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ABSTRACT. This paper examines and strengthens the Cuntz—Thomsen
picture of equivariant Kasparov theory for arbitrary second-countable
locally compact groups, in which elements are given by certain pairs
of cocycle representations between C*-dynamical systems. The main
result is a stable uniqueness theorem that generalizes a fundamental
characterization of ordinary K K-theory by Lin and Dadarlat—Eilers.
Along the way, we prove an equivariant Cuntz—Thomsen picture analog
of the fact that the equivalence relation of homotopy agrees with the (a
priori stronger) equivalence relation of stable operator homotopy. The
results proved in this paper will be employed as the technical centerpiece
in forthcoming work of the authors to classify certain amenable group
actions on Kirchberg algebras by equivariant Kasparov theory.
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INTRODUCTION

The operator algebraic perspective on K-theory has been responsible for
a long-standing and fruitful exchange of ideas and results between the areas
of topology and C*-algebras. The extension of topological K-theory from
spaces to C*-algebras has not only opened up a fresh perspective on the
subject, but led to numerous new insights in the original domain of origin,
many of which are so well-known that we won’t attempt to survey them. In
what may arguably be considered the most powerful unifying K-theoretical
theory enabled by the noncommutative framework, Kasparov’s K K-theory
[36] is a generalized homotopy theory for C*-algebras connecting K-theory,
K-homology, and Brown-Douglas-Fillmore theory [3]. The original approach
by Kasparov, commonly referred to as the Kasparov picture, is still the
predominant way of treating this subject. While this is entirely appropriate
for the original historical motivation and applications, subsequent uses of
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K K-theory sometimes call for a different (though equivalent) approach that
is better suited for certain other applications.

The description of K K-theory due to Cuntz [6], commonly referred to as
the Cuntz picture, has had many applications such as in cyclic cohomology
[5] or Higson’s celebrated description of KK as a universal functor [27].
In said picture, elements of Kasparov’s group KK (A, B) for separable C*-
algebras A and B can be described as homotopy classes of so-called Cuntz
pairs, i.e., pairs of *-homomorphisms ¢, 9: A - M(B®K) such that ¢(a)—
Y(a) € BQK for all a € A. A groundbreaking theorem in K K-theory is the
so-called stable uniqueness theorem proved independently by Lin [44] and
Dadarlat—Eilers [0, [10]. It states that if a Cuntz pair (p,1)) represents the
zero element in K K (A, B), then ¢ and v are homotopic via a unitary path
in 14+ B®IC after stabilizing both ¢ and v with a suitable x-homomorphism.
(This is a tiny oversimplification. It captures how we reprove the original
theorem as a special case of ours, but the former is actually a bit weaker.
This boils down to the difference between proper and strong asymptotic
unitary equivalence in )

While the stable uniqueness theorem was originally motivated as a tool
for classification of nuclear C*-algebras [44], [10], the past decade has found
other groundbreaking utilizations of the theorem, such as the Quasidiagonal-
ity Theorem of Tikuisis—-White-Winter [58] and Schafhauser’s AF embed-
dability theorem [49]. It is worth pointing out explicitly that the celebrated
Kirchberg—Phillips theorem [37}, 47], which classifies separable simple nuclear
purely infinite C*-algebras via K K-theory, is known to admit a particularly
slick proof with the help of the stable uniqueness theorem; see [16] for the
most recent one due to the first named author.

With the classification of simple nuclear well-behaved C*-algebras being
essentially complete due to the work of many hands — an incomplete list
of references being [37), 47, 23] 24, 11} B8, 12, 21), 22, [4] — a natural future
research direction is the classification of C*-dynamical systems. In the most
general sense, this concerns C*-algebras equipped with a continuous action
of a locally compact group. At least for special choices of the acting group
(such as finite groups or the integers), classification results in this vein have
been investigated since the 1980s. After some preliminary prototype argu-
ments by Herman-Jones [25] and Herman-Ocneanu [26] inspired by work of
Connes, the concept of the Rokhlin property was fleshed out and exploited
for classification by Kishimoto [40, 42], Izumi [30], and many others. By now
these related techniques have been applied many times and also extended
to actions of compact groups [29] 19, 20], actions of R [41], [52], and more
complicated infinite discrete groups [31]. Generally speaking, classification
via a Rokhlin-type property dominates the bulk of the available literature
when it comes to methodology, but often comes at the cost of restrictions
on the actions that one ends up classifying. It would appear that the latter
drawback is the least pronounced for discrete groups that are in a suitable
way built out of the integer group Z. This led to the recent breakthrough
of Izumi-Matui [32}, 33, B4] who managed to classify outer actions of poly-Z
groups on Kirchberg algebras with the help of invariants that not only seem
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to resemble K-theory, but were later argued by Meyer [45] to genuinely
amount to equivariant K K-theory.

The fact that K K-theory is extendible to C*-dynamics instead of just C*-
algebras is not a mere aesthetic coincidence, but was the key to the impact-
ful applications of Kasparov’s ideas to classically motivated problems such
as the Novikov conjecture. In complete analogy to the Kirchberg—Phillips
theorem mentioned above, Phillips has hypothesized in the past that outer
actions of finite groups on Kirchberg algebras ought to be classified by equi-
variant K K-theory. Various authors have subsequently speculated (albeit
with little trace in the published literature) that this ought to be true for
actions of countable amenable groups. Some evidence for this was provided
in [51], which was recently generalized by Suzuki [50], indicating that there
may even be hope to classify amenable actions of not necessarily amenable
groups. In contrast to the methodology present in the aforementioned El-
liott program, however, it has in large part remained a mystery how the
information encoded in equivariant K K-theory can be systematically em-
ployed towards the classification of actions. The impressive recent work
of Izumi—-Matui mentioned above, for example, uses bundle-like invariants
that could only in hindsight be interpreted in K-theoretical language (for
groups without torsion) as a result of the categorical insights related to the
Baum—Connes conjecture [46]. The intention behind this article is to build
a systematic machinery to utilize equivariant K K-theory towards the clas-
sification of C*-dynamics. We expect and hope for it to lead to a paradigm
shift in the direction of research that concerns dynamical generalizations of
the Elliott classification program.

Since the methodology of Izumi—Matui is closely tied to the Rokhlin prop-
erty and the Evans—Kishimoto intertwining argument [13], it is increasingly
difficult to implement for more complicated groups, and in fact is too restric-
tive for groups with torsion. Recently, the second named author proposed a
categorical framework for C*-dynamics [53] to classify group actions up to
cocycle conjugacy based on an Elliott intertwining argument that is intended
to provide an alternative to the one of Evans—Kishimoto. In this framework,
arrows between actions of C*-algebras are so-called cocycle morphisms. In
analogy to ordinary C*-algebra classification, it is an important intermediate
step to solve the uniqueness problem, i.e., to determine in terms of classi-
fying invariants when two cocycle morphisms are approzimately/asymptoti-
cally unitarily equivalent; for more details see [53]. Since it was also argued
that equivariant K K-theory can be viewed as a (bi-)functor on this en-
larged category, it is natural expect that it ought to represent one of the key
obstructions to solving said existence/uniqueness problem.

In [54], Thomsen showed that equivariant K K-theory can be expressed
using Cuntz pairs if one considers pairs of cocycle representations; we will
henceforth refer to this framework as the Cuntz—Thomsen picture. That
is, instead of considering equivariant x-homomorphisms, one considers -
homomorphisms A — M (B) that are equivariant after twisting the action
on B with distinguished cocycles. In this picture, Thomsen proved that equi-
variant K K-theory can be described by a Higson-type universal property.
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The aim of this paper is to prove the following stable uniqueness theorem
for equivariant K K-theory. For the most general version, see

Theorem. Let A and B be separable C*-algebras, and let G be a second-
countable locally compact group. Let o : G ~ A and B : G ~ B be two
continuous actions. Let

(o), (P, v) - (A, @) = (M(B@K),f®idk)

be a pair of cocycle representations forming an anchored («, [3)-Cuntz pair
(see|Definition 1.11)). Then [(p,u), (1, v)] = 0 in KK (a, B) if and only if
there exists a third cocycle representation (0,y) and a norm-continuous path
u: [0,00) = U(1 + My (B ® K)) with ug = 1 such that

S H (75 oy ) = (6 ooy )i
for alla € A and

Jim e (% 5,) ey 5, )0 9 i) )

for all compact sets K C G.

=0

=0

In a follow-up paper [18], the above main result is employed to prove a dy-
namical Kirchberg—Phillips theorem, i.e., a classification theorem for certain
amenable group actions on Kirchberg algebras via equivariant Kasparov the-
ory. In the special case of discrete groups, this classifies all amenable and
outer actions, which completely settles an important open problem men-
tioned above.

Besides this intended application, we wish to emphasize some novel as-
pects in our approach towards the theorem, which we believe might make
this article appealing even for those readers who are only interested in the
known (non-dynamical) stable uniqueness theorem of Lin and Dadarlat—
Eilers. If we were to summarize it in an oversimplified slogan, it would be
that upon direct comparison, we employ certain tricks related to quasicen-
tral approximate units in order to overcome all of the truly substantial or
deep technical obstacles that the known proof in the literature was deal-
ing with. For those readers familiar with the original proof, we point out
that our approach is self-contained in the Cuntz—Thomsen picture, without
a need to translate certain problems into the Kasparov picture or Fredholm
picture ([27]) of K K-theory to solve them. Furthermore, we found a more
direct alternative to the part about automorphisms of C*-algebras that are
norm-homotopic to the identity, which was utilizing the theory of derivations
in a key way.

The article is organized as follows. In the first preliminary section, we
introduce basic notation, recall needed definitions or arguments from the lit-
erature, and introduce equivariant K K-theory in the Cuntz—Thomsen pic-
ture. In the second section, we introduce a Cuntz—Thomsen analog of the
equivalence relation of operator homotopy. A pair of cocycle representations
(p,u), (Y,v) : (A,a) = (M(B®K), S ®idg) is said to be operator homo-
topic, if it is possible to find a continuous path of unitaries {u;}y<,«; with
up = 1 and Ad(uy) o (p,u) = (¥,v), and such that Ad(u;) o (p,u) forms
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a Cuntz pair with (¢,v) for all ¢ € [0,1]. This entails that the two cocy-
cle representations had to form a Cuntz pair to begin with, and that their
associated K K-class vanishes. Although this is in general a strict implica-
tion, we show as our main result in the second section that
anchored Cuntz pairs with vanishing K K-class can always be arranged to
become operator homotopic after stabilizing with a suitably chosen cocycle
representation. In the third section, we investigate sufficient conditions to
determine when cocycle representations absorb each other in the spirit of
[35] and Voiculescu’s theorem [59]. We introduce the notion of weak con-
tainment between cocycle representations, which unifies weak containment
of unitary representations with certain known subequivalence relations for -
homomorphisms of C*-algebras. The most appealing feature of this concept
is that a cocycle representation (p,u) turns out to weakly contain another
cocycle representation (i, v) precisely when the infinite repeat (¢, u)
absorbs the infinite repeat ()°°,v>) (see . Building on this
fact, we give a new elementary proof of the fact that for separable A and
B, it is always possible to find a cocycle representation (#,y) that absorbs
every other one; see This generalizes various similar results
from the literature [56, 57, [I7]. Our proof has the advantage that it is easily
adaptable in a more general context, as well as being based on a simplified ar-
gument that skips the previously common part about Kasparov—Stinespring
dilations of completely positive maps. In the fourth section, we investigate
criteria on pairs of cocycle representations to be strongly asymptotically
unitarily equivalent. Although a priori much weaker, we prove that it is suf-
ficient to ask for the asymptotic unitary equivalence to be implemented by
certain paths of unitaries in the multiplier algebra M(B) instead of 1 + B.
In comparison to the previously known proof in the non-dynamical setting
that utilized the theory of derivations in this step, our proof combines a
functional calculus argument with the existence of quasicentral approximate
units inside B. As a consequence of this observation, we deduce as the main
result of the fourth section that operator homotopic cocycle
representations are strongly asymptotically unitarily equivalent. In the fifth
and final section, we combine the main results of the other sections and

deduce our final main result [Theorem 5.4l
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1. PRELIMINARIES

Notation 1.1. Throughout, G will denote a second-countable, locally com-
pact group unless specified otherwise. Normal capital letters like A, B,C
will denote generic C*-algebras. The multiplier algebra of A is denoted as
M(A), whereas AT denotes the proper unitization of A, i.e., one adds a new
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unit even if A was unital. For a unital C*-algebra A, we write U(A) for its
unitary group and Uy(A) for the connected component of the unit element
inside the unitary group. For a (not necessarily unital) C*-algebra, we write
U(1+ A) for the set of all unitaries in A" whose scalar part is 1, which can
be canonically identified with U (A) if A was already unital. Throughout
the article, the symbol I denotes the C*-algebra of compact operators on a
separable infinite-dimensional Hilbert space. If a particular statement calls
for specifying the Hilbert space H, we write IC(#H). Greek letters such as
a, 3,7 are used for point-norm continuous maps G — Aut(A), in particular
for point-norm continuous G-actions. In this case we use the same symbol
a for the induced action o : G — Aut(M(A)), which is point-strictly con-
tinuous, but may in general fail to be point-norm continuous. Depending
on the situation, we may denote id 4 either for the identity map on A or the
trivial G-action on A. We will denote by A% or M(A)“ the C*-subalgebra of
fixed points (in A or M(A)) with respect to a. Normal alphabetical letters
such as u,v,U,V are used for unitary elements in some C*-algebra A. If
either v € U(M(A)) or u € U(1 + A), we denote by Ad(u) the induced
inner automorphism of A given by a +— wuau*. Double-struck letters such
as u,v, U,V are used for strictly continuous maps G — U(M(A)). Most of
the time they will be assumed to be (1-)cocycles with respect to an action
a : G ~ A, which for the map u would mean that it satisfies the cocycle
identity ugp = ugag(uy) for all g, h € G. Under this assumption, one obtains
a new (cocycle perturbed) action a* : G ~ A via af = Ad(uy) o ay.

Definition 1.2 (see [53] Section 1]). Let a: G ~ A and §: G ~ B be two
actions on C*-algebras.
(i) A cocycle representation (p,u) : (A,a) — (M(B), 8) consists of a *-
homomorphism ¢ : A — M(B) and a strictly continuous (-cocycle
u:G — UM(B)) satisfying Ad(ug) o g0 =poa, forall g €G.
(ii) If additionally ¢(A) C B, then the pair (¢, u) is called a cocycle
morphism, and we denote (¢, u) : (4, a) — (B, ).
In the situation above, if ¢ = 0 and u = 1, then (¢,u) is called the zero
representation, and on occasion we write (0,1) = 0 where notationally con-
venient.

Notation 1.3. Let us say that an action 5 : G ~ B on a C*-algebra is
strongly stable if (B, 3) is (genuinely) conjugate to (B ® K, f ® idk).

Remark 1.4. We will repeatedly and without mention use the fact that
an action § : G ~ B is strongly stable if and only if there is a sequence
of isometries r, € M(B)? such that 1 = %2, 7,7 in the strict topology.
The “only if” part is clear since such a sequence can be obtained through
an inclusion B(£2(N)) = M(K) € M(B ® K)®dx. For the “if” part, one
realizes that if {ey¢}r¢>1 is a set of matrix units generating the compacts
K, then
B K — B, b®€k,gb—>7‘kb7“z
defines an isomorphism that is equivariant with respect to 8 ® idg and (.

We shall now recall some necessary background on equivariant K K-
theory. Throughout the paper the focus lies on the Cuntz—Thomsen picture
[6, [7, 27, 54] rather than Kasparov’s original picture [36].



STABLE UNIQUENESS FOR KK¢& 7

Definition 1.5 (cf. [54, Section 3]). Let & : G ~ A and 8 : G ~ B be
two actions on C*-algebras where A is separable and B is o-unital. An
(a, B)-Cuntz pair is a pair of cocycle representations

(o), (¢, v) : (4, @) = (M(B @ K), f ®id),

such that the pointwise differences ¢ —1 and u—v take values in B& K. (In
Thomsen’s work it was also assumed that the map u— v is norm-continuous.
This turns out to be redundant, see [53, Proposition 6.9].) If 3 is assumed
to be strongly stable, then we also allow (M(B), #) as the codomain of an
(a, B)-Cuntz pair for notational convenience.

Definition 1.6 (cf. [54, Lemma 3.4]). Let 5 : G ~ B be an action on a
C*-algebra. Suppose that there exists a unital inclusion Oy C M(B)?. For
two isometries t1,ty € M(B)? with 1t} + toth = 1, we may consider the
(B-equivariant x-homomorphism

M(B) D M(B) — M(B), b1 D by — by Dty to by := tlblﬁ + tzbgt;

Up to unitary equivalence with a unitary in M (B)?, this *-homomorphism
does not depend on the choice of ¢1 and to: If vi,v9 € M(B)ﬂ are two
other isometries with v1v] +v2v5 = 1, then the unitary equivalence between
“@ 1,7 and “@y, 4,7 is implemented by w = t1v] + tavs € M(B)?. One
refers to the element by @y, 1, bo as the Cuntz sum of the two elements by
and by (with respect to ¢; and tg).

Now let & : G ~ A be another action on a C*-algebra, and (¢, u), (¢, v) :
(A,a) — (M(B), ) two cocycle representations. We likewise define the
(pointwise) Cuntz sum

(@7 U) Dyt (1/%\/) = (90 Dty to Y, u Dty to V) : (A7a) — (M(B),,B),

which is easily seen to be another cocycle representation. Since its unitary
equivalence class does not depend on the choice of ¢; and to, we will often
omit t; and to from the notation if it is clear from context that a given
statement is invariant under said equivalence.

Notation 1.7. Given a C*-algebra B, we denote B[0,1] = C[0,1] ® B. If
one has an action 8 : G ~ B, we consider the obvious G-action on B0, 1]

given by 8[0,1] = id¢p 1) ®8.

Definition 1.8 (see [54, Section 3]). Let A be a separable C*-algebra and
B a o-unital C*-algebra. For two actions o : G ~ A and 8 : G ~ B, let
E(a, B) denote the set of all (c, 3)-Cuntz pairs, and let D% (v, 3) denote the
subset of all degenerate (o, f)-Cuntz pairs, i.e., those with ¢ =1 and u = v.
A cocycle pair is a Cuntz pair ((¢,u), (¢,v)) € E% (o, B) with ¢ =) = 0.
(We note that Thomsen refers to cocycle pairs as degenerate Cuntz pairs.
We have chosen to rename these, since this does not coincide with the usual
notion. We will be working with a notion of degenerate Cuntz pairs that
better resembles the usual notion for Kasparov modules. We point out that
initial confusion about this matter led the second named author to give a
slightly wrong definition of K K in [53, Section 6]. Fortunately this mistake
has no bearing on the validity of the results therein.) We will slightly abuse
notation and denote a cocycle pair of the form ((0,u), (0,v)) by (u,v). In the
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special case of having the trivial example ((p,u), (¢,v)) = ((0,1),(0,1)),
we denote its associated degenerate Cuntz pair simply by the symbol 0.

Two elements xzg,x1 € EG(a,,B) are called homotopic if there exists an
(e, 8]0, 1])-Cuntz pair in E“(a, 8]0, 1]) which restricts to 2o upon evaluation
at 0 € [0,1], and restricts to x1 in E%(a, ) upon evaluation at 1 € [0,1].
Let us for the moment write g ~p, 1.

For any unital inclusion Oy C M(B® K)#®dx with generating isometries
t1,t9, one can perform the Cuntz addition for two («, 8)-Cuntz pairs as

((9007 Uo)v (woavo)) Dty t ((9017 Ul)a (1/117\/1))
= (((pov UJO) @tl,tQ (901’ ul)v (sz)07 VO) 69t1,t2 (1/}17 Vl))'

This is independent of the choice of ¢1,ts up to homotopy; see [55, Lemma
3.3]. It was proved by Thomsen [54, Theorem 3.5] that Kasparov’s equivari-
ant K K-group K K%(a, B) is naturally isomorphic to E¢(a, 8)/~, whereby
one has x ~ y if there exist cocycle pairs di,ds € E%(a, 3) such that
x @ dy ~p y®de. For an («, 8)-Cuntz pair consisting of (¢, u) and (1, v),
we denote its associated equivalence class in KK%(a, ) by [(¢,u), (1, v)].

We will prove a cancellation result for certain Cuntz pairs that provides
a slightly different picture of KK (Proposition 1.12) without having to
stabilize with cocycle pairs as in Thomsen’s description of K K. For the
readers unfamiliar with Cuntz’s picture of K K-theory, we include some self-
contained (though not too elaborate) arguments for the reader’s convenience
proving the abelian group structure for the classes of Cuntz pairs.

Proposition 1.9 (cf. [43] Lemma 1.3.6]). There exist strictly continuous
maps of isometries Sy : [0,1) — M(K) and Sy : (0,1] — M(K) satisfying
S£O) =1, Sél) =1, and S@SY)* + Sét)Sét)* =1 forallte (0,1).

Proof. After identifying M (K) with the algebra of bounded operators on the

Hilbert space L2[0,1] (with respect to the Lebesgue measure), one defines
for all ¢ € L?[0,1] and s € [0,1]

(1-)ts) <1-—t
S(t) s) = 1—¢ ) S >
) {0 e

and

{E(tl(yi‘t—l)) . s>1-—t
0 , s<1-—t.

Then it is easy to check that these define isometries whenever ¢ € [0,1] is
so that either one of these operators is defined. Evidently one has S%O) =1
and Sél) = 1. The range of Sy) is the subspace L2[0,1—t] for t < 1 and the

range of Sét) is the subspace L?[1 —t,1] for ¢t > 0. The claim follows. O

Lemma 1.10. Let A be a separable C*-algebra and B a o-unital C*-algebra.
Let a: G~ A and B : G ~ B be two actions.
(i) For every x € E¢(a, B) and d € D% (v, B), = @ d is homotopic to x.
(ii) The quotient B% (v, B)/~y, is an abelian group under Cuntz addition.
The neutral element is represented by any element in ]D)G(a,ﬁ).
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Proof. For notational convenience, we shall assume that g is strongly stable.
Choose three cocycle representations

(o), ($,v), (0,%) : (A, @) = (M(B), )

in order to write z = ((¢,u), (¢,v)) and d = ((0,%), (6,x)). Using
we choose strictly continuous maps of isometries S; : [0,1) —
M(K) € M(B)? and Sy : (0,1] — M(K) C M(B)? satisfying 5’%0) =1,
Sél) =1, and S%t)Sit)* + Sét)Sét)* =1 for all t € (0,1). For each ¢ € (0,1],
we may consider the element

E%(a, 8) 3z = (¢, u) By g2 (0,5, (¥,) Dy g (0,%)).

Because of the strict continuity of the involved maps and S%O) =1, it also

follows that Sét) Sét)* — 0 strictly as t — 0. This continuous family of Cuntz
pairs thus converges to xg = x as t — 0. This provides a homotopy between
r=1x9and r1 =z @s§1/2>,s;1/2> d, proving the claim.

Since it is somewhat clear from earlier remarks, we will omit the
proof that Cuntz addition descends to a well-defined associative binary op-
eration on E%(a, 8)/~p,. We may already conclude from the first part that
every degenerate element induces a (right) neutral element in the semigroup
E%(av, B)/~p. It suffices to prove that for any z,y € E%(a,3), one has
T @y ~p y®x and that there exists ' € EY(a, B) such that x @ 2’ is
homotopic to an element in D%(a;, 3).

Choose isometries 71,79 € M(B)? with r17f + ror5 = 1, and let us agree
on forming Cuntz sums with this specific pair. Define for ¢t € [0, 1] the
isometries r@ = (1—t)/2r  +Y/2ry and rét) = —t1/2r) 4 (1 —t)'/?ry, which
also satisfy the Os-relation. These define norm-continuous maps, and we
may hence observe that

TOrm Y =TD © Y ~hTD ), )Y =T Dryr Y=Y Drm .
1 72 1 72

If we write z = ((p,u), (¢,v)), we claim that 2/ = ((¢,v), (¢,u)) does the
trick. Indeed, the homotopy between x @, ,, 2’ to an element in D («, 3)
is witnessed by the element X € E%(a, 3[0,1]) given by

X = ((%U) Driry (V,v), (V,V) B 0 (%UJ))’ te[0,1].
1 72
Computing that this is indeed a Cuntz pair is straightforward. O

Definition 1.11. We say that an («, 8)-Cuntz pair ((p,u), (¢,v)) is an-
chored if the associated cocycle pair (u,v) is homotopic to (1,1). Let
ES (a, B) denote the set of all anchored Cuntz pairs.

In the above definition, we picture in our mind’s eye the cocycle pair (1,1)
as the anchor, and the homotopy of cocycle pairs as the chain connecting our
Cuntz pair to the anchor. Note that such a homotopy from ((0,u), (0, v))
to ((0,1),(0,1)) can be chosen such that the entire homotopy is of the form
[0,1] 3 s+ ((0,us), (0,vs)) by simply taking any homotopy and considering
the induced cocycle pair.
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Proposition 1.12. Let 7 : E%(a, )/~ — KK%(a, B) be Thomsen’s natural
isomorphism from [54, Theorem 3.5].
(i) The classes of cocycle pairs inside EC (v, B)/~p, form a subgroup.
(ii) The inclusion ES (a, ) € E%(a, B) induces an isomorphism of abelian
groups E§ (a, B)/~n = E% (v, B) /~.

(iii) For x,y € E§(a, B), one has n([x]) = n([y]) if and only if x ~}, y.
In summary, KK%(a, ) can be canonically identified with the set of homo-
topy classes of anchored (o, B)-Cuntz pairs.

Proof. Part follows because cocycle pairs are closed under Cuntz sums
and inverses, the latter being evident due to the proof of Part

(ii1)| is a direct consequence of
(ii)f By the definition of the relation ~ and [Lemma 1.10} the quotient
E“(«, B)/~ is nothing but the group quotient of E“(«, 3)/~} modulo the

subgroup Hg spanned by (homotopy classes of) cocycle pairs. We have an
idempotent group endomorphism p : E(a, B)/~p — Hp induced by the
assignment ((¢,u), (¢,v)) = ((0,u),(0,v)). By definition, E§ (a, B) is the
set of those elements in E(«, ) whose homotopy class belongs to the kernel
of p. By the basic algebra of abelian groups, the claim follows. O

The following argument is most likely well-known, but we record it here
as it will come in handy later.

Proposition 1.13. Let (p,u), (¢,v) : (A,a) - (M(B® K),B ®idg) be
two cocycle representations that form an («, 8)-Cuntz pair. For any unitary
u € U(1 + B ® K), one has that ((p,u),Ad(u) o (¢,v)) is homotopic to

(o, ), (¥, v)).
Proof. By there is a homotopy from ((p, u), Ad(u) o (¢, v)) to

((,u), Ad(u) o (4,v)) 0= ((p® 0,u® 1), Ad(u @ u*) o (1 B 0,v® 1)).

The unitary u @ u* € U(1 + B ® K) is norm-homotopic to the unit inside
this unitary group; for instance, if the Cuntz sum is formed via r1, 79, then
the assignment

[0,1] 5t +— 1 —t+triur] +/t(1 —t)(ra(u” — 1)r] —ri(u— 1)r3) + trou™r;

is such a homotopy. This yields a homotopy between
(p®0,ud®l), Ad(udu*)o(yp®0,vd1)) and ((p®0,udl), (PE0,vd1l)).
The latter Cuntz pair is homotopic to ((¢, u), (¢,v)) by [Lemma 1.10 O

We will in various instances make use of the following useful fact due to
Kasparov concerning quasicentral approximate units that are approximately
invariant under a group action.

Lemma 1.14 (see [36, Lemma 1.4]). Let B : G ~ B be an action on
a o-unital C*-algebra. Then for any separable C*-subalgebra D C M(B),
there exists a countable, increasing approrimate unit of positive contractions
hy, € B satisfying

Titn [, =0
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foralld € D, and
lim max ||hy, — Bg(hn)|| =0

for all compact sets K C G.

To conclude this section, we establish the following fact for later use.
Although it is probably known to some experts, we decided to include an
elementary and self-contained proof for the reader’s convenience. The argu-
ment itself is adapted from the proof of [8, Lemma 3.26].

Theorem 1.15. Let H be an infinite-dimensional separable Hilbert space.
There exists a unital representation 6 : C[0,1] — B(H) and a norm-continuous
unitary path w : [0,1] = U(C & H) with wy =1 such that

(el.1) evy @ = Ad(w) o (evp B0)
and
(el.2) [wy, (evo ®0)(C[0,1])] C K(C®H), te[0,1].

Here the direct sum refers to the ordinary direct sum of *-representations.

Proof. We note that since the Hilbert space H is uniquely determined up to
isometric isomorphism, it suffices to prove the claim for a concrete choice of
H, which we will specity below. We will construct three self-adjoint unitaries
w® € U(C @ H) such that

(el.3) [w®, (evo ®0)(C[0,1)] CK(CHH), i=1,2,3

and so that wy := w®w@wD satisfies (e1.1). Then any product of unitary
paths from w® to 1 inside C*(w®) (which exist since each w® is self-
adjoint), will produce a path (w¢)e[o,1] from wq to 1 satisfying (el.2)).
Let X := {(I,k) : | € No,k € {0,...,2"' — 1}} and decompose X =
XiUXoU X3 by Xy := {(0,0)},
Xo:={(l,k) e X : keven, [ #0}, Xs:={(l,k) € X :kodd}.
Define (diagonal) representations , p: C[0,1] — B(¢2(X)) by

m(f)oar = f(kQ_l)fs(l,k)y p(f)oury = f((k+ 1)2_l)5(l,k)

for f € C[0,1] and (I, k), with subrepresentations 7;, p;: C[0,1] — B((*(X;))
for j = 1,2,3. Similarly, we define a representation n3: C[0,1] — B(¢*(X3))
by

773(f)5(l7k) - f((k - 1)2_1)6@,16)7 fE€ C[Ov 1]7 (la k) € Xs.
It is easy to see that (m,p), (7j,p;) for j = 1,2,3, and (w3,n3) all define
Cuntz pairs. Define

H:=0(X)DA(X3) and 0 :=7 D ps.

We will now produce the unitaries w™, w®,w®) as described above.
Let U € U(*(X), (*(X3)) be given by Ud ) = S(1+1,2k+1)- Then

Un(f)oar) = F(k27)81.2k41) = m3(F)Sas1,2041) = m3(F) U
for f € C[0,1] and (I, k) € X, so AdU om = n3. Similarly,
Up(f)Sar = F((k+ 12700 41.0011) = p3(F)0(11,.20601) = p3(/HUS k)
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for f € C[0,1] and (I, k) € X, so AdU* o p3 = p. Define

w = 1c @ ( ou ) € UC & 2(X) & (X))

which is a self-adjoint unitary. By the above computations we have
Adw® o (evp ®0) = Ad wW o (evo BT @ p3) = evy Dp D ns.

Since (, p) and (p3,n3) form Cuntz pairs, it follows that Adw() o (evy ®6)
and evg @0 form a Cuntz pair, and therefore (el.3) is satisfied.
For w®, we decompose

CaH=CapCa (X)) D *(X3)®A(X3)

where we used that £2(X;) = C. Let w® be the (self-adjoint) unitary which
swaps the two copies of C and of £?(X3). Then

Adw® o evy®p ® n3 = p1 @ evo Bpa 13 D ps.

As above, one sees that Adw(®) satisfies (e1.3) (since everything that could
form a Cuntz pair, does form a Cuntz pair).
To define w® we let V € U(£%(X>),%(X3)) be given by

Vouk) = 0ak+1)s (k) € Xa.
Then for f € C[0,1] and (I, k) € X5 we get
Voa(£)oan = F((k+ 10270011y = 73(F)0@ss1) = m3(F) Vi,
and
Vra(£)oar = F27)00 k1) = m3(F)Saps1) = n3(f)V -
Hence AdV o ps = 73 and AdV™* o n3 = my. Define

0o v
w(3)=1<cea<c@< Voo )@uz(xg)EM(C@C@ﬂ(m@f"’(Xz)@fQ(Xs))

which is self-adjoint. Since evg = w1 and p; = evy, we get
Adw® o (p1 ®evoDp2 B3 @ p3) = evy BT @ p3 = evy DI.

As above, it follows that Adw®) satisfies (el.3). In conclusion, with wy :=
wBw@wm we get,

Adw; o (evo @) = evy b,
and each w® is self-adjoint satisfying (e1.3), as desired. O

For the rest of the paper, our blanket assumption will be (unless specified
otherwise) that G is a second-countable locally compact group, that A is a
separable and B a o-unital C*-algebra, and that « : G ~ Aand 8: G ~ B
are continuous actions.
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2. FROM HOMOTOPY TO STABLE OPERATOR HOMOTOPY

Notation 2.1. We will denote the corona algebra of B by Q(B) = M(B)/B.
We will not give the quotient map M(B) — Q(B) a name, but for an ele-
ment b € M(B) or a C*-algebra D C M(B), we will write b or D for the
image under the quotient map. Likewise, if ¢ : A — M(B) is a map, we
will write ¢ for its composition with the quotient map. If 8 : G ~ B is an
action, then 3 is the induced (algebraic) action on Q(B).

Notation 2.2. Given an action 8 : G ~ B on a C*-algebra, denote
MP(B) = {z € M(B) | {z - B4(2)}4ec C B}.

Then M?(B) is a unital C*-subalgebra of M(B) that contains the genuine

fixed point subalgebra M(B)?. In fact, under the quotient map M(B) —

Q(B), it is the preimage of the C*-algebra Q(B)”, so there is an equivariant
short exact sequence

0—>B—> MP?(B)— Q(B)’ —=0.

As a consequence, the restriction of 8 to MP?(B) is necessarily point-norm
continuous; see |2, Theorem 2.1].

Notation 2.3. For a cocycle representation (¢, u) : (4,a) — (M(B), ),
denote

Diyuy = M”(B) N {x € M(B) | [z,(A)] C B}.
Then D, is a unital C*-algebra. In fact, under the quotient map M(B) —

Q(B), D, is the preimage of the C*-algebra D(,, ,) = (Q(B) N @(A)’)Bu,
so there is a short exact sequence

u

0 —> B—— D, — (Q(B) N@(A))" —0.

Proposition 2.4. Suppose [ is strongly stable and let (p,u) : (A, a) —
(M(B),B) be a cocycle representation. A unitary v € U(M(B)) belongs
to D,y if and only if (p,u) forms an («, B)-Cuntz pair together with the
cocycle representation (¢,v) = Ad(v) o (¢, u) = (Ad(v) 0 v, vuefe(V)*).

Proof. One always has

P(a) = p(a) = [v, p(a)]v",  a€ A

So this difference is always in B if and only if [v, p(a)] € B for all a € A.
Furthermore, we have

Vg — ug = vugfe(v)" —uy = (v — 5;(“)) : ﬁ;(v)*“g-

So this difference is always in B if and only if {v — 8§(v)}sec € B. In
conclusion, we see that (¢, u) and (¢,v) form an («, §)-Cuntz pair if and

only if v € D(go,u)' U

The following is a Cuntz—Thomsen picture analog of the better-known
concept of (stable) operator homotopy in Kasparov’s original approach to
K K-theory; see for example [Il, Section 17.2] or [43] Definition 2.1.16].
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Definition 2.5. Suppose 3 is strongly stable. Let (¢, u), (¢, v) : (A, a) —
(M(B), ) be two cocycle representations. We say (¢,u) and (¢, v) are
operator homotopic, if there exists a unitary u € UO(D(%U)) such that
(v, v) = Ad(u) o (p,u). We call (p,u) and (¢, v) stably operator homotopic,
if there exists some cocycle representation (k,x) : (A, ) — (M(B), 3) such
that (¢, u) ® (k,x) and (¢, v) @ (k, x) are operator homotopic.

It is evident from [Proposition 2.4| that if (¢, u) is stably operator ho-
motopic to (¢, v), then they necessarily form an («, 3)-Cuntz pair, which
is homotopic to a degenerate Cuntz pair in the sense of In
particular, the class in K K%(a, 3) represented by this pair of cocycle rep-
resentations must vanish. In the spirit of similar results in the literature
focusing on more special cases, the main achievement in this section is that
the converse also holds. That is, for any anchored (o, )-Cuntz pair, its
associated class in KK G(a, B) is trivial precisely when the pair of cocycle
representations is stably operator homotopic.

We recall Kasparov’s technical theorem [36, Theorem 1.4]. {It is worth

ointing out that the proof given there (due to Higson is not as bad

WWMIMMWM
The way 1t is stated here is a slight reformulation compared to how it is
stated in the reference. The-onlydiffereneeisthat-There are two differences
we want to point out. Firstly, the element M in our statement is the square-
root Of the element M1 and N is the squareroot of M2 in HBEI, Theorem 1 4] ¥

whos in-Iasparovis-origi on—tw 'M
map § below (denoted as ¢ in the original version) is allowed to have a more
general domain as opposed to just the acting group G This is motivated by
the fact that the only property about the domain ever used in the original

Theorem 2.6. Let G be a second-countable, locally compact group. Let
B be a o-unital C*-algebra and f : G ~ B a continuous action. Let
-G —M(B)be—a-bounded—strictly-—continwous—map,—and-E1, By C M(B)
two o-unital C*-subalgebras such that E1 - By C B, and FE1 is S-invariant
with B|g, point-norm continuous. Suppese-that-Let X _be a locally compact,
a-compact Hausdor(f space. Suppose that § : X — M(B) is a bounded strictly
continuous_map_such_that_for all a € Ey. the maps a - and § - a define

take values in B and_are norm-continuous meaps—on—G—for—atl-acFron
X. Let furthermore A C M(B) be a separable-norm-separable subset with

[A,E] C Ey. Then there exist two positive contractions N,M € M?5(B)
with N? + M? = 1 and satisfying

ME, C B, NE, C B, [M,A], [N,A] C B,

and such that the functions N -f and f- N define norm-continuous maps on
G-X_with values in B.

Notation 2.7. The given representation and unitary path from|Theorem 1.15
will play an important role for the rest of this section, in the sense as we
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are about to specify now. For a C*-algebra B, we will for ¢ € [0, 1] also (by
slight abuse of notation) denote by ev, : B[0, 1] — B the obvious evaluation
map. For a given separable infinite-dimensional Hilbert space H, we keep in
mind that B(H) = M(K(H)). Given an action 8 : G ~ B, we may tensor
the representation from with the identity map on B and the
corresponding unitary path with the unit of M(B) to get the equivariant
representation

0 ®idp : (B[0,1],3]0,1]) = (M(K(H) ® B),id ®3)
and a norm-continuous unitary path
w®1:[0,1] = UMK(CdH)® B))4eP
with wg = 1 such that obviously
(evi @) ® idp = Ad(w; ® 1) o ((evo®F) ® idp)
and
[w; @1, ((evo ®0) ®idp )(B[0,1])] CK(Co® H)® B, te0,1].

Now let us additionally assume that 3 is strongly stable. Choose a sequence
rn € M(B)? of isometries for n > 0 such that 1 = >.°° r,r* in the strict
topology. Let us also define the isometry roq = > 72 ri+17) € M(B)?,
which then fits into the equation rorj + roori, = 1. Let {ex; | k,1 > 0} C
K(C @ H) be a set of generating matrix units such that e o is the orthgonal
projection onto C @ 0. Then {ej; | k,1 > 1} necessarily generates the C*-
subalgebra IC(H). We have two equivariant isomorphisms

determined by the formulas
Ag(ew ®b) =rgbr;  (k,1>0), and A1(6k7l ®b) = Tk_le‘?Ll (k,1>1).

One has the identity 7oc A1 (e ®b)1%, = Ag(er,®b) for all k,1 > 1, which im-
plies 700 A1 ()75, = Ao(0 @ idic(z)er)- We extend Ag and A; to equivariant
isomorphisms between the multiplier algebras as well.

We consider the non-degenerate equivariant *-homomorphism

0% = Ao (A ®@idp) : B[0,1] — M(B)
and the norm-continuous unitary path
wP = Ao(w; ®1) € M(B)?, te0,1].
We then observe for all f € B[0, 1]
Ago ((eve@b) ®idp ) (f)
= Ao(eoo ® f(t)) + Ao (08 (0 ®@idp)(f))

= rof()rg + reeMi((0 ®idp)(f))ris
= (evi Bryran0P)(f).

In summary, we have used [I'heorem 1.15|and the strong stability of 3 to con-
struct a non-degenerate equivariant *-homomorphism 2 : (B[0, 1], 3[0,1]) —

(M(B), B) and a norm-continuous unitary path w? : [0,1] — U(M(B)?)
with w = 1 and such that

ev1 Broroo 68 = Ad(wlB) o (evo Brg.ro HB)



16 JAMES GABE AND GABOR SZABO

and
|0, (evo @10, 67)(BIO, 1])| € B, te0,1].

This witnesses the fact that the endpoint evaluation maps evg, evy : B[0, 1] —
B are stably operator homotopic. The construction outlined above depends
on the choice of the isometries 7;, but only up to equivalence with a uni-
tary in U(M(B)?). We will subsequently abuse notation and simply write
w in place of wB. We will also write & = ev; EBTO,TOOHB for : = 0,1. Each
of ev;, 8% and & is a non-degenerate (-equivariant *-homomorphism from
B[0,1] to M(B). In particular they extend uniquely to unital equivariant
«-homomorphisms from M(B[0, 1]) to M(B) that are strictly continuous on
bounded sets. We also denote their extensions by ev;, 8% and &;.

The following technical lemma is the key ingredient in the main result
of this section, Its punny name is a not so subtle nod to the
circumstances related to the lemma’s discovery. We record the statement in
a somewhat more general and explicit form than we need it for the rest of
the paper, keeping in mind potential further applications. For example, the
lemma below could easily be used to not only prove the principle “homotopy
implies stable operator homotopy”, but also its appropriate analogs in other
variants of the (equivariant) K K-groups, such as the nuclear or ideal-related
versions.

Lemma 2.8 (KKarantine lemma). Suppose that [ is strongly stable. Let
(®,0),(w,V)) be an (e, 8]0, 1])-Cuntz pair such that
(p,u) :==evgo(P,U) = evy o(P,U) = evgo(T,V).

Define (,v) :=evyo(¥,V) and let & and 68 be as in . Then
(k,%) := 0P o (U, V) @ & o (®,1): (A,a) — (M(B),B)

is a cocycle representation, and (p,u)®(k,x) and (Y, v)D (K, x) are operator

homotopic.

Proof. That (x,x) is a cocycle representation follows since 2 and &, are

unital, equivariant and strictly continuous on bounded sets.

For the rest of the proof, we shall use the notation z = for two

multipliers z,y € M(B) to mean that z — y € B. We adopt the choices and
notation from the last paragraph in[Notation 2.7] It shall be understood that

Cuntz sums of elements are formed with the pair of isometries rg and ro, as
defined there, unless we specify otherwise. Then = : My(M(B)) — M(B)
given by

c d

is an (equivariant) isomorphism with Z(Mas(B)) = B. In particular one has
by @ by = Z(diag(by, b)) for all by, by € M(B). Define

(eay) = (907 U) S3] (’i’x) = 50 ° (\II7V) S 50 o ((I)v[U)
and note that
(Y, v) ® (k,x) =& 0 (P, V)D& o (P,U) = Ad(wy @ wy) o (0,y).

(Strictly speaking, the left-most Cuntz addition “@®” appearing in these par-
ticular instances here has to be performed with different isometries than

—(a b
= ( > = roary + robri, + reoCry + roodrs,
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the pair 79,7 chosen before to achieve these equations.) Here we use
Ad(wy) 0 & = & and & o (P,U) = & o (P,U). We claim that the uni-
tary wy @ wj is homotopic to the unit within D, which will complete the
proof. We shall now construct such a homotopy.

We first observe that since & is ﬁﬂiﬁ&kﬁqﬂ%ﬁ&ﬂé@gﬁwhw@ahd
strictly continuous on bounded sets—Define-a-separable, themap Eg oV : G — U(M(B
is a strictly continuous S-cocycle. Define a subset of M(B) via

A =EyoW(A)U{wilepy -

which is norm-separable since A is separable and w is norm-continuous.
Define C*-subalgebras of M(B) via

FE = g()(B[O, 1]) 4+ B and FEj= U (wt)—go o ‘l’(A)i

0<t<1

and

By = C* (wi(& o W) (a)w; — (§90)(a) | a € 4, t€[0,1]).
Furthermore, we define a ma
£:[0,1]xG = M(B), £(t,g) = &(Vg)wilo(Vy)” — w,

which is strictly continuous since multiplication is strictly continuous on
bounded sets. We clearly have that Fs is separable and E; is o-unitals

Wﬁﬁj— F is also invariant under the cocycle perturbed
action A(Y) and geo(V) is point-norm continuous. By the choice of the

unitaries wy, they commute with elements of 1 modulo B, hence we see that

[A, Eq] C Eqand-alse-. It also follows for arbitrary elements z € M(BJ[0, 1
and b € BI0, 1] that

If z is additionally assumed to be a unitary, then further
(Eo(z)wio(2)" — wi)Eo(b)
= &o(2)(w&o(2)"wi — Eo(2)")wi&o(b)
= &o(2)(wibo(2) wy — Eo(2)")[we, Eo(D)]

Analogously one has also Ey(b)(Eg(2)wi€n(2)* — w;) € B. These observations
immediately imply

By B, CBU |J _and By f(w[0,1]xG)—0oUf(B[0,1]xG)-Ey € B.
0<t<1

Because the [0, 1]-cocycle V is strictly continuous and the path w was
norm-continuous, the maps of the form e - f and f - e are elearlynorm-
continuous on &[0, 1] x G for all e € E;. In fact, this is an easy consequence
of the fact (which is elementary to prove), that if X is a topological space

: X — B is norm-continuous and ¢ : X — M(B) is stricly continuous and
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bounded, then the maps z — f(z)g(x) and z — g(x)f(x) are norm-continuous.

In particular, this allows us to apply Kasparov’s technical to
this setupand-, with the cocycle perturbed G-action %) on B. We find
positive contractions AN M- MABYN, M € MY (B with N2+ M2 = 1

such that
(e2.1) ME, C B, NE; C B, [M,A], [N,A] C B,

and moreover the maps N - f and f - NV are norm-continuous maps on
&-[0,1] x G _with values in B. Note that M and N commute, and that

M, Es] C B and [N, F;| C B. We consider the unitary

U:E< _]L ]\1\{ ) e UM”(B)).

A trivial computation shows for all z,y € M(B) that

vz 0 U — NxN + MyM MyN — NxM
L0 NyM — MxN MxM—I—NyN

If one has y € A and y — x € FE», then

imply-condition (le2.1)) implies that

—(x 0 «_ =(y O
(¢2.3) UH<O y)U:QH(O x)B.

In particular it follows for any a € A and any t € [0, 1] that the pair of
elements z = Ad(w;) 0 & o ¥(a) and y = & o ¥(a) satisfies this property.
Furthermore, since N acts like a unit on F; modulo B, we have that U acts
like a unit on Z(Mz(E7)) modulo B. Keeping in mind that Eyo (P —W)(A) C
E,, we compute for all a € A and all ¢ € [0, 1] that medule-B;ene-hasone
has

(e2.2)

— ( Ad(w) 0 & o ¥(a) 0 N
U:( 0 goocb(a)>U
_ (0 0 — ( Ad(wg) 0 & o ¥(a) 0 .
=5 =( 0 go@o @ ) U3 ( 0 L
(2.3) EyoV(a) 0
=B = ( 0 [Ad(w;) —id] 0o &y o ¥(a) + & o P(a) )

By the choice of the unitary path w, we have that [Ad(w;)—id]o&y(B[0, 1]) C
B. Since ®(a) and ¥(a) agree modulo B|0, 1], we have that

(Ad(wr) — id] 0 & o (¥ — B)(a) € B,
and therefore, the last expression above agrees modulo B with
- ( Ep o ¥(a) 0 )
. 0 Ad(wy) o Eyo P(a) ) -
Since a € A was arbitrary, we get for all ¢t € [0, 1] that the unitary
(1@ w)U(w @ 1)

commutes with the range of the map 6 = E oW P &y o <I> modulo B

Now let ¢-=G-and-t € [0, 1] be given. We
= , g , g—"tywant to show that the unitar
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1P w;)U(we @ 1) is invariant under the cocycle perturbed action 3¥ modulo
B, wherey = oV &) oU. Since w; € A commutes with both N and M

modulo Band-Nf;#; N5, we can see that module-B-one-has-
(e2.4)

* TR Nuwy M = p= Ny M
(19w)U(w®1) —~U<—wz‘th w:N)=5“< —M wiN )

A~~~

Sirnilarlvasal ’ : . ind—Eo (U, — V)€ B | sethis
eompute-Recall that the elements M, N are fixed by the action 45(Y) mod-
ulo B-that-Sinee-g-cG-was-arbitrary-wegetfor-allH-c {0 H-that-theunitary

1@ w;)U(w, @ 1)

V are assumedw‘go agree modulo B0, 1], themapg— V,U* =1+ (V, — U,)U*

takes values in 1 + B|0, 1] and hence &(V,U?) € (1 + E1). Using furthermore
that w, is fixed b we compute

8y (1@ w))U(w, 1))

1 = Eo(Vg)Bg(Nwi)Eo(Vg)*  E0(Vg)By(M)E(Uy)* )
—&0(Ug)Bg(M)E(Vy)*  E0(Ug)By(wiN)E(Uy)*

__{ Neo(Vy)wie(V,)* ME(V,U?) )

T LM &(U)ube(V,) NE(V,UY)

21 NEO(Vg)wtgo(Vg)* M

T M E(Ug)wi€s(Vy)* NEo(V,U) )

[ Neo(Vewie(Vy)® M )

- M E0(U, V) (Eo(V g Jui (V) N)Eo(VyU3) )

BYNEo((Dui)U (i) =V(up)U (wed)Eo(Vy)*= (Gw=Nuw,")U= Nf(w,ot, 9)€ B.

Therefore
Nwt M
Y * :
fopd ((1 @ wi)U(wy ® 1)) = ( —M & (U Vi )wi NE(V,U;) ) .

Using again that £(V,U*) € (1 + E7), we have that both w; and N commute

with such an element modulo B, which leads to

Nwt M
-M w;N
(e2.4)

=5 1ow))U(w & 1).

(1]

(1@ w)Uw e 1))
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Due to all the properties we have verified for U so far, we may finally con-
clude that

(1ow)U(w@1) € Dyyy, tel0,1].
Since wg = 1, this is in particular the case for U itself. Note-also-that-both
Moreover, since Adwy o0& = &1 and Eyo (P, U) =& 0 (P, U) =& o (P, V

it is immediate to check that wy © 1 and 1 @ wy are elements of Dy ).

We can readily observe that U+U* > 0, so the spectrum of U is contained
in the right-half circle. Let us denote by log : C\ R~ — C the standard
holomorphic branch of the logarithm. We then define a norm-continuous
unitary path V' : [0,3] = U(Dg)) via

exp(tlog(U)) , 0<t<1
Vi={ (L& w)U(w1 &1) L 1<t<2
(1 wi)exp((3—1t)log(U)) (w1 1) , 2<t<3.
Evidently we have Vj = 1 and V3 = w; & w]. In summary, the cocycle

representations (¢, u) and (¢, v) are indeed stably operator homotopic and
the proof is complete. O

Theorem 2.9. Suppose [ is strongly stable. Let (o,u),(,v) : (A, a) —
(M(B),B) be two cocycle representations that form an anchored (o, B3)-
Cuntz pair. If [(p,u), (¥,v)] = 0 € KK%(a, ), then (p,u) and (¥,v)
are stably operator homotopic.

Proof. Since ((p,u), (1¥,v)), ((p,u), (p,u)) € EY(a, ) are anchored and
vanish in KK (a, 3), it follows from [Proposition 1.12| that they are ho-
motopic. So there is an («, 80, 1])-Cuntz pair ((®,U), (¥,V)) such that

(p,u) =evgo(P,U) =evyo(P,U) =evgo(V¥,V) and (¢,v) = evy oV, V).
implies that (¢, u) and (1, v) are stably operator homotopic. [

3. ABSORPTION OF COCYCLE REPRESENTATIONS

In this section, we consider various more notions of equivalence and sube-
quivalence between cocycle representations (A,«a) — (M(B),3), some of
which we are about to introduce. These are similar (but not identical) to
the notions of equivalence considered in [53, Section 2]. Compared to the
original work of Dadarlat—Eilers, the content of this section should be seen
as a dynamical generalization of a number of technical lemmas in [I0, Sub-
section 2.3] and those in some references invoked therein. There are a lot
of similarities to some results and their proofs in [57], with the important
difference that said reference only deals with genuinely equivariant repre-
sentations. The following is an analog of [9 Definition 2.1].

Definition 3.1. Let (¢, u),(¢¥,v) : (A,a) = (M(B),[) be two cocycle
representations. We write (¢, u) ~asymp (¢,v), if there exists a norm-
continuous path w : [0, 00) — U(M(B)) such that

e (a) = tl_i}m urp(a)uy for all a € A;
o Y(a) —urp(a)uf € B for alla € A and t > 0;

. tli)ngo 1;]11631%( lvg — upugBy(ug)*|| = 0 for all compact sets K C G;
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e The map [(t,9) — vq — usugfy(us)*] takes values in B.

In view of [Proposition 2.4] if ((¢,u),(¢,v)) is a Cuntz pair, then the
second and fourth bullet points above are equivalent to saying that the
range of u is in the C*-algebra D, ).

Similarly to how we formed Cuntz sums of two elements, we may form
infinite sums by a similar method if the underlying action is strongly stable.

Definition 3.2. Suppose that f3 is strongly stable. Let ¢, € M(B)? be any
sequence of isometries such that > >° ; t,t* = 1 in the strict topology. Then
we have a f-equivariant x-homomorphism

foo(Na M(B)) - M(B)a (bn)nzl = Z tnbnt;km
n=1

which is jointly strictly continuous on the unit ball of /*°(N, M(B)) and does
not depend on the choice of ¢,, up to unitary equivalence with a unitary in
M(B)P (Similarly as before, if v, € M(B)? is another sequence of isometries
satisfying the same relation, then the unitary defined as the strict limit
w = Y.0° tyv implements this equivalence.) For any sequence of cocycle
representations (o™, u™) : (4,a) — (M(B), ), we may hence define the
countable sum

(@,0) = P ™, u™) : (4,0) = (M(B), 8)
n=1
via the pointwise strict limits

®(a) = St (a)th, Uy =3 tyuldts.
n=1

n=1

Up to equivalence with a unitary in M(B)?, this cocycle representation does
not depend on the choice of (t,),. In particular, in the special case that
(™, u™) = (p,u) for all n, we denote the resulting countable sum by
(p>°,u™) and call it the infinite repeat of (p,u).

Definition 3.3. Let (¢,v) : (4,a) — (M(B),3) be a cocycle represen-
tation, and let € be a family of cocycle representations from (A, «) to
(M(B), B). We say that (1, v) is weakly contained in €, written (¢,v) < €,
if the following is true.

For all compact sets K C G, F C A, every € > 0, and every contraction
b € B there exist (oM, uM), ... (¢©, u®) € € and a collection of elements

{¢ixli=1,...,N, k=1,... ./} CB

satisfying
¢ N
(e3.1) max Hb*vgﬁg(b) — Z ZC;,kugk)ﬁg(cj,k)H <e
geK k=1j=1
and
¢ N
(e3.2) max Hb*w(a)b - Z Z c;kgp(k) (a)cij <e.
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In particular, if € consists of a single cocycle representation (p, u), then we
write (¢,v) < (¢,u), in place of (1, v) < {(p,u)}, and in this case one can
choose ¢ = 1 above.

Remark 3.4. It is straightforward to verify that < is a reflexive and tran-
sitive relation on the set of all cocycle representations.

When G = {1} and A, p, 4 are all unital, then the above recovers “ap-
proximate domination” as u.c.p. maps, as for example considered in [I5],
Definition 3.1]. On the other hand, when A = C, B =K, 8 = idg and ¢, ¢
are unital, then the above recovers weak containment of unitary represen-
tations G — U(H) € M(K), where H is an infinite-dimensional separable
Hilbert space. This is a consequence of comparing [Corollary 3.12] below with

Voiculescu’s theorem [59] and its known variant for unitary representations.
The following is a dynamical analog of [L0, Definition 2.11].

Definition 3.5. Let (¢,u), (¢,v) : (4,a) — (M(B),3) be two cocycle
representations. We say that (¢, v) is contained in (¢, u) at infinity, if the
following is true. For all compact sets K C G, F C A, every € > 0, and
every contraction b € B there exists an element z € B satisfying

max [|b*vy By (b) — x"ug By (2)]| < €,
geK
>k _ * <
max 0" (a)b —a"p(a)z]| < e,

and
[z*b]| <e.

If we compare [Definition 3.5 with [Definition 3.3} then we can readily see
that if (1, v) is contained in (¢, u) at infinity, then (¢, v) is weakly contained
in (¢, u).

Remark 3.6. Note that by considering the case where 1 € K in (e3.1) we
obtain ||b*b — Z§:1 PN ¢ xCikll < €. Consequently, it easily follows that
(6,v) < (,u) if and only if (4/1,v) < (', u), where

(ol u), (@h,v): (A, al) = (M(B), B)
are the induced unital cocycle representation out of the proper unitization.
Similarly, (1, v) is contained in (¢, u) at infinity if and only if (1, v) is con-
tained in (', u) at infinity. This is in stark contrast to the non-equivariant
case where this subtlety has led to false statements in the literature, such
as the one addressed by the first named author in [14].

We make a few basic observations about weak containment.
Proposition 3.7. Let
(@), (9, v), (W™, v 2 (4, 0) = (M(B), B)
be cocycle representations for all n € N.
(i) If we have for alla € A, b € B and compact sets K C G that

lim (] (#(a) — " (a)bl] + max (v, —v{)oll) =0,

n—oo

then (4, v) < {("),v()}pen.
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(ii) If there is a sequence of unitaries u, € U(M(B)) such that ¢ =
lim Ad(uy)op in the point-strict topology and ve = lim 1wy, ueBe ()"
n—oo n—oo
strictly and uniformly over compact sets, then (¢¥,v) < (¢, u).
If furthermore (8 is strongly stable, then

[e.9]

(iif) One has (v, v) < {(¥™, v },en if and only if (1, v) @ ™), v
(iv) One has (¢*°,u™) < (¢, u). "

Proof. Let K C G, FC A, b€ Band e > 0 be given. By assumption,
using that {8,(b) : g € K} is compact, we may choose j > 1 such that

rgnea[?( 6% vy Bq(b) — b*\véj)ﬁg(b)H <e

and

ma |54 (a)b ~ b*ep() bH<e

Thus £ = N = 1 and ¢1;; = b have the desired property as required by

Definition 3.3, which shows (1, v) < {(¥™),v(")},en.
(i1)r It is trivial that two unitarily equivalent cocycle representations are

weakly contained in each other. Thus the claim is a straightforward conse-
quence of
Let t, € M(B)” be a sequence of isometries such that Y32 txt; = 1
in the strict topology. Denote (¥, V) = @, (¥, v(*¥)), where the sum is
formed via this sequence. Suppose a quadruple (K, F, b, ¢) is given. Without
loss of generality, let us assume that F is a subset of the unit ball of A.
For the “if” part, suppose we have contractions di,...,d, € B with

max”b Vg q(b) Zd* VqB4(d; H

and
max |[b*4p(a)b - an d;W(a)d;| <.

aeF

Choose N € N such that

N
(e3.3) max (1 —kZ:ltktk )d;|| < e/2n.
Then if we set ¢j, = t;d; for j =1,...,nand k= 1,..., N, we observe for
all g € K that
n N n N
SN a8 = 30N dtvPBy(d))
j=1k=1 j=1k=1
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Similarly we compute for all a € F that

n n N
ZZ GrvW@er = DY ditw™(a)tid;
j=1k=1 J=lk=1
() .
=2 > di¥(a)d; =c b y(a)b.
j=1

This verifies (1, v) < {(¥™,v(M)}, .

For the “only if” part, suppose we have found n, N > 1 and c; € B for
the quadruple (K, F, b, €) as required by [Definition 3.3} Set d; = txc;x € B.
Similarly as above we have for all a € A

n n

3 G = 303 Gl = b

j=1k=1 j=1k=1

and for all g € K that

n N n N
Z kvgﬂg 7, Ic Z C;f,k‘/ék)ﬂg(cj,k) =¢ b*\/gﬁg(b)~
j=1k=1 j=1k=1
Th1s shows (¢, v) < (¥,V).
is a tr1V1al consequence of O

We need the following fundamental technical lemma, which we will use in
a crucial step later. It is a generalization of a statement that appeared in the
literature before, usually in a somewhat different form, both in the context
of K K-theory and the classification theory of purely infinite C*-algebras;
see for example [48, Lemma 6.3.7] or [39, Lemma 2.4].

Lemma 3.8. Let B be any C*-algebra and k € Aut(B) an automorphism,
which we extend canonically to an automorphism on M(B). Let by,by €
M(B) be two elements, and s € M(B) an isometry. Suppose that r1,r2 €
M(B)" are two isometries fized by k that satisfy rir] + rors = 1. Further-
more, suppose that [by,rj] =0 = [by,r}] for j =1,2. Then the element

u = (rir] +rasry)s* +ra(1 — ss*) € M(B)
s a unitary, and it satisfies
[ubari(u)* = (b @ryry bo)l| < 5 - maxc {[[sby — bor(s), l(s)b} - bs] }-
Furthermore, if sby — bak(s) € B and k(s)b; — bss € B, then also
ubgk(u)* — (b1 Bry ry b2) € B.
Proof. First, let us verify that u is indeed a unitary. We have
w'u = s(rir] +rastsry)st + (1 —ss%) =1

and
uu* = riris*srir] + rosrystsros*ry + ro(1 — ss*)rs
= rirf+rer; = 1.
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Set & = max {||sb1 — bor(s)||, ||k(s)b] — b3s|}. We compute

(b1 Dry 1y b2) i (u)

= (ribirf + robord)k(u)

= rbirir(s)* + rebarik(u)

= rribik(s)* + rabe(1 — k(s)K(8)*) + rabek(s)rir(s)*

=9. r1ribik(8)* 4+ ro(by — sbik(s)*) + rosbirir(s)*

= rribik(8)* 4 ro(by — sbik(s)*) + rosribir(s)*

=9c T1rib1R(S)* + 1r2(1 — 58%)ba + rasristby

= (rmris* 4+ ro(1 — ss*) +rosrss*)ba = ubs.
We also see from this calculation that if sby —bak(s) € B and k(s)b —bys €
B, then the intermediate differences in these calculations are also elements

of B. We may now multiply everything with x(u)* from the right and obtain
the desired statement. O

This leads to the following sufficient criterion for the absorption of cocycle
representations:

Lemma 3.9. Let (p,u), (¢,v) : (A,a) = (M(B),3) be two cocycle repre-
sentations. Suppose there is a sequence of isometries s, € M(B) satisfying

o lim [l50(a) — pla)sull =0 for alla € A;
o sp(a) —p(a)sy, € B forallae A andn > 1;

o lim sup ||spvy — ugBy(sn)|| =0 for all compact sets K C G;

o The map [g — snVg — Ugfy(sn)] takes values in B for alln > 1.
® sy.15, =0 foralln>1.

Suppose that there exists a unital inclusion Oy C M(B)? that commutes
with the ranges of v and v. Then (¢, u) ~asymp (¥, v) @ (¢, u).

Proof. We may employ the same trick as in [9, Lemmas 2.24+2.3] and (as a
consequence of the last bullet point) extend the sequence (sy), to a norm-
continuous path of isometries (s¢):>1 by defining

Syt = (1 — t)l/an + tl/anH forallm > 1 and t € [0, 1].

By the properties of s,, assumed above, this continuous path is seen to satisfy
the following properties:

(e3.4) tl_i)m lIst(a) — @(a)s| =0 for all a € A;
(e3.5) sip(a) —p(a)s; € B foralla e Aandt > 1;

(e3.6) lim sup ||s;vg — ugfBy(s¢)|| =0 for all compact sets K C G;

t—o00 geK

(e3.7) [(t,9) — stvg — ugfy(se)] takes values in B.

By assumption, we may pick a pair of isometries 71,75 € M(B)? with
rir] + rory = 1 commuting with the ranges of ¢ and v. Define a norm-
continuous path of unitaries u : [1,00) — U(M(DB)) via

up = (rir] + rosery) sy + ro(1 — sisy) € M(B).
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By these are indeed unitaries. When we apply the lemma for
idp in place of k, then conditions (e3.4) and (e3.5)) ensure that we have

tlggo Hutﬂp(a)ur - (iﬁ Bryro @)(Q)H =0

for all a € A, and that the expressions appearing in the norm are elements
in B. When we apply the lemma for x € {4}4cq, we can use conditions

(e3.6) and (e3.7) along with the identities v = B4(vy-1) and uy = By(ug-1)

to compute

lim Igneax HUtUgﬂg(ut) (Vg Dri,r Ug)”

t—00

< 5 fim sup (flsivy = ugBy (sl + 18 (o1)v; —

= 5tli>1£10§up (Hst\vg — ugBy(se)ll + |sevg-—1 — Ug—IIBg—IStH)

=0
for every compact set K C G. Furthermore the expressions appearing in
the norms are elements of B. This finishes the proof. O

Remark 3.10. Since it is useful for our companion paper [18], let us observe
a few things about the statement in Firstly, if there exists a
unital inclusion O € M(B)? that commutes with the ranges of ¢ and u,
then modulo passing to a different sequence of isometries, the last bullet
point is redundant. This is because given isometries Ry, R2 in this copy of
O with R} Ry = 0, one may replace s, by R1s, when n is odd and by Ras,
when n is even. This does not disturb any of the first four bullet points, but
forces the property s, 18, = 0 in the last bullet point.

Secondly, we may consider what happens in a special case of
In addition to the inclusion O C M(B)? above, assume that (o, u) and
(1, v) are proper cocycle morphisms (see [53, Definition 1.10(iii)]), meaning
that ¢ and 1 have values in B, and u and v have values in (1 + B). In
this case, we may assume s; = R; and carry out the rest of the proof as
before. This gives rise to a norm-continuous path of unitaries u : [1,00) —
U(M(B)) witnessing (o, u) ® (1, V) ~asymp (¢, u) that additionally satisfies
u; € M(B)P. Since the cocycles u and v have values in U(1 + B), the
relation uguyBy(ug)* — (vy D uy) € B for all g € G amounts to u; € MP(B).

Lemma 3.11. Suppose [ is strongly stable. Let (p,u), (,v) : (A,a) —
(M(B), B) be two cocycle representations. The following are equivalent:
(i) (¢, v) is contained in (p,u) at infinity;
(ii) (woo v™®) is contained in (p,u) at infinity;
(iii) there exists an isometry S € M(B) such that
Y>(a) — S*p(a)S € B forallac A
and the map
[g = vg® — S"ugBy(S)]

takes values in B and is norm-continuous.

(iv) (¢, u) ~asymp (P>, v>) & (¢, u).

Proof. We will proceed in the order |(i)=(ii
the rest of the proof, we let t,, € M(B)

(0] and [E}={{v]} For

be a sequence of isometries with
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o 1 tnty =1 in the strict topology. All infinite repeats are understood to
be formed via this sequence.

Let compact sets K C G, F4 C A, and € > 0 be given. Without
loss of generality assume K = K~! and F4 = F7 is in the unit ball of A.

Suppose that FZ C B is a compact set and b € B is a contraction.

Let N € Nsuch that ||b—Z§V:1 t;jt;b]] < e/8 and pick a positive contraction
bo € B such that [bot;b —t;b|| <e/(8N) for j =1,...,N. Then

(63.8) ||b — bO,NbH < 6/4 for b(),N = g:tjbot;f.
j=1
Using the statement in we may recursively choose contractions z1,...,zy €
B satisfying
(e3.9) nax max [|bove g(bo) — 2jugf(w5)l| < €/4;
(e3.10) pax max |[boyp(a)bo — wjp(a)z;] < e/4;

* * —N? .
(e3.11) DX, max (fel?r)fx |25 (a)z| +g{1€a}>{<\|x]~ugﬂg(wz)\l) <27%e/4;

*
. cl| < .
(e3.12) nax max [zl <e/N

N
=1

as a consequence of (e3.12)). We have for all g € K that

We define an element 2 € B via x = 3752, ;tj. We observe max |z¥c|]| < e
ceF

N N
TrugBy(x) = Z tjx;[“gﬁg(l’k)tz =e/4 thx;ugﬁg(xj)tj
§k=1 j=1
N
€39
=21 Y tiboveBe(bo)t; = bonvy"Bg(bo,N).
j=1

If we consider this computation, we shall multiply both sides with b* from
the left and with £,(b) from the right, and use (e3.8)) to obtain

fgnea;(( [6%vy" By (b) — (2b) ugBy(xb)|| <.

Moreover we have for all a € F4 that

N N
* (e311)
r*p(a)x = Z tjx;fap(a)xktz =c/4 thwjgo(a)a?jtj
jk=1 j=1
N
(e310)
e25/4 > tiboto(a)bot] = bo,nY™(a)bo,N-
j=1

Similarly as above we consider this computation, multiply both sides with
b* from the left and with b from the right, and use (e3.8) to obtain

max [[b")*(a)b — (xb)"p(a)(zb)]| < e.

Clearly we have max, 75 || (zb)*¢c|| < max.crs ||[x*c|| < e. Thus the element

xb € B satisfies the properties as required by |[Definition 3.5|in place of z.
This verifies condition



28 JAMES GABE AND GABOR SZABO

Let F4 C A be a self-adjoint compact set in the unit ball whose
closed linear span is A. This exists by the separability of A. Fix a constant
0<e< % Choose an increasing sequence 1 € K, C G of compact sets
with G = U,,>; int(K,).

By B admits a countable, increasing, approximately ¥~ -
invariant approximate unit (e ),>1 of positive contractions that is quasicen-
tral relative to ¥*°(A). We denote f; = 6}/2 and f, = (e, — en,l)l/2 for
n > 2. By passing to a subsequence of the e,, if necessary, we may assume

_ g ~(n+1)
(e3.13) max || fn = By (fu)ll <2 €
and
(€3.14) max [[)%(a), fu]ll < 27"

for all n > 1. By our choice of f,, we can apply conditioninductively and
find a sequence of contractions z,, € B satisfying the following properties
for all n > 1:

(@3.15)  max |LFu By () — whugBy(en)]| < 20

(€3.16) ax (Hw:Ugﬁg(xj)H + H,Bg(xn)*[u;xjH) < 9-C@HF. <oy

(€3.17) max || fo)™ (a) fn — zpp(a)enll < 27";
aEFA

(e3.18) max ||z%p(a)z,]| < 270 e § < n;
aEFA

(e3.19) llzyeill <27, j<mn.

We claim that the series X =Y °° | x, converges in the strict topology and
therefore yields an element X € M(B). Indeed, by using (e3.15)) (with
g = 1), we have for any pair of natural numbers k£ < ¢ that

¢ ¢ Y4
| S aan - 3 22 < 3o 2t 0e < 2ke,
n==k n==k n=k

Since we have Z?; ij = 1 in the strict topology, we conclude that the

sequence of partial sums ¢ — ¢ z*x, satisfies the Cauchy criterion in
the strict topology. If b € B is a contraction, this implies for all pairs of
natural numbers k < ¢ that

L
|52 ol
n=k

l
b* ( Zk :U:;xJ)bH

e
e3.§16 i 9~ (2Hj+n) o 4 b*( EZ: mzx”)bH
sin=k n=k
< 27k b*( XZ: x;x”)bH

n—k
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In particular, the sequence £ — (Y2_; x,,)b satisfies the Cauchy criterion.
Note that this last computation is valid even when choosing b = 1, so we
see that £ — (XY _; x,) is a norm-bounded sequence. On the other hand,
condition implies that the sequence £ +— ( é _, x})e; satisfies the
Cauchy criterion for all 7 > 1. Since the sum is uniformly bounded in norm
and the e; were an approximate unit of B by assumption, we may conclude
with a standard e/2-argument that the sequence ¢ — (Zflzl x})b satisfies
the Cauchy criterion for all b € B. We may hence conclude that the series in
question converges in the strict topology, or in other words, that X exists.

Next we check that X satisfies similar properties as required by the ele-
ments S in the statement of As in the proof of [35, Theorem 5], we
check for all a € F4 the equality modulo B

XX = 3 sem E S
kn=1 =
S f=@fn P ).
n=1

Here we used that the pointwise differences between the involved terms in
each step are absolutely convergent series in B. We see that X*p(a)X —
¥*(a) € B holds for all @ € F4. By the choice of F4, the latter relation
extends to all @ € A. Next, given any element g € G, let j > 1 be the
smallest number with g € K;. Then we have

o
X" ugfy(X) = Z TpUg B ()
kn=1
(3.16)
—27J¢ Z zpUgBg(n) Z:r: ugBy(xn)
k,n<j n>j
-e3 le3.15|
=ic Y TRugBy(xa) + Y favgBe(fn)
(313)
=i. D ThugB(an) + Y favy®
kn<j n>j
= ( Z .:Uk.Ung xn Z )
kn<y n<j

In each of these approximation steps, we see that all the maps on G defined
by the intermediate differences take values in B and are continuous. So
indeed the assignment [g — vp® — X*uyfB,(X)] takes values in B and is
continuous. If furthermore g = 1¢, then 7 = 1 above, so the very last term

in the above calculation vanishes and we conclude X*X € 1+ B and
11— X"X| <2 <1.

We claim that the isometry S = X|X|~! does the trick. From the above we
can immediately conclude ¥*>°(a) — S*p(a)S € B for all a € A, as well as
- S*rugﬁg(S) € B for all g € G. Since

S*Ugﬂg( )
= [ X7 X0 By (X[ X
= — XUy Be(X) + X ugBe(X (1 — [X[71) + (1 — [ X[ 71 X uy By (X[ X[7)
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and | X| € 1 + B, the strict continuity of the cocycles forces the assignment
[9 = vg°® — S*uyBy(S5)] to be continuous in norm.
(iii)=1(1)f Let S € M(B) be an isometry as in the statement of Let
b e B be a contraction. Recall that ¢°°(e) = 3722, t;1(e)t; and vg°® =
21 t]\v. . Define z,, = St,,b. Then clearly z;b — 0.
As t*woo( Jtn =(a) for allm > 1 and a € A we get

[z (a)en — 0" (a)b]] = (|67, (S (a)S — > (a))tnb]| = 0.
eBb

Similarly we get for any compact set K C G that
a1 By (2) = b7 By (B) | = mags 785, (5"ug () — v5")tubl] = 0.

Here we used the continuity assumption in to conclude that the terms
appearing in the middle bracket form a compact subset inside B. We see
that (1, v) is contained in (p, u) at infinity.

(iii)=1(iv)f We consider the double-infinite repeat
Y. tatmip(a)tit,

n,m=1
for all a € A, and analogously define (v>°)*°. Since (¢°°,u®) is unitarily
equivalent to ((¢/°°)>, (u®)*°), we may conclude the existence of an isome-

try S € U(M(B)) such that
S*p(a)S — (v>)>(a) € B and  S*uyfy(S) — (v);° € B

for all @ € A and g € G, and such that the right-most term defines a norm-
continuous map on G. For any n > 1, we have ¢! (¢*°)*>(a)t, = ¥*°(a) and
tn (v°)2°t, = vg°. Furthermore we have t},bt, — 0 for all b € B. This allows
us to conclude that the sequence of isometries s,, = St,, satisfies

B 3 t(S*(a)S — (¥°)®(a))tn = spp(a)s, — > (a) =5 0
for all a € A. Analogously we conclude

B 3 1,(S"ugBe(S) — (v)°)tn = spugfBy(sn) — vg° s oy}

for all g € GG, and this convergence is uniform over compact subsets of G.
As in [35] or the proof of [10, Proposition 2.15], we observe

(500°(0) = pla)sn)* (50 (@) — (@),
=" (snp(ata)s, — 1 (a%)) + (0°(a%) — s5p(a”) s> (a)+
+>(a”) (P> (a) = spp(a)sn),
which leads to lim_ llsn™(a) — p(a)sy|| = 0 for all @ € A. We also see that
sp ™ (a) — ¢(a )sn € B for all a € A. Similarly we observe
(sn\/;’o - Ugﬁg(sn))*(sn"go — ugBy(sn))
= 2-1- ‘VEO* ’ S;‘Lugﬁg(sn) - /Bg(sn)*uzsn : V;o’
which leads to 71151010 max [$nvg” —ugBy(sn)|| = 0 for all compact sets K C G.
We also see that the map [g — s,vy — Ugf4(5n)] takes values in B.

By construction, the isometries s, have pairwise orthogonal ranges. In
order to complete the proof of the claim with it suffices to see
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that there is an inclusion Oy C M(B)? that commutes with the ranges of
1*° and v®°. This is indeed witnessed by the two isometries

oo
ri =Y tonity, € M(B)?, i=0,1,
n=1
which satisfy the Os-relation and commute with all such infinite repeats due
to the simple observation that

o0 o) [eS)
(Z tjxt;f>ri == Z th,iﬂft; = T1<Z t]’ﬂft;), 1= O, 1,
j=1 n=1 j=1

for all z € M(B).

Consider the isometry to = > 72 tr+1t), which fits into the
equation t1t] + toots, = 1. Let U : [0,00) — M(B) be a norm-continuous
path witnessing the relation (¢, u) ~asymp (¢, u) @ (1°°,v*>°) in the sense of

Definition 3.1 In particular, the unitary Uy satisfies the properties
Ug‘P(a)UO - (QO(CL) @tl,too woo(a)) € Bv a € Aa
and
UgugBe(Uo) — (ug @ty 1o ‘V;O) €B, ged.
We set S = Upts. This is an isometry, and it has the properties that

S*p(a)S — ™ (a) = t5, (Usp(a)Uo — (¢(a) @iy 1. ¥ (a)))tec € B
for all @ € A, and
S*rugﬁ(S) — v;o = ttoo (Ugtugﬂg(Uo) — (Ug DBt ,too \/;o))too €B

for all ¢ € G. Moreover, because of [53, Proposition 6.9], the middle ex-
pression in the brackets defines a norm-continuous map on G, hence the
assignment [g — S*uyB(S5) — vg°] is also norm-continuous. This finishes the
proof. O

Corollary 3.12. Suppose (3 is strongly stable. Let (p,u), (¢¥,v) : (A,a) —
(M(B), B) be two cocycle representations. Then (¢¥,v) < (¢, u) if and only

Zf (30007 UOO) ~asymp (woovvoo) @ (80007 UOO)-

Proof. For the rest of the proof, we fix a sequence of isometries t,, € M(B)ﬁ
with 1 =77, ¢yt in the strict topology, and every instance of an infinite
repeat shall use this sequence to define it.

Let us first show the “if” part. Using [Proposition 3.7| and that ~usymp
clearly implies weak containment, we can see that

(1, v) < (¥%,v™) < (P @ o™, v® & u™) < (9, u%) X (v, u).
So let us show the “only if” part. Suppose (¢,v) < (¢, u). By |[Lemma 3.11

we need to show that (¢°°,u®) contains (¢, v) at infinity.
Let K € G,F C A and € > 0 be given. Without loss of generality,
we assume lg € K. Given a contraction b € B, we may then choose

contractions dy, ...,d, € B as in [Definition 3.3] Let N € N be large enough
such that ||(1 — S22, #,t5)b|| < e. We define

n
j=1
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As we have 2*(1-0_ ¢,t*) = &* by construction, it satisfies ||z*b|| < &[z|.
Given g € K, we have

zug®By(z) = Zd}ugﬁg(dj) =c b vy (D).
j=1

The case g = 1g shows ||z*z — b*b|| < ¢, so x is close to a contraction when
€ is chosen small. For all ¢ € F, we have

¥ p™(a)r = Zdjgp(a)dj = b*(a)b.
j=1

As the quadruple (K, F,e,b) was arbitrary, we see that the condition as

required by |[Definition 3.5|is satisfied so that (>, u>) contains (¢,v) at

infinity. (]

Definition 3.13. Suppose 3 is strongly stable. Let € be a set of cocycle
representations from (A, «) to (M(B), 8) that is closed under unitary equiv-
alence with respect to unitaries in M(B)ﬁ. We say that € is o-additive, if
for every sequence (o™, u(™), cy in €, the Cuntz sum

P ™, u™): (4,a) = (M(B),8)

neN

also belongs to €. We say that a cocycle representation (6, x) € € is absorbing
in €, if (0 ® @, x® u) ~asymp (6,%) for all (¢, u) € €.

Example 3.14. It is clear from the definition that for any family of o-
additive sets of cocycle representations in the above sense, their intersection
is also o-additive. Keeping this in mind, the following sets of cocycle repre-
sentations from (A, «) to (M(B), §) are o-additive, as well as any intersec-
tion of such sets with each other.

e The set of all cocycle representations (p,u) : (A,a) = (M(B),5). An
absorbing element in this class will simply be called an absorbing cocycle
representation.

e Assuming A is unital, the set of all cocycle representations (¢, u) :
(A,a) = (M(B), ) such that ¢ is unital.

e The set of all cocycle representations (¢, u) : (4,a) = (M(B), 3) such
that ¢ is weakly nuclear.

e The set of all cocycle representations (p,u) : (4,a) — (M(B), ) such
that ¢ weakly belongs to a predetermined closed operator convex cone of
completely positive maps A — B; cf. [38, [17].

Remark 3.15. Let us equip the set of all cocycle representations (p,u) :
(A, a) = (M(B), ) with the topology of point-strict convergence in the
first variable, and uniform strict convergence over compact sets of G in
the second variable. Let us denote this topology on the set of all cocycle
representations by 7(«, ). As we assume that B is o-unital, the strict
topology is metrizable on the unit ball of M(B). As A is assumed to be
separable and G is second-countable, it follows that the topology 7(«, ) is
metrizable. If it is moreover the case that B is separable, then M(B) is
strictly separable and the topology 7(«, 3) is automatically separable.
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The following existence result for absorbing elements generalizes [56], The-
orems 2.4+2.7], [I7, Theorem 3.14], [57, Theorem 5.7] and various similar
results scattered throughout the literature. (At first glance one might think
that the cited theorem is partially stronger than the one proved here when
it applies, but this is the case only to the extent that the underlying -
homomorphism A — M(B) can be chosen to be extendible in [57].) We note
that our proof is partially new, but the new part is based only on a string
of very elementary observations (plus some previous results in this section),
which yields a drastic simplification even in the classical non-equivariant case
that is well-known in the literature. In particular, compared to the known
proofs, it is not necessary to invoke the Kasparov—Stinespring dilation for
completely positive maps.

Theorem 3.16. Suppose (8 is strongly stable. Let € be a o-additive set of
cocycle representations from (A, «) to (M(B), ). If € is 7(«, B)-separable,
then there exists an absorbing element in €. In particular, if B is separable,
then all o-additive sets of cocycle representations have an absorbing element.

Proof. As € is o-additive, it follows from that if there exists
some (0,x) € € such that (¢, u) < (0, x) for every (¢, u) € €, then its infinite

repeat (0°°,x°°) is absorbing. By the assumption that € is separable with
respect to 7(a, ), we can find a sequence of elements (0, x(") € ¢ with
the following property. Given any cocycle representation (p,u) € €, any
compacts sets K C G, FA C A, be B, and € > 0, there exists some n such
that

max ||(¢(a) — 9(”)(a))b|] <e and max|[(uy — xé"))bH <e.
geK

acFA
But due to [Proposition 3.7, this implies (¢, u) < @5, (A, x() =: (6, x)
for every (y,u) € €. This completes the proof. O

Corollary 3.17. Suppose B is separable and (3 is strongly stable. Let (0,y) :
(A, o) = (M(B), B) be an absorbing cocycle representation (which exists by

Theorem 3.16). Then:

(i) Every element x € EY (v, )/~ can be expressed as the equivalence
class of an (o, B)-Cuntz pair ((¢,u), (0,y)) for some absorbing cocycle
representation (p,u) : (A, a) = (M(B), ).

(ii) Every element z € KKG(a,ﬁ) can be expressed as the equivalence
class of an anchored (v, 8)-Cuntz pair ((p,u), (6,y)) for some absorb-
ing cocycle representation (p,u) : (4,a) = (M(B), ).

Proof. In light of [Proposition 1.12| part is a special case of SO we
shall prove the latter. Let us write z = [(¢,v), (k,x)] for an arbitrary
(a, B)-Cuntz pair of cocycle representations. Since (6,y) is absorbing, it
absorbs (k,x), i.e., we find a norm-continuous path of unitaries w : [0, c0) —

U(M(B)) satisfying

Jim ([lwf (5 @ 0)(a)wr — 0a) | + maps [0} (g © )8y (w2) = y5]]) =0

for all @ € A and every compact set K C G, and so that the expressions in
the norms above belong to B pointwise. By these properties, we have that
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the two cocycle representations
(0,y) and Ad(wl)o(k®O,x®y)

form an (o, 5)-Cuntz pair that is homotopic to a degenerate one. Hence we
observe the following equality of homotopy classes:

(W,v), (k,%)] = [(W@OvDdy),(k®0,xDy)]
= [Ad(w§)o (@ b,vay),Ad(wj) o (kB 0, x®y)]
= [Ad(w§)o (@ b,vay),Ad(ws) o (k@ 0, x®y)]
+[Ad(wp) o (n@ex@w( ,Y)]
= [Ad(wj)o(v@b,vay),(0,y)].

Therefore the cocycle representation (¢,u) = Ad(wg) o (¢ @ 0,v @ y) has
the desired property. Since (6,y) was absorbing, clearly so is (¢,u) by
construction. This finishes the proof. O

4. CRITERIA FOR ASYMPTOTIC UNITARY EQUIVALENCE

In this section we provide a general argument showing that if one com-
pares two cocycle representations forming a Cuntz pair, then strong asymp-
totic unitary equivalence (see below) is implied by an a priori weaker notion
of equivalence, which is in turn implied by operator homotopy. This will
provide the final technical ingredient towards our main result in the next
section, and replaces all the arguments related to derivations [9, Subsection
2.3] appearing in the prior proof of the stable uniqueness theorem.

Definition 4.1. Let (¢,u),(¢,v) : (A,a) — (M(B),) be two cocycle
representations. We say that (p,u) and (¢, v) are properly asymptotically
unitarily equivalent, if there exists a norm-continuous path w : [0,00) —
U(1 + B) such that

lim [|¢(a) — urp(a)uy]| = 0

t—o00

for all a € A and

Jim ma vy = w5y ()| = 0
for all compact sets K C G. If one may arrange ug = 1, then we call (¢, u)
and (¢, v) strongly asymptotically unitarily equivalent.

Lemma 4.2. Let B be a o-unital C*-algebra with an action §: G ~ B. Let
D C M(B) be a separable C*-subalgebra. Let u : [0,00) — U(MP(B)) be a
norm-continuous path of unitaries with ug = 1 such that ulp ) is constant
and [ut, D] C B for all t € [0,1]. Suppose that maxo<i<y |Jur — 1| < 2.
Then for all sequences of €, > 0, compact subsets F, C B, G, C D+ B
and K, C G, where n > 0, there exists a norm-continuous path of unitaries
v:[0,00) = U(1+ B) with vg = 1 such that

* * *
m — — <
ntenil (zryrelax (v e )b”—i_fl%%f vt ut’dm—i_?el% o7 ue =By (vr ut)”) = En

for alln > 0.
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Proof. Without loss of generality, we may assume that both F, and G,
consist of contractions. Note that the set of all elements 2 € M?(B) with
[z, D] C B forms a C*-algebra. Because the distance from the path u to the
unit is uniformly bounded away from 2, we can apply functional calculus
and find a norm-continuous path of self-adjoints a : [0,1] — M?(B) with
ap =0 and

DICB = ; 1.
o%?%”atu <7, |a,D]C B, and wu;=exp(ia), t € [0,1]

For convenience, let us define a; = a1 for ¢t > 1.

By approximating the exponential function via its partial power series, it
is completely standard to show the following fact. For every € > 0, there
exists § > 0 such that the following properties hold for any pair of elements
¢,d € A in any Banach algebra A:

o If ||| <27 and ||d|| <6, then | exp(c+ d) —exp(c)|| < e.

o If |||, ||d]| <, then ||[c,d]|| < d implies || exp(c) exp(d) —exp(c+d)|| < e.
o If ||| <1 and ||d| <2, then ||[c,d]|| < ¢ implies ||[c,exp(d)]|| < e.

o If |lc]| <1 and ||d|| < 27, then ||dc|| < ¢ implies ||(exp(d) — 1)¢|| < e.

For every n > 0, we apply this fact to choose a constant § = §,, with €,,/8 in
place of . By it is possible to find an increasing approximate
unit h,, € B with maxgex ||hn — Byg(hn)|| — 0 for every compact set K C G,
and moreover satisfying the quasicentrality condition

A max (llar, hn]l| = 0 = lim [{d, hn]]

for all d € D. By linear interpolation, we may extend this sequence to an
increasing norm-continuous map of positive contractions h : [0,00) — B
with the same asymptotic properties. In particular we observe

lim max ||(a; — hsaths) — Bg(ar — hsaihy)||

s—00 geK 9
= Jim ma (1= h2) (@ = fy(a) | = 0

eB

for every compact set K C G, and uniformly over all ¢ € [0,1]. Similarly
one has for all d € D + B that

lim max ||[(a; — hsaths),d]||

S*)OOgEK
g 2 _
— i ma (1 1) fa | = 0

eB

for every compact set K C G and uniformly over all ¢ € [0, 1].

By reparameterizing h and/or cutting away an initial segment of the in-
terval, if necessary, we may ensure that the following estimates are true for
every n > 0O:

(e4.1) sup  max |[(a; — hearhy)b|| < dp;
n<t<n+1bEFn

(e4.2) sup  ||[at, heathy]|] < 0p;
n<t<n+1
(e4.3) sup  max |[(ar — hpahe) — Bg(ar — hiarhy)|| < 0p;

n<t<n+1 9€Kn
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(e4.4) sup  max || [(ar — harhy), d]|| < 6y.

n<t<n+1 d€Gn
We define v, = exp(ihiathy) € U(1 + B) and claim that this satisfies the
required properties. Since ag = 0, we have vy = 1. Due to the choice of the
constant d,,, we can compute for all n > 0, ¢t € [n,n + 1] and b € F,, that

viuh exp(—iheaihy) exp(ias)b

E22) . (ed. 1)
n/8 eXp(z(at - htatht))b n/8 b

Furthermore we compute for all n > 0, ¢ € [n,n + 1] and g € K,, that

% (e4.2) . ]
Bg(vius) n/8 By(exp(i(as — hiathy))) = exp(ify(ar — hiaghy))
(e4.3) . (le4.2)) "
—en/8 exp(i(ar — hiathe)) n/8 vy Ut

Lastly we compute for all n > 0, ¢t € [n,n + 1] and d € G, that

. (e12) . (e4.4)
[vfuy, d] En/S [exp(i(ar — hsarhy)), d] =en/8 0-

The claim follows via the triangle inequality. O

Lemma 4.3. Let B be a o-unital C*-algebra with an action 5 : G ~ B. Let
D C M(B) be a separable C*-subalgebra. Let U : [0,00) — U(MP(B)) be a
norm-continuous path of unitaries with Uy = 1 and [U, D] C B for allt > 0.
Then there ezists a norm-continuous path of unitaries v : [0,00) — U(1+ B)
with vg = 1 such that

Jim [[(0fUs — 1)b) = 0 = Jim |[[ofUp,d] |
for allbe B and d € D, and
lim max |lv; Uy — By(viUy)|| =0

t—oo ge K

for every compact set K C G.

Proof. Since B is o-unital, it has a strictly positive element h € B, which we
fix for the rest of the proof. The first of the above limit properties holds if
it holds for h in place of b. Using that D is separable, we choose a compact
subset G C D of contractions whose linear span is dense in D. The second
of the above limit properties holds if it holds for d € G.

By using the fact that U is uniformly continuous on bounded intervals,
we are able to find an increasing sequence 0 = tg < t1 < to < ... of real
numbers with ¢,, — oo such that

max |[|[Us—U, | <2, n>0.
tn<s<tni1
After reparametrizing the path, if necessary, we may assume t,, = n for all

n > 1. Let us define for every n > 0 a norm-continuous path of unitaries
U™ :[0,00) = UMP(B)) via

Up+t1U; , t>n+1
Utn)z U:U; , n<t<n+1
1 , t<n.
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By construction we thus have for all n > 0 and t < n + 1 the equality
Ut Ut n) Ut(n 1) Ut(O)'

Let K, C G be an increasing sequence of compact sets with G = U, int(Ko).
We consider the compact sets F¥ C B for natural numbers n < k via

e (P 1<)
Ut(n_l) R Ut(]+1)<Ut(j)Bg(Ut(J))* — ]_) ‘ 0<j<n,gekK t< k}
U Ut(n_l) o Ut(]+1)</Bg(Ut(J))Ut(])* -1)|0<j<n, g€ Ky, t< k}

Here we implicitly follow the convention that the product Ut(n_l) e Ut(j ) s

understood as the unit when j = n — 1, as the upper indices are supposed to
descend from left to right and we end up with the empty product Note that

since the unitary path U takes values in M?(B), the elements U Bg( )
and ﬁg(Ut(] ))Ut(] s appearing in this set belong to 1+ B, hence indeed ]-"fj
B. We also consider the compact subsets g,’g C D+ Bforn<kvia

gh ={vi" Vo0 o (de g, <k}

We apply for every n > 0 and choose a unitary path o™
[0,00) — U(1 + B) such that v(")\[o,n} = 1 and for every natural number

k > n, we have (note that for k£ < n, the norms appearing here are zero)

(e4.5) max max || (v U™ — 1)p)| < 27 (),
k<t<k+1beFk

(g ) || < 9 (k)
(e4.6) phax - max (v ) = By(et UM < 2

(ed.7) max  max || [v; )*Ut(n),d]H < 9=tk
k<t<k+1 degh

Finally, we define v : [0,00) — U(1 + B) via
v = vt(n)vén_l) : --Ugo), n<t<n+lLl

We claim that this map satisfies the desired properties.
We first estimate for all ¢ € [k, k + 1] that

I(vF U — 1)hH
— H( )* (1)* . ,UIS )* U(k)U(k_l) . Ut(O) _ 1)hH

SR TR OLNGI (H)*Utwfl)Ut(H)...Ut<0>_1)h\|

? 9—2k + 2 (2k—1) + ||( ) (1)* » 'U§k72)*Ut(k72)Ut(k73) o Ut(O) . 1)hH

2k
< o<y 2t <ol

l=k

I3
E
Z

I3
|
<



38 JAMES GABE AND GABOR SZABO

Similarly we have for all ¢t € [k,k + 1] and d € G that

I[o7 Ut d] |
= ||d— U;Utht*’Ut”

ld— 00" . B ® O g0 p®e,® o)

egr

-2k

Hlld = oo T g Oau )

S

.7 9-2k | 9—(2k-1)

Hld— ”5(2)* o Ut(k—z)*Ut(k—Q) o Ut(o)dUt(O)* o Ut(k—2)*v§k—2) o vt(o) I

< < Y2t <otk
=k

Now we want to prove for every g € K}, the inequality
[v;Us = By(v; U < 3-2'7F, € [k k+1],
This would clearly finish the proof. For convenience, let us set
Xt(j’k) = vgk_j)* e U,Ek)*Ut(k) e Ut(k_j) for 0 < j<kandte]l0,o00).

Note that Xt(k’ ) = = v;U; when t € [k, k + 1]. We will show inductively that
for all natural numbers j < k, all t € [k,k + 1] and g € K} we have the
inequality

2k
(e4.8) |X7 = B(x) <3 Y 2
n=2k—j

The case j = k then evidently yields the desired inequality and would com-
plete the proof. For all the computations below, let us fix some £ > 0,
g € K and t € [k, k + 1]. We first observe that when j < k, we have

I(x?Y —(;)()Uf’”(i@(()“ ;g) 1)] oot 1 i
[l (v ! v U Uy J_l)(t ’ ﬁg(Ut ! )*_1)”

(e45)
S 2—2k
k—j)% k—1)% ;- (k— k—j k—j— E—j—1)\«
gD gD oY gy — 1))
ied. D)
92k 4 9—(2k-1)
k—17)* k—2)x k— k—1 k—1g k—
HF o Fr g gD oY gy — 1))
<
o 2%
S Z 2—n S 2—(2k—]—1)
n=2k—j

In a completely analogous fashion we may also estimate

I Vet 2y~ -
= IR~ 1)@ - )
= (1= X (Be(UF T || < 2m R,
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These two estimates lead to the inequality

k) (k—j— k—j—1)\ k—j— k—i—D\x v,k
IXEPUE T 5,0 Dy — U5, ) xR
I = Ut gy Yy )
—(U T gy =) (x P )
< 2.2 (@k—j-1)

Let us now prove by induction over j < k. We begin with j = 0. Here
we directly have H(vtk)*Ut(k)) - ﬂg(v,gk)*Ut(k))H < 272% by (e4.6)), so there is
nothing to show. Let us proceed with the induction step, and assume that
the claimed estimate holds for some natural number j < k. In order
to get it for j + 1, we use the induction hypothesis and the other estimate
from above and compute

X IR g (x IR

k—j—1)% (k) 7 r(k—j— k—j—1)% v (k) yr(k—j—
_ ||Ut( Jj=1) Xt(J )Ut( J 1)_59(Ut( Jj—1) Xt(J )Ut( J 1))H

2k
< 3 ) 2

n=2k—j
k—j—1)% v (j,k) yr(k—j—1 k—j—1)x j ke k—j—1
o TXPIUETY = gy (0 XE 5,

2k
= 3 > 2™

n=2k—j
i k) 7+ (k—j— E—j—1)\ 4 i k—j—1)% ik
+|xPPu ”Qig(Ut( Iy i g (R X )

eiﬁ 9—(2k—=j=1) | 3 S o
n=2k—j
e R A (e N (S el
2k
< 3 > 2
n=2k—j—1
As pointed out above, the proof is complete by considering j = k. O

The following two corollaries represent the main technical achievement of
this section.

Corollary 4.4. Let A be a separable C*-algebra and B a o-unital C*-algebra.
Let a: G~ A and B : G~ B be two actions, and let

(pyu), (¥, v) : (A, ) = (M(B), B)
be two cocycle representations. Suppose that there exists a norm-continuous
path of unitaries U : [0,00) — U(D,,v)) with Up =1 and
lim (14(@) = Up(@)U7 | + mas vy — st By(U3)°] ) = 0
for all a € A and every compact set K C G. Then (p,u) and (¢,v) are

strongly asymptotically unitarily equivalent.

Proof. By definition of the C*-algebra D, ) C M(B), we have Uy €

MPY(B) and [U;, ¢(A)] C B for all t > 0. Using for pY in
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place of 5 and ¢(A) in place of D, we may find a norm-continuous path of
unitaries v : [0,00) — U(1 + B) with vg = 1 such that
Tim |5V, o(a)]]| = 0
forall a € A, and
lim max (v Us — By (v U)|| = 0

t—oo ge K

for every compact set K C G. This implies for all a € A that
d(a) = Jim Uyp(a)Uy = lim vy(v;Up)g(a)(v;Up) vy = lim vip(a)oy.
Similarly we observe for all g € G that

Vg = tli)I&UtUgﬁg(Ut)* = tli)I&Utﬁg(Ut)*ug
= Jim vy (v, Up) By (07 Ur) "By (i) 'ug - = lim vpug By (ve)”,

and this convergence is uniform over compact subsets of G. This shows that
v is a path of unitaries witnessing the claim that (¢, u) and (¢, v) are indeed
strongly asymptotically unitarily equivalent. U

Corollary 4.5. Let A be a separable C*-algebra and B a o-unital C*-algebra.
Let o : G ~ A and B : G ~ B be two actions, and let

(o, u), (¥, v) : (A, ) = (M(B),B)
be two cocycle representations. If (p,u) and (1,v) are operator homotopic,
then they are strongly asymptotically unitarily equivalent.

5. THE DYNAMICAL STABLE UNIQUENESS THEOREM

Definition 5.1. Let (¢, u), (¢,v) : (4, a) = (M(B), B) be two cocycle rep-
resentations. Suppose that there exists a unital inclusion Oy C M(B)P.
Then we call (p,u) and (1, v) stably properly (resp. strongly) asymptotically
unitarily equivalent, if there exists a cocycle representation (k,x) : (4, a) —
(M(B), ) such that (p,u) @ (k,x) is properly (resp. strongly) asymptoti-
cally unitarily equivalent to (1, v) & (k, x).

Lemma 5.2. Suppose ( is strongly stable. Let (p,u),(¥,v) @ (A, a) —
(M(B),B) be two cocycle representations. If (¢,u) and (,v) are prop-
erly asymptotically unitarily equivalent, then they form an («, 5)-Cuntz pair
((¢,u), (¥,v)) that is homotopic to ((0,1),(0,1)).

Proof. Let {u;},~; C U(1 + B) be a continuous unitary path witnessing

the assumption. Under the quotient map M(B) — Q(B), one trivially has

u; = 1 for all ¢ > 1, so the relation lim;_, ||10(a) — urp(a)uf|| = 0 implies

Y(a) = @(a) for all a € A. In other words, one has 1 (a) — ¢(a) € B for

all a € A. By repeating this argument for the cocycles, we likewise see that

vy —ugy € Bforall g € G. Hence (¢,u) and (¢, v) indeed form a Cuntz pair.
If we set

0 0y - §Adlwy)o(pu) - te(0,1]
(P u™) {(1/1,\/) , t=0,

then [0,1] 2 ¢ — ((®,u®), (¥, v)) defines a homotopy between a degener-
ate Cuntz pair and the pair (Ad(u1) o (p,u), (¥, v)). Since u; € U(1 + B),
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the latter Cuntz pair is homotopic to ((¢,u), (¢, v)) by [Proposition 1.13]
which with finishes the proof. [

The following generalizes [9, Lemma 3.4].

Lemma 5.3. Suppose that there exists a unital inclusion Oy C M(B)P. Let
four cocycle representations

(@, u), (¥, v), (pyw), (0,%) : (A, ) = (M(B), B)
be given. If (p,u) @ (p,w) is strongly asymptotically unitarily equivalent to
(1, v) @ (p,w) and (p, W) ~asymp (0, %), then it follows that (o, u) ® (0,x) is
strongly asymptotically unitarily equivalent to (¢,v) @ (6, x).

Proof. Let {u;},~; C U(1 + B) be a norm-continuous path with vy = 1
witnessing that (¢ @ p,u®w) and (¢ @ p, v w) are strongly asymptotically
unitarily equivalent. Let {v;},~; C U(M(B)) be a norm-continuous path
witnessing (p,w) ~asymp (¢,%) in the sense of Then evidently
wy = (1 B vg)ug(1 dvy) defines a norm-continuous unitary path in U (1 + B)
with wg = 1, and it satisfies for all a € A that

1(¥ @ 0)(a) — wi(p & 0)(a)wi]]
1(¥ @ 0)(a) = (1 @ v )us (1D v7)(p © 0)(a) (1 D vp)ui (1O vf)]|
[v70(a)or — pla)l| +[|(¥ @ 0)(a) = (1 © vr)us (v @ p)(a)ui (1 @ vf)|

<
< [16(a) —vep(a)vi]| + [I(¥ @ p)(a) — ui(p ® p)(a)uy]]
+I(¥ ®0)(a) = (L ® ) (¢ @ p)(a)(1 @ )|
< 2[0(a) —vip(a)vi|| + [[(¥ & p)(a) — ui(p & p)(a)uil| — 0.

Likewise we see for every compact set K C G that
Gk [(vg @ xg) — wiug @ xg) B (we)"||
B r;léal}é [(vg & 39) = (1 & ve)ue(ug & vixg8q(ve))Bg(ue) (1 & By (ve)”)l
< mape (JleiegBy(v0) —

vy @ 30) = (1@ v)ur(ug & wy) By ()" (1@ By(ve)")]])

< mae (|leg — vwg By (1) | + | (vg © wg) — e g © wg) By ()|
H(vg @ x9) — (1@ v1) (v & wy) (1 & By(v)")])
= e (20l — vy By (00)"]| + 1| (v © wg) — (g © W)y (ur)[[) — 0.
This shows our claim. O

We finally have everything ready to state and prove our main result:

Theorem 5.4. Let A be a separable and B a o-unital C*-algebra, and let G
be a second-countable locally compact group. Let o : G~ A and f: G~ B
be two continuous actions. Let

(P ), (¢,v) : (A, @) = (M(B©K), f ®idk)

be two cocycle representations that form an anchored (a,()-Cuntz pair.
Then the following are equivalent:

(i) [(p,u), (¥,v)] =0 in KK (a, B).
(ii) (p,u) and (Y, v) are stably operator homotopic.
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(iii) (p,u) and (,v) are stably strongly asymptotically unitarily equiva-
lent.

(iv) (¢,u) and (¢,v) are stably properly asymptotically unitarily equiva-
lent.

If B is separable, then these statements are further equivalent to

(v) For every absorbing cocycle representation
(0,y) : (A,0) = (M(B®K), B ®idg),

one has that (p,u) @ (0,y) is strongly asymptotically unitarily equiv-
alent to (,v) @ (0,y).

Proof. The implication|(i)=(ii)|is The implication |(ii)={(iii)|is
clearly a consequence of The implication |(iii)={(iv)| is trivial,
and |(iv)=(1)| follows from

Now let us also assume that B is separable. By [Theorem 3.16] there exists
an absorbing cocycle representation (,y) as in the statement, one of which

we shall now choose. Therefore clearly |(v)={(iii)l So it suffices to show
(iii)={(v)l Assuming that (p,u) and (1, v) are stably strongly asymptoti-
cally unitarily equivalent, let (x,x) : (4,a) - (M(B® K),f ® idx) be any
cocycle representation such that (¢, u) @ (k,x) is strongly asymptotically
unitarily equivalent to (¢,v) @ (k,x). Then (p,u) ® (k,x) @ (6,y) is also
strongly asymptotically unitarily equivalent to (1, v) @ (k,x) ® (0,y). Since
(0,y) is absorbing, we have (k,x) @ (0,y) ~asymp (8,y). Hence the claim
follows directly from The proof is complete. O
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