THE HASSE NORM PRINCIPLE FOR ABELIAN EXTENSIONS
— CORRIGENDUM

CHRISTOPHER FREI, DANIEL LOUGHRAN, AND RACHEL NEWTON

ABSTRACT. The proofs of Theorem 1.1 and Theorem 1.5(2) in the authors’
paper The Hasse norm principle for abelian extensions are incorrect. We point
out the mistakes and provide correct proofs, using techniques of the original

paper.
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1. INTRODUCTION

1.1. The mistakes. This is a corrigendum to the paper [3]. The paper contains
the following independent mistakes:

(1) The proof of Theorem 5.1 has a gap in the dominated convergence argu-
ment, since the last part of Lemma 5.3 is false.

(2) In Lemma 6.7 the implication * =’ is false. (A corrected statement is
Lemma [C6| in this document.)

(3) The final statement in Lemma 6.9 is false. Therefore Lemma 6.12 is false.

(4) Typo: sign error in equation (4.15). The Euler factor should start 1 +
(QP —1)g; ! in the case ¢ = 1 (mod Q).

The typo is inconsequential but mistakes f have the following con-
sequences for the paper:

e The proof of Theorem 1.1 is incomplete (it uses Theorem 5.1 and Lemma
6.12).

e The proof of Theorem 1.5(2) is incomplete (it uses Lemma 6.7).

e The proof of Theorem 5.2(2) is incomplete (it uses Theorem 5.1).

Example C1. Here is an explicit counter-example to Lemma 6.7 and Lemma 6.9.
Consider the number field K/Q given in [0, Number Field 8.0.10070523904.2].
This is a Z /47 x 7./ 27 extension of Q whose only non-cyclic decomposition group
occurs at 7 and is (Z/2Z)* However, one checks that the map

7.)27. = H*(ZJAZ x 7./27.,7) — H*((Z/27)?, 7)) = 7./ 27

is the zero map, which implies that weak approximation holds. We are grateful

to André Macedo for providing this illustrative example.
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We remark that none of these issues affect the subsequent paper [4] which
involved only the Hasse norm principle (no weak approximation) and counting
by conductor, which is substantially easier than counting by discriminant with
the harmonic analysis approach.

1.2. The fix. We focus on providing complete correct proofs for the main results
(Theorems 1.1 and 1.5(2)) from the introduction of [3]. Their statements are as
follows. Let k£ be a number field.

Theorem C2 (|3, Theorem 1.1]). Let n,r € Z with n > 1 and r > 0. Let Q
be the smallest prime dividing n and let G = Z/nZ & (Z/QZ)". Then 0% of

G-extensions of k fail the Hasse norm principle, when ordered by discriminant.

Theorem C3 ([3, Theorem 1.5(2)]). Let G be a non-trivial finite abelian group,
let Q) be the smallest prime dividing |G| and suppose that the Q-Sylow subgroup
of G 1is not cyclic. Then as ¢ wvaries over all G-extensions of k, ordered by
discriminant, 0% of the tori R}(w 1k Gm satisfy weak approzimation.

Proving these results turns out to be actually quite delicate; the dominated
convergence argument used in the proof of |3, Theorem 5.1] is fatally flawed and
cannot be rescued. Instead, we prove Theorems|C2| and [C3| by exhibiting explicit
cancellation between the poles of different Dirichlet series which arise through
Moébius inversion. Koymans and Rome have recently found alternative proofs of
[3, Theorem 1.1], see [§] (for & an arbitrary number field), and [3, Theorem 1.5],
see [7] (only for k = Q).

We now state the result which will imply both theorems. Let k£ be a number
field and let €2, denote the set of all places of k. We fix embeddings k C k, for
all v € Q. For any non-archimedean place v, let I, C Gal(k,/k,) be the inertia
subgroup. Then the coset Frob, I, is independent of the choice of Frobenius
element Frob, € Gal(k,/k,).

We will write our groups multiplicatively. For n € Z, we denote the group
of n-th roots of unity in C by p,. Let G be a finite abelian group and @) the
smallest prime dividing the order of GG. For cyclic G, Theorem follows from
the Hasse norm theorem. Therefore, we assume throughout this corrigendum
that the @-Sylow subgroup of G is not cyclic; this means that we may write
G = M X pgar X -+ %X pgar where @ 1 [M] and ¢t > 2. Let ey,...,e; generate
[Qot, - - - 5 fiQer, Tespectively.

As in [3], by a sub-G-extension of a field F' with separable closure F', we mean
a continuous homomorphism ¢ : Gal(F/F) — G, and we call a surjective sub-
G-extension of F' a G-extension of F'. Hence, a sub-G-extension ¢ of k induces
a sub-G-extension ¢, of k, at every place v.

Theorem C4. Let S be a finite set of places of k containing all the archimedean
places. Let i,j € {1,...,t} be distinct. Forv ¢ S, define A, to be the set of all
sub-G-extensions ¢, of k, for which the following implication holds:

a;—1
2" e o, (I,) = ¢u(Frob, L) C (M, ey, es,. .., €1, ejQ, €jtly- €1

1

Then only 0% of all G-extensions ¢ of k satisfy p, € A, for allv € Qi \ S, when
ordered by discriminant.

We use this to prove our results as follows.
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1.3. Proof of Theorem This theorem concerns groups of the form G =
M x ,th_l X fige, where t > 2, a > 1, () is a prime, and M is a cyclic group such
that all prime divisors of |M| are larger than ). We need to show that only 0%
of G-extensions of bounded discriminant fail the Hasse norm principle. We use
the notation of Theorem

If a G-extension ¢ of k fails the Hasse norm principle, then by [4, Lemma 4.2]
there is a maximal proper subgroup T of A2G such that, for all places v of k,
the image of the natural map A?(Im¢,) — A?G is contained in T. Hence, it is
enough to show that, for every such Y, this occurs for 0% of all G-extensions of
k.

Henceforth, for a subgroup H of G, we abuse notation by writing A2H C T
to mean that the image of the natural map A?H — A2G is contained in Y.

Lemma C5. Let T C A?G be a maximal proper subgroup. Then there ewist
e1,...,e € G such that e; has order Q%, ey, ...,e;_1 have order Q) and eq, ..., e
generate G/M, and indices i,j € {1,...,t} with i < t — 1 and the follow-
ing property: for every finite place v of k and G-extension ¢ of k such that
A*(Imp,) € T, we have

e; € pu(l,) = pu(Frob, I,) C (M, ey, ... ,ej,l,e?,ejﬂ, Ce ). (1.1)

Proof. We split the proof into two cases. First assume that /\Z(ugl) Z T, so
that there are order () elements €;,¢; € ugl such that ¢; A e; ¢ T. Define
Li:={g€G|eNge€T} Then,if ¢ € ¢,(I,), the assumption A>(Im¢,) C T
implies ¢, (Frob, I,) C L;. We will now find generators of G for which L; becomes
the set on the right-hand side of .

Note that M C L; since ¢, A M = 1. Furthermore, L; is a proper subgroup
of G since ¢; ¢ L;. By maximality of T, we have |(A’G)/Y| = @ and hence
’(Ei N G)/(El A Ll)‘ ’ Q, as €; N\ Ll =7TnN (Ei A G) Since €; A €5 ¢ T, we have
e; N L; # ¢; NG and hence |(; A G)/(e; A L;)| = Q. In the case a > 2, suppose
for contradiction that L; € M x G[Q%!]. Then ¢; A L; C ¢; A G[Q* '] and since

(i AG) /(& A Li)l = Q = |(e: A G) /(e AGIQ" ),

it follows that ¢; A L; = ¢; A G[Q*']. This contradicts the fact that e; Ae; ¢ T.
Therefore, L; contains an element of order (). Therefore, both when a > 2 and
when a = 1, we deduce that L; = M X g, X jiga for some s <t —2, because L; is
a proper subgroup of G containing M. Since ¢; € L;, it follows that ¢; A L; = F(,.
Now ¢; A G =Ty, and |(; A G)/(e; A Ly)| = Q together yield s = ¢ — 1. Thus,

G = g x L;. (1.2)

Fix a choice of isomorphism as in and use it to identify G' with pg x L;.
Now choosing generators e; for the ‘extra’ copy of pg on the right-hand side of
and €; = eg,...,¢ for the Q-primary part of L; (where e,...,e; 1 each
have order @) and e, has order Q) gives a choice of generators ey, ..., e, for the
@-primary part of G such that L; = (M, e,, ..., e;), completing the proof in this
case (with (i,7) = (2,1)).

Now assume that /\2(u51) C Y. Let eq,...,e;,—q generate ugl and let e,
generate figa. Since T # A?G and the e,, A e, for 1 <m < n <t generate A\*G,
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there exists ¢ < ¢t —1 such that e; Ae; ¢ T. Suppose e; € p,(I,). The assumption
A*(Im ¢,) € T implies that

op(Frob, I,) C L, :={g€ G |e;Nge T}
Note that L, is a proper subgroup of G because e; ¢ L;. Moreover, L; contains
the maximal proper subgroup (M, ey, ..., €1, e?) since /\2u51 C T and ei/\ef2 =
e ANM =1. Thus, L; = (M, eq,...,e1, etQ>, completing the proof. O

Theorem [C2] now follows immediately from Theorem [C4] noting that a; = 1
in the notation of Theorem

1.4. Proof of Theorem We require the following corrected version of |3,
Lemma 6.7].

Lemma C6. Let G be a finite abelian group and ¢ a G-extension of k with
associated field K. Then R}(/k G satisfies weak approximation if and only if the
induced map

A%(Im p,) — A’G
is the trivial map for all places v of k.

Proof. Results of Tate and Voskresenskii ([3, Theorems 6.1, 6.2]) imply that weak
approximation holds if and only if

H3(G,Z) = ker <H3(G, z) - [[H(Im e, Z)) .

Dualising and applying [3, Lemma 6.4|, this is equivalent to

Im <H A?(Im ) — /\2G> = {1},

which is equivalent to the statement of the lemma. U

We use this to prove Theorem [C3] as follows. This theorem concerns finite
abelian groups G for which the @-Sylow subgroup is not cyclic. Such groups
can be written in the form G = M X pger X -+ X pigar where ¢ > 2 and all
primes dividing |M| are greater than (). Let ey, ..., e, generate pgai, ..., fige,
respectively. We need to show that for only 0% of G-extensions ¢ of k the torus
R}% s Gm satisfies weak approximation. By Lemma C6| this happens if and only
if Im(A*(Imp,) — A%G) = {1} for all places v of k. Thus the result follows
immediately from Lemma [C6], Theorem [C4] and the following.

Lemma C7. Leti,j € {1,...,t} be any two distinct indices with a; < a;. Then,
for any finite place v of k that satisfies Im(A?(Im ¢,) — A’G) = {1}, we have

e € pu(l,) = @u(Frob, ) C (Moer, ... e5 0,60 €551, ).

(2

Proof. The element e;Ae; has order Q% in A’G. Suppose that e?arl € ¢,(1,) and
let x € p,(Frob, I,). Since Im(A*(Im ¢,) — A?’G) = {1}, we have e?ai_l ANx =
1 € A2G. Write z = mel* ... ¥ for some m € M and by, ..., b, € Z. Now use the
fact that the Q-primary part of A2G is B <iev<t HQar @ pigec, Where figar @ figar
is generated by ej A ey, to see that @ | b;. U
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The remainder of the corrigendum is devoted to the proof of Theorem [C4l We
begin with some preliminary results.

2. PRELIMINARIES

2.1. Tauberian theorem. We require the following special case of Delange’s
Tauberian theorem.

Theorem C8. Let a > 0 and let f(s) = >~ an/n° be a Dirichlet series with
real non-negative coefficients which converges on Res > a. Suppose that there
exists a real number w > 0 such that the function g(s) = f(s)(s — a)* admits
an extension to a continuous function on the domain Res > a with g(a) > 0.

Assume that there exists § € (0,1] such that
a(s) = g(a) +O((s —a)’), ass—a for Res> a.

If 0 < w < 1 assume also that the derivative g’ admits an extension to a con-
tinuous function on the domain Res > a. Then

Z Ay ~ ala) *(logx)“~!,  asx — oo.
— al’(w)

Proof. We prove this as an application of [I, Thm. I], closely following the proof
of [I, Thm. ITT, §5.2.1], which imposes the stronger assumption that g admits a
holomorphic continuation to s = a.

We begin with a standard reduction. The result [1, Thm. I| states a Tauberian
theorem for a suitable function «(t) in terms of the analytic properties of its
Laplace transform f(s) = [~ e *'a(t)dt. For our application we take a(t) =
Y <ot Gn, which for Res > a gives

f(s) = /00 e Z a,dt = /00 r! Zandx A 1f(s)
0 1 s ns s

n<et n<x n=1

Thus to obtain our asymptotic formula we will apply [I, Thm. I| to a(logx) (the
factor 1/s gives rise to the factor 1/a in our statement).

Set g(s) = g(s)/s. In the notation of [Il, Thm. I| we take A = 1, [ any positive
real number less than 1 and

0, 0<t <1,
) = {g(a)tw—l/r(w), £> 1

In the notation of loc. cit. we then have G(s —a) = (s —a) “g(a) + h(s) where
h(s) is an entire function in s (see [I, Lem. 4]). We need to consider

F(s) = f(s) = G(s —a) = (s —a)"*(g(s) — g(a)) — h(s).
This admits a continuous extension to Res > a away from s = a, by our as-
sumptions on g.
We first consider the case where w > 1. In the notation of [I, Thm. I] we take
y(u) =u*"'/g(a). As s — 0 in the half-plane Re s > 0 we have

rio+a =0 () <o (=)
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thus the hypotheses of loc. cit. hold with ¥(r) = r°~1.

For the case where 0 < w < 1 we take y(u) = u*/wg(a). The derivative F'(s)
admits a continuous extension to Re s > a away from s = a, by our assumptions.
As s — 0 in the half-plane Re s > 0 we have

F'(s+a) = —ws™ ' (g(s +a) = g(a)) + s7¢'(s +a) = W (s +a) = O (|T|S|; )

thus the hypotheses of loc. cit. hold with ¥(r) = r9~1. O

The following lemma assists with applications of the Tauberian theorem.

Lemma C9. Suppose that g(s) is holomorphic on Res > a and both g and ¢’
extend to continuous functions on Res > a. Define

go:R—C
t— gla+ti).
Then go is differentiable with derivative gi(t) = ig'(a + ti).

Proof. Write g(z + iy) = u(z,y) +iv(z,y). For t € R and h > 0 the mean value
theorem shows that

Re(go(t + h) — go(t)) = u(a,t +h) —u(a + h,t + h)
+u(a+h,t+h) —u(a+ h,t)
+u(a+ h,t) —u(a,t)
= —hugy(a+&,t+h) + huy(a+ h,t + &)
+ hug(a + &3, 1),

where &,&,&3 € (0,h). By the continuity of ¢’ (and thus of u,,u,,v,,v,), we
get that

lim Re(go(t + ) — go(t))
h—0+ h

= —ug(a,t) + Uy(a, t) +ug(a,t) = uy(av t),

as desired. Together with the analogous argument for the imaginary part, this
shows that

lim go(t +h) — go(t)

= uy(a,t) + vy (a,t) = }lg% (uy(a+ h,t) +ivy(a + h,t))

h—07t h
= lim ig'(a + h + ti) = ig'(a + ti),
h—0
as desired. An analogous argument works for the left-sided limit. O

2.2. Bounds for L-functions. Recall that a Dirichlet character of k is a finite
order Hecke character, i.e. a continuous homomorphism y : A*/k* — S with
finite image. Let f be the conductor of x, then x defines the L-function L(s; x) =
[Tojioe(1 = X(m,)q,*)~! for Res > 1. When x # 1, this extends to an entire
function satisfying the usual functional equation.

Lemma C10. Let k be a number field and x : A*/k* — S a non-trivial Dirichlet

character with conductor §. Then, for Res > 1, we have
/

L
L(s;x) <ne (Niyof - (1 + [Im ) and - (s;x) e (Niyof - (1+ [Ims))".
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Proof. The first bound follows from Rademacher’s classical convexity estimate,
see e.g. |9, ITI, Theorem 14A].

For the second bound, inserting the Hadamard factorisation of the completed
L-function A(s;y) in the functional equation and taking the logarithmic deriv-
ative yields the crude bound (see |5, (5.28), (5.31)])

L 1
T s = > =, T Orel(Nijgf - (1 + [Tms]))%),
ls—pl<1
where the sum runs through all zeros p of L(s; x) with |s—p| < 1. By |5, (5.27)],
the number of such zeros is <y (Ny/of - (1 + |Ims|))¢. The classical zero-free
region [5, Theorem 5.35] implies that for each such zero p, with at most one
exception,

1
s p ke (Ni/of - (1+[Ims])) .
If there is an exceptional zero p, it is real and satisfies

L —p >k (Nijof)©

(with an ineffective implied constant) by [2]. These estimates taken together
show the required bound for %(5; X)- O

3. PROOF OF THEOREM

We now begin the proof of Theorem [C4 We may enlarge the finite set S
of places of k, and thus assume that it contains all places dividing |G|, enough
places to ensure that the ring of S-integers Og of k is a PID, and all places v
with small ¢,, where the meaning of “small” will become clear during the proof.
All implied constants in <- and O-notation are allowed to depend on k, G, S.

3.1. The counting function. We will prove Theorem [C4| with ¢ = 1 and j = ¢.
This clearly suffices.

We first translate the statement to a problem on the idele class group using
class field theory. For every place v of k we choose a uniformiser 7, € k.
Write L = (M, ey, es,...,e,_1,e). Consider the function f(x) = [, fo(x») on
the group Hom(A*, G) of continuous homomorphisms from A* to G, defined as
follows:

1 ifves,
folxe) =31 ifvg Sand e € x,(0;) = xu(m) € L,
0 otherwise,
where y, € Hom(k}, G) is the composition of y with the natural inclusion £}, —

A*. Note that a G-extension ¢ of k satisfying ¢, € A, for all v € Q. \ S
(as in Theorem with ¢ = 1 and j = t) corresponds via class field theory to a
continuous surjective homomorphism y € Hom(A*, G) such that e?arl € xu(O})
implies x, (7,0%) C Lfor allv € Qg \S. The set of such G-extensions is contained
in the set of those that correspond to continuous surjective homomorphisms
x € Hom(A*, G) with f(x) = 1. These are counted by the function

N*(G,L; B) = #{x € Hom(A*/k*,G) : x surjective, A(x) < B, f(x) =1}



8 CHRISTOPHER FREI, DANIEL LOUGHRAN, AND RACHEL NEWTON

Therefore, comparing with the total number of G-extensions of k with discrim-
inant bounded by B (see [3, Theorem 1.7]), it suffices to show that

N*(G, L; B) = o( BY*¥(log B)"*9)~1), (3.1)

where a(G) = |G|(1 — Q") and v(k, G) = (|G[Q]| — 1)/[k(nq) : K].
For any subgroup H C G and x : A*/k* — H, recall the definition of ®x(x)
from [3, §2|, in particular that ®y(x) = A(x)H/I™Xand set

N(H,L;B) = #{x € Hom(A*/k*, H) : ®y(x) < B, f(x)=1}.
Then
N(H,L; B) =Y N*(J, L; B/V/IH),
JCH
and thus by M&bius inversion as in [3], §2| and [11], §2],
N*(G, L; B) = Y u(G/H)N(H, L; BH/I). (3.2)
HCG

For a subgroup H C G, we let By be its Fg-rank, i.e. the dimension of the

Fg-vector space H ®z Fq. If By < Bq, then v(k, H) < v(k,G) and
N(H, L; BIHl/IGI) < N(H; BIH\/IGI) — O(Bl/a(G)(log B)V(kﬂH)—l)

by [3, Lemma 4.7|, where N(H; B) = #{x € Hom(A*/k*, H) : ®y(yx) < B}.
Hence, it suffices to consider subgroups H with Sy = B¢ in (3.2).

3.2. Case 1: a; = 1. In this case L = (M, ey, es,...,e;1). Let H be a subgroup
of G with g = Bg. We show that the individual counting function in (3.2))
satisfies N(H, L; BIHI/IG) = o(BY/*(@) (log B)**G)—1),

For any finite set T' D S of places of k, we consider the truncation of f,

fT(X) = H fv(Xv)a

with corresponding counting function
Np(H, L; B) = #{x € Hom(A*/k*, H) : ®yx(x) < B, fr(x) =1}

Note that the counting function Nr imposes local conditions at only finitely
many places, so the main counting results of [3] apply. Hence, 3 Lemma 4.7]
shows that

Nr(H, L; B\HI/IG\)

S Blgréo BI/Q(G) (log B)I/(k,G)fl = CH,T?

N(H L-BIHI/\GI)
lim e
B—oo BY/2(G)(log B)v(kG)—1

with a constant ¢y > 0. We will show that limy_,q, ¢y = 0, which is enough
to ensure that N(H, L; BHI/IG) = o(BY*(@)(log B)*kG)=1),

Let us recall some notation from [3]. We write ko := k(ug). For Re(s) > 1, we
set Co,w(s) := 1 for archimedean v, and (y,0(s) := [[,,,(1 — q,,°)"", the product
of the local factors of the Dedekind zeta function of ky at all places w above v, for
non-archimedean v. Moreover, Tv(-; s) is the Fourier transform of the function
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1/®g()® on Hom(k}, H), and ]?H,U(-; s) is the Fourier transform of f,(-)/®y(-)*.
As in [3, (4.13)], we have

cHT < lim Z H fH’U xv;S’G|/‘H‘ H Ck .’L'U,S‘G’/|H|) (33)

BTOXE
s/ G oA veT Crow(@ a

For z, € O @ H", we write x, € OZQ ® H”" to say that z, is in the image of
09 ® H" in OF @ H" under the natural map (which is not injective in general).
By [3, Lemma 4.1], for v ¢ S, z, € Of ® H", and Re(s) > 0

L, (o: s[GI/|H]) =
{lﬂQﬁGn 00 (7o) = a7+ 0(g, ), g, = 1mod @,

1+ 0O( (@)D "), ¢v Z 1 mod Q.
Moreover, [3, Lemma 3.4] shows that
To(zy;s|Gl/|H)) =0 for =z, ¢ O @ H". (3.4)

For a subgroup A of k¥, a subgroup R of H, and z, € k! ® H", we abuse
notation by writing z, € A® R” to mean that the image of x,, under the natural
map kf ® H" — kI ® R" is in the image of A ® R" under the natural map
A® R" = k} ® R

For ]?Hﬂ,, we have the following result.

Lemma C11. Let Re(s) > 0. Write Ly = LNH and write V' for the subgroup of

order QQ of G generated by e?al_l. Letv ¢ S and x, € k@ H". If ¢, Z 1 mod Q,
then

Fao(@y; s|GI/|H) = Togann () + O(q; @), (3.5)
If g, = 1 mod @, then me(:cv;s\G]/]HD is equal to

]IO*®HA ({Ev) +q, Ol(G)S<ILO;®HA (JZU) (QﬁG : 1@3Q®HA (xv) - Q : ]1(9:Q®vA (xv)>

1
+ Lojer () (ILoiQ@VA(%) - Q>> + O(q, (@(@+Ds),

Moreover, if x, ¢ OF @ Ly" then J?Hm(xv; s) = 0.

Remark C12. Note that since Sy = g, the Q-torsion subgroup G|[Q)] is con-
tained in H and hence V C H.

Proof of Lemma[CT1] Writing k} = O @ (r,), we identify k}/O% with (m,) and
hence Hom(k*, H) with Hom(O}, H) @ Hom(k}/Oz, H). By [3, Lemma 3.3],

fro(xy; s|G|/|H|) = Z Z o 20)71, (o ) | g 1610105,
l|(exp(H),qv—1) \ xv€Hom(O},H)
ker xv= O*l
where

va(quxv) = L Z fu(XM/qu)(%,xv).

| | y€Hom(k}; /O, H)
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Taking | = 1 gives Lo:gnr(2v). If ¢, Z 1 mod @, then all other terms are

O(go ™ D%) 50 we have shown (3.5).
Suppose that ¢, = 1 mod ). Then the contribution from [ = @ is

GO Y en) Y flet) (e n)

| | XvE€Hom(O%,H) Yy €Hom(k} /O, H)

kerxv:OT,Q

—a(@Q)s 1

=4, @ ﬁ Z (Xv> Tv) Z Fo(Xo¥) (W, ) (3.6)
X0:0% /09 v Yv€Hom(k} /O, H)
—a(G)s 1
_'_qv @) E Z <Xvaxv> Z fv(Xvwv)<wvazv>- (37)
X0: 0% JORC  H Yy €Hom(k} /O3, H)
Im x,ZV

By the definitions of f, and Ly, and our identification k}/OF = (m,), (3.6) is
equal to

qva<"‘>5|—[§| S em) Y (e

XU:O;/(’)::Q‘—)V Yv€Hom(k}/O%,La)

—a(cys L]
=q, © WHO;@vLHA(%v) Z <XU7:CU>

Xv:O;/OsQ%V

— 51
— " Slosern (@) (<14 D (o)

Q X1IZO;/O$Q—>V
— S 1
— (@) éﬂomm(%)(—l Q- ]1@;@®w<%>)~ (3.8)

Furthermore, by the definition of f,, (3.7) is equal to

qv_a(G)s’_Plﬂ Z <Xv> gjv> Z <¢v, iL‘v>

X0 0%/ OFR s H Yy €Hom(k}; /O, H)
Im x,ZV
=0, " P logenr () Y. (X 2)
xv: 0 /O S H
Im xvZV
— gD L g epn () ( o ) - Y (e xv>>
XU:O;/O:QHH xv:O;/OzQ—Hf

:qv—a(G)le:@HA (:EU) (Qﬂc : 1@;Q®H/\ (Iv> - Q : IL(');Q®VA (ZL‘U)) . (3'9)

Taking the sum of (3.8)) and (3.9)) completes the proof of the formula for fg,v(xv; s).
To see that z, ¢ OF @ Ly" implies fu,(z,;s|G|/|H|) = 0, we also have to con-
sider the remaining terms, i.e. l|(exp(H), ¢, — 1) with [ > Q.
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Similarly to the calculations above, the contribution from [ is

AT DN (S S SR ACRTR TN

’ ’ XvEHom(OF ,H) Yy€Hom(k} /0%, H)

kerxv:Ojjl

—a(G)s 1

=4, @ m Z <Xv’xv> Z fv(Xvwv)<wv7$v> (310)
XUGHom(((QD;‘,lH) Yy€Hom(k} /O, H)
ker x», =03}
Vé{lmxv
—a(G)s 1

+qv @ m Z <Xvaxv> Z fv(Xvwv)<¢v7$v>- (3-11)

XUEHom(((QDZ*,lH) Yy€Hom(k} /0%, H)
Vitmx,

By the definition of f,, the inner sum in (3.10)) becomes

Z <wv>$v> = |LH| ’ ILO;@LH/\ (xv)7

y€Hom (kX /O%, L)

which is zero for z, ¢ O} ® Ly”. The inner sum in (3.11]) becomes
Z <¢vaxv> - |H‘ : ILOZ®HA (ZBU),

Yv€Hom(k; /O, H)
which is zero unless z, € O®H”, which is even stronger than x, € O:®@Lg". O

By (3.4), the summand in (3.3) is zero unless x € O} ® H". Hence, the sum

over x is finite and

car K Z HfH” (wv; 1/a(H) hm H xv’5’G|/‘HD

rcOraHn veT 1) v(k,G) H1/04 ) v(k,G) "

(3.12)

We now define k,/ko to be the elementary abelian Q-extension associated to

x € k* @ H" as in [3, Section 4.4]. Explicitly, taking a presentation of the
@-primary part of H as a direct sum of cyclic groups, we can write

E* @ H" = k* @ D" x k* k"9 x - x k* k@

vEQR\T Cko’

for some subgroup D of M and cy,...,¢; € Z~o. We write z € OF @ H" as
= (y,x1,...,2) with y € OF @ D" andxzeo JOI9 for 1 <i < t. Then

K, = ko( /..., /7).
With this setup, it follows from [3] Lemma 4.5] that the function
Tr(w;s|GI/|H|) = [ Tolw; s|Gl/|HI)
vEQNT

has a pole of order strictly smaller than v(k,G) = (Q% — 1)/[ko : k] at s =
1/a(@G), unless k, = kog. Hence, the summand in (3.12)) vanishes unless k, = k.

Lemma C13. For x € k* ®@ H", we have k, = ko if and only if v € k¢ @ H".
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Proof. The “if” follows directly from the definition of k,. For the “only if”, suppose
k. = ko, leti € {1,..., t} and fix a representative of ;. The polynomial X© — z;
cannot be irreducible over k, as it has roots in kg and [k : k] < Q — 1. As Q is
prime, this already implies x; € k*?. Moreover, for the first factor k* ® D" of
k* @ H", we see that every y € k* ® D" is a Q-th power, as (@, |D]|) = 1. O

Given z € k*Y @ H", let v € Q; . S. By Lemma , we have fH’v(xv; s)=0
unless x, € O ® Ly". Since By = B¢, the Q-torsion subgroup G[Q)] is contained
in H. Since a; = 1, this implies that e, € H and H = Ly ® (). Therefore, as e;
has order @ and x € k*¢ ® H”, the condition that z, € O;® Ly" is equivalent
to z, € O @ H". Therefore, we may further restrict the sum in - ) to the
finite set O*Q ® H”", which is mdependent of T'. This ylelds

cr< Y11 vaxval/O‘( I xv,SIGI/Igg)'

Ly(zy; 1/a(H) sel/a - ¢ Grow(a(

J?EO*Q(X)HA vET\S

Now observe from Lemma and the description of 1,(x,; s|G|/|H|) preceding
Lemma [CTT] that

frio (w0 1/ a(H))
UGTI_I\S Tv(ﬂcv? 1/a(H))

[1T @+o@ @) ] @-(@-2+1/Q)q"+0(g, ' /)

veET\S VvETNS
qvZ1 mod Q qv=1 mod Q

for z € O;Q ® H". With, e.g., the Chebotarev density theorem, this shows that
limy_,q, cyr = 0, as desired. We have thus proved (3.1]), and hence Theorem ,
in the case a; = 1.

3.3. Case 2: a; > 2. This is the hard case, where the individual counting func-
tions in ([3.2) are not o( B/ (log B)**)~1), Instead, we match up the sub-
groups H giving the highest-order contribution in and show cancellation
between them. We already observed at the end of Section that these sub-
groups H have maximal Fg-rank, i.e. Sy = B¢. Hence, it is enough to consider
subgroups contained in the set

WI:{HQG : ﬁH=5g, (G/H)%O}
Recall that L = (M, ey, ea,...,e,1,€; > and partition W into the sets
lez{HEW:HZL} and Wy:={JeW : JCL}.

Lemma C14.

(1) For H € Wy, we have H/(HNL) = 7Z/QZ and L/(HNL)= G/H.
(2) The map H — H N L induces a surjection ¢ : Wy — Wj.
(8) For J € Wy, the map € — (J, e, - £) induces a bijection between (L/J)[Q)]

and ¢~1(J).
Proof. : Since H € Wy, we have H # HNL and therefore the natural injection

H/(HNL) — G/L = 7Z/QZ is an isomorphism. Similarly, the cokernel of the
natural map L/(H N L) — G/H is trivial because G/L has order () and H ¢ L.
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and : First, we claim that if A, B € W then AN B € W. Note that
having maximal Fy-rank is equivalent to containing G[Q]. Moreover, suppose
that u(G/A) and u(G/B) are nonzero. Then for every prime p, G/A and G/B
contain no element of order p>. Suppose for contradiction that G/(ANB) contains
an element of order p?, represented by g € G. Then, since u(G/A) and u(G/B)
are nonzero, g € A and ¢ € B, so g has order at most p in G/(AN B), which is
the desired contradiction. Now, since a; > 2, we have L € W and therefore the
map ¢ is well defined.

Let H € ¢~*(J), so H e Wy and HN L = J. By (], the natural injection
H/J — G/L =7Z/QZ is an isomorphism. Since G/L is generated by the image
of e;, this implies that H = (J, e, - £) for some ¢ € L. Since J € Ws, we have
1(G/.J) # 0 and hence e? € J. Since H/.J has order Q, we also have (e;-£)? € J,
and hence (9 € J. So far, we have shown that any element of ¢~1(.J) is of the
form (J, e; - £) for some ¢ € L such that ¢(? € J. Now we show that any group of
this form is in ¢~!(.J). Let ¢ € L be such that /¢ € J and let H = (J,e,-£). It is
clear that H € W7, since J € W and ¢; - ¢ ¢ L. We must show that H N L = J.
Clearly, J C H N L. As noted above, since J € W5, we have e? €J. SoH/J
has order at most (). Moreover, H/(H N L) has order @ by (), and hence
J = HN L, as required. In particular, we have shown that ¢—!(J) is non-empty
for any J € Ws, whereby ¢ is surjective and we have proved .

To complete the proof of (3)), we assert that two groups Hy = (J,e; - (1) and
Hy = (J,e; - £y) in ¢~(J) are equal if and only if ¢, - £;1 € J. Simply observe
that if H; = Hs then ¢, -EQ_I € HiNL = J. The other direction is clear. O

Note that for J C L, we have f(x) = 1 for all x : A*/k* — J, and hence
N(J, L; BYVI€Y = N(J; BYVIG), Thus, Lemma shows that (3.2) equals

N WG/H)N(H, L; BV £ N7 (@) I)N(J; BYVIG)

HeW, JeWsy
+o(BY*9(log B)"H7)

=3 | WG/ HNC BV + u(L)g) ST N(H,L; B/
JEWs HE¢_1(J)

+ o(BY* @ (log B)Y =1y, (3.13)
Lemma C15. For J € Wy, we have u(G/J) = —|(L/J)|Q]| - u(L/J).

Proof. Recall that the Mébius function on isomorphism classes of finite abelian
groups satisfies u(G) = 0 if G has a cyclic subgroup of order p™, with p a prime
and n > 2, u(Gy x Go) = u(G1)u(Gy) if Gy and Go have coprime order, and
w(Z/pZ)™) = (—=1)"p"=V/2 for a prime p and n € Z-.

Since J € Ws, we have u(G/J) # 0 and hence G/J = T x (Z/QZ)* where Q 1
|T| and s € Z~g. Since [G : L] = Q, it follows that L/J is an index @ subgroup
of G/J, and hence L/J = T x (Z/QZ)*"'. Now u(G/J) = (—1)*Q*C=V/21(T)
and u(L/J) = (—=1)*1Q=YE=2/2,(T), whence the result. O

Plugging the result of Lemma into (3.13]) gives
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> w(r/I) | =L/ DQI - N(J; BV + Y~ N(H, L; BFI)
JEWs Hes1(J)

+ o( B (log B)"kE)-1), (3.14)

Lemma shows that the number of terms in the sum over H € ¢~(J) is
|(L/J)[Q]|- Our aim is thus to show that for each of these terms we have

N(H, L; BHEVICy = N(.J; BYVIGN 4 o( BY) (log B)**O~1), (3.15)

which will prove (3.1)). We begin this proof of this, which culminates in Lemma|C24],
by studying the counting functions N(H, L; B) through their zeta functions

)
Fr(s) = > B
x€Hom(A*/k* H)

converging absolutely for Res > 1/a(H). Henceforth, we will fix an element .J
of Wy and an element H of ¢~'(.J), so J = H N L. For the corresponding zeta
functions, we prove the following proposition. Note that @ -|J| = |H| by Lemma

C14|[1). We write again ko = k(ug).

Proposition C16. There are holomorphic functions g1(s) and ga(s) on Res >
1/a(H), such that

Fi.s(s) = Gio(a(H)s)" ™ - gi(s), (3.16)
Fi1(Qs) = Gy (a(H)s)" ™1 - go(s), (3.17)

for Res > 1/a(H). The functions gy, gs extend continuously to Res > 1/a(H)
and satisfy, for some 6 € (0,1] and all s in some compact convex neighbourhood
C of 1/a(H) in this half-plane, the condition

l9i(s) = g:i(1/a(H))| <c |s = 1/a(H)|".
Moreover, g1(1/a(H)) = g2(1/a(H)) # 0.

Almost all that remains of this corrigendum is devoted to the proof of Pro-
position [C16], which we start now. The natural inclusion of J in H gives a short
exact sequence

S J2NH S H)J =1, (3.18)
where H/.J = ug by Lemma m This induces an exact sequence
1 — Hom(A*/k*,J) RN Hom(A*/k*, H) — Hom(A*/k*, H/J). (3.19)

For any 1, € Hom(k}, H) and x,, € Hom(k}, J), we define f,, ,(xv) := fo(XoM0)-
Similarly, for n € Hom(A*, H) and x € Hom(A*, J), we let

fn( =fxn) = anvv (Xov)-

Note that, for all places v ¢ S with 7,

o: = 1, we have

fnv,fu|Hom(k5/O;§,J) = fv|Hom(k;/O;,J) = 1.
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We fix a system R C Hom(A*/k*, H) of representatives for the quotient
Hom(A*/k*, H)/ Hom(A*/k*, J), such that 1 € R. Then for Res > 1/a(H),

Frp(s)=> > M (3.20)

nER xcHom(A* /k*,J) (I)H(XU)

Our next goal is to analyse the sum over Hom(A*/k*, J) via Poisson summation.

Let s € C. We start by computing the local Fourier transforms h,, ,(z,;s) of
the functions x, — fi, »(xv)Pu(Xeny)”° on Hom(k}, J). With the Haar measure
on Hom(k}, J) normalised as in [3], §3.2], they are given for z, € k ® J" by the
formula

hslzi = Y f"”’”(x”xx”’”{l ol o)

s -1 .
XoE€Hom(k3,J) @1 (xwm) | J| if v 1 o0.

As in [3, §4.3], we denote the local Fourier transform of f,®7° by f],v(arv; s).

As in the proof of Lemma [C1I] we use our uniformiser m, to split the se-
quence 1 — OF — k¥ — k!/O; — 1, thus writing Hom(k?, J) = Hom(O;, J) x
Hom(k}/O%, J). Hence, we write x, € Hom(k},.J) as Xy = XovsXouw With
Xor € Hom(O3,J) and xpu € Hom(k:/OF, J). Recall, moreover, the abuse
of notation introduced before the statement of Lemma [CT1l
Lemma C17. Let Re(s) > 0, let v be a place of k, let n, € Hom(k}, H) and let
T, € kF @ JN. Write V' for the subgroup of order Q of G generated by eQ o

(1) If v ¢ S and x, ¢ O} @ J", then hy, ,(z,;s) = 0.

(2) If n, € Hom(k;, J), then

Py (T3 8) = <77v—17 xv>ﬁf,v(xv§ Qs).
(3) If v & S with q, # 1 mod Q, z, € Oy ® J" and 1,|o: € Hom(O;}, J), then
gy (203 8) = (o]0 )~ ) + O(q, o )H)s)'
(4) If v ¢ S with ¢, = 1 mod Q, z, € O} @ J" and ny|o; € Hom(O}, J), but
n, & Hom(k?, J), then
(25 5) = <<m|0*>*1 2) (14 (@7 Logn (@) = Qloagya (@) 4,2
+0(g, D),
(5) If v & S and ny|o: ¢ Hom(O;, J), then
e (03 8) = O(g, @D*D2).

Proof. Note that S; = B implies that V' C J.
(1): Recall that J = H N L. For x, € Hom(k}, H) and v, € Hom(k}/O%, J),
we have (x,%,)(0F) = x,(OF) and (x,¥,)(m,) € J if and only if x,(m,) € J.

Hence, f,(xv) = fo(Xoty). Therefore, h,, ,(x,;s) equals

1 Jo(XvM0) (Xor To)

|J| Z CI)H(XU 1‘77’(})5 Z <Xv,ur7$v>.
xU,rGHom(O,j,J) ’ Xv,ureHOm(kJ,?;/O:;,J)

The inner sum in the last expression is 0 for x, ¢ O} ® J" by character ortho-
gonality.
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(2): Upon replacing x, by .7, and observing that ®(x,) = ®;(x.)%, we see

from (3.21)) that

hnu,v(xﬁ s) = <77;1: Ty)

Jo(Xo) (Xv, o) ) 1 if v | o0,
Z D(x0)9 '{!J\‘l if v { oo.

Xo €Hom(k,J)

= <77;17 xv>fJ,v(xv§ QS)
(3) and (4): Again identifying k}/O} = (m,), we write 1, = 17y,7yu With
Mo € Hom(OZ, J) and 1, € Hom(k}/O%, H). Upon noting that ®y(x,n,) =
d J(Xvnw)Q and replacing the variable x, by X7, we see from (3.21) that

) <7717,3a Ty) Jo(Xoo,ur) (Xo,s To)
R VD D YA

0:)" ', x,) times the Fourier transform of the

xvEHom(k¥,J)

Hence, h,, »(2,;s) is just ((n,
function fnmmv@;@s, which we may evaluate using [3, Lemma 3.3]. This shows
that hy, .(z,; s) is equal to ((1,|o:) 7", x,) times

Z Z <Xva Iv>7—f%,ur,v (Xva xv) Qv_M(l_l/d)st (3-22)

d|(exp(J),qv—1) \ xv€Hom(O},J)
ker x, =074

where )
Tfnu,ur,v (Xva«Tv) = m Z fv(Xvwvnv,urxwva Z’v>.
Yy€Hom(k}/O%,J)
Clearly, for ¢, € Hom(k} /O3, J) we have f,(Yunou) = 1, as (Yunpw)(OF) =
{1}. Hence, the summand for d = 1 in (3.22)) is equal to

1
Tfﬁv,ur,v(lvm’u) = |7| Z <¢Uaxv> =1
Yy €Hom(k} /05, J)

If g, # 1 mod @, there is no summand with d = @), and the further summands
are < gy “HD* a9 desired in (3).

If ¢, = 1 mod @), then the next summand appears for d = ). Our assumptions
on 7, in (4) imply that 9, (7,) ¢ J. Hence, f,(Xo¥uMouw) = 1 if and only if
e?arl ¢ Xx»(O}). Hence, the summand for d = @) in is

—a(H)s
Qv
T Z <Xva xv) Z <¢v7 $v>
XvEHom (O, J) Yy EHom (k% /0%, J)
ker szon
xv(03)#V
:qv—a(H)s Z <Xv, xv> - Z <Xv7 xv>

xo€Hom (0 /0:C 1) Xv€Hom(0z /052, V)

= qv—a(H)s(QﬁH]lon@J,\ () — QHO:Q(@V/\ (x,)).

Here we have repeatedly used that O /O:9 is a cyclic group of order Q for v ¢ S.
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(5): For all x,, € Hom(k;, J), we have (xun,)|o: € Hom(O;, H) \ Hom (O}, J).
Hence, (x,7)(O;;) contains an element of order Q*, which shows that ker((xv7)|ox) =
O for some d divisible by Q*, so in particular Q? | d. This shows that

ulxom) = [ @)= g0,
Ye(03/05H)"
Hence, every summand in is < g 10V ds o ~(alH)+D)s, 0

Note that f,(x,) = 1 for all v ¢ S and x, € Hom(k},J). Hence, by [3|
Lemma 4.1], the local Fourier transforms f;,(z,;Qs) appearing in case (2) of
Lemma take, for v ¢ S and z, € OF ® J”, the shape

{1+(Q5 owagyn (70) = D "7+ 0@ ), g =1mod Qg o

14 0(q, @+, g % 1 mod Q.

Lemma C18. Let n € Hom(A*, H).

(1) Let v = (x,), € A*® J". Then the product h,(x;s) = [, by, o(Ty; )
converges absolutely for Res > 1/a(H) and defines a holomorphic func-
tion in this half-plane.

(2) Let Res > 1/a(H). Then the function x — h,(z;s) on A*® J" is the
Fourier transform of the function x — f,(x)®u(xn)~° on Hom(A*, J).

Proof. (1): Almost all places v of k satisfy v ¢ S, z, € O} ® J and 7,

For such v, Lemmaand show that Ay, u(zy;s) = 1+0(gs “*), which
is sufficient to prove (1).

(2): For all v ¢ S with n,|ox = 1, we see that f,, ,(xo)Pu(Xomw) * =1 for all
Xo € Hom(k}/O?, J). Hence, (2) follows from (1) by standard tools in Fourier
analysis on restricted direct products, see e.g. |9 I, Lemma 4]. O

0;:1

We require the following version of Poisson summation.

Lemma C19. Let Res > 1/a(H) and n € Hom(A* H). Then

3 fld |(9* Z ho (23 5) (3.24)

YEHom(A* /k*,J) Cr(x)*

The sum on the right-hand side has only finitely many non-zero terms and defines
a holomorphic function on Res > 1/a(H).

Proof. We know from Lemma that h,(x;s) is the Fourier transform of the
summand on the left-hand side.

We consider the finite set of places T'= S U{v : ny|ox # 1}. For v ¢ T and
Yo € Hom(k?, J), we have @ (x,n0)* = Pr(xe)® = ®s(x0)?°. As, moreover, the
function f, ,(-) on Hom(k},J) is invariant under multiplication of its argument
by elements of Hom(k}/O%, J), we see that

Py (03 8) =
1 v,r v,y Loy
= ¥ i )<X)és > S Kewnm).

|J’ Xv,rGHOIn(O?;,J) q)J(X,U’T Xv,ureHom(k;/Oi,J)
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By character orthogonality, we obtain for z, € Of ® J" that

Z f77u (Xv,r)<Xv,r; xv)

hm,v(wv§ s) = o, (x )Qs )

Xov,r EHom (O}, J)

and otherwise h,, ,(x,;s) = 0. In particular, the sum over  on the right-hand
side in (3.24)) is finite. Now the desired result follows by exchanging the order of
summation, as in the proof of [4, Proposition 3.9]. O

Point (1) of Lemma |C17|shows that h,(z;s) = 0 for all n, unless v € O ® J".
Continuing from ((3.20)), Lemma [C19| thus shows that

Frs(s) = oo A|Z > hy(xss) (3.25)

neER zeOLZRJIN

Next, we analyse the individual Fourier transforms h, (z; s) in terms of various
zeta functions.

Recall that ko = k(ug) and let k,/ky be the elementary abelian Q)-extension
associated to x € k* ® J" as in [3], Section 4.4]. We also define k, 1/ko to be the
extension associated to x € k* ® J” that is induced via Kummer theory by any
homomorphism ¢ : ug — J whose image is <e({2a1_1) = V. Namely, ¢ induces a
map ¥ € Hom(k* ® J*, k& /ki?) as follows:

Uk @I 20 k@ po” = ki kO

where ¢ denotes the natural inclusion £* — kj. The image of x € k* ® J" under
U defines the extension k,1/ko by Kummer theory.

The various conditions on ¢, and x appearing in Lemmal[CI7]can be interpreted
in terms of splitting conditions in these extensions of k as follows. Let v ¢ S and
r € O5® J". Then

v splits completely in ky/k <= ¢, = 1 mod Q,

v splits completely in k;1/k <= ¢, =1 mod @ and z, € OiQ ®Vh,

v splits completely in k,/k <= ¢, = 1 mod Q and z, € O¢ ® J".
Moreover, for n € Hom(A*/k*, H), let k,, be the fixed field of Imn N J inside the
Galois extension of £ defined by 7. In other words, k, is the extension corres-
ponding to the image of 7 under the map Hom(A*/k*, H) — Hom(A*/k*, H/J)
induced by the natural map H — H/J. Thus, k,/k is a Galois extension with
Gal(k,/k) =Imn/(ImnNJ) — H/J = Z/QZ, and any v ¢ S satisfies:

v is unramified in k, /k <= 1,(O;) C J,
v splits completely in k, /k <= n,(k) C J.

For a place v { 0o of k and an extension K D k, we write

1 if v splits completely in K/k,
0  otherwise.

spl(K,v) = {
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Lemma C20. Let Res >0, v ¢ S, v € O ® J" and n € Hom(A*/k*, H) such
that n,|0: € Hom(O}, J). Then

aaoi s) =((mlog) ™20 (1
+ (Q% spl(ky,v) — Qspl(ky1,v) + Qspl(kyky, 1, v) — spl(kyko, v)) g, * "
_|_O(qv—(oz(H)+1)s)> ]

Proof. This follows from Lemma together with the description of .]/C\J’v(.rv; Qs)
in (3.23]) and the characterisation of the various splitting conditions immediately
preceding the statement of Lemma [C20} O

For any Galois extension K/k, let (x(s) be its Dedekind zeta function. For an
archimedean place v € Q, let (x,(s) := 1. For v non-archimedean, we define
the local factor at v of (i as

—1 —J)s —2f(v)s
Cral(s) = H 7 = 14 #{w | v} "™ + Oy (77 @)

wWEN K - qU
wlv

where f(v) is the inertia degree of v in K. Lemma shows that, for Res > 1,
v S, xeO§®J" and n € Hom(A*/k*, H) with n,|o: € Hom(O}, J), we have

gy (05 8) = (Mo @;)_l,xv> (Lv(n,x; a(H)s) + O(qv_(a(H)H)s)) , (3.26)

where L,(n, x; s) is the local factor at v of the function

QPfH -Q Q -1
L, w;8) 7= Gro (8) W Gy 1 (8) ™ G 1 (8) 7008 G () o™

Write

(559 e ()
vin,z) = — + —-1].
o) = G w ([kz Tonl @) T ke 1 \ Tk < gkl
As [ky : kpq) | QP71 and [kykeq : koko) | @, it is clear that v(n,z) > 0.
Lemma C21. Let n € Hom(A*/k*, H) and x € Of ® J". Then we have

QﬁH -1
[k’o : ]{7]
with equality precisely when n € Hom(A*/k*, J) and k, = k.

v(n,z) < = v(k, H),

Proof. Directly from the definition we see that v(n, ) is maximal if and only if
all the occurring degrees are minimal. Hence the upper bound, which is attained
precisely when k, = ko and k, C ko. As Gal(k,/k) =Imn/(ImnNJ) — H/J =
Z/QZ and [k : k] | @ — 1, the latter condition holds if and only if k, = k, which
means that Imn C J. O

For n € Hom(A*/k*, H), we write
Tm) ={weQ : v¢g S, nlo: ¢ Hom(O;, J)}.

Note that T'(n) is the set of places v ¢ S where k,/k is ramified, in particular it
is finite.
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Lemma C22. Let n € Hom(A*/k*, H) and v € Ot ® J". Then there is a func-
tion go(n, x; ), holomorphic in an open neighbourhood of the half-plane Res > 1,
such that, for Res > 1,

L(n,358) = Gy ()" - go(n, 23 5).
Moreover, for any € > 0 the function go(n, z;s) satisfies on Res > 1 the bounds

go(n,z;8) < (1+ |Ims|)° H qs,
veT(n

go(n,z;8) < (14 |Im s|)° H qs.
veT(n)

Proof. We start by observing that, for Res > 1,

Lin,z5) <<k1()> et (- )(ckl (S))ﬁﬂ

gk ( )l/(”] ,T) gko Ck‘z,l (3 27)
Cknkgc 1 [knéo*l ([knkz,?:knko] _1) Cknkac . W
@ 2kt (5) .
ko Cheko

Recall that for a tower F'/K/ky of number fields with F'/k, abelian, we have
> (s) = [ L(siv),
X

where x runs through the characters of A} /k;Npr, A} that are non-trivial
on Nk, Aj. In particular, each of the occurring L-functions is entire. Next,
we observe that the Kummer extensions k,/ko and k,k, 1/ko are ramified only
at places of ko lying above places in S U T(n). Outside S, the ramification
is tame, hence the conductor of each of these extensions has absolute norm
< H’UET(T] [ko . < HUET(n) qg_l'

Each appearing L-function L(s; x) is zero-free on some open neighbourhood of
the half-plane Res > 1, and thus has holomorphic [k, 1k, : k]-th roots. Hence,

the function L )
DN n,%;8
90(777 €, 8) - Ck;o (5)”(77733) )

as a product of non-negative integer powers of such roots for all occurring L(s; x),
is holomorphic on an open neighbourhood of Res > 1.

Now let Res > 1. Lemma [C10} applied to all the L(s; x), shows that
go(n, ;5) < (14 |Ims|)° H .
veT(n)

Using Lemma again, the simple observation that, for arbitrary exponents
pER,

L/
(L(s;x)") = B L7 (s:), (3.28)
and the product rule, we see that also

go(n,z;s) Ke (14| Ims|) H qs,
veT(n)
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as desired. O

Lemma C23. Let n € Hom(A*/k*, H) and © € O ® J". Then there is a
function g(n,x;s), holomorphic in an open neighbourhood of Res > 1/a(H),
such that, for Res > 1/a(H),

hy(38) = Gy (a(H)s)" ) - g(n, 25 5).

Moreover, for any € > 0, the function g(n,x;s) satisfies on Res > 1/a(H) the
bounds

g(n,x;s) < (14 |Ims|)° H g () )s e (3.29)
veT(n

g, z;s) < (1+ |Ims|) H g () F)s+e (3.30)
veT(n

Proof. From Lemma |[C17|and ([3.26)), we see that h,(z;s) takes the form

Hh””’”(x”’ H O(g, “DH9) H (mulog) ™", )
veS veT(n oeSUT )
Mloz#1
H <Lv(777$704( ) ) +O< —(a(H +1)3))'
v SUT (1)

If Res > 1/(a(H) + 1), then hy, (z,;5) < 1 and 1 < Cx/pp0(a(H)s) < 1 for
all v € O and all Galois extensions K/kq of degree [K : ko] < QP#*! which
covers all extensions occurring in the definition of L(n, z;s). Therefore, there is
a function g;(n, x; s), holomorphic on Re(s) > 1/(a(H) + 1) and satisfying

gi(n.zis) <o ] g @Dt (3.31)
veT'(n)

on Re(s) > 1/(a(H)+1) + € for any small € > 0, such that, for Re(s) > 1/a(H),

hy(;8) = L(n, a5 a(H)s) - g1(n, 3 8) = Gy ((H) )" ") go(n, x5 a(H)s) g1 (0, 3 5),
where go(n, x; s) is as in Lemma |C22| Hence, the function

g(n,2;8) = go(n, z; a(H)s)gi(n, z; 5)

is holomorphic in an open neighbourhood of Re s > 1/a(H) and satisfies (3.29)).
Next, we use Cauchy’s integral formula to bound ¢/ (n, x; s) in terms of our bound
for g1(n, x;s). Together with the bounds for gy and g, from Lemma
and the product rule, this shows . U

Completion of the proof of Proposition[C16. We start with the expression ([3.25)
for Fiy ¢(s). Recall that our representative in R for the trivial class Hom(A*/k*, J)
isn=1.

Consider the finite set

M :={v(n,z) : n € Hom(A*/k*, H), z € O5® J"}.
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We sort the values of n and z in (3.25)) according to the value of v(n,z) and
obtain from Lemma [C23] for Res > 1/a(H) that

FHf Z Cko 1/( ) (332)

veM

gu(s) = ]O* Z Z g(n,x;s)

re0E®JN neR
v(n,z)=v

Let us fix v and study the function g,(s). The sum over x is finite, so let us
focus on the sum over 7.

Note that the map induced by H — H/J embeds R into Hom(A*/k*, H/J).
Denote the image of 1 under this map by 7 and recall that k, /k is the extension
corresponding to 7. The places in T'(n) are exactly those places not in S where
k,/k is ramified. Therefore, [] ¢y < ®(7), the conductor of 7. We obtain,

for Re(s) > 1/a(H), that

H qv H)+1)Re s+e < (I)(n) (14+1/a(H))+e
veT(n)

Recall that H/J ~ p by Lemma m For sufficiently small €, the sum
Z (I)(w)—(l—&-l/a(H))-ﬁ-e

weHom(A* /k* uq)

where

veT(n)

converges, as it is equal to the value at s = 1+ 1/a(H) — € of the Dirichlet series

> Gy

O(1))s’
petionar /i yig) T (¥
which converges absolutely for Re s > 1 by [10, Lemma 2.10]. By the dominated
convergence theorem, the function g,(s) and its derivative extend continuously
to Res > 1/a(H). Now we take

=) Gola(H)s) "M, (s), (3.33)
veM
SO follows from (3.32). As ¢ "(a(H)s) has no poles and only the zero
at s = 1/a(H) in a neighbourhood of Res > 1/a(H), the negative powers of
Co (a(H)s) in extend continuously to Res > 1/a(H). Hence, the same
holds for g (s).

Let 0g := v(k, H) —max(M ~{v(k, H)}) > 0 be the difference between v(k, H)
and the second biggest element of M. We set a := 1/a(H) and show that in a
small compact convex neighbourhood C' of a in Re s > a, each summand of g;(s)
satisfies

[Cro (e (H) )"0 g, (5) = Gy (1) gy ()] e |5 — a™ %) (3.34)

Then clearly the same will follow for g¢;(s), as desired. Let s € C. In case
v = v(k, H), we consider the function go(t) := gy,m)(a+1t(s—a)) on [0,1]. This
function is differentiable on (0, 1) with derivative

90(t) = (s = a)g,p,m(a+t(s —a)) <c |s — al.
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Note that to obtain this when Re s = a, we have used Lemma [C9} By the mean
value theorem,

|90 k.11) (8) = Gurany (@)] = 190(1) = 90(0)] < g6(8) <c |s —al,
where & € (0,1). This shows (3.34)) in the case v = v(k, H). When v < v(k, H),
then (y, (1)"**®H) =0 and
|G (a(H)5)" =" g, (5)| <o |Gry ((H)s) im0l
if C' is sufficiently small so that [(s, («(H)s)™!| < 1 in C. Hence, (3.34]) follows
from the bound
[Cro (a(H)s) ™' <c |5 — al,

coming again from the mean value theorem and the fact that (,(a(H)s)™! is
holomorphic in a neighbourhood of Re s > a.

Next, we isolate the summands for the representative n = 1 of the trivial class,

. v(l,z)—v(k,H) .
92(5) . ’0* ® J/\ Z Cko g(lax78)‘
2€05@JN
This sum is finite, and Lemma |[C19| shows that for Res > 1/a(H),
1
Gl D)) 20) = (o 2 Il
k r€OERJN
fix
= o <( >)S - FJ,f(QS)’
xeHom (A /ke,g) -~ H\X

as desired. Finally, we observe that

g(1/a(H)) = 92(1/a( )

neRer RJIN
= g2(1/a(H )),

by Lemma |[C21] We still need to argue that go(1/a(H)) # 0. For this, note that
f =1 on all of Hom(A*/k*, J), as J C L, and moreover that ; = fg = Bg.
From [I1], Proposition 5.5] or |3, Lemma 4.7|, we know that

1
Frp(Qs) = > o005

xEHom(A* /k*,J)

has a pole of order at most v(k,J) = v(k,H) at s = 1/(Qa(J)) = 1/a(H). On
the other hand,

{x € Hom(A*/k*,J) : ®,(x) < BY?} D {x € J-ext(k) : A(x) < BY¢},
and the counting function of the latter set grows with order BY/*()(log B)*-/)~1
by [11, Theorem 1.2]. Hence, the pole can not be of order smaller than v(k, J).

U

What remains is to deduce the desired cancellation (3.15)) from Proposition
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Lemma C24. We have
N(H, L; BHEVIGly = N(.J; BIVIEY 1 o(BYE) (1og BY(kG)=1),

Proof. We apply Delange’s Tauberian theorem (Theorem to the results of
Proposition [C16]

We take a := 1/a(H) and w := v(k, H) € Z>,. Moreover, we write u(s) :=
((s — a)Cro((H)s))¥. As (io(a(H)s) has a pole of order 1 at s = a and no
other poles or zeros in an open neighbourhood of Re(s) > a, u(s) extends to a
holomorphic function on this neighbourhood with w(a) # 0. For f(s) = Fu s(s),
we obtain

g(s) = (s = a)*f(s) = u(s)g(s),
which is holomorphic on Res > a and extends continuously to Res > a. We
have
a(a) = u(a)ga(a) £ 0.
Moreover, fix a sufficiently small compact convex neighbourhood C' of a in Re s >
a. For any s € C', we get

la(s) — g(a)] < [u(s)] - |g1(s) — g1(a)[ + |g1(a)] - [u(s) — u(a)]

<L |S — a|5.
We have verified the requirements of Theorem [C8|, and hence
H’ w—1
N(H. L: B\H|/|G\ _ ~ g<a) |_ Bl/a(G) los B)*~—1

pr(x)<BIHI/ICI

Noting that f(x) = 1 for all xy : A*/k* — J, an analogous argument with
f(s) = F;¢(Qs) shows that

O R S P L I

@ ;(x)Q<BIHI/IC]

indeed with the same value of g(a), as g1(1/a(H)) = ¢g2(1/a(H)) by Proposi-
tion [CT6l m

Plugging the results of Lemma into (3.14)) shows ({3.1)) in the case a; > 2,
thereby completing the proof of Theorem [C4]
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