THE MAGNITUDE AND SPECTRAL GEOMETRY

HEIKO GIMPERLEIN, MAGNUS GOFFENG, NIKOLETTA LOUCA

ABsSTRACT. We study the geometric significance of Leinster’s notion of magnitude for a smooth
manifold with boundary of arbitrary dimension, motivated by open questions for the unit disk
in R2. For a large class of distance functions, including embedded submanifolds of Euclidean
space and Riemannian manifolds satisfying a technical condition, we show that the magnitude
function is well defined for R > 0 and admits a meromorphic continuation to sectors in
C. We obtain an asymptotic variant of the convex magnitude conjecture by Leinster and
Willerton: In the limit R — oo the magnitude function admits an asymptotic expansion,
which determines the volume, surface area and integrals of generalized curvatures. Lower-
order terms are computed by black box computer algebra. As a consequence, we initiate the
study of magnitude analogues to classical questions in spectral geometry.

1. INTRODUCTION

The notion of magnitude of an enriched category, and specifically for a compact metric space,
was introduced by Leinster [20] to capture the “essential size” of an object. The magnitude has
been shown to generalize the cardinality of a set and the Euler characteristic, and it is even
closely related to measures of the diversity of a biological system. See [2]] for an overview.

For a finite metric space (X,d), we say that w : X — R is a weight function provided that
ZyeX e~ 4@ Wy(y) = 1 for all 2 € X. Given a weight function w, the magnitude of a finite
metric space X is defined as mag(X) := > .y w(v). The magnitude mag(X) is independent of
the choice of w. More generally, for a compact, positive definite metric space (X,d) as in [23],
the magnitude is defined as

(1) mag(X) := sup{mag(E) : = C X finite} .

This article finds a geometric origin of magnitude for smooth, compact manifolds with bound-
ary X with a suitable distance function d. In particular, it provides a framework for the analysis
and explicit computations of magnitude when X C R™ is a compact domain, a long-standing
problem when n is even. The framework combines classical results in semiclassical analysis with
current results for pseudodifferential boundary problems. As an application, we initiate the
study of magnitude analogues to classical questions in spectral geometry and prove an asymp-
totic variant of the Leinster-Willerton conjecture.

Instead of the magnitude of an individual space (X, d), it proves fruitful to study the function
Mx(R) := mag(X,R-d) for R > 0. For a compact, convex subset X C R", Leinster and
Willerton [22] conjectured a surprising relation between magnitude and classical objects in convex
geometry, the intrinsic volumes Vi (X):

Leinster-Willerton conjecture. Suppose X C R" is compact and convex. Then

1
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k=0

Here, wy, is the volume of the k-dimensional unit ball.

vol, 1(0X) R"™ ' +..-+1
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This formula would imply an inclusion-exclusion principle M x + My = M xyuy + M xny for
magnitude, a fundamental property of the Euler characteristic and the other intrinsic volumes.
See [2], 22] for further motivation.

The Leinster-Willerton conjecture is easily verified for an interval X C R, where Mx(R) =
Le%h(x)R + x(X). More generally, it holds for convex bodies X C R™ with the ¢;, instead of
the Euclidean norm [2I]. In dimension n = 5, Barcelé and Carbery [2] gave a counterexample
to the original formulation of the Leinster-Willerton conjecture: Mp, is a rational function,
not a polynomial. In odd dimensions their work related magnitude to a differential boundary
problem, which allowed two of the authors [I0] to prove a corrected, asymptotic formulation of
the conjecture. It identified classical geometric invariants beyond Vi (X)), which are encoded by
M x when X C R™ is a compact, smooth domain, n odd: The magnitude function M x extends
to a meromorphic function and admits an asymptotic expansion

oo
Mx(R) ~ —ch(X) R™™  for R — o0,
n =0
in the sense that for any N € N, Mx(R) — Z;»V:O cj(X)R"7 = O(R"N-1) as R — +oc.
Furthermore, for j = 0,1, 2 there exist 7, ; € Q independent of X such that ¢;(X) = v, ;V;(X)
for convex X. The fourth term, c3(X), is by the work [II] proportional to the Willmore energy
f ax H 2 a geometric quantity not predicted by the Leinster-Willerton conjecture.
In this article we extend the results of [10] to arbitrary dimensions and to geometric settings,

using a new, unified approach. For the unit disk By C R? we address long-standing questions
about the form of Mp,: We find
1 3 9
Mg, (R) = 5R2 +oR+ g+ O(R™),
and additionally that Mp,(R) is not a polynomial. More generally, our approach leads to an
algorithm to calculate higher ¢;(X), which has been implemented in python. We here state the
result in the simplest setting of smooth, compact, planar domains.

Theorem 1.1. Let X C R? be a smooth, compact domain.

a) Mx admits a meromorphic continuation to C\ {0}.
b) There exists an asymptotic expansion

1 .
Mx(R) ~ o D ¢ (X)R* as R — +oo.
j=0

¢) The first three coefficients are given by

co(X) = Area(X), c1(X) = gPerim(aX), c2(X) = 2 aXHdS ,

where H is the mean curvature and Perim(0X) = faX dS denotes the perimeter of the boundary.

Remark 1.2. The computer code described in Appendix [C| leads to c3(X) = 7 [y H24S,
(X)) = 6fax H?dS, where 0 # 7,8 € Q are constants independent of X. In particular,
for a smooth, compact domain X C R?, the magnitude function M x is not a polynomial. The
code is available at this link.

The fact that ¢;(X) o [, H’7'dS for j = 1,2,3 in odd dimensions (see [II]), and for
j =1,2,3,4 in dimension n = 2, makes it natural to ask if ¢;(X) o« [, H'~'dS for any n > 1,
j > 0 and any smooth domain X C R".

Theorem is a special case of Theorem stated below for Euclidean domains. Subsection
discusses extensions of Theorem [I.1] to manifolds with boundary, with geometric implications
the content of Section [l

The starting point for this work is a reformulation of magnitude by Willerton [31] and Meckes
[23, 24]. Willerton [3I] extended the notion of a weight vector to the integral operator Zx(R)
on the space M (X) of finite Borel measures on X:

Zx(R): M(X) = C(X), Zx(R)u(x):= %/Xe_Rd(x’y)du(y) .
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A weight measure pug is a solution to the equation
RZX(R)/,LR =1.

If (X, R-d) is positive definite and admits a weight measure, Meckes [23] showed that M x (R) =
pwr(X). We shall show that for a domain X C R™ the operator Zx(R) is a pseudodifferential
operator and therefore extends to the Sobolev space H-"% (X) of distributions supported in X.
The equation RZx(R)ur = 1 on X admits a unique distributional solution ug € H*HTH(X).
By relating this approach to Meckes’s work [24], we conclude that M x(R) = (ug, 1) x.

This pseudodifferential framework allows to use methods from semiclassical analysis to study
Mx. A key ingredient is the construction of an approximate inverse to Zx, based on recent
advances for pseudodifferential boundary problems [I4]. The approach extends to subsets of
manifolds with a distance function, subject to appropriate technical assumptions.

We note that after the completion of this article related questions have been addressed for
generic finite metric spaces [27] 29].

1.1. Acknowledgements. We thank Magnus Fries, Daniel Grieser, Gerd Grubb and Mark
Meckes for useful comments on this article and Tony Carbery, Daniel Grieser, Gerd Grubb,
Tom Leinster, Rafe Mazzeo, Mark Meckes, Niels Martin Mgller, Grigori Rozenblum, Jan-Philip
Solovej and Simon Willerton for fruitful discussions.

MG was supported by the Swedish Research Council Grant VR 2018-0350. NL was supported
by The Maxwell Institute Graduate School in Analysis and its Applications, a Centre for Doc-
toral Training funded by the UK Engineering and Physical Sciences Research Council (Grant
EP/L016508/01), the Scottish Funding Council, Heriot-Watt University and the University of
Edinburgh.

2. OVERVIEW AND MAIN RESULTS

Let X be a compact manifold with boundary equipped with a distance function d and a
volume density dy. Meckes’s abstract capacity-theoretic approach to the magnitude function
Mx in [24] relies on the family of integral operators

) 2 (R)u(z) == % /X o FiED )y, ReC\ {0},

to study Mx(R) = R™Y(Zx(R)"'1,1)x. Explicit calculations of magnitude have avoided the
solution of this integral equation, based on reformulations available for certain homogeneous
manifolds [31] and odd-dimensional Euclidean domains [2, [T0] [TT] [32].

In this article we study the magnitude function in the general setting of a manifold X with
boundary endowed with a distance function d, by making Meckes’s approach explicit. We require
that d?(z,y) is a smooth function in a small neighborhood of the diagonal z = y. The operator
Zx(R) then turns out to be a parameter-dependent pseudodifferential operator on X, up to an
error term which is often negligible. This allows to adapt methods from semiclassical analysis
and recent developments for pseudodifferential boundary value problems to study the inverse
Zx(R)™! and the magnitude function Mx (R) = R~ (Zx(R)"'1,1)x in terms of the geometry
of (X,d).

The following theorem illustrates our results for the geometric content of the magnitude
function. We here state them for the geodesic distance function of a Riemannian metric. See
Remark [4.5] or [12Z Section 3] for a discussion of the properties (MR) and (SMR).

Theorem 2.1. Let X be a compact n-dimensional Riemannian manifold with boundary equipped
with its geodesic distance d. Let g denote its Riemannian metric and dx its associated density.
Assume that the geodesic distance has property (MR). Then there exists Ry > 0 such that
(X, R-d) is a positive definite metric space for all R > Ry. Its magnitude function Mx admits
an asymptotic expansion

1 ,
MX(R) ~ nlw ch(X)R7L—J7
Wn 13

as R — oco. The geometric content and structure of the coefficients c; are as follows:

e ¢o(X) =vol,(X,g)
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e c1(X) = 2Hvol,_1(8X,g)

o Ifn>2 co(X) =2 [ sdw + %I@X HAS, where s is the scalar curvature
and H the mean curvature of the boundary.

o For j > 4, the coefficient ¢;(X) = ¢;(X°) + ¢;(X,0X) where ¢;(X°) can be computed
as an integral over X of a universal polynomial in covariant derivatives of the curvature
of total degree < j and c;(X,0X) is an integral over 0X of a universal polynomial in
covariant derivatives of the curvature as well as the second fundamental form of 0X of
total degree < j. Moreover, ¢;(X°) =0 for odd j.

If the distance function has property (SMR) on a sector T' C C, e.g. if d? is smooth and T =
C\ {0}, then Mx extends meromorphically to T'.

Theorem is a special case of Theorem and Theorem which includes extensions
to non-Riemannian distance functions. Non-Riemannian distance functions are of interest, for
example, for submanifolds of R™ with the subspace distance [31I]. For Euclidean domains and

the original setting of the Leinster-Willerton conjecture, additional information is obtained in
Theorem

Geometric applications are discussed in Section [3] motivated by classical questions in spectral
geometry and the category-theoretic orgin of magnitude. For instance, we conclude the following
results:

(1) The magnitude recovers the Euler characteristic of surfaces, see Subsection
(2) The integral form of ¢; implies an inclusion-exclusion principle for smooth, compact
domains X,Y, X NY in a manifold which has property (MR) (see Subsection [3.2):

quy(R) ~ Mx(R) —|—My(R) — Mme(R).

(3) Analogous to Kac’ famous question [I9], one can “magnitude the shape of a drum” for
balls: if X is a smooth, compact domain in R", B is a ball and Mx(R) = Mp(R) +
o(R™1), then X is isometric to B. See Subsection

(4) Analogous to a theorem by Berger [3], magnitude characterizes Euclidean domains whose
boundary has constant mean curvature when the dimension n is odd or n = 2: if X and
Y are smooth, compact, n-dimensional domains with Mx(R) = My (R) + o(R"~2),
then 0X has constant mean curvature if and only if Y has constant mean curvature.
See Subsection 341

Let us illustrate Theorem [2.1]and its extensions by asymptotic computations of the magnitude
function in classical Riemannian and non-Riemannian geometries. Beyond the intrinsic interest
[2, 10, 22 BT, B2], these computations shed light on continuity properties of X — M x, as raised
by the Leinster-Willerton conjecture, and on the technical assumption (MR).

Example 2.2 (Cylinders). Suppose that M C R¥ is a compact n — 1-dimensional submanifold,
T > 0 a parameter and X7 = M x [0,T] € R¥*1 is the cylinder on M of height T. The space
X7 is a compact, n-dimensional manifold with boundary, depicted in Figure a). Equipping
X7 with the subspace distance, Proposition [3.9|relates the magnitude of X7 with the magnitude
of the base M:

|
nlw, Mx, (R) “‘; L O(1), as R— oo,

= Dl M (R) LT

and in particular
non+1_ o
nlw, Mx,.(R) =vol,_1(M) | TR" + TR +T-O(R"™*), as R — oc.
Lower-order terms can be expressed in terms of the geometry of M alone.

Ezample 2.3 (Spherical shells). For e € [0,1] and n = 2,3 consider the family of spherical shells
Xe={zeR":1-e<|z| <1+¢},
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(c) (d) (e)

FIGURE 1. (a) Cylinder, Example 2.2} (b) spherical shell, Example
(c) spherical cap, Example[2.4] (d) ball in hyperbolic plane (hyperboloid model),
Example (e) toroidal armband, Example

depicted in Figure (b) The limit case € = 0 corresponds to the unit circle or sphere, € = 1 to
the ball of radius 2.
In dimension n = 2, Theorem shows

Mx_ (R) =2eR*+ 3R+ O(R™)

when € € (0,1), while Mx, (R) = 2R*+ 3R+ 2+ O(R™') and Mx,(R) = 2£4 ~ 7R. In the
limit € — 1, one observes continuity for the coefficients of R? and of R, but the R" term in the
expansion jumps. For e — 0, the coefficients of R? and of R° are continuous, but the coefficient
of R' jumps.

This may be contrasted with the n = 3-dimensional case, where the full magnitude function
can be computed:

2R?+2 c—0
1l—e— TR - Y%
2
My (R) 2 A0 R3 4 (262 +2)R? + 4eR + 2+
X = e FU-9)(R?(1—¢)?+1)+2R3(1—¢)®—3R?*(1—¢)?+2R(1—¢)—1
+ sinh(2R(1—e))—2R(1—¢) y €€ (07 1)
SR®+4R? + 4R+ 1, e=1

See [10, Example 36] for the very similar computations for a spherical shell (2B3) \ B3, and [31]
for Xy = S?. Note that

lim Mx, (R) = Mx, (R) ,

e—1
lim M. (R) = 2R? +2 = Mx,(R) + O(R™™).

Still, the RY term in the expansion here is the Euler characteristic of x(X.), which jumps
when the topology changes. For € — 0 there is a jump of dimension, and the pointwise values
correspondingly have a jump.

Because the family X, is continuous in the Hausdorff distance, we conclude that the magnitude
function is not continuous with respect to this topology, unlike for convex domains. Nevertheless,
the asymptotics takes the same form as R — oo.
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Ezample 2.4 (Sphere). Let 6 € [0,7] and Xy C S? denote the smooth, compact spherical cap
depicted in Figure (c),

Xg:={(z,y,2) € S CR>: 2 > cos(f)}.

By [12, Proposition 3.6, the compact manifold S? with its geodesic distance has property (MR),
a property inherited by Xy. We compute that for 6 € (0, ),

M, (R) = (1 — cos(6)) R + sin(0)R + 1 + é cos(0) + O(R™Y),

using that the sphere S? has scalar curvature 2, the mean curvature of Xy is H = —cotan(f)
and vola(Xp) = 2m(1 — cos(f)). In the limit cases 0 € {0,7}, Mx,(R) = Mp(R) = 1 and
Mx (R) = Mg2(R) = 12_1{;4;23 ~ 2R?+2 (see Example . Therefore, the coefficients ¢; jump
in the limit cases analogous to Example |2.3

Ezample 2.5 (Hyperbolic space). Consider the real hyperbolic n-space M = H™ with its Rie-
mannian distance function d. Then d? is smooth, so that M and any compact, smooth domain
X C M have property (MR).

In dimension n = 3 let X, C M be a ball of radius r > 0, as depicted in Figure d) using
the hyperboloid model of M (for n = 2). Theorem [2.1] shows

sinh(2;) —2r Ry cosh(22r) -

Indeed, the volume of X, is w(sinh(2r) — 2r), the area of 0X, is 2m(cosh(2r) — 1), s = —6 in
real hyperbolic 3-space and H = Hy(r) is the mean curvature of the boundary of the ball, which
only depends on r by rotational invariance.

Mx, (R) = 1R2 + (Ho(r) — 1)(cosh(2r) — 1)R + O(1).

Example 2.6 (Torus). For k,I € N consider the manifold M; = S* x R! and the closely related
My, = S* x (R/?Z)l, equipped with their natural geodesic distances. By an extension of the
argument for S* in [12, Proposition 3.6], M; and any compact, smooth domain X C M; have
property (MR). Property (MR) is not satisfied for M if k,I > 0, following [12] Proposition
3.17]. Nevertheless, a domain X C Ms which is small enough to be contained in the image of
Sk % [0,1)! — My is isometric to a domain in M; and therefore has property (MR).

We may therefore use Theorem[2.1]to compute the magnitude function of the armband domain
depicted in Figure (e), X. defined as the image of S x [0,e] — M, for € € (0,1). We obtain

Mx. (R) =eR*+ 2R+ O(R™Y),

since s = 0 and [, HdS = 0 by sign symmetry in the mean curvature. For ¢ > 1 property (MR)

is not satisfied, and Theoremdoes not apply. The magnitude function of X. = S'x [0,e] C M,
is given by Mg (R) = eR?2+ 2R+ O(R™1) for all € > 0.

Let us now review the ideas and techniques behind the main results, including Theorem [2.1]
As mentioned at the beginning of this section, at the heart of this paper is the analysis of the
integral operator Zx(R) from using pseudodifferential methods, when X is a manifold with
boundary.

Section [4] recalls the abstract function space framework introduced by Meckes [24] for the
magnitude operator Zx(R) and connects it to concrete Sobolev spaces of distributions in X
and the analytic techniques developed in [I2]. In particular, the approach in this article and in
[12] therefore, indeed, computes the magnitude function. The key result is Theorem [4.6; For

1= ", Re(R) sufficiently large and arg(R) < 1> the operator Zx (R) defines a holomorphic

family of isomorphisms between the Sobolev spaces H “H(X) and F“(X ) of supported, respec-
tively extensible distributions. Results on the meromorphic continuation of M x to the complex
plane follow from the proof, see Corollary The abstract framework persists even when the
boundary X is merely C (i.e. locally the graph of a continuous function).

The idea in the proof is to replace Zx with a localization

Qx(R)u(x) := %/X X(m,y)e_Rd(m’y)u(y)dy, R e C\{0}.



THE MAGNITUDE AND SPECTRAL GEOMETRY 7

Here, we fix a function xy € C*°(X x X) such that x = 1 on a neighborhood of the diagonal
x =y and d? is smooth on the support of y. We explicitly compute in Theorem that the
operator Qx is a lower order perturbation of a fractional Laplacian with parameter (R?+ A)~H.
Under the above stated conditions on R, QQx is invertible as a sufficiently small perturbation of
the invertible fractional Laplacian.

The main results of this article follow from the explicit analysis of the pseudodifferential
operator Qx. We assume that d?(z,y) is a divergence in the sense of [T, Section 1.2], i.e. d%(z,y)
is a smooth function in a small neighborhood of the diagonal x = y, and in local coordinates it
has a Taylor expansion (for any N > 0)

N
3) d(z,2 =) = Ho (w2 —y)+ 3 Oz —y) + O]z —yI"*),

j=3
where Hgz(z, -) is a Riemannian metric on X. In local coordinates C7 is a symmetric j-form in x—
y. The Taylor expansion translates into an expansion of the symbol of the pseudodifferential
operator Qx, see Theorem where terms for larger j contribute to terms of the symbol of
lower order jointly in ¢ and R.

Section [B] discusses the special case when X = M is a closed manifold. In this case the inverse
Qx(R)~! is a pseudodifferential operator, whenever it exists, and the full symbol of Qx(R)~!
can be explicitly computed by the iterative scheme described in Proposition The operator
@ x is generally better behaved than Zx. The off-diagonal singularities of d may create problems
when considering Zx as a map between Sobolev spaces. Even for a Riemannian manifold these
relate to difficult geometric questions about the structure of the cut-locus, cf. the discussion in
[12, Section 3]. Under suitable assumptions on (X, d), such as (MR) and (SMR), properties of
Qx are inherited by Zy, see Corollary[5.4] The asymptotic expansion of the magnitude function

Mx(R) =R Y(Zx(R)"'1,1)x ~ R {Qx(R)"'1,1)x,

then follows with expansion coefficients ¢; computed from the symbol of Q}l, and therefore from
CY. See Theorem [5.9] and [5.101

The reader can find a discussion of the properties (MR) and (SMR) in Remark [4.5|and details
in [I2, Section 3]. They are satisfied, for example, if d? is smooth on all of X x X, such as for a
domain or a submanifold in R™ with the induced metric.

The analysis in Section [5] for a closed manifold illustrates the general approach taken in this
article. For a manifold with boundary the inverse Qx(R)™! decomposes into the previously
studied interior part and a new boundary contribution, as described in Theorem Section [6]
discusses the boundary contribution using methods for pseudodifferential boundary value prob-
lems, here of negative order —"7“. While such problems have a long history [6], the magnitude
problem connects to recent developments for boundary problems for the fractional Laplacians
[14, 16]. The resulting boundary contribution to the expansion coefficients ¢; involves the coef-
ficients CV and the geometry of X inside X. Sections [5| and |§| rely on and motivate the purely
analytic results for Zx in [12], which we here exploit for geometric applications.

The methods presented in this article are amenable to a black-box computer implementation,
discussed in Appendix [A] Appendix [B]lists pseudocode for Euclidean domains and for submani-
folds of Euclidean space, which are the basis for the computational results in this article.

Beyond these main results of the article, the analysis of the boundary contributions in Sub-
section [7.1] sheds light on the boundary behavior of the weight distribution recently considered
for applications in data science. More precisely, in Subsection [7.1} we use Lemma[5.6] to obtain
a weak form of the structural properties conjectured in [4]. In Subsection we connect to
results of Meckes [25] and address the Taylor expansion of the magnitude function at R = 0.

3. GEOMETRY OF MAGNITUDE FUNCTION AND MAGNITUDE OPERATOR

The structural properties and geometric formulas for the expansion coefficients of the magni-
tude function as R — oo shed light on the geometric content of magnitude. We here use Theorem
and more generally results from Subsection [5.2]and [6.2|below, as a tool to generate geometric
consequences on magnitude.
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3.1. Relation to Euler characteristic. Magnitude was originally motivated as a general-
ization of the Euler characteristic to finite (enriched) categories, and Leinster and Willerton
conjectured that the expansion coefficient ¢, equals the Euler characteristic for a convex body
in R™. Therefore, the relation between these two quantities is of interest.

Proposition 3.1. Let M be a compact Riemannian surface with geodesic distance d and Rie-
mannian metric g. Assume that M admits a family (ur)r>r, € D'(M) of distributional solu-
tions to

/ e @Yy p(y)dy =1, R > Ry.
M

Assume that for any x,x € C®(M) with disjoint supports it holds that

[ @ M g (= O(R )
Then the magnitude function M (R) is defined for R > Rg and there is an asymptotic expansion

vola (M, g) R? + X(M)
2T 4

where x(M) denotes the Euler characteristic of M.

My (R) = +O(R™Y),

We note that if M is a homogeneous surface of compact type, then it satisfies the assumptions
of the proposition as we can construct (ugr)g>p, from an averaging procedure. See more in [31].
For further discussion concerning this assumption, see Remark

Proof. The assumptions on the existence of the distributional solution and Theorem [5.10] a
variant of Theorem [2.1{stated in the introduction, implies that My (R) = [, ur(y)dy is defined
for R > Ry. Theorem in fact gives us Mp(R) ~ %Zizo ck(M)R?>™* + O(R™!) for
c2(M) = 3 [,,s, where s is the scalar curvature. The assertion then follows from the Gauss-
Bonnet theorem for surfaces, [,,s = mx(M). O

A corresponding connection between the constant term in M x and the Euler characteristic
fails for domains X C R3. With H the mean curvature of dX, c3(X) =6 [, H? is a multiple of
the Willmore energy by [11]. The Willmore energy, however, can be arbitrarily large on surfaces
of genus 0 and is not determined by the Euler characteristic.

3.2. Inclusion-exclusion principles. As first shown in [I0] for smooth, compact domains in
a Euclidean space of odd dimension, one of the fundamental properties of the Euler charac-
teristic still holds in an asymptotic form: the inclusion-exclusion principle. The results in this
article imply an inclusion-exclusion principle for smooth, compact domains in manifolds of any

dimension, under the condition (MR) from Remark

Proposition 3.2. Let M be a manifold with a distance function which satisfies (MR). Let
X, Y C M be smooth, compact domains such that X UY and X NY are smooth. Then

Mxuy (R) = Mx(R) + My (R) = Mxny (R) + O(R™).

Proof. The assertion follows from the local formulas for the expansion coeflicients c¢; from The-
orem and the fact that property (M R) is inherited by smooth, compact domains. O

3.3. Can you “magnitude the shape of a drum”. In spectral geometry, analogues of the
expansion coefficients c; have proven fruitful to find relationships between geometry and the
eigenvalues of the Laplace-Beltrami operator, see [30] for a recent overview. The guiding question
by M. Kac, “Can you hear the shape of a drum?” [I9] has an analogue for the magnitude function:
Does the magnitude function M x determine a compact domain X up to isometry?

The answer is positive for the magnitude function of a ball:

Proposition 3.3. Let B C R™ a ball. If X C R" is a smooth, compact domain with Mx =
Mp +o(R"™1) for R — oo, then X is isometric to B.
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Proof. By assumption
nlw, Mx (R) = vol,(X)R" + “Hvol,_1 (0X)R"" + o(R"")
= vol,(B)R" + ®vol,,_1(0B)R" ' + o(R" ") = nlw, Mp(R) + o(R"").
Therefore vol, (X) = vol,(B) and vol,_1(0X) = vol,,_1(0B). Recalling the isoperimetric in-

equality, nw,/ "vol, (X)~V/" < vol,_1(0X), with equality if and only if X is isometric to a
ball, it follows that X is isometric to B. O

Remark 3.4. For nonconvex domains, however, a counterexample by Meckes [9] shows that the
magnitude function Mx does not determine a compact domain X up to isometry. Let n be
odd. Consider balls By, Bo C R™ of the same diameter which are contained in the interior of a
large ball B. Then Mp\pe = Mp\ g, but generically B\ B} and B\ B3 are not isometric.

3.4. Constant mean curvature. The proof of Proposition indicates the opportunities for
studying the relationship between the geometry of a domain X and its magnitude function M x
using techniques from spectral geometry, based on the expansion of M x for R — oo. Using such
techniques we obtain an analogue for magnitude of a theorem by Berger [3] that for a closed
Riemannian surface having constant sectional curvature is determined by the eigenvalues of the
Laplace-Beltrami operator.

Proposition 3.5. Let X, Y C R"™ be smooth, compact domains and n odd or n = 2, and assume
that OX has constant mean curvature H(OX) = H. If Mx = My + o(R"™3) for R — oo, then
also Y has constant mean curvature H(0Y') = H.

This result generalizes Proposition |3.3

Proof. Note that the polynomial py (z) = [, (2 — H(9Y))? has a real zero if and only if the
mean curvature of Y is constant. Since ¢;(X) o [y H/7'dS for j = 1,2,3 if n = 2 (see
Theorem and Remark or n is odd (see [I1]), there exist constants au,, By, vn depending
only on the dimension n such that

Py (2) = anc1 (V)22 + Buca(Y)z + ynes(Y) .

Because ¢;(Y) = ¢;(X) for j =1,2,3, py(2) = [, (2 — H(0X))?>. With H(0X) = H constant,
py vanishes in H, and therefore H(9Y') is constant and equals H. O

3.5. Relation to residues of manifolds. For a compact metric space (X,d), the geometric
relevance of the magnitude operator Zx (R) is not restricted to the magnitude function Mx (R) =
R{(Zx(R)™!1,1). Closely related quantities of interest are the meromorphic energy function

Bx(z) := F.P.|S:z/X Xd(az,y)S dz dy ,
X

and the residue
Rx(z) := resS:Z/ d(z,y)® dz dy .
XxX
The energy Bjs(z) was first introduced by Brylinski [5] for knots in R and by Fuller and
Venmuri [7] for closed submanifolds of R™. Bj(z) and Rps(z) may be expressed in terms of Zx

by means of the formula

1 oo
d—s = 7/ RsflefRd dR,
I'(s) Jo

valid for Re(s) > 0. Then

1 oo
/ d(z,y)~% de dy = —/ Rs—l/ e @) 4 dy dR
XxX L'(s) Jo XxX

1 > s—1
:@/0 RUZx(R)1,1) dR .

To understand the relation between the residues of

f(s) = /X () do dy
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and the expectation value of the magnitude operator,

e(t):<zx(t)1,1>:/ et 4y dy |
XxX

we divide the integral on the right hand side and set A = R~!:

f(s) = FL/O R 'e(R) dR+i/oo R 'e(R) dR

(s) I(s) Ju
_ L [ pe, L e
r(s)/o R (R)dR+F(S)/O A (A dX.

The proof of the following proposition is analogous to [I7, Proposition 5.1].
Proposition 3.6. Assume that e(t) and e(t™") are holomorphic in Vg, (for some 6y € (0,%)),
Vo, ={t=re": 2>r>0,00] <6},

and e(t) = O(|t|*), e(t™1) = O(|t|’) for t — 0 in V5, any § < Oy, for some a,b € R. Consider
the function

£(s) = /OOO le(t) dt,

holomorphic for Re(s) > —a. Then the following properties are equivalent:
(a) e(t) and e(t™1) have asymptotic exzpansions for t — 0,

oo
e(t) ~ Zajtﬁf, where f; — 400,
3=0

oo
e(t™) ~ ZAjt'”, where y; — +00,
j=0
uniformly for t € Vs, for each 6 < 6.

(b) f(s) is meromorphic on C with the singularity structure

M)~ 3o 5+ >

— B+ v — s’
and for each real C1,Cy and each & < 0y,
()] < C(Cr, Ca,8)e MO {Im(s)| > 1, C1 < [Re(s)| < Cs -

The assumptions on e(t) = (Z£x(t)1,1) from Proposition are trivially satisfied; indeed
e(t) = O(t~*°) as t — oo and e(t) is real analytic near 0. There is therefore, by Proposition
a close relation between the expectation value of the magnitude operator (Zx(¢)1,1) and the
residue for an arbitrary metric space (X, d).

The geometric content discovered for residues of knots, hypersurfaces and domains therefore
translates into geometric content for the corresponding magnitude operator:

Jj=0

Proposition 3.7. [5,[7, 28] Let M be a compact hypersurface in R™1 with principal curvatures
ki. Define ||h||> = > ki and oy, the surface area of the unit k-sphere.

(1) The first residue is given by Ry (—m) = 0m—1 Vol (M).

(2) The second residue is given by

Om— 2
Ray(—m —2) = 22! /M (202~ m?|HP) da.

Proposition 3.8. [28] Let Q@ C R™ be a compact domain.
Ra(—n) = 0,-1Vol (),

Ro(-n—1) = —;’"_—2’1 Vol(99),

Op—2 2172
n—3) =2 H? -2
Ro(—n —3) Az 1) /89 (3n s) dz,
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Also an inclusion-exclusion principle was derived for residues [26].

3.6. Computations for cylinders. In the special case of a cylinder of the form Xp = M x
[0,T], for T > 0, the magnitude function of Xz relates to geometric invariants of M. Let us
compute an instance of this.

Proposition 3.9. Assume that M C RN is an n — 1-dimensional compact submanifold. For
T > 0, consider the compact submanifold with boundary

Xrp:=M x [0,T) C RVNTL,

FEquipping M and X with the subspace distance, we have that

VOlnfl(M) TR" + (n + 1)V01n,1(M)
nlwy, 2 - nlw,

1 oo
L / sazrdz TR™2 4+ pr(M)TR"F,
6 - nlw, Sy =

Mx,. (R) ~ R 14

where pp(M) = fM ak,0(x, 1)dx is computed as an integral over M from the local densities ay o
on Xt of Theorem|[6.5 and py(M) = 0 if k is odd.

Proof. On X7, the last coordinate in RV*+! provides a global coordinate z, for the direction
transversal to the boundary, and it is a normal for the Riemannian metric associated with the
distance function. Therefore, there are no boundary contributions to the magnitude asymptotics
par ¢1(Xr) which is proportional to the volume of the boundary. The format for c¢o(Xr) and
co(X7) follows from Theorem since all structures are constant in the x,,-direction. Therefore,
the description cx(Xr) = [y aro(w,1)de =T [, aro(@,1)de = Tpr(M), k > 2, follows from
Theorem [6.5 O

3.7. Asymptotically polynomial behavior in dimension 3. In dimension 3, the magnitude
function of the unit ball is a polynomial by [2]. To the knowledge of the authors, for Euclidean
domains, this can only happen in dimensions 1 and 3. Based on the computational evidence
from Theorem and Remark for the statement that ¢;(X) « [, H?~'dS, for j > 0 and
X C R"™ a domain, we make the following observation.

Proposition 3.10. Let N > 3. The following two statements are equivalent:

(1) There are coefficients v1,72, ..., YN such that for any domain X C R3 with smooth
boundary we have that

¢i(X) =" ) H’='4S, j=1,...,N.
X

(2) There is a coefficient 3 such that for any domain X C R3 with smooth boundary we
have that

M (R) = YK s vol20X) o L yagpiny [ HZAS + O(REY).
87T 47T 27'(' 89X X

Proof. Tt is clear from Theorem that 2) implies 1), with v; = 0 for j =4,..., N. If 1) holds,
then we have for any domain X C R? with smooth boundary that

V013 (X)
8w

N
;1 . .
Mx(R) = R? + = § 7 /BX HI7'dSR3™7 + O(R*™V).
j=1

By [2, Theorem 2], Mx(R) is a polynomial for the unit ball. In particular, we must have that
v; = 0 for j =4,...,N. The precise form of 7, and 72 can be found in [I0] or Theorem
below. (]
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4. WEIGHT DISTRIBUTIONS AND MAGNITUDE

The work of Meckes [24] relates the magnitude to a capacity-like definition for a reproducing
kernel Hilbert space defined from (X, d). We here recall this approach in a form which connects
it to the analytic techniques developed in [12]. This will show that the approach of [12] indeed
computes the magnitude function.

Let (M, d) be a compact metric space. Consider the vector space FM(M) of finitely supported
complex measures on M. For R € C, we define the form (-, -)yy,, on FM(M) by

(4) sy = /M e ().

For real R, (i, V), is a sesquilinear form on FM(M). The following result follows from the
definition of a positive definite metric space.

Proposition 4.1. Let R > 0. The form (-, -y, is positive definite on FM(M) if and only if
(M, R -d) is positive definite.

For R > 0 such that (M, R -d) is positive definite, we define Wgr(M) as the completion of
FM(M) in the inner product (-,-)yy,. Note that for any compact X C M there is an isometric
inclusion of Hilbert spaces

Wg(X) € Wr(M).

Let C'/2(M,d) denote the Banach space of functions on M which are Holder continuous of
exponent 1/2.

Proposition 4.2 (Proposition 3.2 of [24]). For R > 0 such that (M, R - d) is positive definite,
the operator

1
Z(R)u(x) := E/ e B@Y (), pe FM(M)
M
extends to a continuous mapping
Z(R) : WR(M) — CY2(M,d).
Moreover, for any pn € FM(M), v € Wr(M

(5) . =R / dji(x).

We define Hr(M) := Z(R)Wg C C'/2(M,d). The vector space Hr(M) becomes a Hilbert
space by declaring Z(R) : Wr(M) — Hr(M) to be a unitary isomorphism. Equation (5)) shows
that there is a canonical identification Hr(M) = Wr(M)* given by a pairing

(6) (foyrzr = (Z(R) T mwe = (F,Z2(R) s, f € HR(M), u€ Wr(M).

We call this pairing the L2-pairing because, when M is a manifold, the L2-pairing is independent
of R and coincides with the ordinary L?-pairing. By duality, for any compact X C M the
inclusion Wg(X) C Wr(M) induces a restriction mapping

Hr(M) = Hr(X).
Since Wr(X) C Wgr(M) as Hilbert spaces, the restriction mapping Hr(M) — Hgr(X) is a
co-isometry. By construction, we have a commuting diagram

WR(X) R(X)

| I

Z(R
Wa(M) 22 3 ()

(
We note that since Hr € C'/2(M,d) is a continuous inclusion, for any compact X C M and
h € Hpg the restriction h|x € (71/2(X7 d) is well defined.
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Theorem 4.3 (Section 3 of [24]). Let X C M be a compact subset and R > 0 such that (M, R-d)
is positive definite. If there is an element ur € Wg(X) such that hg == RZ(R)ur € Hr(M)
satisfies
hrlx =1,
then
mag(X, R - d) = urly,.

Since Wgr(X) C Wg(M), we trivially have that
(7) ”U”%/VR(M) = HUH%/VR(X)a Vu € Wr(X).

We note the following corollary that will play an important role for applications to manifolds
(that possibly have boundary).

Corollary 4.4. Assume (M,d) is a compact metric space and that Ry > 0 is such that (M, R-d)
is positive definite for all R > Ry. Let X C M be a compact subset and assume the following:

(1) There are Hilbert spaces H(M), H(X), W(M) and W(X) such that for all R > Ry,
Hr(M) =H(M), Hr(X) = H(X), Wr(M) =W(M) and Wr(X) = W(X),

as vector spaces with equivalent norms.
(2) The space H(X) C CY%(X,d) contains the constant function (the inclusion is induced
from item (1)).
(3) The L2-pairings between W(X) and H(X), and between W(M) and H(M) induced from
item (1) above are independent of R.
Writing Zx (R) for the operator W(X) — H(X) induced from Z(R), we then have that Zx (R)
is invertible for R > Ry and the magnitude function is given by

(8) Mx(R) =R (1, Zx(R)"'1)2, for R> Ry.

Moreover, if there is a connected domain Rsr, C T' C C such that Rsp, > R — Zx(R) €
BW(X),H(X)) extends to a holomorphic Fredholm valued function I' — FredOW(X), H(X)),
then the magnitude function Mx extends to a meromorphic function on I.

Item (3) listed in the assumptions of Corollary is purely cosmetic and ensures that the
L2-pairing in Equation @ does not depend on R. For context, the reader should note that when
M is a manifold and X C M is a smooth domain we can take YW and H to be certain Sobolev
spaces by Theorem [4.6] below.

Proof. Since (M, R - d) is positive definite for R > Ry, the operator Zx (R) is well defined and
invertible using item (1). By item (2), the constant function 1 on X is an element of H(X)
and we can define ug := R Zx(R)™'1 € W(X). Note that by item (1), ur € Wg(X) for all
R > Ry. By Theorem and Equation @, we have that

Mx(R) = |lurlly, oy = B (L ur) 2 r = R, Zx (R)~'1) 2

In the last equality we used item (3) to remove the dependence of R in the pairing.

The statement concerning the meromorphic extension of the magnitude function follows from
the meromorphic Fredholm theorem which shows that R~z, > R+ Zx(R)™! € B(H(X), W(X))
extends to a meromorphic function I' — B(H(X), W(X)) which extends the function Mx (R) =
R™Y1,Zx(R)~'1)2 to a meromorphic function of R € I. O

Remark 4.5. In the work [I2] the notions of distance functions having property (MR) and (SMR)
were introduced. We refer the reader to [I2] Section 3] for full details. The reader should keep in
mind that (SMR)= (MR) and that both (MR) and (SMR) are inherited by smooth subdomains.
Domains and subspace distances in Euclidean space satisfy property (SMR). More generally, a
compact subdomain or a subspace X of a manifold M satisfies (SMR) if (SMR) holds on M,
e.g. if the restriction of d? to X x X is smooth. For the geodisic distance this occurs when
the diameter of X is smaller than the injectivity radius of M. The sphere S™ with its geodesic
distance has property (MR) but not (SMR) by [12, Proposition 3.6]. Tori and real projective
space with their geodesic distances fail to satisfy (MR) in dimension > 1 by [12, Proposition
3.17]. In the special cases we know that (MR) fails, the magnitude asymptotics can nevertheless
be computed by the same formalism as in Theorem because Theorem below applies.
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To study the operator Zx and the magnitude for manifolds, potentially with boundary, we
introduce the following scales of Sobolev spaces. Let X be a compact domain in a manifold M.
For s € R, write

H*(X):={ue H*(M) :supp(u) C X}, and H (X):=H*(M)/H*(M\ X).
Here H*(M) is the Sobolev space of order s on M. If M is compact, H*(M) is unambiguously
defined. If M is non-compact, we can either define the Sobolev scale in terms of a Riemannian
structure or by replacing the Sobolev spaces by local Sobolev spaces: the definitions of H 5(X),
FS(X ) on the compact domain X do not depend on this choice. We note that for s = 0,
HO(X) = H'(X) = L3(X). The L>-pairing between H*(X) and H °(X) is a perfect pairing
inducing an isomorphism H*(X)* = H °(X). We recall a relevant theorem from [12].

Theorem 4.6. Let X be an n-dimensional compact manifold with C°-boundary and a distance
function d satisfying property (MR). Set u:= (n+1)/2. Then there exists an Ry > 0 such that

Zx(R): HM(X) - H'(X),
is a well defined invertible operator for all R € T with arg(R) < w/(n 4+ 1) and Re(R) > Rp.
Moreover, Ry can be chosen so that the following holds:
a) There is a C > 0 such that

for Re {ReT :arg(R) <7/(n+1) and Re(R) > Ry} and f € H*(X).
b) For R > Ry, the sesquilinear form R™1(-, )\, is uniformly equivalent to the inner
product of H}E#(X)- In particular, for R > Ry:
o The metric space (X, R -d) is positive definite.
o We have the equalities Wr(X) = Hp"(X) = H *(X) and Hr(X) = Hyp(X) =
F#(X ) as vector spaces with equivalent norms.

Moreover, if d has property (SMR) on a sector T' the operator Zx(R) : H *(X) — H'(X)
depends holomorphically on R € T and Zx(R)™' : H"(X) — H*(X) depends holomorphically
on Re{R el :arg(R) <n/(n+1) and Re(R) > Ry} with a meromorphic extension to R € T

Remark 4.7. As mentioned above, and proven in [12, Proposition 3.4], a distance function d
obtained by pulling back the Euclidean distance function along an embedding X < R¥, has
property (SMR) on C\ {0}. In particular, for such distance functions the operator

Zx(R)™'H'(X) » HM(X),
has a meromorphic extension to R € C\ {0}.

For the full proof of Theorem [4.6| we refer to [I2], Section 4], but we sketch the idea here. The
idea in the proof is to use that property (SM R) allows us to replace Zx with a localization @ x
to an operator whose integral kernel is supported near the diagonal. The operator Qx is an
elliptic pseudodifferential operator with parameter R of order —n — 1, we discuss (Qx in further
detail below in Theorem A computation of the principal symbol of @x shows that Qx
is a lower order perturbation of a fractional Laplacian with parameter (R? + A)~(*+1/2 _ the
Laplacian comes from a Riemannian metric defined from the Taylor expansion of the distance
function and the fractional power is defined relative to an extension to an ambient manifold.
Therefore item b) follows from the Garding inequality. Item a) follows from item b) using the
meromorphic Fredholm theorem. Item c) is a direct consequence of item b).

Corollary 4.8. Let X be an n-dimensional compact manifold with C°-boundary and a distance
function d satisfying property (MR) on a sector T' with non-trivial intersection with [0,00). Then
the magnitude function is given by

(9) MX(R) = R71<1aZX<R)711>L27 fO’f’R> R07
where Zx (R) : H"(X) — H" (X). If moreover d satisfies property (SMR) on T, the magnitude

function Mx extends meromorphically to T and is holomorphic in the sector {R € T : arg(R) <
7w/(n+ 1) and Re(R) > Ry} for some Ry > 0.
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In particular, if X C RY is a compact submanifold with C°-boundary (e.g. a domain with
C°-boundary) with the subspace distance, then Mx extends meromorphically to C\ {0} and can
be computed from @

5. THE OPERATOR Z ON A CLOSED MANIFOLD

To better understand the operator Z we first consider the case of a compact manifold M. We
here give an informal review of the technical considerations in the paper by [12]. As discussed in
the previous section, there are complications arising from the fact that distance function might
be non-smooth away from the diagonal despite being quite regular at the diagonal.

5.1. Localizing to the diagonal. We decompose the operator Z in a part near the diagonal
and an off-diagonal remainder:

Z=Q+I,

where

(10) QRS = [ xlee e sy,

and x € C®(M x M) satisfies x = 1 near the diagonal Diag,, := {(z,z) : x € M} C M x M.
We first study the operator ) and return below to study the remainder term L. In order to
control @), we impose the following condition on the distance function d.

Definition 5.1. Let d be a distance function on a manifold M. We say that d is reqular at the
diagonal if its square G :=d? : M x M — [0, 00) satisfies that there is a neighborhood U of the
diagonal Diag,, C M x M such that:

e ( restricts to a smooth function on U;

e dG vanishes on Diag,,; and,

o for each z € Diag,,, the transversal Hessian Hg of G in « is positively definite.

If d is regular at the diagonal, we write gq for the Riemannian metric on T*M dual to the
transversal Hessian H¢.

Remark 5.2. Examples of distance functions regular at the diagonal include subspace distances
on submanifolds in Euclidean space (see [12, Example 2.16]) or geodesic distance functions on
Riemannian manifolds (see [12] Example 2.17]). Then the Riemannian metric coincides with gq.

Consider a distance function d regular at the diagonal. It follows from Taylor’s theorem that
for any IV € N in local coordinates on a neighborhood Uy we can write

N
(11) d(l’,y)Q = ]:Id2 (LU, xr — y) + ZC(J)(xvm - y) + T'N(‘ra T — y)a
=3

where 7y is a smooth function with ry(z,v) = O(Jv|N*1) as v — 0, Hgz is the transversal
Hessian of d2, and CU) : Uy — Symj(T*M |u,) are the Taylor coefficients forming a locally
defined symmetric j-form on TM |y, .

In the symbol computation of @, the Taylor coefficients are used as differential operators in
the cotangent variable. For a k € Ny and a multiindex v € N%, we can define a differential

operator CV)(z, D¢) on T* M|y, defined by

k
C(x,~Dg) := H CO(z, — D).
=1

Here D¢ = fia%. The order of ) (z, —Dy) is || := Zle . For j € N, define the finite set
Iji={y € GBI NE; ¢ || = j + 2k},

For v € N*¥ we set rk(y) := k. In other words, vy € UkN’§3 belongs to I; if and only if
j = Iyl—2rk(y). We remark that |y| > 3 and rk(v) > 0 is implicit for v € I; since I; C Up2 | N& .
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Theorem 5.3. Let M be an n-dimensional manifold equipped with a distance function d reqular
at the diagonal. Consider the operator @ from Equation . Then @ € \I/C_I”_l(M;(C+) 18
elliptic with parameter R € C4 := {R : Re(R) > 0}. The principal symbol of Q is given by

0—n-1(Q)(x, &, R) = nlw, (R? + ga(&, &)~ (t1/2,

where w, denotes the volume of the n-dimensional unit ball.
In local coordinates, the full symbol of Q admits a classical asymptotic expansion Z?io q;

where the —n — 1 — j-homogeneous functions g; € C°((T*M & C4) \ (M x {0})) are given by
go = 0_n—1(Q)(z,§, R) and for j >0, g; is in coordinates given by

S ety wk(n) <(nany 2 k()OO (@, =De) (R? 4 ga (€, €)) " V2O - for n odd
. _ ) ez a2 Gk n € (@ = De) [(RQ + ga(§, €)M  1og(R? 4 ga (¢, 5))} 7
q] (CE,&,R) - 7
> et Gk C 7 (@, =De) (R + ga(€, )~ FH/2HO) for . even.

The coefficients ¢y, are given by

(=1)%(n — 2k)lwp_opwor, for 2k <n

(=1 " 2wy o ON
Chn 7= (Zh—n)lwzrn’ for 2k —n €
n+1
E2_73))T2—71w2kw2k7n71a for2k —n e 2N+ 1

Sketch of proof. For the full proof, see [12, Theorem 2.9]. We follow the notation of [I2]. The
ideas in the proof rely on elementary techniques of calculus, and we recall the salient features.
We extend @ to a function of R € C\ iR by declaring @ to be even in R. By taking a Fourier
transform in the R-direction, the Schwarz kernel of @ is transformed to the distribution

K(x»yﬂ?) = X(way)KO(xayan)ﬂ where KO(x7y777) = 710g(n2 +90(x7y))

The statement of the theorem is local in nature, so it suffices to compute with K in local coordi-
nates. Standard considerations show that Ky is a conormal distribution Kg € CI~"~1(Z; Diag,, x
{0}) where Z = U x R is a neighborhood of Diag,; x R C M x M x R. The arguments in [12]
Theorem 2.9] ensures that @ indeed is a pseudodifferential operator with parameter of order
—n — 1 with the prescribed principal symbol.

The computationally delicate issue is that of finding the full symbol in local coordinates. We
do so by expanding K, near = y and inverse transform in (z — y,7) to the symbol depending
on (&, R). Using the Taylor expansion , with v = x — y, we write

>y €9 (,0) +m<w>>

o(z,y,m) og(” + Ha(v,v)) Og( ’ n2 + Ha(z,v)

For small v = x — y, we can Taylor expand

N
,1)rk(v)+1 cM) (z,v)
K e - 710 2 + H ) + ( ’ + r y Yy .
oz, y,m) g(n a(z,v)) ;7; tk(y) (2 1 Ha(z,0))k0) T (z,v,m)
(—1)rk(M+1 c (z,v)

Each term in the second sum ) 5 is homogeneous of degree j. The

€L rk(y)  (n?+Ha(w,v))kO
error term 7, is controlled in [I2]. To compute the full symbol we now compute the inverse
Fourier transform in (v,7). For [ > 0, denote the Fourier transform of (n? + Hga(v,v))~! in the

(v,n)-direction by Fj(x,&, R). Using homogeneity and rotational invariance, we have that

e—if.v—iRn

F X, ’R = —dvd =
@6 R) /TEM@R (n* + Hq(v,v))! 7

S Ena(R? 4 ga(6,0) T, 9 —n —1¢ 2N,
(R2 + gd(fvg))iﬂéi+l(‘%n,l IOg(R2 + gd(fag)) + B?L,l)a 2l -n—1 € 2Na
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for suitable constants ky;, 8, € R that are explicitly computed in [I2]. It follows that for
v € 1;, the Fourier transform of the term
C(z,v)
(n* + Ha(v,v))""
in the (v,n)-direction is given by C)(x, —D¢)Fi(z,£, R). A long computation putting all of
these terms together gives the full symbol computation. O

Theorem has some rather direct consequences on distance functions that are smooth off
the diagonal. We note the following consequence.

Corollary 5.4. Let M be an n-dimensional compact manifold with a distance function d reg-
ular at the diagonal and smooth off-diagonally, e.g. the subspace distance on a submanifold of
Euclidean space. Set p := (n+ 1)/2. Then Z is an elliptic pseudodifferential operator with
parameter R and order —n — 1, and Z — @ is smoothing with parameter R > 0. In particular,
for a suitable Ry > 0 and R > Ry the operator

Z(R): H*(M) — H*(M),
is invertible. Moreover,

IZ(R)™" = QR) ™l s (ary s 1w (ar) = O(R™),
and
(12) Mu(R) = RHQ(R) 'L, 1) + O(R™™).
Sketch of proof. If d is smooth off-diagonally, then

L)) =3 [ (1= X))o ™ )y,

is smoothing and exponentially decaying as R — 4+00. We conclude that Z = Q + L is an elliptic

pseudodifferential operator with parameter R and order —n — 1 from Theorem Invertibility

of Z for large enough R follows from the ellipticity with parameter of ). And indeed, since

Z — @ is smoothing with parameter, so is Z~! — Q™! and the norm estimate follows. Therefore,
(Z(R)7'1,1) = (Q(R)™'1,1) + O(R™™).

The equality follows as in Corollary O

Remark 5.5. The assumption in Corollary [5.4] that the distance function is smooth off-diagonally
can be weakened to the distance function having property (MR).

5.2. Asymptotic expansions for compact manifolds. For a compact manifold, Corollary
m provides means of computing the asymptotics of the magnitude function. Starting from [12]
Subsection 2.5] we compute the asymptotics of (Q(R)~11,1) as R — oo using semiclassical anal-
ysis of the pseudodifferential operator with parameter Q(R)~!. We mention two instrumental
results in this direction.

Lemma 5.6. Consider a properly supported pseudodifferential operator with parameter A €
U(M;T) on a manifold M. Setting
a;o(z,R) :=a;j(z,0,R),

in each coordinate chart where Zj a; is a homogeneous expansion of the full symbol of A in that
chart, produces a sequence (a;)jen € C(M x T') of functions such that

(1) Each ajo = ajo(z, R) is homogeneous of degree m — j in R.

(2) For any N € N, we have that

N N

(13) [AR)(z) = > ajo(z, R)+ry(x, R) = a;(x,)R™ 7 +ry(z, R),

j=0 j=0
where ry € C°(M x T') is a function such that for any compact K C M it holds that
sup 8285 n (z, R)| = O(Re(R)™ N ¥lal+k) 45 Re(R) — +o0.
zeK
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The proof of this lemma can be found in [I2] Lemma 2.24]. One way to see why it is true,
is to note that it is a local statement and can as such be reduced to a statement for compactly
supported pseudodifferential operators with parameter in R™. After this reduction, it is a short
computation with the Fourier transform that

a(z,D,R)1 = a(x,0, R).

Proposition 5.7. Let M be an n-dimensional compact manifold with a distance function d
reqular at the diagonal and smooth off-diagonally, e.g. the subspace distance on a submanifold
of Euclidean space. Set u:= (n+1)/2. Then for a suitable Ry > 0 and R > Ry the operator

Z(R)™t: HM(M) — H " (M),

s an elliptic pseudodifferential operator with parameter of order n+ 1. In each coordinate chart,
we can compute the full symbol of Z(R)™1 as an asymptotic sum >k ax where ag,ay,... are
computed iteratively from

ao(z,&, R) = (R? 4 ga(€,€))m+D/2,

1
nlw,
and

1
ap = —ag E jag‘qu?al.
a!
o]+ +i=k 1<k

The proof of this proposition and further details on the precise form of the symbols can be
found in 12, Corollary 2.21]. The construction is standard in pseudodifferential calculus and
produces a parametrix that by abstract nonsense reproduces Z(R)~! up to operators smoothing
with parameter. The crucial feature of Proposition [5.7] is that it produces a way of explicitly
computing an inverse to arbitrary level of precision — where the precision manifests itself through
Lemma as to which order of R we can compute (Z(R)~'1,1).

Theorem 5.8. Let M be an n-dimensional compact manifold with a distance function d whose
square is regular at the diagonal. Let (ajo)jen € C(M;C,) denote the sequence of homoge-

neous functions obtained from restriction to & = 0 of the full symbol of Q]T/[l, as in [12 Section
2.5]. It holds that

(1,Qu(R)™'1) = n'iu ch(M, d)R"1F 4 O(Re(R)™), as Re(R) — +oo,
T k=0

where

cp(M,d) = n!wn/ ag,o(z, 1)de.
M

Here dx is the Riemannian volume density defined from gq2. The functions ay o(z,1) are explic-
itly constructed inductively from the Taylor expansion using Lemma and Proposition
[5-7 In particular,

0, when k is odd,

cx(M,d) = < vol(M, gq), when k =0,

ol [ sqedw, when k =2,
where sq2 in local coordinates is computed as the polynomial in the Taylor coefficients of d2 at
the diagonal given as

¢2n(n+5)(n?—9)

Cin

¢ , _
sqz(z) =3 (10021;(96,96' ®ga) — CL'S(C% ® Ce) (2,96 ® 9o ® QG)>, ifn=3

3

saz(z) :=3C"(,g® g) — 3 (CeC)(z,g0g©y9), ifn#1,3

Theorem follows by combining Lemma [5.6] and Proposition For more details on the
structure of the local densities ay o, see [12, Subsection 2.5 and Theorem 6.1]. The notation sgz
in Theorem is justified by [12] Example 2.30], which shows that in the case of the geodesic
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distance function on a Riemannian manifold sq2 is the scalar curvature. The following theorem

is a direct consequence of Corollary Corollary and Theorem [5.8

Theorem 5.9. Let M be an n-dimensional compact manifold with a distance function d with
property (MR) on T, e.g. if d is reqular at the diagonal and smooth off-diagonally. It holds that

My (R) = L ch(M, d)R"* + O(Re(R)™), as Re(R) — +oo in T,
k=0

nlwy,

where ¢ (M, d) is as in Theorem . The structure of the coefficients c; is as follows:
e ¢o(M,d) =vol,(M,gq).
e For j > 1, the coefficient ¢;j(M,d) is an integral over M of a polynomial (universally
constructed from the Taylor expansion of go := d? at the diagonal) in the covariant
deriwatives of the curvature of M where the total degree is < j.

We also have the following corollary, which follows from considerations in [I2] even for mani-
folds which do not satisfy property (MR).

Theorem 5.10. Let M be a compact n-dimensional Riemannian manifold equipped with its
geodesic distance d. Let g denote its Riemannian metric and dy the associated volume density.
Assume that M admits a family (ug)r>r, C D'(M) of distributional solutions to

/ e @Yy p(y)dy =1, R > Ry,.
M
Assume that for any x,x € C™(M) with disjoint supports it holds that

/M X(@)e™ M@ up (y)x' (y)dy = O(R™N).
Then the magnitude function My (R) is defined for R > Ro and there is an asymptotic expansion

1
nt /sde”71+
M

N-1
+ Z cx(M)R™™* + O(Re(R)" V), as Re(R) — +o0,
k=4

nlw, Mpr(R) =vol,, (M, g)R™ +

where s denotes the scalar curvature of M, ¢;(M) =0 if j is odd and for j > 4, the coefficient
cj is an integral over M of a universal polynomial in the covariant derivatives of the curvature
of M where the total degree is < j.

Remark 5.11. We note that the assumption of Theorem [5.10] is automatically satisfied if the
distance function d satsfies property (MR). In this case we can take ugp = Z(R)™'1, which
is smooth by elliptic regularity, using an argument analogous to that in Proposition The
authors of this paper do not know of a Riemannian manifold not satisfying the assumption of
Theorem Indeed, the examples in [I2, Section 3] of Riemannian manifolds which do not
satisfy property (MR) do satisfy the assumption of Theorem by the results of [31].

Proof of Theorem[5.10 The assumptions on the existence of the distributional solution implies
that My (R) = [,, ur(y)dy is defined for R > Ry. By [12 Proposition 3.2], we have that

N
> er(M)RF + O(R"N),

k=0

1

Mo (R) = nlwy,
where the coefficients are computed as in Theorem [5.8

By well known invariant theory, ¢;(M) is an integral over M of a universal polynomial in the
covariant derivatives of the curvature of M where the total degree is < j. The only possible
invariants in degree 0 is the volume and in degree 2 it is the integral of the scalar curvature.
The universality implies that co(M) = agvol,(M,g) and (M) = az [,, sdV for dimensional
constants ag and ag. The values ap = 1 and ag = "T'H can be read of from works of Willerton
[31, Theorem 11]. Since the Taylor expansion of the geodesic distance function near the boundary

only contains even degree terms, ¢;(M) = 0 if j is odd. (]
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6. THE STRUCTURE OF THE MAGNITUDE FUNCTION FOR MANIFOLDS WITH BOUNDARY

Let X be an n-dimensional manifold with boundary equipped with a distance function. We
assume that X is a domain with smooth boundary in a manifold M. Using a variation of
Theorem we know that

2Zx(R): H"(X) —» H*(X),

is an isomorphism for sufficiently large R, as soon as d has property (M R), see [12, Theorem
4.7]. This occurs for instance when d is regular at the diagonal and smooth off-diagonally. By
a variation of Corollary we know how to compute Mx from Zx(R)~!. The problem is to
describe the inverse Zx(R)™! in the presence of boundary. This issue was solved in [12] using
ideas of Wiener-Hopf factorization dating back to Eskin [6] and Hormander [I8]. We first give a
brief overview of the computational tools entering into this construction, after which we compute
the asymptotics of the magnitude function.

6.1. Wiener-Hopf factorization and inverting Zx. In order to invert Zx we use standard
ideas of parametrix constructions in pseudodifferential calculus: to invert Zx we invert it in
the interior and near the boundary. By the arguments in the preceding sections, it suffices to
construct Q}l under property (M R). We shall see that the inverse takes the form

Q)_(l = XAX + WX + Sa
where A is a pseudodifferential parametrix with parameter (constructed in the same way as
in Proposition [5.7) to the localized operator @, x,x € C°(X°) are cut off functions, Wx is
constructed from an inversion procedure near the boundary and finally S is a remainder term
whose contribution to the magnitude asymptotics is negligible.

Let us describe how to construct the operator Wx near the boundary. By localizing the
problem, we can consider an associated model operator

Q% : H"(0X x [0,00)) — H*(0X x [0,00)).
The operator Q? is constructed as coinciding with Qx in a collar neighborhood of the boundary
and extended to 90X x [0,00) as a fractional Laplacian so that a_n_l(Qa) is of the form in
Theorem and Q2 commutes with translations outside a compact subset. The problem will
be to

(1) Up to suitable errors, factor Q7 as operators
. 9 .
(14) HH(0X x [0,00)) S5 HO(0X x [0, 00)) =

=H°(0X x [0,00)) N H"(0X x [0,00)),

where Q?t are operators of order —u. For this factorization to make sense, we need
that Qi comes from an operator on 9X X R that preserves support in X x [0, 00)
and similarly that Q° comes from an operator on X x R that preserve supports in
0X x (—00,0].

(2) For the factorization to produce a useful outcome, we need that Qi have suitable el-
lipticity properties, and their parametrices W¢ also need the same domain preservation
properties. If this is the case, we can invert Q° up to suitable error terms as the com-
position

(15) H"(0X x [0,00)) BAER HO(OX x [0,00)) =

(DX x [0, 00)) s F1(0X x [0, 00)).

A well known, yet crucial, observation to solve these two problems is that support preservation
in a half-space is characterized by Paley-Wiener’s theorem. We write coordinates on 90X x [0, 00)
as (z/,x,) and cotangent directions as (£/,&,). In light of Paley-Wiener’s theorem, an operator
A = a(x, D) preserving supports in 90X X [0,00) is characterized by the symbol a = a(x, £, &)
having a holomorphic extension in &, to the lower half-plane.

The first item in the list above is by Paley-Wiener’s theorem solved by Wiener-Hopf factor-
ization of the full symbol of Q? into factors holomorphically invertible in the upper and lower
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half-plane respectively. A technical issue that arises is that the factorization takes place in a
space of mized-regqularity symbols, for more details see [12] Section 5]. This issue is visible when
we factor the principal symbol as

n!wn(R2 + gd(gag))iu = qO,—O—(xaglagn)QO,—(‘T?flagn)a

where

(16) q+,0(7,& &) = nlwn(§n — hy (2,8, R))~H
q—,O(xvflagn) = hO(x)iu(gn - h+($,fl, R))iu'

Here hg is a smooth function and hy are smooth functions (for & # 0) of degree +1 in &’. The
functions hg and h4 come from the polynomial factorization

R2 + gd(fa 5) = hO(x)(fn - h+(1‘, 5,7 R))(gn —h_ (xv 6/’ R))7

with hy(z,&', R) being the complex root in the upper half-plane to the second order polyno-
mial equation R? + g4(¢',&,) = 0 in &,. Similarly, h_(z,&’, R) is the complex root in the lower
half-plane. The functions go + are not ordinary Hérmander symbols since derivatives in the £’
direction generally only improve symbol decay in the ¢’-direction (and not in the &,-direction).
The symbols appearing rather satisfy a mixed-regularity symbol estimate described in [12], Sec-
tion 5.1]. The theory of these mixed-regularity symbols seems known to experts and can be found
reviewed in [I2 Section 5.1]. A crucial feature is that the theory of mixed-regularity symbols
fits well with parameter dependence. In particular, operators of mixed-regularity (m, —oo) have
operator norm O(R™°°) as operators between Sobolev spaces H® — H*~™. Therefore, for the
purpose of obtaining asymptotics this technical issue has little impact on the output.

By an abuse of notation, we write ¢ ~ Z g; for the full symbol of Q% in a coordinate chart
so each g; is computed near 90X x {0} as in Theorem We have the following result.

Theorem 6.1 (Wiener-Hopf factorization). There exists mized-regularity symbols qy,q- €
S=r0(0X x R;Cy) with parameter R € C4 such that
(1) We have that

1
¢~ —08q-Dia,
«@

up to terms in S* (90X x R;Cy).
2) The mized-reqularity symbols q,,q_ € ST*(0X xR; C,) admits asymptotic expansions
+ +

oo
q+ ~ ZQi,jv
j=0

up to terms in S™H (90X x R;C,), where q+; can be constructed inductively by a
partial fraction decomposition from q ~ Zj qj, and g+ 1s as in Equation .

(3) The symbols q+ ; extend holomorphically to the half-plane £Im(&,) > 0 and for j > 0
can be written as .

D& T = S bl € B — sl & 1) € 5o,
k=—1
where by ;1 is homogeneous of degree —k in (¢, R).
In particular, the operators QY := Op(q+) satisfies that Q?r preserve supports in 0X x [0,00),
Q% preserve supports in 0X x (—oo,0] and the two operators factorize QP as in Equation
up to an operator of mized-regularity (2u, —00), i.e. Q2 — Q?Qi € U2H=(9X x R;C,).

The idea of Wiener-Hopf factorization goes gack to Eskin. The reader can find further details
in the general case in Hormander [I8] or Grubb [I5, Theorem 2.7]. Let us briefly indicate how
the construction of the terms g+ ; goes in the special case of interest to this work. The identity
a~> 9¢'q-Dgqy is equivalent to requiring

0 0 9
Gog 925 G 1 Loeq? Do
Tt = Y 08Dl
4o 9-o0 Q0 D0 4y To=; "

k,l<j
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Starting from and the identity ¢ ~ > 2 B?q_ngJr we can proceed to inductively deter-

aal
mine g,; from g4 j for k < j by performing a partial fraction decomposition

)
q; 1 1 5 9
(17) % -3 E ol ?q—,kDgQ+,l =0q4; +q--
@ 9 piija= @
kl<j

Indeed, a careful analysis of the left hand side in shows that it is a rational function and
all denominators are products involving &, — hy and &, — h_. As such, a partial fraction
decomposition gives that

Jj—1
qi5(2, & R) = Y bujn(w, & R) (€ — ha(w,&, R) I € §7H77H

k=—1
where by ;5 is homogeneous of degree —k in (', R) and can be explicitly computed. We now
define

o ._ 0
91 ‘= 41 09+,5-

The reader should note that the Wiener-Hopf factorization relies on the decomposition in ; for
more general symbols (such as in [I8]) the decomposition requires the Cauchy integral that leads
to less explicit factorizations. The reader can consult [12, Section 5] for an explicit computation

of g4 1.

What is of interest for us is that the leading symbols in the operators Qi, namely ¢4 o, are
nowhere vanishing in their domains of holomorphicity. We can therefore proceed in the usual
way with a parametrix construction.

Proposition 6.2. The operators

B (0X % [0,00)) 255 HO(0X x [0,00)), and HYOX x [0,00)) 225 HA (X x [0, 00)),

are invertible for large enough R. Up to a operators of mized-reqularity (—1, —o0), the inverse of
Q9 can be computed as W := Op(wy) where the mized-regularity symbols w,,w_ € S*0(9X x
R;C,) admits asymptotic expansions

oo
W4 ~ E W 5,
=0

up to terms in S*~°°(0X xR; C4.), where wy j can be constructed inductively from qx ~ 3, q+
as

ﬁ(fn _th(xaglvR))Mﬂ fO’l“ +,
wi,0($7§7R) = (q?t,())71 =
hO(x)M(gn - h*(‘r7£/, R))“? fO’f‘ B
and )
W4, j = —W+ Z aagqnggwi’l-
ktl+|al=4,1<j
The symbols w+ ; extend holomorphically to the half-plane FIm(&,) > 0 and for j > 0 can be
written as
j—1

wl (@6 R) = ) wa k(& R)(§n — ha(w,&, R ITE € grmbith
k=—1

where 104 j 1, is homogeneous of degree —k in (£, R).
We can now conclude that W9 := WOW? : H*(9X x [0,00)) — H *(8X x [0,00)) is well
defined and inverts Q° up to operators of mixed-regularity (0, —oc) in the sense that
1-W92Q% 1 - QW2 ¢ ¥%~®(X x R;C,).

Gluing the inverse of Q2 together with the interior parametrix produces the following description
of the inverse of Qx.
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Theorem 6.3. Let X be a compact manifold with boundary and d a distance function reqular
at the diagonal. The inverse of

Qx : HM(X) — H*(X),
can be written as
Qx' = x14x1 + x2W2Wo%2 + S,
where A is a pseudodifferential parametriz to the localized operator Q on X, x1,X1,1—Xx2,1—X2 €

C(X°) are cut off functions, Wg are constructed as in Proposition from parametrices of
the Wiener-Hopf factors Q3. and S € U—2%=°(X;C,).

6.2. Computing the asymptotics in presence of boundary. The main consequence of
Theorem that we utilize for magnitude computations is that we can write

(18) QX' L) 12(x) = (AL x1) 2(x) + (W=1, (WL)*Xa) 12 (0x x [0,00)) + O(R™™).

The right hand side of the expression is particularly tractable as both W_ and (W, )*
preserve supports in 90X x (—oo,0]. Writing out the right hand side in terms of the ho-
mogeneous expansion of the symbol, we can partially integrate term by term in the asymptotic
sum and arrive at the following computation for the asymptotics of <Q;(117 1) r2(x)-

Corollary 6.4. Let X be a compact manifold with boundary and d a distance function reqular
at the diagonal. We have that

<Q;(11, 1>L2(X) :Z (A a()’j(;v, 1)d$ + ,/aX Bj,d2 (‘T)dm) Rn+1_j7
J

where ag,; are the local densities computed from a parametriz of @ as in Lemma and
(Baz ;) j>0 € C*(0X) is the sequence of functions defined by

B N i\ﬁ\+|w,\<_1)lﬁl+1
@)= D TG T
=Bl vn+k+ ' '
Yn >0

for j >0 and By := 0.

0%w_ 1 (a',0,0,1)97 197w, 1 (27,0,0,1),

From the local nature of the computations of asymptotics in Corollary [6.4] we can conclude
the following statement for the asymptotics of magnitude. The details in the computations can
be found in [12, Subsection 6.3].

Theorem 6.5. Let X be a compact n-dimensional manifold with boundary equipped with a
distance function d with property (MR), e.g. if d is regular at the diagonal and smooth off-
diagonally. The magnitude function Mx admits an asymptotic expansion
1 (oo}
. . n—j —0o0
Mx(R) = =) o;(X, R +OR™),
7=0
as R — oo along the positive azis. Here w, denotes the volume of the unit ball in R™. The
structure of the coefficients c; is as follows:
e ¢o(X,d) =vol, (X, gq) computed in the Riemannian metric gq induced from the transver-
sal Hessian of the distance function at the diagonal;
e ¢1(X) = pvol,—1(0X,g4) computed in the Riemannian metric induced from gq;
2 n —
e o(X) = "T'H fX sqdV + % fax HqdS, where sq is a scalar curvature like function
defined from d and Hq is a mean curvature like term of the boundary.
o For j > 3, we have that

¢ (X,d) = nlw, /X ajo(z,1)dz + nlw, /ax Bgz j(x)dz,

where a;j o is a polynomial (universally constructed from the Taylor expansion of d?
at the diagonal) in the covariant derivatives of the curvature of X where the total degree
158 < j.
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In the special case of smooth, compact domains X C R", one readily computes that a;o = 0
for j > 0 (compare to [12, Example 2.28]). We can in particular deduce the following simplified
asymptotics for smooth, compact Euclidean domains. For the computation of c3(X) for odd
dimensions, see [I1], and for ¢3(X) in dimension n = 2 see Remark

Theorem 6.6. Let X C R"™ be a compact domain with smooth boundary equipped with Euclidean
distance. Let M x denote its magnitude function. Then there are constants ¢;(X), 7 =0,1,2,...,
such that

Mx(R) ~ —— 3 e;(X)R™,

as R — oo along the positive axis. The structure of the coefficients c; is as follows:

co(X) = vol, (X)

e ¢1(X) = pvol,_1(0X)

o (X)) = @ fax HAS, where H is the mean curvature of the boundary.

o Ifn=2 orn is odd, c3(X) = az(n) [, H*dS for a dimensional constant cs(n) > 0.
e For j > 3, we have that

¢ (X,d) = nlw, /é)X Bgz j(x)dz,

where a Bz () is explicitly computable as in C’orollary and s given by a universal

polynomial in covariant derivatives of the second fundamental form of X of total degree
<J-

7. SOME REMARKS ABOUT FINER STRUCTURES

7.1. Localization of solutions to A1 and boundary terms. Let us provide an immediate
consequence of Lemmathat highlights how the solution to the equation RZ(R)U = 1 inside a
manifold can be described explicitly by means of the symbol of the parametrix A. An interesting
situation to keep in mind is when M = X° is the interior of a manifold with boundary.

Corollary 7.1. Let M be an n-dimensional manifold equipped with a distance function d whose
square is smooth andT' C C a sector with positive angle to iR. Write (a;0)jen € C™(M xCy)
for the sequence defined as in Lemmafmm Q'le \I/ZIH(M; Cy).

Assume that (ur)rer C D' (M) is a family of weak solutions to

/ e @Yy p(y)dy =1, 2 e M.
M

Then (ur)rer € C°(M) and for any N € N and any compact K C M, there is a C' > 0 such
that
n+N .
ug(x) — Z ajo(z, )R" | <C(A+|R)™™, foralzecK.
j=0

Remark 7.2. In the special case that M = X° is the interior of a compact domain in R™ and d
is the Euclidean distance then for any N € N and any compact K C M, there is a C' > 0 such
that

n

ug(x) — - <COA+IR)™N, foralzeK.

We note that for n being odd, the results of [24] show that ug = ——(R? — A)"*'hg for a

nlwy,
uniquely determined hr € H™+D/2(R?) solving (R? — A)"*'hp = 0 in R™ \ X and satisfying
hr =1 in X°. Therefore

n

ugr(z) = nl!%w for all z € X°.

Since ur € H~("+t1D/2(R") is supported in X, up — E” s supported on dX. If n is even,

nlwy,
n];z: is supported on 0X. However, by our result ug — n}fw tends to 0
away from 0X faster than any polynomial as R — oco. This generalizes [4, Theorem 5] to even

dimensions, as relevant for a boundary detection method in data science applications.

it is not clear if ug —
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7.2. Taylor expansion at R = 0. In light of Corollary [{:8] it is of interest to study series
expansions of solutions to RZ(R)ug = 1 near R = 0. Indeed, meromorphicity ensures that
a Taylor expansion of the magnitude function at R = 0 determines the magnitude function
completely. Recent results of Meckes [25] compute the derivative of the magnitude function of
a convex body in R™ at R = 0 in terms of an intrinsic volume. The following result provides a
partial description of the Taylor expansion at R = 0 under a constraint on the distance function
similar to property (MR).

Theorem 7.3. Let X be a compact manifold with C°-boundary with a distance function d such
that d? is reqular at the diagonal and that L(R) defines a holomorphic family of operators
L(R) : H"(X) — H"(X),

for R in a punctured neighborhood of R = 0, for instance if d? is smooth. Assume furthermore
that the operator

Z : HMX)— H'(X), Zu(z):= /X d(z, y)u(y)dy

is invertible. Then there is a unique holomorphic family (ur)|rj<s—1 € H~"(X), for some § > 0,
which solves the equation

RZ(R)'LLR = 1.
The holomorphic family (ur)r admits an expansion at R =0 as an absolutely norm-convergent
power series up = Y g urRF € H™*(X). The coefficients (ug), € H™*(X) are constructed
from

1
ug :=A1g, where g:=2Z;7(1) and N = ——o,
1 ( ) fX gd.%‘
defining ui+1 and an auziliary parameter Agio from ug,...,ur and Ag41 as
k k k—1 -1
e Akl — 2 —o(—1) 21 2o wde
U1 = Z(—l)k ‘27 Zipoiuit Mesag,  and  Ajpo = L _1fX L
1=0 fM 27 (Dda

where Zpu(z) = 7 [y d(z,y)*u(y)dy, k > 0.
Proof. We can decompose
2 = Qr + Ly,

where Qi (R)u(z) = % [ x(z,y)d(x,y)*u(y)dy is an elliptic pseudodifferential operator of order
—n—Fk for odd k and smoothing for even k by a similar argument as in Theorem[5.3] We introduce
the notation Ly = 0 and

Zou(z) = Qou(x) = /X u(y)dy,

for the projection onto the constant function, which is a smoothing operator. Moreover, we can
write

RZ(R) = i(—l)’“R’“Zk,
k=
and - ’ .
RQ(R) =) (-1)"R*Qx, and RL(R) =) (-1)*R’L,.
k=0 k=0

A short argument bounding the norm on @} with Calderon-Vaillancourt’s theorem shows that
the expansion for RQ(R) is an absolutely convergent Taylor expansion on a neighborhood of
R = 0. Since we have assumed that L(R) is a holomorphic function, the expansion for RL(R)
and RZ(R) are absolutely convergent Taylor expansions in a neighborhood of R = 0.
We search for an absolutely norm-convergent power series solving RZ(R)ur = 1. We make

the formal ansatz ug = > o, ur, RF in which RZ(R)ugr = 1 is equivalent to Loug = 1 and

k
(19) S D2 =0, k>0,

1=0
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Note that the range of Zj consists only of constants. We write A\ := Zyug, note that A\g = 1.
We set g := Zl_l(l). We can rewrite Equation , using that Z; is invertible, as
k—2

up—1 = 3 (D27 Ze w4 Mg
1=0

Therefore, uj can be determined inductively as follows. We find ug as ug = A1g, and then
we determine A1 from A\ Zp(g) = 1. The induction step is obtained as follows: say we have

determined wug, ..., ur and Ag, ..., Agr1 we then define ugy1 as
k
—lz-1
w1 = Y (=127 2o + Aiyag,
1=0

where A2 is defined from A,1225(g) = Apt1 — Zl (=D Z0 20 ! 21 o_ju;. The fact that the
Taylor expansion of RZ(R) converges implies that the series ur = D> pep upR* is absolutely
norm convergent in a neighborhood of R = 0. (]

Corollary 7.4. Under the assumptions of Theorem Mx (R) is holomorphic at R = 0 where
it admits the Taylor series

Mx(R) =1+ A\RF,
k=1
for the sequence (A)k>o constructed in Theorem[7.5,
Remark 7.5. In Theorem the result relies on the right hand side of the equation RZ(R)u =1
being the constant function. Indeed, since RZ(R) evaluates to the projection onto the constant
functions at R = 0, there is no holomorphic family of solutions to RZ(R)u = f unless f is
constant.

Problem 1. For a compact domain X C R™, does it hold true that the operator
Z  HMX)—= H'(X), Zu(z / |z — ylu(y)dy,

is invertible? Standard techniques with Garding inequalities show that Z; is a Fredholm operator
with vanishing index. Indeed, we can write

(@i = [ a@IOPE, we HX),

where ¢ is the Fourier transform of z — |z|. By [12| Proposition A.1], and homogeneity argu-
ments, we have that

g(€) = -7 2T (” ; 1) F.P.|¢|~ 1.

Therefore this problem could be susceptible to explicit quadratic form estimates. Were the
problem to have a positive solution for the unit ball X = B, for odd n, [25] Theorem 4] implies
that

(20) /X Z7 M de = ﬁ

where V4 (X)) denotes the first intrinsic volume of X = B,. The claim in [25] Conjecture 5] is
that the identity holds for all compact convex domains X.

APPENDIX A. ALGORITHM FOR COMPUTING ¢;(X,d)

We recall the expansion of M x(R) from preceding chapters, given by

Mx(R) = ep(X,d)R™7F + O(R™),
k=0

provided (X,d) satisfies the relevant assumptions. The approach in this article leads to an
algorithmic procedure for computing the coeflicients ¢, which we summarize here and detail
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in special geometric situations. Each stage of this procedure has been already presented and
proved in [12], and a pseudocode may be found in Appendix
For the convenience of the reader, we repeat some preliminary computations and definitions:

I = {y € Ui\ N&; : |y] = j + 2k}, tk(y) = k for v € N*

(—=1)F(n — 2k)\w,_opwar, for 2k —n—1<0

[ ) ™ for 2k 1eaN+1
ck,n = (2k n)"*’Qk—n’ or —n — € + s
1
7&:))% — Wk W2k —n—1, for 2k —n —1 € 2N

Gp(@, R).0 = D 0 qi(w, &, R [e=o = ¥ qi(, tv, R)|1=o;

|a|=p

By C")(z,—D¢), v € I;, we denote the |y|-th order differential operator arising from the Taylor
expansion of d? : M x M — [0,0] (see (11])) and write gq for the dual Riemannian metric to
Hg2. Using these definitions, we calculate ¢ in the following steps.

(1) Calculate terms ¢; in the expansion of ¢ for j € [0, k]
g denotes the symbol of the operator Q¢,, and it has an asymptotic expansion g ~ Z qj,
see Theorem [5.3] This is the operator we use to establish results corresponding to the
interior of X.
The first term is given by

qo(,&, R) = (R® + ga(§,)) "+,
and for j > 0 and n odd we have that

@ (2,6, ) = > e n O (2, =De) (R? + ga (€, €)) " HI/2H0) 4
NEL k() <(n+1)/2
- > Cric().n O (2, = D)

v€EILjrk(v)>(n+1)/2
(R + ga(g, )"0/ 1og(R* + gai (&, €))
and for n even

(z,¢&, R) Z ey OO (2, — D) (R? + ga(€,€))~(mHD/245k(),
Vel

When M C RV is an n-dimensional submanifold of RY, we determine C'?) in the fol-
lowing way: take coordinates around some z¢g € M such that M near z is parametrized

by
{ﬂil =y, =1
v =(x1,...,2), l=n+1,...,N’
for some functions Yy 41,...,p,. Writing x = (z1,...,2xy), we have that
N
Hgz(v) = |v]* + Z (Ve (z) - v)*
l=n+1

and

N
o ot
>y Mwﬁﬁ i
alg!
l=n+1|a|+|8|=j,
lal,|81>0
This is explained in [12, Example 2.16].
In the special case that X C M = R" is a domain and d(z,y) = |z — y| the Euclidean
distance, g; = 0 for j > 0 and consequently g = gy = (R? + |¢|?)~(+1)/2,
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Calculate terms a; in the expansion of a at £ =0 for j € [0, k]

By A we denote the parametrix to ) in the interior of X, and its symbol is denoted
by a. It has an asymptotic expansion a ~ Zj a;, and at £ = 0, we write a;j(z, R) :=
a;(x,0,R). As described in [I2, Lemma 2.24] the first term is given by

Rnt1)/2
apo(z,R) = ———

' b)
nlw,

and for j > 0 the terms are determined inductively by
0 j odd,

1 1 . .
—ion RS toitp=j ©Pqp(z, R).VEa;_opo(z, R) j even.
21<j, 2|k+p

ajvo(li, R) =

In the case that X is a domain in R", a; = 0 for j > 0 since ¢ = qo, thus implying in
a similar manner that a = ag.

In the case that M is an n-dimensional submanifold of RY, we use the same parametri-
sation by ¢n11,...,¢N as in the previous step, see [12, Example 2.29].

Calculate the terms q? in the expansion of ¢° near the boundary for j € [0, k—1]
By Q? we denote the localization of @ near the boundary of X, and we denote its symbol
by ¢?, see Subsectionabove or [12, Proposition 5.11]. It has an asymptotic expansion
@~ j qja where qja = ¢, using the coordinates induced by localizing near the boundary.

When X = M is a compact submanifold of RY it is immediate that there are no
contributions from this operator as the boundary is empty.

For smooth domains, we construct q? via a choice of coordinates as in the pseudocode
of Example in Appendix [B] In the presence of a boundary when X C M = R", write
r=(2,2,) €ER" 1 xR (resp. £ = (¢,€,)) and determine Q2 in the following way: fix
a point zy on the boundary where the normal vector is orthogonal to the plane x,, = 0.
Without loss of generality, this point can be xg = 0. Pick a smooth ¢ on the boundary
such that ¢(2') < z, in a neighborhood of xy that belongs to X. Make a change of
coordinates to (2/, z,) — (2', 2, — @(z')). This procedure is described in more detail in
[12] Example 2.15].

In these new coordinates,

ga=H' = L1 Vip(a')
4T HE T A Ve@)T 1+ | Ve()?
and
rk(y) o , ,
CW)(a:, —D¢) = (_1)Iv\ H [ Z —20 ¢(z )D?/ D,

o'l
=1 Lja’|=||-1

+

|/ 1+18"| =l
lo/L.|8"|>0

(@10 o)
o'1p! ¢ '

Factorize QY near the boundary into terms supported in the upper (+) and
lower (—) half planes

The next thing we have to do is factorize Q7 as Q_Q,, where @ is supported in
the upper resp. lower half plane. We denote the symbols of @+ by g+ and they have
an asymptotic expansion gy ~ Y j qi ;» see Theorem ﬂ above or [12], Subsection 5.2].
Start by defining

670 ==nlwahy " (€n — hy) ™,
q?,O :(gn - h—)_#7
and construct qiv ; inductively by

qu'? 1 1 «, 0 a, 0
it D B U L CNY AL Tl PR L
0 0 ktit|al=j

k,l<j
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o ._ 8
Q1,5 = 9+,09+,5-

Here, the terms ho(z) is the leading &,-term in the metric and hy(z, €', R) are the zeros
in the +-plane, that all in all are determined from the equation

R2 + gd(gvg) = h0(§7z - h+)(§n - h—)a

Split the LHS of using a partial fraction decomposition into terms that have
denominators that are powers of (&, — hy) resp. (&, —h_). The former belong to q4 ;
and the latter to q_ ;. We note here that [12] Appendix B] contains general results for
these decompositions.

(5) Calculate the terms wy ; in the expansion of wy near the boundary for j €
[0,k — 1]
By W4 we denote the inverse of Qi, see Proposition above or [12] Subsection 5.2].
We denote its symbol by w+ and it has an asymptotic expansion (see Proposition
W ~ Z;io w4 ; where wy ; is constructed inductively by

1
Wy j = —wi Z aagqgkpgwi’l
ketlt|al=j,1<j
with
n!i}n ho(z)H(&n — by (2, &', R))* - for +,
wi,O(z7£aR) = (q:?:70)71 =
(6n —h_(z,§,R))" for —.

(6) Compute the coefficient of R"1-F
We label this coefficient by ci. It is calculated by

Ck :/ akyo(x,l)dx—i—/ Bz g (z)da’
X X

where
Bd2,k(m/) =
B+ vnl (—1)I8]+1
_ Z ZI ;/'Zﬂ|(+1)| )' azﬁwf’j(l'l,o,o,1)832_1a?+(07ﬂyn)w+,l(x/,070,1)~
k=] B+vn+3+1 W0 T Tn )t

Yn>0
The details of this calculation are in [I2, Subsection 6.2].
When X has no boundary there are no boundary contributions and consequently
cr = [y ar da.
On the other hand, when X is a domain in R", if k& > 0 then ¢, = fé?x Bg2 da’ as
the only contribution from the interior comes from aq.

APPENDIX B. PSEUDOCODE IN SPECIAL EXAMPLES

Ezample B.1 (X € M = R" with boundary).
Input:
e n: dimension of M
o (2,§,R) e R" xR" xR
e k: n+1— k is the degree of term to be determined
e o(2'): parametrise near 0X

Definitions:
[ ] Dt = _Zat
e k() =length(v)
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[ ]
(=1)™(n = 2m)lw,—omwam, for2m—-—n—1<0
Cmm = 7((22)_1;;;?;2:';, for 2m —n —1€2N+1
%meme_n_l, for 2m —n — 1 € 2N
] CLOZW,CL]‘ZOVJI>O
. n
’ W T 202 p(a') o 0 (a1 (@) ot
C?(z,—D¢) = (—1) H Z TDE' De, + Z WD?
=1 ||a/|=]v]-1 [’ [+18 =71,
la’|,18|>0
® gyqy: Riemannian metric near the boundary of X
_ 1n71 V(P(SUI)
P =\ V(@) 1+ |Ve(a)?

o ho:=1+|Vp(a)|?
o hy = —ETEED) | VR € (Vo))

0 0

hoo _E(Te@) V(R (€ (Vo)
o h_:= Ao ) e
o df = (B 4 gua,) P
b Q?—,O = nlwn (§n — h+)7(n+1)/2
o 0= hg "V — b))
e wyo:=1/¢%,
o w_g:= l/qf_”O
Steps to compute cg:
(1) For j € [1,k — 1] calculate q;? by
¢ (2.6, R) = > Cote()n Chay (%> = De) (B2 + gay (&, €))~ D/ 24ek(0 4
el rk(y)<(n+1)/2
- > () Cogy (@, —De)

VeI rk(y)>(n+1)/2
(B2 -+ g1y (6,€)) D720 log (B2 + guay (€, )|

for n odd, and for n even by

(2,6, R) = 3 iy nCi(x, — D) (R? + ghay (€, €)) = HD/2HkG),
YEI;

(2) For j € [1,k — 1] calculate

qja 1 1 a O a0
(22) 5 o § Jag Q+,ka q_ -
9 9 Etltlal=j
kl<j

(3) Using a partial fraction decomposition, partition the terms of into ones including
factors of (&, — hy) and (&, — h_). Call the sum of the former q ; and the latter q ;.

(4) Set ¢2 ; :=q2 o9+

(5) For j € [1,k — 1] calculate wy ; by

1
o
Wi, j = —Wp > 106 45k Daw -
ktltlal=4,1<j
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(6) Calculate Bgz j, by
) 18]1+1
de,k(x/) = Z ﬁg(ﬁ)wafw_,j(x',0,0, 1)8§+(0’1)w+,1(x’,0,0,1).
k=|8]+j+1+1 n
For k = 0 this is 0.
(7) Calculate ¢x by

ck(M,d):/ ahg(:c,l)dx—k/ Bz g (z)da’.
X

X
Ezample B.2 (X = M C RN without boundary).
Input:
e n: dimension of M

e N: dimension of Euclidean space

o (2,6,R) e RN xRN xR

e k: n — k is the degree of term to be determined

o o(x1,...,2,) for I € [n+ 1, N]: parametrize near a point in M
Definitions:

[ ] Dt = —i@t

o Ij:={ye U NE,: || = j+ 2k}

e rk(y) =length(y)

[ ]

(—=1)™(n — 2m)\wp_2mwam, for2m —n—1<0

(_1)17n/2w2m/

Cm,n = W, for2m—n—l€2N—|—1,
é&ﬁW?mWQm n—1, for 2m—-n—1¢€ 2N
[ ]
N
2 01(2)P1(T) aip
=3 X —ap v
l=n+1|a|+|8|=j
|al,|8]>0
[ )
Ghp(z, R)v = > 08 q(x, & R)v|e=o = O qi(w, tv, R)|1=o.
|a|=p
Steps:
(1) For j € [1, k] calculate g; by
@@ &R = Y G (1, —De) (R + goay (§,€))~ /204
YELj,rk(v)<(n+1)/2
- > Cte().n Chy (@ — D)

YEI; rk(v)2(n+1)/2
[(B2 + goay (€, €))7 /200 log (12 + goa, (€, €))]

for n odd, and for n even by

HENND) Z Crk(y),n bdy (€, =Dg)(R? + gnay (&, &)~ TD/2HKO),

~El,
(2) For j € [1, k] calculate a; by
0 j odd,
ajo(e, R) = fn,wn RS voitp=i iPqrp(z, R).VPa;_op o(z,R) j even.

21<j,2|k+p
(3) Calculate ¢ by

ck(M,d):/ ak,0(x,1)dx.
X

31
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APPENDIX C. IMPLEMENTATION OF ALGORITHM FOR 2-DIMENSIONAL EUCLIDEAN DOMAINS

The algorithm from Appendix B was implemented in Python, for the case of Euclidean do-
mains. This was done with the use of the module sympy, a package used in python for symbolic
manipulation, and the resulting code for 2-dimensional domains is available in [I3].

The algorithm computes the coefficient ¢y, for arbitrary k, with two limitations: The dimension
n is fixed, and the computational effort and memory required to compute c¢; increase rapidly
with k£. The main computational effort is the partial fraction decomposition, because of the large
number of terms involved.

We have used the code to compute ¢, up to £ = 4. We do not expect this code to be used
beyond k = 5, because of the rapid increase in memory required for subsequent cg. As an
illustration, the calculation of ¢4 » requires 6 times more memory than ¢+ 1, and g4 3 requires
40 times more memory than ¢4 o. Similarly, for c3 the total number of terms requiring a
partial fraction decomposition is approximately 1000, whereas for ¢4 this number increases to
approximately 110000.
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