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ABSTRACT. The finite-rank Lieb-Thirring inequality provides an esti-
mate on a Riesz sum of the N lowest eigenvalues of a Schrodinger op-
erator —A — V(z) in terms of an LP(R?) norm of the potential V. We
prove here the existence of an optimizing potential for each N, discuss
its qualitative properties and the Euler—Lagrange equation (which is a
system of coupled nonlinear Schrédinger equations) and study in detail
the behavior of optimizing sequences. In particular, under the condition
~v > max{0,2 — d/2} on the Riesz exponent in the inequality, we prove
the compactness of all the optimizing sequences up to translations. We
also show that the optimal Lieb-Thirring constant cannot be station-
ary in N, which sheds a new light on a conjecture of Lieb-Thirring. In
dimension d = 1 at v = 3/2, we show that the optimizers with N nega-
tive eigenvalues are exactly the Korteweg-de Vries N—solitons and that
optimizing sequences must approach the corresponding manifold. Our
work also covers the critical case v = 0 in dimension d > 3 (Cwikel-
Lieb-Rozenblum inequality) for which we exhibit and use a link with
invariants of the Yamabe problem.
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1. INTRODUCTION

Lieb-Thirring inequalities provide estimates on the Riesz sums of the neg-
ative eigenvalues of a Schrodinger operator —A — V' (z) in terms of the size of
the potential V' (x) in some LP spaces. They play a crucial role in the rigorous
study of large fermionic quantum systems, and were introduced by Lieb and
Thirring in 1975 [LT75, [LT76] to provide a short and elegant proof of the
stability of matter, previously shown by Dyson and Lenard [DL67, [LDGS].
Many interesting and challenging mathematical questions are still open to-
day regarding these inequalities [FLW22]. One important problem
is to determine the value of the best Lieb-Thirring constants, which has
some implications in Density Functional Theory [LLS19]. In two recent
works we have suggested a new scenario for these best
constants, based on the study of the ‘finite rank’ inequalities where only
the N first eigenvalues are considered. We pursue this analysis in this pa-
per, with an approach different from that of [FGL.21a] allowing to reach the
complete range of possible exponents.

We start by recalling what the Lieb-Thirring inequalities are. Let d > 1
be the space dimension and

> % ford =1,
vy4>0 ford=2, (1)
>0 ford>3.

Let V € Ll _(R%) be a real-valued function with its positive part Vi, =
max(0, V) in the Lebesgue space LT%2(R%). The operator —A — V has a
well defined (Friedrichs) self-adjoint realization defined through its quadratic
form and its essential spectrum is contained in the half line [0,00) [RS75)
RS78]. We denote by Aj(—A — V') the jth min-max level which equals the
jth negative eigenvalue counted with multiplicity if it exists and vanishes

otherwise. The Lieb-Thirring inequality reads
>° d
i\ - < d €T xz,
N(A=VI < Lya |V g 2
j=1

where L., 4 is by definition the best (lowest) constant in the inequality. Note
that the left side of increases if we replace V' by V. Hence, without loss
of generality, we may always assume that V > 0, which justifies our choice
of putting a minus sign in the operator —A — V. At v = 0 the left side
of is by definition taken equal to the number of negative eigenvalues.
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The Lieb-Thirring theorem [LT75] [LT76] states that
L%d < 00

for v and d as in (see also [LS10] [Fra23, [FLW22]). The end point cases
=0ind >3 and v = 1/2 in d = 1 are respectively due to Cwikel-Lieb-
Rozenblum [Cwi77, [Lie76, Roz72] and Weidl [Wei96].

As we have mentioned above, it is important for applications to deter-
mine the value of L, 4. So far this is only known for v > 3/2 in all dimen-
sions [LT76l [AL78, [LW00, BLOO] and v = 1/2 in dimension d = 1 [HLT9§].
The best currently known bound in the physically most relevant case v =1
is in [FHJN2I]. A natural question is whether there exists an optimal po-
tential and whether L., 4 could be given by a potential having finitely many
eigenvalues. This leads us to introducing what we call the finite-rank Lieb-
Thirring inequality

N d
S y—A— V) < 1Y) / Vi)t da, (3)
j=1 R

for all N € N. Again we denote by

N
N n(—A— V)
L%) _ sup 2=t 1A4( - )| )
C O everrtarmdy  Jga V(@) de
V40

the best constant in the inequality . At v = 0, our convention is that
the left side of equals min(N, #{j : A\j(-A —V) < 0}), that is, the
number of negative eigenvalues truncated to N. The constants L(]\;) form a
non-decreasing sequence which converges to L. 4 in the limit N — 0o. Our
goal in this paper is to prove the existence of an optimal potential V for
LE/]:;) and to study whether it could possibly be an optimizer for L 4.

The case N =1 is studied at length in [LT76]. A duality argument (also
recalled in [Era23 [FGL21al) implies that

Yt d d

) 27 2 i 2 (CGNS>%  2d+4y
74"\ 2y 1+ d % pd ) PTG
where CS’ES is the best constant in the Gagliardo-Nirenberg-Sobolev in-
equality

4 (2—d)p+2d

d(p—2) d(p—2)
([ ran) ™ <o ([ pwpar) 7 [ vuop s

(5)
The condition on vy corresponds to the usual Sobolev constraint 2 <
p < 2. At v = 0 the exponent of the L? norm vanishes and we obtain the

Sobolev inequality. There are always optimizers for Lfylyzl when v is as in

(excluding v = 1/2 if d = 1). Those can be expressed as
V=pQpBx—-X)?  B>0, XeR%
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When v > 0, @ is the unique radial positive nonlinear Schrédinger ground
state, that is, the optimizer of which solves the nonlinear equation

—AQ-Q" ' +Q=0.
At v =0, @ solves instead the Emden-Fowler equation
_AQ= 0%

It is known [HLTO8, [GGKMT74, [LI76] that L,q = L\ for d = 1 and

v € {3,3} and numerical simulations [LT76, Lev14, FGLQla] suggest the

same for vy € (3, 2).

When N > 2, the bound 0 > A\j(—A — V) > A\ (—A — V) implies that
LEYJII) <N L% < 0o but the behavior in N is not optimal since Lg{\g) con-
verges to L, 4 in the limit N — oco. In this paper we prove the following
results:

e (Existence) Lg{\;) admits an optimizer for all N € N and all v as in (1)).
The case v = 1/2 in dimension d = 1 is studied in [HLT98] and only the
other cases are considered here. In Theorems [1| and [7| below, we show a
bubble decomposition for the variational principle which provides a
rather precise description of the behavior of all the maximizing sequences,
including the critical case v = 0 in dimensions d > 3. The existence of
optimizers follows immediately from this decomposition.

e (Properties of optimizers) In Theorems [3] and [9] we prove that any opti-

mizer V of L d) solves a particular nonlinear equation, and use it to
derive its regularlty and decay at infinity.

e (Compactness and binding for vy > 2 — d/2) We then prove in Theorem

that when
d

v > max <0,2—2>, (6)

all the (properly normalized) maximizing sequences for are
compact, up to space translations in L7742 (RY), and thus converge
to an optimizer after extraction of a subsequence. In addition we prove
that

Lyg>I"N)  forall NeN. (7)

The best Lieb-Thirring constant can thus never be attained for a po-
tential having finitely many bound states. The proof is inspired
by [GLN21), [FGL21a] and goes by showing that

P> foral NeN. (8)

In particular, we have L,(Yt)i > L(l) The idea is to compute the expo-
nentially small nonlinear correctlon due to quantum tunnelling when two
optimizers for LEY{\Q are placed far apart. It is negative because of @
Moreover we will see below that the constraint ([6) is necessary at least in

dimensions d = 1 and d > 4.
e (The integrable case) The constraint (6) on v is optimal in dimension
d = 1. The result cannot hold at v = 3/2 since, as we have recalled,

N
Ly}, = Ly, = Ly, for all N € N [HLT98, GGRM74, [LTT6]. We
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prove that there exist non-compact maximizing sequences. More

(N)
3/2,1
< N, which form a non-compact manifold. We also show that any

maximizing sequence approaches the manifold of KAV solitons in L2.

premsely, the optimizers for L are exactly the KAV n-solitons for

e (The critical case) The constraint @ on vy is also optimal in dimensions
d > 4. At v = 0, using a link with the Yamabe problem and ideas
from [AHOG, (GGMTS8] we prove in Corollary (14| that

L8 =1Ll inall dimensions d > 3

)

which should be compared with the strict inequality for v > 0 and
N = 1. We can also show that

L(()C’l;Q) > L((]i)i in all dimensions d > 7

The strict inequalities (7)) and (8) were proved in [FGL21a] for v > 1, using

a duality principle for L% 4+ Since no such principle is at our disposal for
v < 1, we develop in this paper a completely new approach, which also sheds
a new light on the previously known cases and allows to reach the critical
case v = 0 in dimensions d > 3.

Our work leaves open the question of what L, 4 could be for max(0,2 —
d/2) < v < 3/2 in dimensions d > 2, but at least says that the finite-rank
case cannot be optimal. Based on a statistical mechanics interpretation of
the Lieb-Thirring inequality, we proposed in [FGL21b] that a sequence V)
of optimizers for L(Z\Q could converge to a (not necessarily constant) periodic
potential. This was supported by an exact computation at vy =3/2ind =1
and numerical simulations in dimension d = 2.

In the next two sections we state all our main results for the subcritical
case (7 > 1/2 in dimension d = 1 and v > 0 in d > 2) and the critical case
(y =01in d > 3), respectively. At v =0 we in fact study another constant

E(()? related to L(()A;), which was previously considered in the context of the

Yamabe problem in [AHO6]. The rest of the paper contains the proof of all
our results.

2. MAIN RESULTS IN THE SUBCRITICAL CASE

In this section we state all our results in the case that v > 1/2 in dimension
d=1and v > 0 for d > 2. For the reader’s convenience, we prefer to discuss
the critical case ¥ = 0 in dimension d > 3 separately in Section

2.1. Bubble decomposition. We first clarify the notion of optimizers. In
the whole paper we say that a non-trivial potential V' > 0 is a maximizer
(or optimizer) for Lﬁ? when it realizes the supremum on the right of .
Note that a maximizer does not necessarily have exactly N negative eigen-
values. It could have more or less. If we rescale a potential V' in the man-
ner t2V/(t-) we see that the functional in the supremum in is invariant,

whereas the integral becomes

t¥+d V(tx)VJrg dz = tQW/ V(x)%L% dz.
R4 R4
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Therefore, choosing ¢ appropriately we may also freely assume that V is
normalized in L7T4/2(R%):

L™= sup Nj(=A = V). (9)
e 0<VeLTH/2(RY) ] Z
f d V"/er/?—l

We call a solution of this supremum a normalized maximizer (or opti-
mizer). Similarly, maximizing sequences for the supremum in @ will be

called normalized maximizing sequences for LEY )
Our first main result concerns the behavior of an arbitrary maximizing
sequence (V) for the variational problem ().

Theorem 1 (Bubble decomposition for L( ) — subcritical case). Let vy > 0

ifd>2andy>1/2ifd=1. For N € N, conszder a normalized mazximizing
N)

sequence of non-negative potentials (Vy,) for L,7 4 that s,

N
Va()™¥2dz =1,  1im Y [IN(-A-V) =28 (10)

Rd n—00 <

Then there exist
e integers Ni,...,Ng =1 (for some K > 1) so that

S Ne=N and LF =LY% forank=1,...Kk; (11

e non-negative functions 0 # V¥ e LyTI/2(RE R,) for k= 1,..., K, which
are mazimizers for L(yj,ilk) and satisfy An,+1(—A — V*)) =0 if Ny < N,
hence are also mazimizers for L(vj\g), forallk=1,...,K;

e sequences x%) e R? with

lim [z®) — 2| = 400 foralll<k#kK <K

n—o0

such that, after extracting a (not displayed) subsequence, we have

K
Vo= v
k=1

lim
n—oo

~0. (12)

L'\/+d/2 (Rd)

Since N — L(]\;) is non-decreasing, the equality implies that

LN =L forall min Ny <m<N.

<k<

The functions V) are sometimes called ‘bubbles’. In the case K = 1
we must have N; = N; the sequence (V},) is precompact in L¥+t%2(R%) up
(N)

to translations, and thus converges to a Lieb-Thirring optimizer for L% d
When K > 2, the limit means that only the group of space trans-
lations can explain the non-compactness of a normalized maximizing se-
quence. Namely, the only possibility is that a sequence V,, splits into K
independent ‘bubbles’ V() placed very far apart. Each bubble generates at
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most N < N eigenvalues and maximizes the problem L( ’“) The spectrum
of —A —V,, is asymptotically given by the union of the spectra of the K
operators —A — V) counting multiplicities.

There are many results of the same kind in the literature on variational
problems [Str84l [BC85| [Lio87, [Gér9as, [HK05]. The difficulty here is that the
functional to be optimized in is highly nonlinear, since the eigenvalues
depend on the potential in a very indirect and nonlocal way. In addition,
the potential only lives in L7+%/2(R?%) and no additional regularity is known
a priori. Our proof follows the usual strategy of extracting bubbles one after
another using ideas from Lions’ concentration-compactness method [Lio84,
Lew10]. The main difficulties are to show that our problem is essentially
local (i.e., two arbitrary potentials far away generate essentially independent
eigenvalues) and locally compact (the eigenvalues converge for a sequence V,
of fixed compact support converging to some V weakly but not necessarily
strongly). The sub-criticality of our problem is better seen in terms of the
corresponding eigenfunctions which live in H* (Rd). The detailed proof is
provided later in Section |4] and it uses some inspiration from [ELS21]. Our
method could be useful to deal with other problems of spectral optimization

theory.
(N)

Since any bubble V*) is a maximizer for L v Theorem |1| immediately
implies that there are Lieb-Thirring optlmlzers for all N > 1.

Corollary 2 (Existence of optimizers — subcritical case). Lety > 0 if d > 2
andy > 1/2 ifd=1. Then L(WA(;) admits an optimizer for all N > 1

This corollary extends our previous existence result [FGL21a, Thm. 6]
which only covered the case v > 1 since it was based on a duality principle
only known under this additional constraint. The case v = 1/2 in dimension

d = 1 has been fully solved in [HLT98§]|. It is proved there that ng/\;) 1= Lgl/)Q 1
for all N > 1 and that V = ¢, (Dirac delta at a point y) are the only
optimizers for any ¢ > 0 (allowing potentials being finite Borel measures).
These potentials have the unique eigenvalue —c?/4. The case v = 0 in
dimensions d > 3 (Cwikel-Lieb-Rozenblum inequality) will be considered in

Section [3

2.2. Euler-Lagrange equation. Next, we show that any maximizer, when
it exists, solves a nonlinear equation and we use this property to infer its
regularity and decay at infinity.

Theorem 3 (Euler-Lagrange equation — subcritical case). Lety > 0 ifd > 2
and v > 1/2 ifd=1. Let N € N and assume that Vi, > 0 is a normalized

optimizer for L( ) . Denote by \j := \j(—A—=V,) the corresponding min-mazx
values. The opemtor —A-V, has ﬁmtely many negative eigenvalues, that is,
Aj = 0 for some large enough j. Let M be the number of negative eigenvalues
repeated according to their multiplicity, that is, the smallest integer such that
A1 = 0. We have

min(N,M) v+4-1

2y -1 2
Vi@)=| —— =% A7 ug ()] ; (13)
(d+2y)L") ; ’ ’
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where u; is any associated orthonormal system of eigenfunctions. In the
case that Ay41 <0, that is M > N, we have the spectral gap

)\N < )\N-‘rl' (14)

Finally, in any case Vi is real-analytic and tends to 0 exponentially fast at
infinity.

The proof is provided in Section |5l The inequality means that there
are “no unfilled shells for Lieb-Thirring maximizers” in the spirit of what is
known in Hartree-Fock theory [BLLS94]. The last filled eigenvalue Ay with
N’ := min(N, M) is always strictly less than Ays;1. The latter can either
be an eigenvalue or be equal to 0 (the bottom of the essential spectrum).

The formula means that the corresponding eigenfunctions u; solve a
system of N’ coupled nonlinear Schrodinger equations in the form

N N’ ’y+§71

A= ST I 2 wj = \juy (15)
j=1
with the constant
1
+4-1

/I A 16
“rd (N) ' (16)

2.3. Application to v > max(0,2 — d/2). In this subsection we consider

the case v > max(0,2 — d/2), where we can show that N — L(WAQ cannot be
constant for large N.
Theorem 4 (Existence for v > max(0,2 — d/2)). Assume that
d
7 > max <0,2 - 2) . (17)

Then for every N > 1,

e up to translations, all the normalized mazximizing sequences (Vy,) for Lfy{\&)

are precompact and converge to a maximizer after extraction of a subse-
quence;

° L%V) > L'(y]’\[[i)7 hence in particular

Lya> L), forall N >1. (18)

The inequality was shown in [FGL2Ia] under the condition that
~v = 1. The compactness of all the normalized maximizing sequences and
the validity of the strict inequality Lg?(]iv) > L'(y],\t[i) for all N > 1 are new, even
for y > 1.

The inequality means that the finite-rank Lieb-Thirring constant
LE/]:;) is never optimal for the unconstrained Lieb-Thirring problem L, 4.
We note, however, that this does not prevent the existence of an optimal
potential for L, 4 that would have infinitely many eigenvalues. We refer
to [FGL21D] for a possible scenario concerning the behavior of a sequence
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V) of optimal potentials for ng\;) in the limit N — oo and for the impli-
cations with regard to the Lieb-Thirring conjecture.

We will see later in Corollary (14| that L(()2C)l = L(()lgl in dimensions d > 3 at
v = 0. Hence the constraint on <y is optimal in dimensions d > 4. It is

also optimal in dimension d = 1. In fact, at v = 3/2 all the L:(sj/v2)1 are equal
to each other,
(V) _ _3
L3/271 = L3jp1 = 16 VN e N, (19)

as was proved in [GGKMT74, [LT76, BLO0] and is discussed in the next
subsection. There are optimizers with exactly N negative eigenvalues for
every N, which are therefore not maximizers for L(JZ) for m < N. Fi-
nally, there are also non-compact normalized maximizing sequences up to
translations for LEY]’\Q for every N > 2. For v < 3/2 numerical simula-

tions [LT76, Levid, [FGL21a] seem to indicate that Lfﬁ) = Lﬁ but with
all optimizers having only one negative eigenvalue, as it is the case for
v = 1/2 [HLT98]. We do not know if the condition is optimal in
dimensions d € {2, 3}.

2.4. Application to v =3/2 in d = 1. In order to describe in detail what
maximizing sequences are doing at v = 3/2 in one dimension, we introduce
Korteweg-de Vries (KdV) N-solitons. Following for instance [KM56, KV20],
for § = (By,....,85) with 1 > B2 > --- > By >0 and X = (X1,..., Xy) €
R we introduce the N x N matrix

1
A () i= 04 + e Bi(2—X;)—Br(z—Xk)
Jk( ) Jk Bj'f‘ﬁk

and the function
2

Q; ¢(@) = —2% log det(A(z)). (20)

Then @ GR@® is a solution of the KdV equation

O + 03q — 69,q = 0
with X;(t) = X; +4BJ2-7§, that is, representing N solitons moving to the right
at speeds 447 > --- > 43%. The L*(R) norm is given by

2 16 3
/RQ@)—{(%) dz = 3;@
and the spectrum of the corresponding Schrodinger operator is
o(-a-Qux) = {8 < <=} U0, 00) 21)
There are exactly IV distinct negative eigenvalues. We call

—

MN;:{—QM: B=(BrnB). Bi>Ba> > By >0

N 3
§ 3 N
; 1ﬁ] 16’ € } ( )
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the manifold of these L?>-normalized KdV N -solitons with a reversed sign.
For n =1 we use the convention that

JL\]

2(3.)3
={ - 5 (3162 : XeR
cosh <(1—6)3 T — X)
which are the well-known L2 normalized optimizers for Lgl/)Q - Although

M! is obviously compact modulo translations, this is not the case of M for
N > 2. Taking for instance X,, = n(1,2,...,N) and § = (3/16N)%(1, 1)
one obtains a sequence of N-solitons behaving asymptotically like a super-
position of N independent 1-solitons. It is convenient to introduce the set
containing all the normalized m-solitons for m < N

N
MV o= m™. (23)
m=1

After taking some [3; to 0 we see that M=V s just the strong L2>—closure
of MY (the weak closure of M?¥ is different, since solitons can escape to
infinity and carry some mass).

Theorem 5 (Behavior for v = 3/2 in 1D). Let v =3/2, d =1 and N €
(N)
3/2,1
of MSN | that is, minus the KdV m-solitons with m < N. Those have
exactly m < N negative eigenvalues. The only maximizers with N negative

eigenvalues are the functions in MY . Any normalized mazimizing sequence

N. The L?(R)-normalized mazimizers for L are exactly the functions

Vi) for LN asin (10) satisfies
(Va) for Ly,
: NY _ 1: <Ny
i dpa) (Vo, MY) = lim dpa) Vo, MSY) = 0. (24)

The details of the proof are provided later in Section

3. MAIN RESULTS IN THE CRITICAL CASE (CLR INEQUALITY)

In this section we present our results in the case v = 0 in dimensions
d > 3. Similar to the case of the Sobolev inequality, the problem has an
additional invariance under dilations which has to be taken care of. We start
by studying a variational problem called E(()J’\;) before explaining the link with

the finite rank Cwikel-Lieb-Rozenblum (CLR) constant L((]{\Zl).

3.1. A variational principle for the eigenvalues of the Birman-
Schwinger operator. In this subsection we define a variational problem
() which will be useful for our study of the CLR inequality. This is related
to the Yamabe problem and was studied first in this context in [AH06]. We
discuss this link in Subsection and the implications for the CLR constant

Léj\;) later in Subsection

Let 0 <V € LY?(R?) and consider the Birman-Schwinger operator
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which is self-adjoint, non-negative and compact. In fact, Ky = B*B where
B = V/2(—=A)~1/2 is itself bounded by the Hardy-Littlewood-Sobolev in-
equality and seen to be compact by an approximation argument, see [LS10),
Sim05] and [FLW22, Prop. 4.18]. We call £;(V') the max-min levels of Ky,
which either vanish or equal the positive eigenvalues arranged in decreasing
order and repeated according to their multiplicities. Note that these are the
same as those of the operator

1

which is most commonly used in the literature. In terms of the above oper-
ator B we have K{, = BB*. We then define

[IIoH

E(()ZZ) =N sup i (V)

’ VeLY/2(RY) fRd V(x)% dz
VA0, V=0

(25)

Since Kyp2y(;._x) is unitarily equivalent to Ky for all £ > 0 and all X €

R?, the variational problem in is invariant under both translations
and dilations. It is in fact also invariant under conformal transformations,
see [LLO1, Chap. 4] and [Fra23]. Using K,y = AKy hence puy(AV) =
Aun(V), we obtain the equivalent formulas

e(%)_N( ) V(x)gdx)>l_N< ) /Rdv(x)?dxﬂl

pN(V)>1 JRd pn (V)=1
d
=N sup pun(V)2. (26)
Jpa VE=1

In the first infimum we are asking for the smallest possible L%?(R?) norm of
a potential V' > 0 so that Ky has N eigenvalues > 1 or more. If un (V) > 1,
then we may replace V' by (1 — €)V which decreases the norm. This is how
we obtain the second equality with an infimum over potentials V' satisfying
the condition uy (V) = 1.

We now quickly mention the link with the CLR inequality. This will
be discussed in more detail later in Subsection [3.5] The Birman-Schwinger
principle [RS78| [LS10] states that the number of eigenvalues of Ky that are
> 1 is exactly equal to the number of negative eigenvalues of —A — V' (all
counted with multiplicities). From we obtain that
N <) /d V(z)2de  forall 0 <V e L2 (R?) with Ay(—A — V) < 0.

: (27)
This gives an estimate on NV in terms of the size of V', under the assumption

that —A — V has N negative eigenvalues. The best constant in is K(()]\Cfl)
since we may as well replace the constraint pn (V) > 1 by un(V) > 1in .

The finite-rank CLR inequality reads
min (N, #{j : \j(—A—V) <0}) < ijf}/ V(x)
bl Rd

and provides an estimate on the number of eigenvalues truncated to N, in
terms of the size of V. By looking at all the possibilities for the number of

dz (28)

+ vl



12 RUPERT L. FRANK, DAVID GONTIER, AND MATHIEU LEWIN

negative eigenvalues on the left, we deduce that its best constant is given by

(N) _ (n)
LOd = 1?%\1[0‘1

(N)

Hence studying £; 0.d will give us some information on Lé d) Note that the

best constant in the original CLR inequality is recovered in ‘the limit N — oo
Lod:supL( ) = lim LW ):supﬁ( ),
) N>1 0,d N—oo 0,d N>1 0,d

(N)

The variational problem £; ;/ contains more information than Lé]\(;), which

only sees the largest of the E(()ncz in the window 1 < n < N. From the point

of view of compactness, 6(1\;) is in fact much more natural than L(()AQ. We

focus on E(() d) in the next two subsections. In Subsectlon We state some

results using the link with the Yamabe problem and in Subsection we
finally go back to L(() d).

3.2. Bubble decomposition. The following provides some useful elemen-

tary properties of €( ).

Lemma 6 (Properties of Eé{?). We have
N N +1
T(N) < i VN €N, (29)
0.d 0.d
as well as

N K N-K

) < ® T own VNeN, VK =1,..,N — 1. (30)
Co.a ba loa
In particular, K( ) > E(()c)l and
(N) (N)
Jim £y —]si]u;i%d = Loa. (31)

Proof. The first inequality follows from pun4+1(V) < pn(V). The sec-
ond is obtained by placing two quasi-optimizers far away with, respec-

tively, K and N — K eigenvalues. This means that N — N /f[()]\;) is subad-

ditive and, by Fekete’s subadditive lemma [Fek23], we deduce that (Eé]\cll))_l

converges to its infimum in the limit N — oo, which is (31)). O

The inequality (30) implies that Z( ) is non-decreasing along certain se-

quences, such as k — 2¥Ny. We do not know whether it is non-decreasing
over the whole set of integers.

In Section [9 we prove the following bubble decomposition which is the
equivalent of Theorem [I]in the critical case v = 0.

Theorem 7 (Bubble decomposition — critical case). Let d > 3 and N € N.
Let 0 <V, € Ld/2(Rd) be an optimizing sequence for Eé]\(;), chosen so that
un (V) =1 for all n. Then there exists
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e integers Ni,...,Ng > 1 so that

K K

1 N 1
2 Ni=N and 5= oy (32)
k=1 0d k=1 0,d

e non-negative functions 0 # V¥ ¢ LY2(RE R, for k = 1,..., K, which
satisfy pn, (V®)) =1 and are optimizers for K((){Ek),-
(k)

o sequences x,, € R% and scaling parameters tglk) with

(k) (k)| (k) (K')|2 P
hnnig.}f tn 7571, |mn — Ty ‘ +t£Lk/)+th) = +00 (33)

such that, after extracting a (not displayed) subsequence, we have

= 0. (34)

lim
n—oo

V- S (H¢—=l)
k=1

Ld/Q(Rd)

Note that is somewhat different from what we found for v > 0 in

Theorem (1, Remember, however, that K(()Acfl) is in general not equal to L(()]\Q.

The bubble decomposition is properly stated in terms of E(()]\(;) and not L(()“]\Q.

The way to prove the theorem is to show that the spectrum of Ky, above
1 is the approximate union of the spectra of the K, ). Each V®) s an
optimizer for Eé]\;’“) and thus Ky ) must have the eigenvalue 1.

The followiné is an immediate consequence of Theorem [7}

Corollary 8 (A compactness criterion for Eéj\;)). Let N > 2 in dimension

d>3. If
N K N-K

< +
N K N-K)’
O

VK =1,..,N—1, (35)
then all the optimizing sequences for El()]\;) are compact, up to translations
and dilations, and converge in Ld/2(Rd) to an optimizer, after extraction of
a subsequence. The condition holds for instance when

(V) (m)
bod > m:{??}f]‘v_lgo,d :
Together with the non-strict inequality , the strict inequality

implies, in particular, that

K
1 N 1
0 <2 (36)
0d k=1 0,d

for all Zk;K:1 N = N with K > 2. By Theorem EL this avoids the non-
compactness of optimizing sequences. The last part of the statement is
because

K . N-K N
(K) (N-K) = (m)”
fo d 507d max Eo,d
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We conclude that, as soon as one K(()A(;) is higher than all the previous Eénzl),

a minimizer must exist. This raises the question of whether N +—» K[()]\Zl)

(1)

could be constantly equal to £;; or not, in which case there would be no
other optimizer than the N = 1 Sobolev potential. We discuss this later in
Subsection [3.4

3.3. Euler-Lagrange equation. Next, we discuss properties of optimizers,
assuming they exist. We denote by H'(R%) the homogeneous Sobolev space.
Theorem 9 (Euler-Lagrange equation — critical case). Let d > 3. Let
N > 1 be so that E(()A(;) admits an optimizer V., normalized in the manner
un (Vi) = 1. Then we have

pn+1 (Vi) < pn (Vi) = 1. (37)

There exists a finite system f; of orthogonal functions in Hl(Rd) satisfying
(—A = Vi) f; =0 such that

_2_
d—2

N 2 2
O P 7T D Y L/ S Y
0,d 7 J

The potential V. is positive almost everywhere and
real-analytic on R? if d € {3,4},
C’l’%(Rd) and real-analytic on {Vy > 0} ifd=25, (39)
C’O’ﬁ(Rd) and real-analytic on {Vi, >0} ifd > 6.

At infinity we have
lim |z[*Vi(z) = c. (40)

|z|—o00

for some finite constant c, > 0. At least one of the optimizers of K((){\Cfl)

satisfies ¢, > 0.

The strict inequality is again a “no unfilled shell” result in the spirit
of what has been proved in Hartree-Fock theory in [BLLS94].
The equation can be rewritten in terms of the f;’s in the form

_2_
d—2

N 2
—A - E(T)ZVJ“ fe=0. (41)
0d J

This is a generalization of the Emden-Fowler equation for systems of orthog-
onal functions in H!(R%).

3.4. 6(()]\;) and the Yamabe problem. In Theorem {4 we have proved that

LD > L™ when v > max(0,2 — d/2).
Does this property persist when v = 0 for Eé]\;), at least in dimension d > 57

A conjecture of Glaser, Grosse and Martin in [GGMT78| (recently reformu-
lated in [Fra23]) states that this is not the case. The authors of [GGMTS]

conjectured that N € N — E(()Ac[l) attains its maximum for some finite N,
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in all dimensions, with N, = 1 in dimensions d € {3,4,5,6}. In this
spirit, we can state the following theorem which is a reformulation of re-
sults from [GGMT8|, [AHOG] in our context.

Theorem 10 ((Non-)monotonicity of E(()A;)).
o (Case N =2 [AHO6]) We have

(=10 foralld>3 (42)

and 6(()2 admits no optimizer. All the mazimizing sequences (Vy,) for Eéﬁ,
normalized as p2(Vy,) = 1, behave up to a subsequence as

dd-2)(t))?  dd- 2

e (14 ()2 - x53>|2>2 (14 (#)2e - x,<3>|2)2 oWt
with (t&’“), xT(Zk)) as in (33).
o (Case N =d+ 2 |[GGMTS8| [AHO6]) We have
E(()fljm > E(()}c)l in dimensions d > 7. (43)
(V)

In particular, £y ; admits an optimizer for at least one 3 < N < d + 2.

The inequality is obtained by using the trial potential

Vi(z) = <L+d;2> <L+;l>(1f|‘x2)2 for L= 1

which has po(V7) of multiplicity d + 1 and p1 (V) of multiplicity 1, so that
ta+2(Vr) = 1. After a stereographic projection, Vi, just becomes a constant
potential on the unit sphere.

In [AHO6] Ammann and Humbert introduced Yamabe invariants for gen-
eral manifolds. Those happen to coincide with our problem in the case
of the sphere, so that Theorem [10] is contained in [AHO6|] after a proper
reinterpretation. We quickly explain this now. In Section [10| we provide a
self-contained proof of Theorem [10[in R¢, for the reader’s convenience.

Let M be a smooth d-dimensional compact manifold endowed with a
metric g. The conformal Laplacian is given by

d—2

Lg:—Ag‘l—m

Ry,

where R, is the scalar curvature. This operator is selfadjoint in L?(M) and,
since M is compact, has purely discrete spectrum. We denote by A;(g) its
eigenvalues in nondecreasing order and repeated according to multiplicities.
Ammann and Humbert introduced in [AHOG] the minimization problem

Ey := inf (Voly) i Ax(g), (44)
geC

where C is a conformal class of metrics on M. The number Ey is called the
Nth Yamabe invariant. The link with our problem is as follows.
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Lemma 11 (Link with Nth Yamabe invariant). When M = S? is the unit
sphere and C is the conformal class of the standard metric, we have
N d
KTV) = (En)>. (45)
0,d

The proof uses the Birman-Schwinger principle and the fact that RY is
conformally equivalent (via stereographic projection) to S¢ with a point
removed [LLO1]. The details are provided in Appendix

Ammann and Humbert prove several results on Ey, some of which have
consequences to our problem. For instance they show a compactness cri-
terion for N = 2 which they can verify for certain manifolds, see [AHO6),
Thm. 1.4 & 1.5]. This is equivalent to our Corollary They also derive
the Euler-Lagrange equation in [AH06, Thm. 1.6]. In [AHO6, Thm. 4.1]
they show that the second Yamabe invariant E5 is optimal for two disjoint
spheres of equal radius, which provides the first part of Theorem[10} Finally,
the second part of Theorem (10| can be found in [AHO6L Prop. 7.1] but it is
in fact also in a slightly different form in [GGMTS], and has recently been
rewritten in [Fra23].

Ammann and Humbert explicitly mention in [AHO6l Sec. 7] that most of
their results are limited to N = 2. Our techniques used to prove Theorems
and [9 could be useful in the case of general manifolds, but we will not go
further in this direction in this article.

3.5. Application to the CLR constant Léj\;). Let us now turn our atten-

tion to the finite-rank CLR inequality. We call N_(V) the largest possible
integer n so that p,(V) > 1. This also equals the number of negative
eigenvalues plus zero-energy resonances of —A — V' (that is, solutions of
(~A —V)f =0 with 0 # f € HY(R%) \ L?*(R%)). The finite-rank CLR

inequality can be rewritten in the form

min {N,N_(V)} < 2 / V()% dz. (46)
9 Rd
The best constant is
(N) _ (n)
LO,d = 1232(}\/ fo,d

and it is the same if we only count negative eigenvalues. An optimizer

for (46]) is by definition an optimizer for one the largest 8(()") for 1 < n <
N. Counting the zero-energy modes is mandatory when investigating the
existence of optimizers. Those modes are always present for optimizers, as

we have seen in Theorem [9] The following is a reformulation of Corollary

Corollary 12 (Existence of optimizers for LE)]\Q). Let v = 0 in dimension

d>3 and N > 1. Let M < N be the smallest integer so that
(M) _ 7(N)
gO,d - LO,d :

Then all the optimizing sequences (V) for E(()A:l[) are compact up to transla-

tions and dilations, and converge in L¥?(R%) towards an optimizer V, for
f(()]g), hence of L(()]\;).
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Proof of Corollary[13 By the definition of M we have either M = 1 or
Ké{\g) > Eéz;) for all m < M. The compactness of maximizing sequences up
to translations and dilations follows from Theorem [7l in the first case and
Corollary [§] in the second case. O

An optimizer potential V, for the CLR inequality
N_(V) < Loa / V(z)? da (47)
Rd

is by definition a potential V, € L%?(R%) for which there is equality in [@7).
Since V, € LY/ 2(R%), this potential generates finitely many eigenvalues and
zero-energy resonances. We thus immediately obtain the following.

Corollary 13 (Existence of optimizers for CLR). There exists an optimizer
Ve € Ld/Q(Rd) for the CLR inequality if and only if Log = L(()]\Cfl) for
some N =1, that is, n — Lé’g s constant for n large enough.

Our last result is a reformulation of Theorem [I0l

Corollary 14 ((Non-)monotonicity). We have

1

)

L(()zc)l = L(()c)l i all dimensions d > 3

)

and the optimizers for L(()zc)l are exactly the Sobolev optimizers for L((ch)l. We

also have

Loq > L((]djz) > L(()lc)l mn dimensions d > 7.

The rest of the paper is devoted to the proof of all our results.

4. PROOF OF THEOREM [l| (BUBBLE DECOMPOSITION)

We provide a self-contained proof of the bubble decomposition in the
subcritical case, which does not rely on any similar results in Sobolev spaces.
In Section [9] below, we will provide an argument relying on existing bubble
decompositions for the critical case v = 0. A similar proof can be used in
the subcritical case studied here.

Throughout the proof we assume that v > 1/2in d = 1 and v > 0 for

d > 2. Let V,, > 0 be a normalized maximizing sequence for Lg]’?, that is,

N
. N
e =t i S A =2
‘]:

The N min-max levels \;, := X\j(—=A —V},) are then bounded. After ex-
tracting a subsequence, we have

)\j,n_>A]' goa \V/]Zl,’N

Since Lg{\;) > Lgl’zl > 0, we know that A; < 0. The eigenvalues cannot all
tend to 0.
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Step 1. Absence of vanishing. First we prove that V,, cannot vanish in the
sense of [Lio84]. The precise statement is that for all » > 0 we have

d
lim inf sup / VAR (49)
r(y)

n—oo yERd

where B, (y) denotes the ball of radius r centered at y. Since B; can be
covered by finitely many balls of radius r, the property for all » > 0
is equivalent to the same for » = 1. Its proof follows immediately from the
following lemma, together with the fact that A1, - 0, as we have just seen.

Lemma 15 (Vanishing). Let V' > 0 be such that fRd V7+% < 1. Then

O\ 7
(A -V)| <C Sup/ ot (50)
yEeR J B1(y)

for a constant C' depending only on v and d.

Proof. We have |Aj(—A —V)|7 < Lgl’zl Jra VIt Lgl’()i by (3) with N = 1.
Since the supremum in is also bounded above by 1, we only have to
prove the bound when it is small enough.

Let 0 < x € C°(RY) be a function supported in the unit ball centered
at the origin By := By(0) with [, x* = 1. Denote xpgy(z) := R=x((x —
y)/R) its translation by a vector y € R? and dilation by R > 1. Then we
have the continuous partition of unity

/Rd XR’y($)2dy =1, Vo € RY

as well as the IMS formula

/ dy / IV ()l = / Vul? + B2 / Vx? / WP 51
R4 R4 Rd Rd R4

Next, we write for u € H'(R?)

/ Viaf? = / dy / Vixagul
R4 Rd R4
1
Jae yrd 5
dy XRyu‘ +( ) V 2 ‘XR,yu|
R4 Br(y) R4
'H-d/?
g/ [Vl +C (s V]| + R /|u|2
R yeRd 3 (Br(y)) R?

7+d/2
/|vu\2+c RY sup V| + R /W‘.
yema () a

In the second line we used for N =1 and in the third line we used .
Finally, in the last line we used that any ball of radius R > 1 can be covered
by CR? balls of radius 1. By the variational principle, we obtain

'y+d/2
M(—A=V) > -C RS sup ||[V]] +R7?|.
(B1())

yGRd L’Y+2

2=

The result follows after optimizing over R > 1. O



FINITE-RANK LIEB-THIRRING INEQUALITY 19

Step 2. Eztracting the first bubble. From (49)) we can find a sequence xg) €
7% such that

e v+

hmlnf/ Vi 2>0.

n—oo [p (17(11))

This leads us to consider the new potential Vn(mg) + ) which will weakly
converge to the first bubble V(! after extraction of a subsequence. Since
our problem is invariant under space translations, we will for simplicity of

notation assume that :L‘q(q,l) = 0 so that

d
liminf/ vz s .
By

n—o0

We then consider the asymptotic mass

d
oM ;= lim liminf VARENS (0, 1].
R—oo n—oo fp.

If oY) = 1 then the sequence V}, is tight in L7+%2(R%) and we can immedi-
ately go to the next step. In this step we assume that

a® <1

and explain how to extract from V,, a tight piece of mass oW and split
the eigenvalue sum into two independent pieces. Using Levy concentration
functions as in [Lio84], we can find a sequence R,, — oo such that, after
extraction of a subsequence,

a a
im [ V) ?=a,  lim Vi '? =0,
d
lim viTz=1-a®. (52)
n—oo Rd\BQRn
Then
JL)II;O Vn - Vn]lBRn — Vn]]'Rd\BZRn L'y+d/2(Rd) =0 (53)

and the sequence of localized potentials (V;, 15, ) is tight in LY +/2(RY),
Our main result in this step is that the eigenvalue sum decouples.

Proposition 16 (Dichotomy). If o'V € (0,1), there exists M € {1,..., N —
1} such that

(N M (N—M
L) =) = L.

and

N M
DNEA =V =Y (= A= Valp, )|
j=1 j=1

N-M
ol
+ Z ‘)\j( - A - VnﬂRd\BQRn) ‘ + 0(1)77’%00’ (54)
j=1

after extraction of a subsequence. The potentials Vy1p, and Valga\,,

M) nd [ N—M)

are mazimizing sequences for L. d
77 ’y?

, respectively.
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The proof of Proposition relies on the following lemma, which is an
adaptation of well-known results [Mor79, MS80] to the case of n-dependent
potentials and which we state as an independent result for convenience.

Lemma 17 (Spectrum in the case of dichotomy). Assume that v > 1/2 if
d=1and~y >0ifd>2. Let (W,) be a bounded sequence in LYt¥?(R? R,)
so that there exists a sequence R, — 0o with

lim w2 — g, (55)
"= JByg, \Br,,

Then, for every N € N, there exists M € {0, ..., N} so that
N M
DA =W =3 (= A= Wallg,, )|
j=1 j=1

N-M
7
+Y ‘Aj( _A- Wnan\an)‘ Fo(Dnosoo (56)
j=1

after extraction of a (not displayed) subsequence.

In the lemma we do not assume that W,, is a maximizing sequence, nor
that it is normalized. We also do not make any assumption about its mass
in Bg, and outside of Byg,. We only assume that it is very small in the
annulus {R,, < |z| < 2R, }. We postpone the proof of the lemma and first
explain the

Proof of Proposition[16. Using the Lieb-Thirring inequality for the two po-
tentials Vn]lBRn and VnILRd\an, we obtain from and

N
N
LN = 3TN (=A V)P +o(1)
j=1

< LMo + L (1 - o) 4+ o(1)

N
<L) +o(1)

(n)
7.
there must be equality everywhere. Since a(!) € (0,1) this gives

since n — L is non-decreasing. After passing to the limit we find that

(M) _ 7 (N=M) _ (N)
Lvd _L%d _Lvd'
(0
’Y?
> L(V{C)l > 0. In addition, we see that anIBRn and VnﬂRd\Ban are

In particular M cannot be equal to 0 or N since L zl = 0 and we know

(N)
that L%d

(not necessarily normalized) maximizing sequences for L
respectively. This concludes the proof of Proposition

We now provide the

Proof of Lemma[I7]. We prove that for any fixed j

—-A-W,lp 0
)\j(—A—Wn) = Aj < 0 Fn A Wn]le\BQRn> +0(1)n—)oo (57)
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where the operator on the right side acts in the Hilbert space L?(R%)2. The
spectrum of the latter is the union of the spectra of —A — W, 15, and
—A—-W,1 BSp hence means that the negative spectrum of —A — W,
is asymptotically given by the union of these two spectra. The rest of the
statement follows immediately and we only discuss the proof of .

In order to prove the lower bound in we localize in the corresponding
regions of space. Let x € C°(R?) be a radial function such that 0 < y < 1,
X =1on By and x = 0 on Bg . Let ¢ € C*(R?) be a radial function
such that 0 < ¢ < 1, ¢ = 1 on B and ¢ = 0 on By/y. Finally, let £ =
/1 —x2 — (2 so that we have the partition of unity x? + &2 + ¢2 = 1. Let
finally x, := x(z/R,) and a similar definition for ¢, and &,. The IMS
localization formula tells us that

~A-W,, = (1—5n)(Xn(—A—WnnBRn)xn+<n(—A—Wnllngn)€n+£n(—A)£n
— [Vxal? = VGl = V&0 ?)
+ €n< - A - Eﬁlwn]lBan\BRn - Wn]lBRn - Wn]lBan> (58)

for some 0 < €, < 1 to be chosen later. From the Gagliardo-Nirenberg-
Sobolev inequality, we have

A
I E;lwn]leRn\BR" > —2’Y+g715;’7*d/2[](1) /B . WT’;/er/Q
2Rnp Rnp

2 v,d
and
—A i_1,01 dj2
&~ Walp,, —Walpg, >-2727'L0 L wa 2,

Thus we get the smallest error, of order &, if we choose

1

a2\ e
En i= / Wt/ — 0.
Bog,, \Br,, n—o0

Using &,(—A)¢&, > 0 we obtain the operator inequality

—A— Wn 2 (1 - 5n) (Xn(_A - WnﬂBRn)Xn + Cn(_A - WnntRn)Cn>
—C(R,* +¢en). (59)
Introducing the partial isometry

Xn¥
U, : o e L2RY) — | Cup | € L2(RY)3,
gn‘r’J

the inequality can be rephrased in the form
A - W,lp,,

A=W, > (1- 5n)un_1 -A - W”]lBan Un
0

- O(R;2 + &n).
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Thus we obtain from the min-max principle that

~A—W,lg,
Ai(—A = W,) = ) —A - W,lpg, —C(R;* +¢,)
0
~A—-W,lp 0 _
:AJ‘< 0 AWl )‘C(Rn”fn)'
2Rn

We have dropped the coefficient 1 — ¢, since the ); are all non-positive.
To show the similar reverse bound we prove first that for all j,

(A = Walpy Vg0 = M(-A = Walp, ) 4 o(Dnsee (60)

where the notation on the left side means that we restrict the operator to the
ball of radius 5R,,/4 with Dirichlet boundary condition. After extracting a
subsequence we may assume that

lim Aj(—A — Wn]lBRn)

n—o0

The bound

|Bs Ry, /4

AD

[Bsrp/a — **j 0

lim /\j(-A - Wn]lBRn) = Aj.

n—oo

Ni(—A =Wylp, ) < Nj(=A - W,lg, ) (61)

|BsRr,, /4

follows from the min-max principle and implies immediately that
D

We thus only have to prove the reverse inequality A; > Af . Using the
space spanned by the j first eigenfunctions of the Dirichlet Laplacian on the
annulus Bsg, /4 \ Br, as trial functions, we obtain after scaling that
Cj
R2’
This shows that Af) < 0 for all j. In particular, the inequality A; > Af
follows whenever A; = 0.

Let us now consider a A; < 0 and prove that A; > AJD . Take a sequence

)‘j(_A - Wn]lBRn)|B5Rn/4 <

of L?-normalized eigenfunctions ujn, of —A — Wyl Bg, associated with an

eigenvalue \j, — Aj < 0. We call Z,, := /&2 + (2 the localization function
outside of Bsg, /4. Multiplying the equation by Z2 and integrating, using
that =, is real, we obtain

0= [ ViV (Zuin) + Winl [ Flusal
Rd R4

= J Tl Dl [ Fl = [ l9
This proves that

- — C
[ Vi + 1051 [ Zhuin <18~ Al + 1
R4 R4 n

and thus Z,u;, — 0 strongly in H'(R?). Hence we may replace u;, by
the function v;,, = (1-— En)ujm at the expense of small errors both in the
energy and the L? norm. We use this argument for all the j first eigen-
functions and obtain functions vi 4, ..., v;, which are almost orthogonal to
each other. Applying then the min-max theorem on the space spanned by
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these functions, we obtain after passing to the limit the desired inequality
A > Af and this concludes our proof of .
The same argument shows that

Aj(=A = Walpg, Jigg, = Ai(=8 = Walpg, )+ o(1)neo

7Rnp /4

and we then immediately deduce from the min-max principle that
Aj(—A — Wn) < Aj(—A — W”]lBRnUBSRn)

~X
S A=A = Walpg, uBs, )Bsr, a0Bs

7Rn /4
_ A (_A —_ Wn]]-BRn)lB5Rn/4 0
! 0 (_A — Wn]lBan)|B’?Rn/4

The first line follows because 0 < W, 1 Bpr,UBS, < W, and the second line
follows like in . This concludes our proof of , hence of Lemma O

Step 8. Convergence in the tight case. At this step we have two possibilities.
Either a(®) = 1 and then Vj, is tight, or 0 < oV < 1 and then Valp, isa

M) for some M € {1,..., N —1}. To cover

v,d
these two cases at once, in this step we study the situation when LEYA;)

a tight maximizing sequence.

tight maximizing sequence for L

admits
Proposition 18 (Tight maximizing sequences). Assume that LS\Q admits
a non-negative mazimizing sequence Vy, € LYt42(R?) with
N
: +d/2 3. _ : _ 7@
lim [ Vp(z)2de = a € (0,00), nlgréo,zl (A = Vo) = Lo
]:

)

n—oo Rd

which converges weakly to some V € L7+%(]Rd) and is tight:

d
lim limsup/ v =0 (62)
RNBg

—00 n—00

Then Vy, — V strongly and V' is an optimizer for LEYJ,\Q'

For the proof we show the convergence of all the eigenvalues \;(—A —V},)
for j < N. We state this in two separate lemmas of independent interest,
the first dealing with only the upper bound and the weak limit.

Lemma 19 (Weak upper semi-continuity of the eigenvalues). Assume that
Wy, converges weakly to some W in L7+g(Rd). Then we have for all j > 1
limsup \j(=A = W,) < \j(-A-W). (63)

n—oo
Proof of Lemma[T9. Let uy,...,u; € H(R?) be any set of orthonormal func-
tions in L?(R?). Choose Qe With D07 |tk n|? = 1 s0 that vy, := > h | Qg
solves the finite-dimensional problem

max / (|Vw|2 - Wn|w|2) .
R4

wespan(u,...,u;)
lwll2=1
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After extracting a subsequence we can replace the limsup in by a limit
and assume that oy, — o, so that v, — v = Z'szl apuy strongly in
HY(R%). From the weak convergence W,, — W we conclude that

lim [ (Yool — Woloal?) :/ (1Yol — W)
d Rd

n—oo R

By the min-max principle we have
)\j(—A —Wp) < /d (\anP _ Wn|vn|2)
R
and after passing to the limit we obtain

limsup A;(—A — W,,) < / (’VU|2 - W|U|2)
Rd

n—oo

< max / ([Vw* = Wlw|?).
Rd

wespan(uy,...,u;)
||w||L2:1
Minimizing over u, ..., u; we conclude finally that holds. O

Next, we prove the convergence of the eigenvalues under the additional
assumption of tightness.

Lemma 20 (Convergence of the eigenvalues for tight sequences). Assume
that W,, converges weakly to some W in LV’Lg(Rd) and is tight

. . y+4
lim hmsup/ n > =0. (64)
—0  n—oo RI\Bgr
Then we have for all j > 1
m A\j(—A—=W,) =X(-A-W). (65)

n—o0

Proof. After extracting a subsequence we can assume, as usual, that the
eigenvalues converge:

h%m /\j(—A - Wn) = Aj, V] <1

If A; = 0 then we must also have \;(—A — W) = 0 from the upper semi-
continuity proved in . Hence we only have to prove the convergence for
the eigenvalues which do not approach the essential spectrum. The idea of
the proof is to use this property to get some extra compactness at infinity.

Let us start with j = 1 and assume that A; < 0. Fix an 0 < Fyp < —A;.
For n large enough we have A\, = A\ (—A —W,,) < —Ey < 0, which is thus
an eigenvalue. Let u , be a corresponding (real) eigenfunction:

(_A - Wn) Ul n = >\1,n Ul n- (66)

Multiplying the equation by u; ,, we deduce that (u1 ) is bounded in H!(R%).
Hence, after extracting a subsequence, we may assume that ui, — wu;
weakly in H'(R?). Next, we localize similarly as we did in the proof of
Lemma Let ¢g := ((z/R) where ¢ € C®(R%,[0,1]) is so that ¢ =0 on
B; and ¢ = 1 on R%\ By. We multiply the equation by Céulm and integrate.
This gives

/ vul,n : v(@%“l,n) - Al,n/ g%ﬂul,n‘z :/ WnCJQ%‘Ul,n
R4 R4 R4

2
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After integrating by parts we obtain
1
[ Ve VG = [ GVl =5 [ P
Rd R4 2 R4

C
> / |vul,n 2
R4\ By

-
Therefore, using A1, < —Ep and the fact that u;, is bounded in H L(RY),
we have proved the inequality

C

2 2
< .
/Rd\BQR (Y1l + Bohunf) < © HWR”LV-F%(RFI\BR) TR
Due to the tightness of W,,, this shows that (uj,) is tight in H1(R%).
From Rellich’s strong local convergence we deduce that uy, — u; strongly
in LP(R?) for all the exponents less than the critical Sobolev exponent, hence
in particular for p = 2 and p = 2(y 4+ d/2)’. This implies that

lim/ Wn|u17n|2:/ Wl |?
n—oo Rd Rd

and thus

n—oo oo

liminf A; ,, = lim inf/ (\Vul,n|2 — Wn\ul,n|2)
n— Rd

2 / (|V’LL1|2 — W|u1|2) } )\1(—A — V)
Rd

where in the last inequality we have used that ||uy||;z2 = 1. This concludes
our proof that A, converges to \;(—A — W).

We then go on by induction, as soon as A; < 0. For instance, if Ay < 0
we consider a second eigenfunction us , which we take orthogonal to uy ,, for
all n (this is in fact automatic since the first eigenvalue is non-degenerate).
The same arguments as before show that us , converges strongly to some us
in LP(R?%), up to a subsequence, with

liminf Ag,, > / (]Vu2|2 - W|u2|2) .
R4

n—o0

Due to the strong convergence of both ui, and ug, in L*(R%), we have
(u1,u2) = 0 and therefore the right side is larger than or equal to Ag(—A —
W), by the min-max principle. This proves that Ay, converges to Aa(—A —
W). The argument is similar for larger j’s, choosing always w;, orthog-
onal to the previously considered functions. This concludes the proof of
Lemma O

With the two lemmas at hand we can now provide the proof of Proposi-
tion |18 on our maximizing sequence (V;,).
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Proof. The eigenvalues converge thanks to Lemma Passing to the limit
and using the Lieb-Thirring inequality, we deduce that

N N
N .
L) = 1im S N(-A -V =Y (A - V)P
j=1 j=1

(N) g (N)
< L’y:d /]Rd VT < L%d o

since fRd V7+% < « due to the weak convergence V,, — V. Thus there
must be equality everywhere. From the strict positivity of o we obtain that

™ V7% = o and thus that V, — V strongly [Brelll Prop. 3.32]. We also
infer that V is an optimizer for Lg]\;). O

Step 4. Iterating the construction. Since (Vj,) is bounded in LYt%/2(R9) we
may assume, after extraction of a subsequence, that V,, — V =: V(1) weakly.
If o) = 1, then (V},) is a tight maximizing sequence for L d) and thus must
converge strongly by Proposition [I8 We thus take K =1 and N; = N and
we have proved the theorem.

If o) < 1 we let Ny := M, the integer given by Proposition From
this proposition we know that (V,1p, ) is a tight maximizing sequence for
L(Nl) (

not necessarily normalized), which also converges weakly to v =

V. Thus VY is a maximizer for L( 1 and the convergence is strong, by
Proposition In (52) we can thus replace Valpy,, by V), Using VY a

a trial state in LEY]Z;H) L(Nl) = LE/A(;)7 we obtain Ay, 11(—A — V) = 0.
)

This shows that V(1) is in fact an optimizer for LE/ 4 as well.

The argument then goes on by induction. We consider the new sequence
V.=V, nlga\p,, Which is a maximizing sequence for L( M) = L(N) nd
to which we can apply the whole construction again. Elther it is tlght up toa
translation and then we have K = 2, or we can extract a tight piece as before
and we go on. Since the corresponding number N — M of eigenvalues for the
part at infinity is a strictly decreasing sequence of integers, the construction
must stop after at most N steps. This concludes the proof of Theorem[l] O

5. PROOF OF THEOREM (3| (EQUATION AND CONSEQUENCES)

Let Vi, > 0 be any normalized optimizer for LEYAQ and let M be the
number of negative eigenvalues (counted with multiplicity) of —A — V, (we
allow for the possibility that M = co). If M < N then V is also a minimizer
for L( ) = d) and we automatically have the gap Ayy < Ayp1 = 0.

Replacmg N by M we can thus, without loss of generality, always assume
that

Ay <0
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throughout the proof. We denote by u; any associated system of N or-
thonormal eigenfunctions and aim at showing that

v+g-1

Vi(z) = X g ()P : (67)
(d+2 (d+2)L%) ; /!

Step 1. Euler-Lagrange equation, assuming the gap. It is convenient to first
assume

/\N < )\N—f—l (68)

and write the proof of (@ in this case. We will prove in Step 2.
Consider the numbers

2\ A A 2\
a,:?))\l, a =2\, b= M, blzw
3 3

which are so that
a <a< A <Ay <Ay <b<b <Anii.

Let f € C°(R_) be any function supported in [a’, V] such that f(z) = (z)’
on [a,b]. Let x € LY%/2(R% R) be any test function. Then, by perturbation
theory [Kat95, [RS7g|, we know that —A — V. — ex possesses exactly N
negative eigenvalues in [a, b], which converge to the unperturbed eigenvalues
Aj in the limit € — 0. By definition of f, we have

N
D IN(EA Vi —ex)[T =Te f(-A =V, — £x)

for any small enough €. This function is differentiable in € with

Trf(—A -V, —ex) = Tr f(—A — V) —eTr (f'(—A = Va)x) + o(e)

=) +st [ P ofo)
On the other hand, we have

+4 d+2 +41
/Rd(V*—FEX)Zr 2=1+c¢ 5 V/Rd T2+ o(e).
By optimality of Vi we know that
N
Zj:l Aj(=A = Vi—ex)|

v+4
fRd(V* + 5X)+ ?
Expanding the left side in € we obtain

N
_ d+ 2y +4-1
o D Y T e I At g
—

Since this is valid for positive and negative small enough e, we obtain
N

_ N d+ 2y +4-1
PSP = 20 [ v

J=1

(N)
S L%d :
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Varying x we finally deduce that

N
_ N+ 2y ~y+2-1
720 Pl gl = L=
j=1

which is Equation .

Step 2. Gap. Next, we prove the strict inequality Ay < Anyi1. We argue by
contradiction and derive an equation for V; in the case that Ay = Ayy1 < 0.
The argument is similar to the one above, but slightly more involved due to
the degeneracy of Any. We call m the multiplicity of Ay and K the smallest
integer so that Ay_x < An. We recall that A\; is always non-degenerate by
Perron-Frobenius and that N > 2. Thus there is always such a K. We then
have

AN-K <AN-K41 = =AN =" = AN_Ktm < AN-K{m+1

with N — K +m > N, by definition of m and K. Next, we look at the
spectrum of —A — V, — ex as we did before. For ¢ — 0, this operator has
N — K eigenvalues converging to the A\; with j < N — K and thus staying
strictly below Ay, together with m > K eigenvalues converging to A\y. Since
we are looking at a linear perturbation in ¢, it is known [Kat95] that the
eigenvalues close to Ay form m smooth (in fact, real-analytic) curves which
all cross at ¢ = 0. Being ordered increasingly, the corresponding eigenvalues
Aj(—A — Vi —ex) are in general not smooth at e = 0 but only Lipschitz-
continuous. The m curves behave to leading order as

AN — epf + o(e)

where pf < -+ < %, are the m (ordered) eigenvalues of the m x m matrix

< / ujukx> (69)
R4 N—K+1<j,k<N—K+m

where uny_K+1,- .., UN—K+m 1S any basis of eigenfunctions in the eigenspace
ker(—A—V,—Ay). This is just the restriction of the multiplication operator
x to this eigenspace. In our case we always select the K lowest eigenvalues
in this set of m curves. To leading order, those are given by the K largest
u;‘ for € > 0 and the K smallest ones for € < 0. Thus we obtain

N

m—K
N _
S nA Vo= = 1 ey 3N [l
j=1 j=1

K
+ ey AN kL, +ole) (70)
k=1

with L=m — K for e > 0 and L =0 for € < 0. The first order condition is

m—K K
5<’Y > IAjl”_l/Rd g [Px + AN ik
=

k=1
d—+2 d_
_pmndt V/RdV*wrQ 1X><0

v,d D)
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and after looking at € > 0 and ¢ < 0, this gives the series of inequalities

= (Nyd+ 2y pag L

-1 T+g— -1 2

AN " E o rek < Loy 5 /de P ox - E A7 /d |uj|“x
el Y R = R

K
<P
k=1

The sum of the K lowest eigenvalues in the last term is always less or equal
than the sum of the K largest in the first term. Thus there must be equality
everywhere. Since K < m, this implies in particular that the matrix in
is a multiple of the identity. Thus we must have

/ wyTy = O, / (I — Jugl)x = 0,
Rd R4

for all j # k and all y € LYt%2(R?). The first condition implies that
ujug = 0, that is, u; and uj, have disjoint supports. The second one implies
|uj|* = Jug|?, which is a contradiction since the eigenfunctions u; cannot be
identically equal to 0. Thus we conclude that Ay = Any1 cannot hold, as
we claimed.

Step 3. Regularity. It is useful at this point to introduce the parameter
d /
pi= ={r7+t=]) .
y+§ -1 2
Since v > max{0,1 — d/2}, we have p > 1.

Lemma 21 (Regularity). Any optimizer Vi € L7+%(Rd) for ng’\g is real
analytic and tends to 0 at infinity.

Proof. Upon dilating Vi we can assume that it is normalized in LY+%/2(R%)
and still is an optimizer. As explained in the beginning of Section 5, by
changing the value of N we can assume that Ay < 0. Let u; and A; denote,
as before, the eigenfunctions and corresponding eigenvalues of —A —V,.. We
have

p—1

N
(~A =Ny = Vo, and V= [C NPl ] . (@)
j=1

First, since V, € L7+%(Rd), the second equation directly gives
uj € L™(RY), with 79 := (d+27)(p—1).

We now bootstrap to gain regularity. Assume u; € L"(R?) for some r > ro,
and all 1 < 7 < N. We deduce that V, € L26¢-D (Rd), and that Viu; €
L%-T(R%). By elliptic regularity, this gives u; € Wa-1, Using the Sobolev
embedding, we deduce that

uj € LY(RY) Vg€ [r,00), if r>24(2p—1)

e Rd —
uj (RY) {Uj € LY(RY) Vg€ [r,r*], with r*:=r (W) .
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The function f(z) := (W) has a unique fixed point z = d(p — 1),
which is unstable. So, r, > r if and only if » > d(p — 1), which is the
case since v > 0 and thus r > r9 > d(p — 1). Repeating the argument a
finite number of times shows that u; € LI(R%) for all ¢ < co. Thus, by
the equation (71)), Vi € LY(RY) and therefore also Viu; € LI(R?) for any
q < co. By Calderon-Zygmund, we obtain that v € W24(R%) for all ¢ < oo
and then by the Sobolev-Morrey embedding this proves that u € C1*(R?)
for any a < 1 and tend to 0 at infinity.

By Harnack’s inequality [Tru73l, [AS82) [LLO1], we have u; > 0 every-
where and thus Vi > 0 everywhere. It follows that the functions u; are real
analytic [Mor58] for j = 1,..., N, hence so is V. O

Step 4. Decay. For ¢ > 1, we denote by

1

Flylz) = (|Sd 1/ f(j2]w) [ do (w ))3 - (/So(d)\f(R:c)PdR)q

the g-spherical average of f.

Lemma 22 (Decay). Let 0 < Vj € LVJFg(]Rd) be an optimial potential for

LEYAQ. Let (X\j,u;) be the correspondmg etgenpairs, repeated according to
their multiplicities, with A1 < do < -+ < Ay < An41 < 0. Then

1 e~ VIl ; Ce—\/ww
< [u; ; |(z) < O ———.
C 1 + ’CC|d 1 = [UJ]Q(:I:) an ‘Uj(.’l,’)’ + ’vujl(m) — 1+ |$|d71

In particular, Vi is exponentially decreasing, with

eV |/\N|$|> r+g -1

1+ ‘$|d71 (72)

0<V*(:U)§O<

We do not provide the proof of the lemma, which follows exactly the
arguments in [GLN21, Lemma 19], see also [BM77, HOHOSS5].

From the exponential decay of V. at infinity, it is rather easy to con-
clude that there are finitely many negative eigenvalues. This is in [RS78
Thm. XIIL.6] for d = 3 and in [Gla66, Chap. IV, Thm. 6] for d # 2, but
the proof is similar in d = 2. In fact the finiteness also follows from the
CLR inequality in dimension d > 3 or Bargmann’s bounds for central po-
tentials [Bar52] in dimensions d > 1. This concludes the proof of Theo-
rem [3 O

6. PROOF OF THEOREM [4| (BINDING FOR v > max(0,2 — d/2))

Our proof is divided into two steps. The first is to show that if ng\g) admits

an optimizer, then LSN) > L( ) The argument is similar to the one used

in [GLN21], FGL21a] except that we have to work with the potentials instead
of the eigenfunctions. The next step is to use the bubble decomposition of

Theorem [1| to infer that Lg]\;) always admits an optimizer. Only the first
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step uses the additional condition

d
7 > max <0,2 — 2) . (73)

Step 1. Binding. The following lemma is the only place where the condi-

tion is needed.

Lemma 23 (Binding). Assume that v and d satisfy . For oll N € N,
we have
(2N) (N)
L2 > L%,

Proof. Let V be a non-negative optimizer for ng\y, normalized in L7t4/2(R%).
Let M be the number of negative eigenvalues of —A—V and N’ = min(N, M)
as in Theorem If N/ < N, then V is also an optimizer for L(vj\;) =

v.d
If we prove that ng) > L(]\;) then we also get that

7,(2N)
'yd

2N') (V)

>L( )= =L

> L%

Upon changing N into N/, we may thus assume, without loss of generality,
that N/ = N, that is,

AN < An41 < 0.

The rest of the proof is very similar to [GLN21, Thm. 4] and [FGL21a,
Thm. 1-2]. The idea is to place two copies of V far away and compute
the exponentially small interaction due to tunneling effects, and show it is
attractive under the assumption on 7.

Let (Aj,u;j) be the corresponding eigenpairs for —A — V. Recall that

+4

p= +d 1, so that ~ + 4 5= . Our condition on v shows that 1 < p < 2.
Using (|1 , we have
27y N
= (Bp)P~ !, with 8 := — - and p:= Z I ) (74)
LN (d+2v) o

For R > 0 large, we introduce the test potential

= (Bp(‘) + ﬁp(”)p . pP@) = p(Rex £ Fer)

with Ry, R_ € SO(d) two rotations to be chosen later and e; = (1,0,...).

Note that V(Riz + 5 el) is also an optimizer of Lg d), due to the rotational
and translational invariance of our problem. We then use the potential Vg

(2N)

to obtain a lower bound on L7 4 > that is

(2N) < S (-4 - VR)’
v,d = f]Rd 'y+2

Like in [GLN21l, [FGL21a], it is important that we take a linear combination
of the densities and not of the potentials The argument does not work with
the trial potential V(R+x + el) + V(R T — %el)

L (75)
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To evaluate the leading term in R for the denominator and the numerator
of , we introduce the following quantity

d
Ag ::/ v;+2_2/ VIts
R4 R4

= /Rd {(80°) + Bp(”)p - (ﬁp(*))p - (ﬁp(”)p} . (76)

Since p > 1 and p > 0 everywhere, we have Ar > 0. We will see below
that Ap is the leading term in the expansion for both the numerator and
the denominator, under the condition .

For the denominator of , we simply write that

d
V’y+2 =2 V7+%+AR:2+AR.
R4 R R4

We now focus on the numerator. Let P be the orthogonal projector onto
the 2N-dimensional space spanned by the N first eigenfunctions of —A —

(Bp®))P=1 which we denote by ugi)(x) = uj(Ryz £ fey). From the min-
max principle we have

Aj(=A = Vg) < \j(P(—A —-VRg)P)
and thus

2N 2N
S TINEA=VR)T 2D [N (P(=A = VR)P) .
j=1 j=1
We introduce the maximum overlap between the distant functions:

— . _R s R
eR = 1£?§N/Rd lui(Roz — Le1)| - |uj (Ryz + Her)|dx Pand 0.

Let G be the Gram matrix of the u§i), ordered in the following manner:
U= (), 0O = WPl a7 ).

Then G = fRd U*W¥ is, for R large enough, a 2N x 2N positive-definite
hermitian matrix of the form

I, FE :
G = (E* Hn) with E = O(eg). (77)
The 2N new functions defined by the matrix relation
=G 1?2

form an orthonormal system in L?(R?) and span the range of P. Thus the
negative eigenvalues of P(—A — Vi)P coincide with those of the 2N x 2N
matrix

G71/2HG71/2

Htt H—t o - o
H o= (H+ H) 7 o= <u§ ) (A = V), )>.

~1/2 _ I, O B
G _<0 ]In>

with

0 F
<E* 0) + 0(e%) =: Iy, + € + O(eF).
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It is convenient to also separate the diagonal and off-diagonal parts of H:

HtT 0 0o Ht
wener o= (70 Ao (0T

Using the nonlinear eigenvalue equation for ug-i) and the fact that V is
bounded, we find F = O(eg). Thus,
GTVPHGT? = (Iyy + £)(D + F) (Lo + €) + O(e},)
=D+ (ED +DE + F) + O(e%).

and after expanding the trace we obtain

2N

ST IN(P(-A -~ Va)P

j=1

Tr (- 1/2HG—1/2)7
Tr (=D)? —yTr (=D)"" 1 (ED + DE + F) + O(e%)
Tr (=D)Y + O(e%)

=Tr (—H™) + Tr (—H )7 4 O(e%).

The term involving £D +DE + F vanishes since D is block-diagonal whereas
& and F are off-diagonal. Let us evaluate the matrix elements

H;;.* (u (+) J(—A - VR) (+ )>
Setting V*(z) := (BpH(Ryx + & ))pil, we have
(—A=Vg) = (~A = V) 4 (Vg = V)
and thus obtain from the eigenvalue equation

H;]F'Jr = <u§+), (*A — VR), u§+)> = )\iéij — /Rd @16*) (VR _ V(+))

The potential Vg — V() is exponentially small around —gRjrlel, where the
(+)

functions u; '’ are the largest. Setting

Ri= max / W D (Ve — V),

1<i,5<N

we obtain after expanding

_H)Y Z!A pﬂ/ ZM PPV - V) + 0(B2)

=200+ [ p (V= V) +O(BR),
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where we recognized the expression of p(*) in the last line. Adding the
similar term for H~~, we end up with

2N

> N(P(=A=VR)P)"

j=1

= 2L 44 /Rd Va(p™ +p'7) = v v 4 OB, + )

= 2L + g /R (P = (0 = (p) + O(B + ef)

=21 ¢ %AR +O(B% + %)

where we recall that Ap is defined in . Altogether, we proved that
gl

o) 2L ") + GAR+O(BE+h)
>
L%d - 2+ Ap
(N) 1 g 2 | 2 2
:L’y,d 1+§ BL(N) AR +O(BR+€R+AR)
v,d

Together with the formula of 3 in , we get our final bound

2N N 1/d
AR AN (1 +35 (2 +7 - 1) AR) +O(Bh + e + AR). | (78)

The term d/2 + v — 1 is always positive. Our assumption on 7y is
rather used to ensure that B% + e¢% = o(Ag). The next lemma can be
proved following the lines of [GLN21, Lemma 21]. It uses the pointwise
bounds (averaged over rotations) of Lemma [22] together with the inequality
A< A< <Ay <.

Lemma 24 (Exponentially small corrections [GLN21]). For every R large
enough, we have

er < CR'Z" exp <—\/ |>\N|R> ;
and

Br < CR*exp (—2\/WR>

uniformly in the rotations Ry, R_ € SO(d). There exist rotations R+, R_ €
SO(d) so that

AR>CR 2p(d— 1exp( \/|TpR)

In particular, if v and d satisfy , we have 1 < p < 2 and thus e%—i = 0o(AR)
and Br = O(AR).

The lemma implies that the leading correction in is Ag and is posi-
tive. This concludes the proof of Lemma U
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Step 2. Compactness and existence. Let (V,,) be a normalized maximizing
sequence for Lg]\(;). Should it be non compact modulo translations, then

by Theorem [I| we know that there exist K > 2 bubbles V*) which are
maximizers for

(N) _ ()
L =)

Without loss of generality, we may assume that the N are arranged in
increasing order:

Ni < Np <--- < Ng.
The smallest bubble satisfies

K
N:ZNk > KN,
=1

and thus Ny < N/K < N/2 since K > 2. But then, from Lemma we

deduce from the existence of an optimizer for Lg]\s) that
(N) _ 7 (N1) (2N1) (N)
L%d - L%dl < L%d U< L%d )

a contradiction. This proves that K = 1 and all the maximizing sequences
must be compact modulo translations. This concludes the proof of Theo-
rem [l O

7. PROOF OF THEOREM [5( (INTEGRABLE CASE 7 =3/2 IN d =1)

It is well known that the Lieb-Thirring inequality at v = 3/2 follows from
trace formulas [GGKMT74], [LT76]. Those also provide the case of equality,
using results on the inverse scattering problem [KM56, [DT79]. We recall
the notation QE,X’ in (20).

Lemma 25 (Lieb-Thirring optimizers are KdV solitons). Let V > 0 be a
normalized optimizer for Lé]/\;)l such that —A — V' has exactly N negative
eigenvalues. Then there exists 5: (B1y ..., BN) with By > --- > By >0 and

Zj»v:l ,6’53 = 3/16, together with X e RY so that
V=Qs¢

Proof. By Theorem [3| we know that V' is real-analytic and decays exponen-
tially at infinity. For such a potential we can apply the trace formula [Yaf10l
Chap. 5, Thm. 3.6] and obtain

3

N
S Iz + 3 / log(a(k)) kK2 dk = — [ V(z)*da
= ™ JR 16 R

where a(k) > 1 is the amplitude of the Jost function of —d?/dz? — V. Thus
for an optimizer we must have a(k) = 1. By [KM56, DT79], the only fastly-

decaying potentials satisfying this property are the KdV N-solitons with
Bj = I3, O
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Let us now consider any normalized maximizing sequence (V},) for L:())J/\;)J

and prove that it approaches the manifold MY of normalized KdV N-

solitons. Let VY, ..., V) be the bubbles obtained from Theorem after ex-

traction of a subsequence. Let x%k) be the corresponding space translations.

(Nk)
L3/2k,17

of Theorem In particular, V(¥ decreases exponentially fast at infinity.

: (Nk) _ p(Ne+1) _ 3
Since L3/2’1 = L3/2’1 = 16>
even in the case that Ny = N. The kth bubble can never have more
than Nj negative eigenvalues. It can however have less and we denote
by Nj the number of its negative eigenvalues, counted with multiplicity.

From Lemma [25 and after rescaling, we know that V() = Qak X where

ap = ([ V(k)(SU)le‘)l/S > 0 and fj, € (0,00)Nt with > Bi”j = 3/16. In
addition, Y, a3 = 1.

We have shown that V,, decomposes as a sum of solitons moving away
from each other. Those also occur in the manifold M¥. In fact, by [KV20,

Prop. 3.1], there exists QEYZ with § = UBy so that

Each V) is a non-trivial optimizer for hence satisfies the properties

we must always have Ay, 11(—A — V*)) =0,

K
; L, N ()
nlggo HQ@Yn ;Q%i:)(k( )
1%4

and thus we obtain

L2R)

This proves that the L? distance of V,, to M¥ (hence to its closure M<SY)
tends to 0. We have extracted a subsequence at the beginning of the ar-
gument but, since the limit holds for any subsequence, the same property
must hold for the whole initial sequence (V},). This concludes the proof of
Theorem [Bl O

lim HQM - Vn)

n—oo

8. PROOF OF THEOREM @ (EQUATION AND CONSEQUENCES FOR CLR)

Step 1. Euler-Lagrange equation. The proof is very similar to that of the
subcritical case v > 0 in Section [5] except that we argue on the Birman-
Schwinger operator instead of the Schrodinger operator —A — V*D For
x € LY2(R%) we use the fact that

d
2

pn (Vi +ex)
Jra(Vi(z) +ex(2))2 dz

attains its maximum at ¢ = 0. Similar to the case v > 0, let m be the
multiplicity of ux (Vi) =1 and K be so that

g

1= pun(Vi) = pn-r+1(Va) < punv—r(Vi).

L Another possibility would be to pass to the sphere using a stereographic projec-
tion [LLOI] in order to remove the essential spectrum.
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Let vy, ..., vy, be an orthonormal basis of ker(Ky, — 1) where we recall that
Ky, = (=A)"Y2V,(—=A)~Y/2. Then the functions

—_

span the space
N.={feH'®RY) : (-A-V)f =0}

of zero-energy resonances/eigenfunctions and form an orthonormal system in
H'(R%). For e small enough the operator K V.+ey has exactly m eigenvalues
in the neighborhood of 1, which form m smooth curves intersecting at € = 0.
They behave to leading order like

X
L+ ep; +o(e),
where u;c are the m eigenvalues of the m x m matrix
Mij = (ug, xuj) 2,
which we order increasingly. This is the restriction of the perturbation

(—A)féx(—A)fé to the eigenspace ker(Ky, — 1) = span(vy,...,vy). To
leading order, pun (Vi + ex) is thus given by

et o Fole) ife>0,

Vi + =1+
i &) {Euf( + o(¢) if e <0,

and the first order condition yields

/)

X 0,d
P41 S N

d—2
[ VT (79)

For the moment we will not use that this involves the two eigenvalues
t,_ 41 and pje and defer this discussion to the last step of the proof. We
simply bound Y, ¢ > py and pj < iy, and obtain that 6(()]\(;) /N [ga V%_lx
belongs to the range of the quadratic form u € N, +— (u, xu),» restricted

to the unit sphere of H'(R%). Thus for every x € L%?(R?) we deduce that
there exists a u, € N, with ||[Vu,|| =1 so that

Y
) 2 2 —
L™ <k | x=o (30)
We claim that this implies

N)

OT’dV* 2 € Conv{|ul?, ue N, IVullp2ge =1} =: K, (81)

the convex hull of the squares of normalized zero modes. To prove this, we
argue by contradiction following an argument of [Nad96]. If V;d/ 2_15812) /N
does not belong to the closed convex set I on the right of , by the Hahn-
Banach theorem in L%(4=2)(R9) [Brell, Thm. 1.7], there exists a strictly
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separating hyperplane, namely a y € L% 2(R?) and an « € R such that

/) p
0,d 5—1
N Vi x> a px <a, VpeK.
R4 R4
Taking p = |uy|? and subtracting the two inequalities provides a contra-

diction to . Thus we have shown (81)). The space N, being finite-
dimensional, K is also included in a finite-dimensional space (e.g. generated
by the wju; for 1 < 4,5 < m). By Caratheodory’s theorem [Egg58], there
exist finitely many zero modes w; € N, so that

_2_
d—2

O P BN O (S
0,d J J

Now we may consider the Gram matrix Gy; := (Vw;, Vwj) ;» and diagonalize

it in the form G = U*diag(oi, ..., a,)U with a unitary U. Taking f; =

> i Ujkwy (which are orthogonal in H'(R%)) and g; = fj/\/a5 (for aj # 0

which form a basis of NV, orthonormal in H'(R%)), we obtain

2 2
d—2 d—2
N & N &
Vi= ) E |fj‘2 = (N) E :O‘j|gj’2 )
bod j=1 bod =1

m ‘:m 2
j;a] ;/}Rd\wj\ 1. (82)

In the following it will be convenient to use either the functions f; or gj,
depending on the context. Note that condition (79)) remains valid in the
new basis g;, with x4\ the eigenvalues of the new m x m matrix (gi, Xg;) ;-

Step 2. Regularity. We start with the following lemma dealing with linear
solutions.

Lemma 26 (Linear case). Letd >3 and V € L¥?(R%,R). Any f € H(RY)
50 that (=A — V) f = 0 belongs to LP(R?) for all d%'l2 <p < o0.

From the example of the Sobolev optimizer f(z) = (1+ ]w|2)*% and its
associated potential V(z) = d(d — 2)(1 + |z|*>)72, we know that the lower

bound p > ffz is optimal. In fact we will show later in Step 3 that an

optimizer V, for éé]:[l) has the same behavior |x|~# at infinity.

Proof of Lemma[26. This is a classical result (see, e.g., [GT01, BK79, [BL34]
for similar statements) but we provide a quick outline of the proof for the
convenience of the reader. Taking the real and imaginary parts, we can
assume that f is real-valued. If we formally multiply the equation by |f|*~! f
with a > 1 and integrate, we obtain

4 lta
W/Rd ’V|f’2|2:/V’f\l+a-
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We decompose V = VI(|V| > M)+ V1(|V| < M) and use Holder’s inequal-
ity for the first term and just |V| < M for the second. Using the Sobolev
inequality for the gradient, we obtain

4 _ d(1+a) 7 o
(s~ vaavi> o ) (L) © < [
53

We take M large enough so that the left side is positive. We conclude that if
f € LP(RY) then f € LY(R?) with ¢ = 5%p. Iterating this procedure start-
ing at 2d/(d—2) we obtain the sequence of exponents p,, = 2(%2)n+1 which
diverges to infinity since d/(d — 2) > 1. This proves that f € LP(R?) for all
d2—d2 < p < oo. Note that at each step we need to adjust M appropriately,
depending on « and V. Under our sole assumption that V &€ L3/? (]Rd), this

cannot be made more quantitative.
In reality We cannot really multiply by |f|*! f since we do not yet know

that f € L (= . The solution to this technical problem is to rather multiply
by an H(f(z)) Where H (t) behaves like |t|*~# close to the origin and grows

d(1+a)

slower at infinity. Taking a limit we obtain both that f € L 42 and
that holds. We refer to [GT01) Sec. 8.5] for the details.
It is also possible to go backwards. This time we estimate

s <ivaavi<oni, ([ !f\d(ﬁ))d

VLV > M) HfH”O‘ :

(d d+2-a(d-2)

We have 2d/(d+2—a(d—2)) < d/2 for a < 1 hence the norm of V]l(\V| > M)
on the right side is finite. We take 0 < a < 1 and M small. In the limit
a — 0T we obtain that f € LP(R?) for p > 2. O

Applying Lemma 26| to the g;’s in we obtain that

%<p<oo ford >4

V. e LP(RY),  for all
1<p<oo ford=3.

Using this information we can now deduce that the g; are in C**(R%) for
all 0 < a < 1 and tend to 0 at infinity. This follows immediately from the
fact that c
91 = (C8)7'(Vagy) = s + (Veg)

and that Vig; € LP(RY) for all 1 < p < oo, see [LLOI, Thm. 10.2]. Then Vi
is at least continuous and bounded. From unique continuation the g; cannot
vanish on a set of positive measureﬂ hence V > 0 almost everywhere. In
dimensions d € {3, 4} the power 2/(d—2) in is an integer so the nonlinear
equations are polynomial. From usual regularity theory [Mor58] the
functions f; (hence Vi and g;) are real-analytic. In dimensions d > 5 the

2Otherwise, by [dFG92| there would be a point at which the function vanishes to infinite
order, a situation which cannot happen by, e.g., [Aro57, [H6r83]. Using [HS89] we can even
deduce that {f; = 0} has locally finite (d — 1)-dimensional Hausdorff measure.
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power is not an integer and the best we can say is that Vj satisfies . We
only provide the proof for d > 6, the argument being similar for d = 5. Since
g; € CY*(R?) for any a < 1, we have V, € CO3(R?) for every B < 4/(d —2).
To prove the bound for 8 = 4/(d — 2), we use first the algebra property of
COB(R?) spaces to deduce that V.g; € COP(R?) for every B < 4/(d — 2).
Thus, by the equation and Schauder’s theory, g; € C?P(R?) for every B <
4/(d — 2). In particular, g; € C'(R?) and this implies that V. € C%#(R9)
with = 4/(d — 2), as claimed. On the other hand, we still obtain that Vi
and the g;’s are real-analytic on the open set {V, > 0}.

Step 3. Decay. To prove that an optimizer Vi(z) behaves like |z|~* at in-
finity, we use the following lemma, which relies on the conformal invariance
of our problem (reminiscent of that of the Sobolev inequality [LLOI]).

Lemma 27. For f € H'(RY) and 0 <V € L¥?(R%), we define
f(@) = o~ f(|2[P2),  W():= o]~V (2| ?2), Ve eR?\{0}.
Then we have f € H'(R?) and W € LY2(R?) with

/ rVﬂde:/ V2 da, /nga::/ Ve d
R4 Rd Rd R4

W OV) = 1y(V)  forall j > 1,
If in addition —Af =V f, then —Af =W f.

Proof. Let f be any function in H! (R%) and fas in the statement. A simple
change of variables provides

[ fidae = [ i a,
R4 R4

hence f € = (RY). On the other hand, f is weakly differentiable in R?\ {0}
with

and

Ty

00 (@) = 12l 3" (@ef) (| 2) (m - 2$|2) (@ 2] anf (2] ).
l
Thus,
VF@)? = 22V ) (222 + (d — 2 e[ 2@ D] £ (|| 2)?
o — )| (ja )z - (VF) (2] 2)

and, changing variables and integrating by parts we find,

/|vf|2d:c:/ IVF[2da.
R4 R4

This proves that the distributional derivative Vf on RY \ {0} is square
integrable. In dimension d > 3, we have H'(R%\ {0}) = H'(R?%) and
thus conclude that va is in fact the distributional derivative on the whole
of R?, hence that f e H! (RY). We have thus proved that the map f €
HY(RY) — f € HY(RY) is an isometry. This isometry is onto since the
tilde transformation is clearly invertible on C}(R?\ {0}), which is a dense
subspace of H'(R?) in dimensions d > 3.
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For the potential, we have the relation
d d
Wzdx = Vzdx
Rd Rd
and thus obtain W € L¥?(R%). In addition

/ VI = / WIFP,  Vf e BY(RY).
Rd Rd

The equality of the quadratic forms and the variational principle immedi-
ately give

(W) =p;(V),  Viz1l
In fact, the two multiplication operators V and W on H 1(]Rd) are unitary

equivalent through the isometry f — f, hence their spectra coincide.
Assume now that f € H'(R?) is so that —Af = V f. This is equivalent
to the weak formulation

/ Vo -Vf= / Veof,  Vpe H'(RY).
Rd Rd
The tilde transformation being invertible, we obtain

Ve Vfde = Vofdz for all ¢ € H'(RY), (84)
Rd Rd

which is the weak formulation of the equation —Af: Wf O

In the following we use conformal invariance to connect decay at infinity
and regularity. This idea has been exploited, for instance, in [CGS89]. See
also [BE20] for a recent adaptation to the Dirac case.

Let V, be any optimizer for Eé{?, which satisfies the relation for some
functions f; € H'(R?) satisfying —Af; = Vi f;. We apply Lemma 27 to Vi
and the f;’s. This provides new functions f] and W, so that —Afj = W*E

In addition, W, is given in terms of the ]7] by the same formula as V.
From the regularity proved in the previous step, we deduce that

W, € C%(RY), a =max{1,4/(d —2)}.
In particular,
[Wi(z) — Wi (0)] < |z|* for all |z| <1
which is the same as
Valy) = Iyl Wi(0)| Syl @~ forall [y > 1.

This proves that
lim |y[*V2 (y) = W.(0) (85)
ly|—o0
as we claimed. Note that if d = 3,4,5, one has W, € C!'7 with v =
max{1, (6 —d)/(d — 2)} and therefore one can extract the next term in the
asymptotics.
At this point we cannot exclude the situation that W, (0) = 0. Note, how-

ever, that W, is also an optimizer of E(()]\C[l) since fRd Wf /2 dr = fRd *d/ 2 4z
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and p;(W,) = p;(Vi) for all j. Due to the continuity of V, at the origin,
this new optimizer behaves at infinity like

lim |z|*W,(x) = V,(0),

|z|—o0
which is somewhat dual to . In general we also do not know if V,.(0) > 0.
We however know that there definitely exists an a € R? so that Vi(a) > 0.
Since our problem is invariant under space translations, we may always
replace Vi (z) by Vi(z — a) which is also an optimizer for E(()]\Cfl), before intro-
ducing the function W,. Thus we can always assume V,(0) > 0 and the new
optimizer W, then has the claimed behavior

lim |z|*W,(z) = ¢ > 0.

|z|—00
Such a potential always has a compact nodal set.

Remark 28. Choosing V. appropriately, it is possible to provide a more
precise estimate of the remainder. Since Vi(0) > 0, Vi is analytic in a
neighborhood of 0. Thus |z|*W.(z) in fact admits a complete asymptotic
expansion at infinity in terms of \w|_2‘0‘|xa where « is a multitndex. For
mstance,

Cx d-x 1
Wilo) = g g +O <||>

with ¢x > 0 and some d € R<, Choosing the origin so that Vi is mazximal at
this point we can further assume that VV, = 0, which implies d = 0 in the
previous expansion. In addition, we can always assume after an appropriate

scaling that V,.(0) = 1. Thus there always exists a minimizer of Eé]\;) so that

Remark 29. An optimal potential Vi such that |x|*Vi.(z) — 0 at infinity
cannot decay faster than any power of |x|. Namely, we claim that there
exists M > 0 so that

V()T
lim sup RM ) 7

dz > 0. (86)
R—oo |z|>R |SL“4

The assertion follows from the unique continuation theorem of Jerison and
Kenig [JK85). Indeed, let W, be the same potential as above and ]7 <0
any corresponding eigenfunction appearing in the equation, so that W, >
C|f1# @2 By [TKR5] we know that there exists M < oo so that

2 2
lim sup r—M ’f@i’ dz = lim sup RM \f(xi\
r—0 lz|<r |.%" R—o0 |z|>R “r‘

dz > 0,

otherwise f would vanish to infinite order at the origin, hence be equal to 0
everywhere. Using then V > C’\f|4/(d*2) we obtain the assertion .
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Step 4. Full rank. As a final step we show that K = m, that is, the zero-
energy modes are completely filled. Since we know that V. and the g; are
continuous functions, we can take y converging to a Dirac delta in and
we obtain

i1 (C(@)C(2)) <Y alg; (@) < i (Cla) Gla)”)
j=1

for all z € R?, where

91(x)
Gz):=|

gm(z)

The m x m matrix G(x)G(z)* has rank one for all x, with the non-negative

eigenvalue i, (G(2)G(2)*) = Y. |gj(z)|>. When K < m we must there-

fore have pi,—rK41 (GG*) = UK (GG*) = 0. This would imply V, = 0, a

contradiction. Thus we conclude that K = m, which is the same as saying

that ,uN+1(V;) <1l= MN(V*) in . O

9. PROOF OF THEOREM (7| (BUBBLE DECOMPOSITION FOR CLR)

Our proof relies on an existing bubble decomposition of Gérard [Gér98,
Thm. 1.1] for the Sobolev inequality, which we use for the eigenfunctions.

Step 1. Eaxtracting bubbles from the eigenfunctions. Let V,, > 0 be an opti-

mizing sequence for K(()];;), normalized so that ux(V,,) = 1 for all n:
N
li_>m Vn(:z)% dz = ik
n—00 [pd Eo,d

Since Eé]\jl) is finite, the sequence V;, is bounded in L%?(R?). Then the

Birman-Schwinger operator Ky, is bounded. After extracting a subse-
quence, we may thus assume that

lim 11;(Vn) = p;

n—o0

for all j > 1. On the other hand, the definition of £U) gives

2
Loa)* IVl 4
IVlhg (Loa)* VIl g
Jd J
for all V € L%?(R%). This bound pertains in the limit n — oo and we obtain

i < Cj~2/4 Recall that puy = 1. Let M > N be the largest integer so
that pups = 1. Then we have

Na |y
() VIl 4

pi(V) <

[SUIN

N<M< Loa
™
0,d

Consider now a basis of M eigenfunctions u,, , of Ky, corresponding to
the M largest eigenvalues of Ky, :

1 1

Mvn ﬁum,n = Hm(vn) Um,n, <um,n7 um’,n>L2 = Omm!,
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with 1 < m,m’ < M. Define the corresponding zero-energy states

1
fm,n = ﬁum’n
which solve
anm,n = _Mm(vn)Afm,n (87)

and form an orthonormal system in H'(R%). In other words, those diago-
nalize the multiplication operator V;, in H'(R%).

Next, we apply Gérard’s profile decomposition [Gérd8] in H'(R%, CM)
to the F,, = ( fm,n)%:l' This provides us with a (finite, infinite, or empty)
collection of scaling parameters t7(lj ) > 0, translations x,(f ) € R and functions
0# FU) = (ﬂ(nj))M € HY(R4 CM) so that, after extraction of a (not

m=1

displayed) subsequence,

(4)

1 '+:L‘n y .

(t(j))d_z fm,n ( t(j) > - fég), V]. é m < M, Vj 2 1
Y 2

n
weakly in H'(R?), strongly in L%OC(Rd) and almost everywhere. For any
€ > 0, there exists a J > 0 so that

J
fmn = D2 @ F D (8D (- =aP)) 42D [P e < (88)
" _ 5,
and

J
V= [ Whnal =Y [ A0 [P o0 e
R4 PRl R4 ’

If there is no bubble then f,, — 0 strongly in L7-2 (R?) for all m = 1, ..., M
This is impossible since

1< pm = / Vn’fm,n
R4

2
2 < HVTLHL% Hfm’nHL% .

Thus we conclude that J > 1 for € small enough. If J > 2, two (tgf ), el )) and

( g/),xg/)) with j # 7/ are orthogonal in the sense of . After extracting
a further subsequence, we may assume that

) . (4) 4
V) = 1 Vo[ ) Ly (89)
(tq(lj))Q tglj)

weakly in L%?(R%) for j > 1. Rescaling the eigenvalue equation and
passing to the weak limit using the strong local compactness of f,, , gives

VOFD = —pumA LS.
For each j there is an m so that fy(,{) = 0 and for this m we infer
/’vamp:um/‘vﬂﬁp>o
R4 " Rd "

since p, = 1. Hence we have proved that V(j) # 0 for all j and that p,, is
an eigenvalue of Ky, (;, for any j so that f,(;f) #0.
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This is valid for the whole (possibly infinite) sequence of bubbles. In the
rest of the argument we fix ¢ small enough and only look at the J first
bubbles appearing in . We will in fact prove that J is independent of ¢,
that is, there are finitely many bubbles.

Step 2. Relation to the spectra of the Ky, . For every j, let N; denote
the largest integer so that upy; (VU)) > 1. From the previous analysis we
know that N; > 1 since one of the u,,’s is an eigenvalue. Consider a basis
of orthonormal functions (g%))%jzl in H'(R?) for V), with eigenvalues
i (V). We look at the rescaled functions

G = (VG D D).

Recalling that Vn(j ) is the rescaled potential at the scale (tq(f ),m%j )), we
have

/ Vi g, = / Vg g)
R4 R4
— V(j)g,(%)gfg,) = Nm(v(j))(sm,m’a

n—oo Rd

due to the weak convergence of Vn(j ) in . On the other hand, for j # j’

— . . d .y d
] [ Va2 < 1l ( [ ot gl ) 7 dx)
R4 R4

The integral on the right side tends to zero due to . In fact, we have

[ AP ) @ 2ot o - 2 e > 0 (90)
Rd

n—00

a—2

for all f € LP(R) and g € L%(Rd) with 1 < p < co. We have thus shown
that the matrix of the restriction of V,, to the space

Gp = span{g%?n, j=1,..,J, m=1,.,N;} (91)
converges in the limit n — oo to the diagonal matrix with entries equal to
the f,, (V@) > 1. In particular the space G, has dimension Ejzl Nj for n
large enough. The variational principle implies that
' i ©))

lim psa Nj(Vn) > j_man pm(VY) > 1

n—oo

=1,...,

m=1,...,N;
and thus
D Ni<M
7j=1

due to the definition of M. Since N; > 1 we infer that there are finitely
many bubbles:

J

J <M.

However ¢ can be taken as small as we like in the bubble decomposition (88|
whereas J can be kept fixed up to a subsequence. We may thus assume that
the remainder goes to 0:

nh_)rrolo Hrfn‘])n L = 0 forallm=1,..., M. (92)
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The matrix of V;, in the space spanned by the eigenfunctions f,,, is

2d
diagonal. Since the remainders 7“5,}], )n tend to zero strongly in L2 (R?), the

matrix in the space spanned by the functions f, , — n({{, )n form=1,...M
tends to the same diagonal matrix. This proves that the space spanned by

the frn — rﬁn‘], )n has dimension M. But this space is in fact contained in

G, in , since any non-zero rescaled bubble f,%)n is an eigenfunction of

()

VTS] ), hence a linear combination of the gij. Thus we obtain the reverse
inequality M < Z‘jjzl Nj and conclude that

> Nj=M. (93)

It turns out that we have proved more, namely that the spectrum is ex-
actly given in the limit by the union of the spectra of the K, (;, including
multiplicities. But in the following we will only use (93]).

Step 3. Conclusion. We recall that

J
N d N d

— o ‘/ 2 > g ‘/ (-]) 2
E(()A(;) it Rd( )2 — Rd( )

To prove the last inequality, the usual method is to introduce balls centered

at each bubble, growing slightly faster than the scaling tﬁf), so that the
restriction of Vj, to the ball still converges weakly to V@) after scaling, and to

discard the integral outside of the union of the balls. From the formula

Nj)

of Eé dj and Lemma|§|7 we obtain:

J
Nd N; ,
(Vhz > E:wdj)uNj(V(J))

vl

<

<.

N, M _ N
>2 oy 2 on 2w (09
Jj=1%0d 0,d 0,d

Thus there is equality everywhere:

-
f((),d) =1

We also deduce that V) is an optimizer for é((]]\;j ) and that I Nj(V(j )y = 1.
If M > N then we may as well choose to estimate

Nod N; —1 o d
/ (V2 > (zjv-_1)“Nj—1(V(]))2
R4 EO dj

for one j and obtain instead
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since N < M —1. We infer that V) is also an optimizer for (N, —1) /EO d b

and that uNj_l(V(j)) = 1. However, from Theorem |§| we know then that

KN, (VU)) < 1, a contradiction. We therefore conclude that M = N and we
have shown . Finally, we also have

d d
li 2 (V)2 95
Jdim | Z / d (95)

which implies the limit . O

l\.’J

10. PROOF OF THEOREM (MONOTONICITY OF E(()J?)

Step 1. Case N = 2. Let 0 <V € LY2(RY) with V # 0 and pua(V) be the
second eigenvalue of the Birman—Schwinger operator K!, = vV (=A)"1/V.
Let f be a corresponding eigenfunction. Since K7, has a non-negative kernel,
the first eigenfunction is non-negative by Perron-Frobenius (in fact positive
on the support of V'), and thus f must change sign. Let us introduce the
function u := V=12 f € H'(RY) which satisfies

—Au = po(V) W
For j = 1,2 we define a; > 0 such that u; = alVYV2f and uy =

as V12 f_ satisfy
Vu? =1.
[

Thus, with Ey := {£f > 0} and S; the Sobolev constant, we have

2:/ Vuf—l—/ Vu}
R4 R4
2 d—2 2 d—2
d _2d_ d d
(L) (L) "+ (v
E, R E_

1 2
<L < / v
Sd E4 R

1 2
d
S — V3
Sap2(V) <</E+ )
( 2

_ 1
 Saua(V)

U

N
I
T
g
T £
> +
N
+ m\A
N
N \ <
| [N]f-H
-
N———
o
T
<
St
N———

d—2 2 d—2

() -
= Sapa(V) \ g, B Sapa (V) PR

We have therefore shown that ps(V) < 5’512_3HVHLd/2(Rd) . By definition

of 582;, this means

M\B..

(2)
0,

~
N

_
d Sd £0 d-
ﬂ(()lc)l holds according to in Lemma@ If
for both £ and zg;, then there would be

The opposite inequality E(()Zc)l >
v

there existed an optimizer
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equality everywhere in the above series of inequalities. In particular, the
corresponding functions u; and us would be Sobolev optimizers. But then
they would be positive over the whole of R?, a contradiction. The behavior
of maximizing sequences follows from Theorem [7| and the explicit form of

(1)

maximizers for EO g
bl

Step 2. Case N = d + 2. To prove the inequality we consider the

potential
d—2 d 4
—(r+— YV (r+=2) —
v = (24457 (2+5) o

which, by [Fra23l Lem. 15], satisfies pun (V) = 1 with

. d—2\* d\ 2 2 (L+d—1)!(L+9)
/V2:<L+> <L+2> IS4, N== 22
R4

2 d! L!
Taking L =1 we find N =d+ 2 and
d+2 9d d—2)%
g(()d;r2) > + S _ _ ):2 E(()lgl.
’ JraV2  d2(d+2)=7 |89 (d+2)7

The right side is greater than K(()lc)l when d > 7. Note that when the dimension

d increases, a similar result holds for larger values of L, see [Fra23]. This
concludes the proof of Theorem O

APPENDIX A. PROOF oF LEMMA [I1]

In order to rewrite in a Birman—Schwinger-type form and explain the
link with our EOA(; , we pick in a conformal class C a metric gg so that

C = {uti%?go: O<uEC°°(M)} .
For g = uﬁgo € C, we have Vol, = [, = dvoly, as well as

A4(d—1) _a+2

__4 _4 a+2
Vg=u 2V, "lgzudﬂ"’gm Ry = d—29 u =2 Lgyu.

Thus, for any function ¢,
d—2
<90’ LQSO>L2(dvolg) - / <|Vgg0|§ + 4(d1)RgQO2> dVOlg
_ 4 2 _d+2 9 2d
= <u =2 |Vgoplg, +u =2 (Lgyu)p ) wd=2 dvolg,

d—2
= [ (el e+ g
d

—2
= / <|Vg0 (uc,o)]?m + 4(d_1)RgOu2<,02> dvolg,

= <u907 Lgu90>L2(d volgg)*

Ry, u2cp2> dvoly,

Moreover,

2d_ _4
<90’ 90>L2(dvolg) = /902 dVOlQ = /902ud2 dVOlgO = <ugp,ud72 u90>L2(dvolgO) .
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This proves that
_2 2
)\N(g) = AN (u d*QLgou d*2> .

In particular, if L, is positive definite (which is equivalent to £y > 0 and
also to the Yamabe constant being positive), then

1
An(9) = 2, 2
,LLN (ud72LgO ud72>

where uy denotes the Nth eigenvalue in decreasing order. Consequently,

)

2

| = dvolgO> ¢

EN:iEf 5 e
UN (ud72Lg0 ud72)

We now specialize to the case where M = S is the unit sphere and C
is the conformal class of the standard metric. Using that R? is conformally
equivalent (via stereographic projection) to S% with a point removed [LLO1],
we obtain after considering the potential V := u*/(¢=2) (]
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