetz potential

M(t) = /utuTTer—l—/uturdr. (3.3)

By direct computation,

d _ 1 2 p— 1 / p+1
dtM(t) = 2u(t,0) P |ulPT rdr. (3.4)

14
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Then (3.2) holds by the fundamental theorem of calculus and Hardy’s inequality.

O

The Morawetz estimate commutes very well with Littlewood—Paley projec-

tions.

Lemma 3.3 For any j,

1

1
/*|P§jvlp+1dﬂj +
|| ||

1
|P>jU|p+ld$§/ﬁ|’U|p+1dl'.
= x

Proof: Let 1 be the Littlewood—Paley kernel.

1 1 -
L Peule) = —— [P0 - )l
|];|p+1 ‘x|p+l
When |y| < |z,
1 g v 1
—— 2792 (x —y)) S 2792 (x — y) ——.
|x|p+1 ‘y|p+1

When |y| > |z| and |z| > 277, since 1 is rapidly decreasing, for any N,
1 ) . 1 933
2394p(27(x — y)) <n :
|| 7 =) a7 (L+ 27z —y N
3j 37
< 11 ‘ 2 < 11 _ 2 -
|| 7120 |y| (L4 27z —y DN =1~ g5 (1+ 2|z — y[)N !

Combining (3.7) and (3.8),

1
II7| s | P<jvlllo+1(jz)z2-1) S |l
xT|P

1
1 UHLP“(RS)'
s

When |y| > |z| and |z| < 277, since 9 is rapidly decreasing, for any N,

L@ ) Sy e
Xr — -
27 PN e (U 2w = )Y
-
< 1 227 1

Tl P (1 + 2 — )N 25ty

By direct computation,

i _J
23] p+1 25

(1+ 2|z —y)N w1 L7 (R

(3.5)

(3.9)

(3.10)

(3.11)
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Therefore, by (3.10), (3.11), Young’s inequality, and Holder’s inequality,

1
== P<jvlll Lo+ () <2-9)
|| 7T
23i—5h 1
S == llzr+1(jzi<2-9ll ——— || e [0l (3.12)
|| 7T (L 2fa|)"mwr b y|ei
1
S ===l (ms):
|x|p+1

This proves (3.5). O

Next, split a local solution (3.1), u = v + w, where w solves
wy — Aw + |w|Prw = 0, w(0, z) = wo, we(0, ) = wy, (3.13)
and v solves
vt — Av + [ulPru — |w|P e = 0, v(0, z) = v, v(0,2) = v1. (3.14)

Again use the rescaling (1.2) so that vy = P<jug, v1 = P<iu1, wo = P>1uo,
w1 = P>17.L1, and
||wOHH56(R3) + ||w1||HsCfl(R3) <€ (3.15)

As in (2.15),
E(0) < (luoll gree + lluallgrec—2)? + (luoll grae + ]l groc—)7* (3.16)

By small data arguments, (3.13) is globally well-posed and scattering for
€ > 0 sufficiently small. Indeed,

< . . P
I e I+ s ol ol 2 s <
(3.17)
and as in (2.11),
-1
lwllzezs S lwollze + wnllg-s + lwllzzezzllwl o < (3.18)

Now define the energy of v,

E(t) = /|W|2 l/fut(t T dx+—/\ (t,z) [P da, (3.19)

E)=E({t)+cM(t) — / lv|P~ Lowdz, (3.20)

16
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where ¢ > 0 is a small constant and M (t) is given by (3.3), with u replaced by
v. Then by (2.19) and (3.4),

d [v(t, )P+t
—E&(t t,0 1-— d
dt (Hz”( R p—|—1 / E

= (v, v+ wP" (v + w) — |v|P o — JwPrw) + T / lv[P~vwda
(3.21)

—c/[|v +w|P" v+ w) — o[ty — |w|p*1w]% - Vudzx
T

1
—c/[|v +w|P~ v+ w) — o]ty — |w|p’1w]ﬂvdx.
T

By (2.39), Hardy’s inequality, and the Cauchy—Schwarz inequality,

1
/[|v +wP (v 4 w) — P v — P w] —wvdz

Ed
R 721 1 1
z ||’U\ z)r=1 ||‘ |1/QUH wllzse- Jr||W’U||L2||”U||L6||1U\|L3<p71)

+1
S o [ ol + S EOel .

(3.22)
Also by (2.20),

[o+w]P™ (vt w) = [P~ o= [wPhw = ploP T w+ O ([P w]?) + O (Ju| w7,

(3.23)
By Holder’s inequality,
/ (OoP2}f?) + Ol =) = - Vo
< IVl foll ol + Bl s (3.24)

S B lllwlfag-y + lwl?

s |,
I—sc

and
(v, [O(Jo[P2w]?) + O(Jollw|*~ M) S E@)[wl?50- + Ileliﬁ}- (3.25)

Next, by the product rule,

d
plon o) = 5 [P towde = (op o). (320

17
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Following (2.44),
D (P to — [PgjolP T (Pejv), Pywy)
i
1 1 1y 2L 1/2 _p=3
< (/9[;||st'@”+1 + mlpzjvl”+ )re le\xl /2Py L= |70 | Pojol || pgs
1 p—1
£)1/? Bl 172
S Z? B (/ oyl ) 5 a2 P

1

_ 45 p+1
(> 27771 | 2 Py | =) "5
J

ptl
4

5(/ m|v|1’+1dx) - 5E(zt)

(3.27)
Meanwhile, integrating by parts as in (2.47),
_ 1 1 ptl _ 45 ptl
D {IP<gulP ™ (Peyo), Pyw) S 6 [ ol da)+ B (3277 | Prwylp=) 7
Ed 6
J J
(3.28)
Using (3.17) and (3.18) in place of (2.10) and (2.11),
E(0)% /R (3" 2775 | Py 1) " dt S E(0) " €5 (3.29)
J
The contribution of
—c/w%-V(\v\p_lv)dx (3.30)

may also be handled by Splitting

WV V(o[ Z P; w V|v|p71v = Z(ij)i

] A

+Z Pw V(([o]"~ v = [Py~ (P<jv)),

V(|P<jv[P~! (P<;v))

(3.31)
integrating by parts, and summing up.

Then arguing as in the p = 4 case, (3.25) and (3.29) imply that
sup £(t) < £(0), (3.32)

teR

which completes the proof of Theorem 3.1. [

4 Scattering: Estimates on initial data

To prove scattering, let ¢(x) be a radial, smooth function supported on |z| <1
and ¢(x) =1 on |z < 5. Then for R(ug,u;) > 0 sufficiently large,

10 = S0l e oy + 10 = SNl froca ey < (1)

18
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Then rescale according to (1.2),

p+1
p—1

ug(x) — (2R)%u0(2Rx), ui(x) = (2R)»=Tuy (2Rx). (4.2)

By (2.3), if n is an integer such that 2" > 2R, then abusing notation and letting
(up, u1) denote the data given by the scaling (4.2),

11 = ¢(@))uoll grec (may + (1 = O(@))ur | o1 (ms)

(4.3)
1602 Pomtol] 1o sy + 16(0) Ponti oo+ sy S €
By small data arguments, (4.1) implies that
ell 20 10,00y x ol > 3403y S (4.9)

if w is the solution to (1.1) with initial data (ug, u1). Translating the initial data
in time from ¢t =0to ¢t =1,

loll 2= 1.00) e fastal ze-37) S € (4.5)
As in [4] and [18], the proof of
”“”L?ff‘”([l,oo)x{x:mg—%}) < 09, (4.6)
will make use of the hyperbolic change of coordinates,
u(r,s) = %ﬂhsu(g cosh s, e” sinh s). (4.7

If w solves (1.1) and is radial, then @(7, s) solves

2 ; s
— — 290 —(p=3)7(_° -l p—1g —
(Orr — Oss Sﬁs)u(T,s) +e (sinhs) la(r, s)|P~ u(r,s) =0. (4.8)
The hyperbolic energy is given by
~ 1 - 2.2 1 ~ 2.2
E(u) = 3 (0st(T, 8))*s"ds + 3 (0ru(T, s))*sds
1 5 (4.9)
= —(p=3)T(_° -l p+1 .2
P e (sinhs) |a(T, s)|PT s*ds.
By direct computation,
d S

L B@)(r) = _p-3 eI

dr p+1 Sinhs)p71|a<7—7 S)|p+132d5 <0, (410)

which implies that the energy of 4 is non-increasing.

We also have a Morawetz estimate.
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Theorem 4.1 If @ solves (4.8) on any interval I =[0,T], then

—(p=3)r(_ 5 \p—1 coshs, - pt+1.2 < F(7
/I/e (sinhs) (Sinhs)|u(7, $)[PTs*dsdr < E(a(0)). (4.11)

Proof: Using the Morawetz potential in (3.3),

M(T) = /115(7,5)1]7(7, 5)52d5+/ﬂT(s,T)ﬂ(T,s)sds. (4.12)
Then by direct computation,

d 1 9 p—1 [ coshs 5
EM(T)iiiu(T’O) 7p—|—1/ sinhs)(sinhs

Y a(r, ) [Ps?ds.  (4.13)

Then by (4.10) and the fundamental theorem of calculus, the proof is complete.
O

Previously, in [4], for the cubic wave equation, the initial data was split into a
(9,71) € H' x L? component and a (i, w;) € H'/?x H='/2. Here, it would be
nice if we could do something similar, only with F1/2 replaced by H*:. However,
the hyperbolic energy scales like the H'/2 norm, and thus is not invariant under
the general scaling (1.2). Instead, what we will do is place (7o, %) € H' x L2,
but (wp,w;) will merely lie in a Sobolev space after multiplying by exponential
weights. The weights in the nonlinear part of the energy (4.9) will then be used
in conjunction with the weights for the Sobolev space to bound the growth of
the energy of .

Theorem 4.2 There exists a decomposition
Uy = Vg + Wo, U] = U1 + w1, (414)

satisfying
1ol g1+ 171llz2 S B> ([luoll gree + llunll groe—1); (4.15)

where R is given in (4.2), and

Do TR (s = k)@oll e, g + Y TR = R G

k>1 k>1
Hlole® = Dol g + l0(e® = D [[3e—r e S €
(4.16)
Here, x(s — k) is given by the partition of unity,
1= x(s—k)+ (e’ — 1), (4.17)

k>1

where x € C§°(R), and x is supported on —1 < s < 1.
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Proof: To calculate

T o h
(T, 8)|r=0 = %u(é’ cosh s, e” sinh §)|,—q, (4.18)
use Duhamel’s principle,
¢
u(t) = St —1)(ug,u1) — / S(t — 8)(0, |ulP~ u)ds. (4.19)
1

The analysis will be split into three pieces, analysis of the zero velocity linear
solution, S(t — 1)(uo,0), analysis of the zero initial data linear solution S(t —

1)(0,u1), and analysis of the Duhamel term, flt S(t — 8)(0, |ulP~tu)ds.

Zero velocity term: In the zero velocity case, the contribution of S(¢)(ug,0)
to g will be decomposed as follows:

0o = ¢(e® — 1)(P<pup)(e® — 1) - (¢ = 1) + (e — 1) (P<puo)(1 —e™%) - (1 —e™%)
+3 X5 = B) Py x_ug)(1—e™) - (1—e™),

n(2)
k>1
(4.20)

and
o = 9" — 1)(Pontio)(e” — 1) - (€* = 1) + d(e" — 1)(Poug)(1 — ™) - (1 — ™)

+ Z x(s— k)(P>n+1n'§2) uw)(1—e™®)-(1—e ®) + Zx(s —E)ug(e® —1) - (e* — 1),
k>1 k>1

(4.21)
and the corresponding 0, derivatives are the contributions to 9; and ;.
Indeed, setting u; = 0 and ignoring the contribution of the Duhamel term,

su(r,s) = e sinh s - S(t — 1)(up,0)(e” cosh s, e” sinh s)
1 (4.22)

- §[u0(6T+S 1) (€ =1 +u(l—e*) - (1—e")].

By direct computation,

19 (e7*=1) (P<nuo) (€7 =1)-(e™*=1)] -0l L2 (0,00)) S B [uoll gree (ms)

(4.23)
and
T+s T+s 6T+s -1 (1—sc)
(™ =1)(P<nuo) (e =1)- (————)llr=ollz2(0,00) S B l[w0] groc mo)-
(4.24)
Meanwhile, by (4.3),
T+s T+s eT+S -1 <
[¢(e™"* = 1)(Psnuo)(e™* — 1) - (f)h:oﬂg%(m) Se (4.25)
Similar calculations also hold for
(1 —e"ug(l—e"7%) - (1 — " °)|r=0- (4.26)
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Remark: Since 0, f = £0,f for the components of (4.22), the same estimates
also hold for 0,;w(t, s)|;=o. Here we make use of

0s(su)

-1 (may S llull ey ey for any 0<s1 <L (4.27)

Turning now to the y(s —k) terms, since ug € H*, 5. > %, using summation
by parts,

190> x(s = k) (Pepy

g up)(L—e™ %) - (1 —e")]|r=0ll£2(j0,00))

n(2)
k>1
= 185> x(s = k) (P<puo)(1 — €™ 7%) - (1 = €77%)
k>1
D= k) D Py wo)(1 =€)+ (1= €] 2
k>1 1<i<k
= [0:> 1> x(s— NP s wo)(1 =€) - (1= e77%)
1>1 k>l
+> X(s = k) (P<puo)(1— €7 %) - (1 — €7 %)) 2
k>1
S 2N ol e ™2 4> TPy woll g S BT o e
k>1 k>1

(4.28)
We use Bernstein’s inequality to estimate the last term. Also, by the radial

Sobolev embedding and the fact that s, > %,

T—s 1—e™*
1325 = B) (P o) (1= €7 - (F—— oo 0oy
= . (4.29)
< 2n(175c)(z ﬁ)1/2||uo||HsC(R3) < R(175c)||u0||HSC(R3).
k>1
Also by (4.3),
T—58 1—e™
1325 = B)(Pa e o) (1 =€) - (el oy S (4:30)
k>1
Finally, take
s eT-‘rS —1

D~ X(s = )€™ = 1) - (——)|r—o. (4.31)

E>1

For any 0 < s < 1, if g(z) is monotone increasing or decreasing and ¢'(x) ~ M
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for all z € [0,00), by a change of variables and Bernstein’s inequality,

(k—j)s

2 PPy S o) ee S 2y

2| Po(P; f(9(2)l2 S 27 M IVPe(Pi f(g(2)) |2 S MY22RC D20 Py | 4.,

which implies || f(g(z))]l g= S M| f] -
(4.32)

||PJfHH<7 anda

Therefore,

eTts —1
Ix(s — k)1 — p(e™™* — 1)]ug(e™* — 1) - (=l
€k+1 ek+1

S ) Prian) 2 e e [Tl Pran 2
ek—l e

k—1
k+1 k+1

,Se_k(%_sc)(/e |u0(7~)|2r2(1_56)d7“)1/2—i—e_k(%—sc)(/e ||V|55u0(7“)|27“2d7“)1/2-
ek—1 e

k—1
(4.33)
By (4.1), (4.2), and Hardy’s inequality, this satisfies Theorem 4.2. In this case,
it is not quite true that 0sf = £0; f, we have the terms

0+ 0-)>_ x(s — B) (P o) (1= €7%) - (1= ™)l
k>1

=x'(s —1)(P<pug)(1 —e %) - (1 —e™®) (4.34)
Y X (s =D(Pyy 1 ug)(1—e ) (1—e™),

+1n(2)
1>1

and

(@5 =0) [y x(s—kyuo(e™* = 1) (7" = 1)]| ;=0 = x(s = uo(e* = 1)- ("~ 1).
k>
- (4.35)

Since > ;50 IX'(s — k)| £ %21@1 |x(s — k)|, for any s € [0,00), using (4.29)—
(4.31) completes the estimates of the zero velocity term.

Zero initial data: Turning to estimating the contribution of S(t)(0,u;), split
ur = ¢(z)P<pur + [ur — ¢(z) P<pun]. (4.36)
By direct calculation,

e’—1
||5r,s/ G(r)P<pur (r)rdr| 12 (0,00)) S 2" Jun || ee—1 (4.37)
l—e—s

and by Holder’s inequality,

1 e®—1 _
H;/ G (r) P<yua (r)rdr| 120,00y S 2" lua |l jec—- (4.38)
1

—e—s
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Turning to the contribution of g = uq — ¢(x)P<,u1, as in [4], observe that

sin(tv—A cos(tv—A
snltv-4) )g = 8&7( )g). (4.39)
VAN A
Note that (4.3) guarantees that
191l g1 S €. (4.40)

Plugging in the formula for a solution to the wave equation when r > t, let
w(t,r) = cos(tv/—A) f, where f = £. Then,

o(w(t,r)) = %&(f(t + )t +7)+ f(r—t)(r—1)) "
= %[f(t-i-r) -l-f/(t-i-?“)(t—l—r) — f(?" _ t) _ f’(r _ t)(?" _ t)]

Since f € H*t1(R3), the contribution of
Flem™ =10 (e =1l=o,  fl—€") - (1=emo  (442)

may be handled in a manner identical to the contribution of the terms arising
from S(t)(ug,0).
Now consider the contribution of
1

SUE =1 = f1 =€ )h=o. (4.43)
The terms when 1 < k < nln(2) si:i‘;72 will be placed in (¥p, 1) and the terms
when k > nln(2) 53:572 will be placed in (W, 1w1).

By a change of variables, for k£ > 1,

ekt

Jots=npe - v epds g e b [P, @44
ek—1
and by the Sobolev embedding theorem,
1—e k-1
Jos=Rr ey pas e ([ ORI S
(4.45)
Furthermore, by the fundamental theorem of calculus,
e®—1
fe ==z [ ipwn (1.46)
l—e—*

SO

1+1

/ X(s = RPIf(e —1) = f(L—e)Pds S 3 el / F/(r)Pdr). (447)

0<I<k e
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Therefore,
1 —s
I Y =R =1~ fO =)ol
1<k<nln(2)i=S¢
oY =R = 1) = (=) lmollze S BT N e
1<k<nIn(2)1=2¢

sc— g

(4.48)
Indeed, by the product rule and (4.47),

Y s RUE 1)~ = ol

1<k<nIn(2)1=2¢
so—1

+ll > X(s = R)O-[f(e7" = 1) = f(1 — € *)][r=ol 2

1<k<nln(2)1=2¢
so— %

S Y GRS ) e e e

1<k<nIn(2) ==3%

Y g IR 1) - FO - e s

1<k<nln(2) 1=

Y R - ) e - e e

1<k<nIn(2) =353

FY KR D)~ £ = el S B

1§k§nln(2)si:7i"/’2

(4.49)
Next, using the change of variables in (4.32), (4.46), and (4.47),

Z e—k(l%—l)néx(s _ k)[f(e7'+s — 1) - f(l — eT_S)HT:OH?'{sC

kE>nn(2) =<

sc—g

S Y M-

k>nln(2) 1=sc 1=e”

e’ —

1
1
f’(r)dr)HHsc S e E %2 S e,
k>1

1
2

(4.50)
Also, by the change of variables in (4.32) and the dual of Hardy’s inequality,
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[l S M2 fllze for 0 <s <1,

S ek X Ry prers ) e ol

1 S
k>nln(2)—%
se— 1%

= Y e X e e e pa— e,

s S
k>nln(2) - —2¢

S IIHf HH;C_l(Z ) S I I S

k>1
(4.51)

Finally, consider
fe™=1) = fl—e), (4.52)

when s < 1. By direct computation,
O [f(e™ —1) — f(1— e )]lrmo = f(e5—1) -5+ f/(1 —e %) -e 5. (4.53)
Then for g € Hl’sﬂ, by Hardy’s inequality,

[ e -vegs)sdst [ 10-e e gs)sds S Il lallin-oc S el

(4.54)
Also, by the fundamental theorem of calculus,
PEIE L
flet—1)— (1 —e S>=/ T Py
S— 5 +gr—...
s 8 4.55
/fs+0 +—+ D) (G + gy + e (4.55)
3 2 &3
/ J'(s+6( ———+ K (?+§+ )do
Therefore, since s < 1,
¢ S s —s
1 et 1) 10— e S W S (450

Thus, the contribution of the zero initial data term is suitable for Theorem 4.2.

Duhamel term Now take the Duhamel term u,,;. Because the curve t2—r2 = 1
has slope 7 > 1 everywhere,

e’ coshs pe” sinhs+e” cosh s—t
81ni (7, 5)|r=0 =/ / rlu|P~ u(t, r)drdt. (4.57)
1 e

7 sinh s—e7 cosh s+t

By direct computation,
k k cosh s
/ (8S}T(sﬁnl)|T:0)2ds < / 625(/ (e —t)|uP~tu(t, e® — t)dt)*ds
0 0 1
k cosh s
+/ e—%(/ (t — e uP~ut, t — e=*)dt)2ds
0 1

26
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cosh s

The term e®( [, (e — t)|ulP~ u(t, e* — t)dt)Xse2,00)(s) will contribute to
(g, w1), where x4(s) is the characteristic function of a set A, and

cosh s k cosh s
[ @0l e it [ e ([ e utt-e o).
1 0 1

(4.59)
will contribute to (0, 01).
By Holder’s inequality, since e® — cosh s ~ e®, combined with global well-
posedness in the previous section and (4.5),

k cosh s
/ 623(/ (ef —t)|uP~tu(t, e® — t)dt)?ds
0 1
k pcoshs
< / / 35 (e* — 12 [ul (£, e — )dtds
0o J1

ek
< ul? (¢, 7)riddtdr < |u)?®Y x| 27 5ey||2 o @25k < (2p2(se—2)k,
S N T T N [ <
(4.60)

Remark: The Strichartz norms Li(f*l) and |||z|3/2~%eu|| . are invariant under
the scaling (4.2).

Additionally, by the radial Sobolev embedding theorem and (4.4), using the
calculations in (4.60),

1 k cosh s
26—2(50—5)k/ ezs(/ (ef —t)|uP~tu(t, e® — t)dt)*ds
& k—1 2
. k cosh s
Sy et [ [ e Pt - dds ae)
& k—1J2

k
€
< E 6_2(80_%)’“/ / |u|?P (t, r)ridtdr < €.
& 0 t2—r2<l,r~ek t>2

Meanwhile, by (4.60) and the radial Sobolev embedding theorem,

00 2
/ 625(/ (e —t)|ulP~ u(t, e® — t)dt)?ds < 1. (4.62)
0 1

Also by a change of variables and Hoélder’s inequality, since (t —e™*) 2 1 for
s>landt>1,

0o cosh s
/ 6725(/ (t — e ) |ulP~Lu(t, t —e™*)dt)%ds
1 1
) cosh s
< / / e 5 (t — e ) ul*P(t,t — e*)dtds  (4.63)
1 1
|2

o0
2(p—1 -~
g/ / |U\2P(t,r)r2dtdr < ||u||L(2p<p—1))H|17|3/2 seq|2
2 t2—r2<1

t,x

< €.

co
t,x
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Also, by the radial Sobolev embedding theorem and Young’s inequality, since
||z|>/2=%u|| L~ < € outside |z| = t,

1 cosh s
(/'e—%Q/‘ (t — e uP~tult, ¢ — e=*)dt)2ds
0 1

3 3
1
5/ (/ w(t, r)?r2dr)t/2dt < 62/ ——_dt <
1 Jizor2<a 1 (=17

This takes care of the nonlinear Duhamel piece, which completes the proof of
Theorem 4.2.

(4.64)

Remark: Note that the Duhamel term is why we have the norm Hs UH' x
H*=t U L? in (4.16).

5 Scattering : Virial identities
Now we are ready to prove scattering.

Theorem 5.1 For any radial (ug,u1), the global solution to (1.1) scatters both
forward and backward in time. That is, if u is the global solution to (1.1) with
ingtial data (ug,uq), then

Hu||L2(P D(RxR3) = < M(”Oaul) < 0. (51)

Proof: The standard Littlewood—Paley projection operator is only known to
have a rapidly decreasing weight, which when commuting with the exponentially
decreasing weights in Theorem 4.2, will only be rapidly decreasing. So instead,
in this section we will rely on projection operators with smooth, compactly
supported kernels. Choose ¢ € C$°(R?) to be a radial, decreasing function
supported on |z| < %, and such that [+ (z)dz = 1. Then define the Fourier
multipliers

Pof /1/) T — y)dy, (5.2)

and for j > 1,

r) = 2% / B2 (x — ) f(g)dy — 220D / BNz — y)f()dy. (5.3)

Clearly,

F=Y B (5.4)

Jj=>0
Remark: If j < 0, then ]5j =0.
Now modify the definition of vy and wg from Theorem 4.2. Let

G0 =0+ Pend(s)io + ) P_
2

c—1 X(s — kK)o, 1o = Tig — o, (5.5)
k>1 T

T—sc
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and let

U =01+ Pepd(s)in +Y P L ax(s—K)in,  wn =11 — 1. (5.6)
k>1 SN2 Tos,

Remark: Note that (4.15) and (4.16) still hold for the new (g, ¥1) and (wg, w),
since the supports of ¢(s) and x(s — k) are almost disjoint, and thus the terms
are almost orthogonal.

Furthermore, modifying (3.13) and (3.14), split @ = © + @, where @ solves

2 s
Or7W — Ossh — =0, —p=3)7 N T 0
W W~ w+e (sinhs) [@]P~ w , (5.7)
w(0,s) = UL}O(S), w,(0,8) = w1,
and v solves
2 S
Opr — Dgs® — =00 + e~ P37 P=1aP g — loP~ 1w = 0
D Bl = 00+ eI ) =0,
0(0, s) = 1o, 0+(0, s) = 0.

Equation (5.7) may be shown to be scattering using small data arguments.
Indeed, by Strichartz estimates, finite propagation speed, (4.16), and the fact
that (=2—) < e™% for any 0 < § < 1, if @ solves Oy, — Oss1 — %831?1 = 0 with

sinh s

initial data (wo, 1),

S

p—3

le™==27(

-3
Sinhs)%wul’igil) 5 €. (59)

Remark: See Lemma 5.2 for a more detailed calculation in a more difficult
setting.

The same calculation also works for the radial Strichartz estimates,

—Z—j’T S ~112 < 2
/||e (Sinhs)w||L1§SC dr S €. (5.10)

Furthermore, using Strichartz estimates,

p=3 T / S
— =7 S(+ —t")(0 —(p—3)t p—1|,7p—1 bt B
e84 [ 8 = (0,709 (ol g
S e e e L L
~ sinh s Lip5-2ee (5.11)
< le— BT (5B ppet 2= 5 i
S lleme= (sinhs)p 1w||L$§§,1>||e 1 (sinhs)wHLiLﬁ%c.
Therefore,
BT =375 1151 < P
e e el g Sl (512
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which gives us Strichartz estimates with the appropriate weights for any admis-
sible pair.

Now, define the modified energy

£(r) = Blr)+eM(r)+ [ 3PPl B e s,
(5.13)
where ¢ > 0 is a small constant,
L[ 2.2 L[ 2.2
E(r) == [ 0s(s,7)%s%ds + = | 0,(s,7)*s"ds
2 2
) . (5.14)
—(p—3)7 =1~ P12
+p+ 1] (sinhs) [o(s, )P s%ds,

and
M(r) = /1} (s,7)0,(s,7)s der/ (s,7)0,(s,7)sds. (5.15)
As in (2.35) it is possible to show that

[ Sl [Pesa (B (B 97 sPds < E(r). (5.16)

sinh s
7>0

It will be convenient to take p = 4, since one may easily generalize the compu-
tations when p = 4 to any 3 < p < 5. By the Littlewood-Paley theorem, if P; is
the standard Littlewood—Paley operator, and the boundedness of the maximal
function,

1 [Psjol(1P<jof* + | P jof*)| Pyw|| 11
i
SO 1Pwv)? Sup(|P<ﬂJ|3+ 1P 0) O 1Pw|*) 2|

k>0 g J (5.17)
10/3
S 2| ZHPw”L 2 WY | Pyyp|72220F0) 8
E>0 j
< 10/3 2/3
[wll gssslloll s IVl 72"

Generalizing this computation to (5.16), observe that P; commutes well with
(==—)3/5. Indeed, for any j > 0,

sinh s

3 S \3/51 < 9—i(_ 5 \3/5p
[PJ’(sinhs) 52 (smhs) Pi- (5.18)

which gives good estimates on the contribution of the error terms

——)*P0 - Pi((o=—

3/5 1
sinhs) 0)- (5.19)
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Making use of the Strichartz estimates calculations in (5.9) and (5.12),

77/4 s 3/5 P2 9
Xl ) Pl $ € (5.20)

so by the Sobolev embedding theorem the contribution of w may be handled
in a manner identical to P;jw in (5.17). Finally, by construction, for any fixed
J =0,

Py= " c(k,j) Py, (5.21)

k>0

where ¢(k,j) has good decay away from j, so the Littlewood—Paley theorem
may be used as in (5.17).

Now then, by (4.10) and (4.13),

d c. p—1 cosh s S -
—¢ __= 0 2 YOOy —(p=3)T(_ 2 \p—1 p+1 2d
dr (7) 21)(7’ ) Cp+1 (sinhs)e (sinhs) [o(s, )P s"ds

p—3 s 1 (p—3)r i~
Cp+1 sinhs)p eI, P s ds
7/2 (61715 — | Peyi P~ (B3] - Byiosds

7>0
(5.22)
Co_3)e, S _ 3
*/ eIy Al — (o — [T w)oes%ds (5.23)
—/e*<p*3>f($)p MafP—ta — 6P~ — [P taloes2ds  (5.24)
—/e—@—f’)f(ﬁ)p—lnmp—“ 0115 — [ talosds. (5.25)
1nn s

First, as in (3.22),

S gt ot et
/e (Sinhs) ([P~ i — 8]~ 9 — |@[P~ w]vsds

< —(=3)r(_ % \p=1q5p|s ~1p—11~|2
s /e I + 197 o

p—2 1 p=3 S

< —(p=3)7(_ 5 \p—15p+1,COSHS| o = TP =
S ([ (o (ot B e e

Sinhs>wHL3(p_l)

_p=3 . - - -
e By e e
hs S 1 p=3
<s( [ e =3 (CBNS S yp-rapti2gn L TR —E=ir i
S o [0 (EEE S o) + B Tl
(5.26)

This takes care of (5.25).
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Next, following (3.24) and (3.25),

[ el o, oo s

sinh s
_p=3 S - _p—3 p—1 _ p—2-5=P ~ 1+57fp
S le ol s lle (S I ool (520
_p=3 S -
S E(T)le P’”(m) ||i1 s
and
(p— s P ~
/e G vt S L Gl R B
_p=3. - B
) e Ll e [ 1 (5.28)
p=3 S ip—1
S B@lle (ol -

By (5.9) and (5.10), these terms may be handled using Gronwall’s inequality.
Thus, the only terms left to consider in (5.23) and (5.24) are

_ —(p=3)7(_ 5 \p-1y5p—1,7]5_ 2
p/e (sinhs) [|0P~ w0, sds

_ (=37 (5 \p=1715P~ L p]5. 52
p/e (sinhs) [|0]P~ w]vss°ds.

(5.29)

By the product rule,

sinh s

d vIP~ D D ~p—1p ~1,—(p—3)7 S 15~
7/Z[|v|p 15 — | P<oP~ Pejile P=3)7(_——)P ' Pjws*ds
J

_ —(p=3)r(_ % \p-lizp—15 =2
p/e (sinhs) [0]P~ 0 ws%ds

a5 ot 1~ i E 1E
S e e — P PPy

[ (o, Pyl Pl it

nhs
~(0=3) [ (Pt [Pesilr Pegp(Bre 0O (S s,
J
(5.30)
By the Cauchy—Schwartz inequality,
(i ~1p—1~~_ —(p—3)T p—1 2 < p+1 7p 3)T p—1 2
=3 [l toae 97 ( Lo istas <o [ 1o ()rsas)

slle =T

) HLs(p 1) ||8S7TﬁH%2-
(5.31)

sinh s
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This computation may be generalized to show

-3 [ Sl Pyl (Pl Py (o

sinh s

+1,-(p=3)7 1,2 =3, ~ ~112
Sa( [ foptte 0T ists) + e B (ol 0.0l
(5.32)
using the same arguments as in (5.16)—(5.21).
Next,
~(p=3)r(_ 5 _yp-1 p_ 5 Pibs>
/e (blnhs) 0. [| P<; 0[P~ P< ;o) Pyis*ds
sinh s ; s cosh s p=1
< 2(p+1)P - —(p—3)T p—1 OIPT1e2ds) T
SN T Pyl s ([ 097 (S (S s
sinh s 1/2,~ 22Dy 8 2D
_ p+I B by =5l 23 0o
><||(coshs) (sinhs) 50l
(5.33)
By the radial Sobolev embedding theorem,
sinh s i(p=3)
2+ P 7, < 27wt B()Y2. 5.34
1) Pt | e < ®) (5.34)

Therefore,

2(5 33) < 5(/ *(P*S)T( : 8 )pfl(C?Sh5)|l~}‘p+182ds)

sinh s sinh s
(5.35)

hs _2(p—3) s 2(p—1) pt1
2]p 3 Sln 1/2 s F1 T_
Z coshs> ’ (sinhs) ’ Jw”Lw>

Lemma 5.2 Using Corollary 2.5, the weights in 7 and s, and the definition of
'U~}0 and ’U~}1,

/ZQJP 3 Slnh8)1/2 2(1’;13)7_( : S )2¥7+11)Pw”[/00 J2r dr 5 R (1— Sc)p
cosh s sinh s

(5.36)

Proof: First replace @ by S(7)(wo,w1), where (g, ;) are given by (5.5) and
(5.6). Observe that by Corollary 2.5, Theorem 4.2, and Bernstein’s inequality,

(3 2G5 128(r) (P ()70, D)o ey )F
Jj>n

< O PN (Pyo(5)50, Pio(s)i)| oy oot )E (5.37)

Hpr+l xHp+1

ji>n

p=3 p=l_, . pFl = 5 -y B
SR R R ||[(Pond(s)io, Pond(8)00) 2 s
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Doing some algebra using (1.3),

p+1l p—-5 p+1
2 2 2

p+1

(1=s0) = 2= P(1-

B . (5.38)
Then by (4.3), (5.36) holds for w replaced by S(7)(Psn¢(s)Wo, Psnd(s)W1).
Next, for 0 < k < nln(2) - S::f7‘2, observe that by finite propagation speed,

p—2—5¢* (1=sc) = —(p—1)(1—s¢)+

S(r)(P,,_ e se=1/2 X(s — k)wo, P>n—1,,’(“2> sem1/2 x(s — k)wq) (5.39)
is supported on the set {(7,8) : 7+s > k—2, T >0, s > 0}. Therefore,

for any such k, by (4.16),

p—3 sinhs _20-3_, S 2(p—1) . R
JO X G e () S S((Bixs - Ko

cosh s sinh s
>ty 5L
Pix(s — kY1) 1) "5 dr < e Cem DR R (g, 1) | ey o1

(5.40)
The proof uses the algebraic fact that

sc—1/2 p—3

o= (P=3)k 5 (sc=1/2) kg oy 57552 2572 (1=s0) _ o= (p—)hg 5 (sc—1/2)k h(sc—1/2)- 25

(5.41)
Furthermore, observe that on the set {(7,s): 7+ s>k — 2},
_9p=3 S 2(p—1) _2=3) —alk—7|
e “pil 1T < e pFT e , 5.42
’ (Sinhs ' - ’ ( )

for some a(p) > 0. Therefore, (4.16) combined with (5.42) give good summation
of (5.36) in k for S(7)(wo,w;), where (g, w1) is given by (5.5) and (5.6).

The contribution of terms for which k satisfies n— % 1:1/ 2 < 0 are better.

This is because (£2h5)1/2 < inf{s1/2 1}. Therefore, it is possible to combine
the weighted estimates in Corollary 2.5 with the radial Strichartz estimates in
Theorem 2.1 (to handle the case when j = 0) to prove (5.36) when @ is replaced
by S(7)(wo, @1).

For the contribution of the nonlinear term, observe that the same arguments
would prove

_e=d S\ 2o o (1—s,)2=3
e 25 () S By () @0, )12 S RO (5.43)
when 1 5 .
g=--—2— " (5.44)
2 6(p+1)

This is because (p+ ,q) is a H 7 -admissible pair, and any fractional power

) gives good decay at large s.

( sinsh s

s
sinh s

2(p—1) to 2(p—2)

Remark: Tt is okay to change the ( o7 T

) exponent from
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Combining (5.43), (5.9), the calculations in (5.27), radially symmetric Strichartz
estimates in Theorem 2.4, and the standard Strichartz estimates in Theorem 2.1
proves

2(p—3) S - —(1—g.)P=3
e Te*@*?’)f(ismhS)pfl\w|p||Lqu2f2 < R (5.45)

which by the principle of superposition proves the lemma. [J

Returning to the proof of Theorem 5.1, by direct computation,
1817715 — | P[P~ P<jd] = O(|Ps;0|(|P<;8[P~" + | Psa[P71)). (5.46)

Also, by Bernstein’s inequality and the radial Sobolev embedding theorem,

—(=3)r (5 \p=1(5/p=15 _ | P .5IP=1 P 5| P 52
/e (Sinhs) ([0~ 0 — | P<; 7] < ;0| Pji,s”ds

s(f e )”—1<°°Shs>w|p+ls2ds>%

sinh s sinh s
sinhs, _p-3_ -~ sinh s (p—3) s | 2m-1
210 | Pl V2= 7 2F1 Pyl || oo
XN T | Pl g )2 55 () 5 By
y (5.47)
By the radial Sobolev embedding theorem and the definition of P;,
sinhs, _p-3_  ~ _ A
1G> 0 Pl e 2 w1 B(5)Y/2, (5.48)
Now then, as in Lemma 5.2,
h p— P
/ 22 = blnh8)1/2 - +T3)T( . Sh )2(p+11)P W || Lee) B dr
cosh s sinh s (5.49)

< M p-(-so Bzt

~

First replace @ by S(7)(wo, w1). Then by (5.21) and Lemma 5.2

j h - »
/<Z2‘ﬁ| SN 122 (52 B0, 8 (7) (o, )| ) S dr

cosh s sinh s

o _ 45 SthS 1/2 2(p— 3)7_ S z(p 1) ~ pil
_/(ZQ () e T () T 08 (r )(Pyig, Py ) || ) 5 dr

4] blnhs _2(p—3) S 2(p—1) ~ ~ p
222 V2= 2000 T (2 ) (1) (Byiny, Py Atdo) || e ) 5
/ coshs> (sinhs) S(7)(Pjiy, PiAtg)|[ L) dr

(5.50)
The contribution of the Duhamel term may be handled using the principle
of superposition as in (2.60)—(2.64) combined with (5.45).
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The term
—p/e—(f’—?’)f(i)f)—l[|@\P—1w]@ss2ds (5.51)

sinh s
may be handled in a similar manner, only integrating by parts in s. Indeed,

_ —(p=3)r(_ 5 \p=1f5p—1s =12
p/e (sinhs) [|0|P~ vsw)s*ds

- _ —(p—3)T s p—1 ~1p—1~1,~ .2
/e (7Sinhs) Os[|o|P~ 0]ws*ds

Cp3)e, S _ e R 4= = (5.52)
—-f DI P PPy s
o, Sy L e
*/Ze (P=3) (m)p L0,[| P<;0[? I(Péj”)](ij)SQdS-
J
The contribution of
o, Sy P P
[ SIS APl P Ba)stds (55)
J
may be handled as in (5.33). Integrating by parts,
e S pela Helpele 1B ol s -
=[S e Sl [Peyl (P (Pra)sts
J
et S plfiaiped e 1B bl B n1rE ~
= [ e e o — [Pyl (PP sPds
! (5.54)

et S pelficloele 1B ol B 1 E ~
42 [ S e oG Pyl (Pl (Pri)sds
J
(p—3)r S ANt~ l~ B il E 1~
b [ S oS Py (P By,
J
The term

e S b df~iped~ B b1, B s~
[0 el e - Pyt (P (Prn)tds (559)

may be handled exactly as in (5.47). Since 2 (=551 S (555)77 1, the
contribution of

[ e oo el [P (P (st (5.50)

may be handled as in (5.32). The term

e, S Npifi~ip—le 1B ~ipels P 1/ ~
2 [ Yo (o o [Peyo (Pl (Pra)sds (5.7
J
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may be handled using (5.26) and (5.16)—(5.21).
Then by (5.12) and a Gronwall-type estimate, we have proved

h
TS cosns 5 e W s%dsdT < 00. .
(T, s)[PHY( P=le=(P=3)7 42 5d 5.58

smh s’ sinh s
By the radial Sobolev embedding theorem,

sinh s

p—3
(coshs)| o(r, )P < E®) 7 < oo (5.59)

Therefore, we have proved
// lu(e” cosh s, ™ sinh s) 2P~ (e7 sinh s5)2e2" dsdr < oo, (5.60)

which by a change of variables formula implies

/ / l(t, )PP~ Vr2drdt < oo. (5.61)
1 t2—r2>1

Also, by (5.9) and a change of variables,

//672(1}73)7—|ﬁ}(67COShS,eTSinhS)|2(p71)(%)2(p72)82d5d7'
sinh s

= //627|w(eT cosh s, ™ sinh s)|>P~Y (¢7 sinh s)?dsdr (5.62)

= // |w(t,r)|2(p_1)r2drdt < =),
t2—r2>1

Combining (4.5) with (5.61) and (5.62) completes the proof of Theorem 5.1. O

6 Scattering

Asin [3] and [4], we use concentration compactness and a perturbative argument
to obtain a uniform bound on the scattering size for initial data with bounded
H%¢ x H%~! norm.

Let (uZ,u;1) be a radially symmetric sequence uniformly bounded in H% x
Hscfl,
lugll izee may + 10T 1 groc—r sy < 4, (6.1)

and let u™ be the solution to (1.1) with initial data (uf},u}). By Zorn’s lemma,
to prove (1.6), it suffices to show that

||un||Lf_(f_1)(R><R3) (62)

is uniformly bounded for any such sequence.
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The proof of this fact uses the profile decomposition of [15]. We prove that
(ufy, u}) must converge, at least after passing to a subsequence, and then show
that this convergence implies the existence of a maximizer, which by the analysis
in the previous five sections has finite Lz(p Y horm.

The argument by now is a fairly standard concentration compactness argu-
ment. See [10] for the use of this argument to prove scattering for an energy—
critical nonlinear wave equation. See pages 245-269 in [12] for a detailed de-

scription of the concentration compactness method.

Theorem 6.1 (Profile decomposition) Suppose that there is a uniformly
bounded, radially symmetric sequence such that

[ug | grse rsy + (107 1| frec—1(msy < A < 00 (6.3)

Then there exists a subsequence, also denoted (uf},u}) C Hse x H~ such that
for any N < oo,

N
S(t)(ug,uf) = > TESE)(, 1) + SR, RV, (6.4)
j=1
with
hm lim sup ||S(¢ )(Ré\(n, R{\,,n)HLg_m(RXRB) =0. (6.5)
N—oco posoo ’
[J, = (M, t]) belongs to the group (0,00) x R, which acts by
DY F(t x) = MF(N,(t — ), ). (6.6)
The TJ, are pairwise orthogonal, that is, for every j # k,
DYDY 4 ;
: n n INL/2(2\kNL/245 _ 4k
nll)ngo v + N + (M)A A, — ] = oo (6.7)

Furthermore, for every N > 1,

(0.0, w10 o roe 1 = ZH 00 e s o (6.8)
R B+ 0n(1),
and for any 1 <j < N,
(T) (B, RY,) — 0, (6.9)

weakly in H%e x H5~L,

Therefore, to summarize Theorem 6.1,

S(t)(ug,uy) = Z S(t — ) (N, 0 (M), (X)) d] (M) + S()(RY,, R,
" (6.10)
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=) L L) = gia), (6.11)

SO (i OERY

n )\%
weakly in H®(R?), and
T 1 T

)»7%"(/\71

|
S (-4 NN () G

N OT Nle=o — ¢Ji (x) (6.12)

weakly in H% 1 (R3).

First consider the case that A ¢/ is uniformly bounded. In this case, after
passing to a subsequence, Mt/ converges to some t/. Changing (¢, ¢]) to
S(—t7)(¢}, ¢1) and absorbing the error into (R{',,, RY,,),

Lom(Ey 1 m(Z 0y e
(EUO()\%% )2 1(%)) ¢o(x), (6.13)
and 1 T 1 x ;
5t5(t)(7%ug(7%), (/\%)QU?(E))It:o — ¢1(2). (6.14)

Then if w7 is the solution to (1.1) with initial data ( 6, q&{), by Theorem 5.1,

”ujHLfff’l)(RxR?’) < M(¢9, ¢7) < oo. (6.15)

Next, suppose that after passing to a subsequence, Mt/ ~ +oc. Then a
solution to (1.1) approaches a translation in time of a solution to (1.1) that
scatters backward in time to S(t)(o, ¢1), that is,

tl}gloo||u_S(t)(gb()?d)l)”f{scx}.[sc—l = O (616)

Indeed, by Strichartz estimates, the dominated convergence theorem, and small
data arguments, for some T' < oo sufficiently large, (1.1) has a solution u on
(=00, =T such that

< — _ — 9(—
18 sy ey 56 (T () = ST, 0),
(6.17)
and by Strichartz estimates,
lim |[S(¢)(u(—1), ur(=t)) = (P, P1) |l groc x froc—1 < €°- (6.18)

t——+oo

Then by the inverse function theorem, there exists some (ug(—T),u;(—T")) such
that (1.1) has a solution that scatters backward in time to S(t)(¢o, ¢1). More-
over, by Theorem 5.1, this solution must also scatter forward in time. Therefore,

S(=th) (Mgp (M), (M) (X)) (6.19)
converges strongly to

(Noud (=Nt N ), (M) 2l (=M M x) (6.20)

nns ‘n n'ns \n

39



Scattering for critical NLW

in H% x H%~' where v/ is the solution to (1.1) that scatters backward in
time to S(t)(¢y, ¢1), and the remainder may be absorbed into (R{',,, R{",). Let

(~9, ([5]1) denote the initial data of such a solution. In this case as well,

|| 20 (g msy < M (5, 65) < oo (6.21)

The proof for M tJ N\, —oco is similar.

Next, by (6.8), there are only finitely many j such that || @3] .. + |07 | oo -1 >
€. For all other j, small data arguments imply

P Py 7 P (6.22)
Then make use of standard perturbation results for nonlinear wave equations.

Lemma 6.2 (Perturbation lemma) Let I C R be a time interval. Let to €
I, (ug,u1) € H x H*~1 and suppose there exist some constants M, A, A’ > 0.
Let u solve the equation

(O — A)i = F(a) = e, (6.23)

on IxR3, and also suppose sup,c ||(@(t), i (t)) || groe o groe—1 < A, ||11||L3(571>(1><R3) <

M,
(o — o). s — Bui(t0)) e jroes < A, (6.24)

and

||€||L3+%L3%C(Im3) 1S = t0)(uo — ato), ur = Ga(to)) | 20y psy S €
(6.25)

Then there exists eo(M, A, A’) such that if 0 < € < g then there exists a solution
to (1.1) on I with (u(ty),Oru(te)) = (ug,u1), y < C(M,AA),
and for all t € I,

Hu”Lfff*l)([XRS

1(w(t), Opu(t)) — (a(t), Oeti(t) || gee s pree—1 < C(A, A, M)(A"+¢).  (6.26)

Proof: This Lemma appears throughout the literature on nonlinear wave equa-
tions. O

By Lemma 6.2, the asymptotic orthogonality property (6.7), and (6.22),

h’rrlnsol(l)p ||un||if§£71>(RXR3) 5 Z ||uj||ify(5*1)(RXR3) < oo. (627)
J

This proves Theorem 1.3. [J
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