LARGE FOURIER COEFFICIENTS OF HALF-INTEGER WEIGHT
MODULAR FORMS

S. GUN, W. KOHNEN AND K. SOUNDARARAJAN

ABSTRACT. This article is concerned with the Fourier coefficients of cusp forms (not nec-
essarily eigenforms) of half-integer weight lying in the plus space. We give a soft proof that
there are infinitely many fundamental discriminants D such that the Fourier coefficients
evaluated at |D| are non-zero. By adapting the resonance method, we also demonstrate
that such Fourier coeflicients must take quite large values.

1. INTRODUCTION

Let k be a positive integer, and let S; 1 denote the space of cusp forms of half-integral

weight & + £ for the group T'g(4) (which consists of the elements of I' = SLy(Z) with lower
left entry divisible by 4). The theory of such forms was developed by Shimura [18], and such
a form g has a Fourier expansion

(1) 9(z) = Y clm)ee

n=1

with z in the upper half plane. We shall restrict attention to forms ¢ in the plus subspace
Sktrl of those forms whose Fourier coefficients c¢(n) are zero unless (—1)*n = 0,1 (mod 4) (see

Kohnen [11]). This paper is concerned with the coefficients ¢(|D|) where D is a fundamental
discriminant with |D| = (—1)*D > 0. In particular, we wish to show that these coefficients
must be non-zero infinitely often, and indeed occasionally get large in terms of |D|. For
the sake of simplicity, we have restricted attention to level 4 and to holomorphic forms of
half-integer weight, and it should be possible to extend these results to general level, or to
non-holomorphic Maass forms. Indeed recently Jadsaari, Lester, and Saha [10] have extended
our methods to higher level, and applied those results to the study of fundamental Fourier
coefficients of Siegel cusp forms.

When g is a Hecke eigenform, Waldspurger’s famous theorem (see [23], and in fully explicit
form [12]) states that the squares |¢(|D|)|? are proportional to the values |D|¥~2 L(f, xp, k),
where f is a normalized Hecke eigenform in the space Sy of cusp forms of weight 2k on
[’ corresponding to ¢g under the Shimura correspondence. Here, L(f, xp,s) denotes the
Hecke L-function of f twisted with the primitive quadratic character yp attached to the
fundamental discriminant D, and s = k is its central point. In this case, the problems of
non-vanishing and producing large values of |¢(|D|)| amount to the well studied problems
of non-vanishing and omega results for central values in this family of L-functions (see, for
example, [6, 8, 15, 16, 21]). More recently, Hulse et al. [7] have studied sign changes in the
coefficients ¢(|D|)’s (when normalized to be all real), and further progress on that problem

is due to Lester and Radziwilt [13].
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Our main interest, however, is in the situation where g is a general cusp form, and not
necessarily a Hecke eigenform. In the case when ¢ is a linear combination of two eigenforms,
the problem of non-vanishing was resolved by Luo and Ramakrishnan [14]. The general case
was resolved in the work of Saha [17] who showed that for any non-zero g in S];: 1 there are

infinitely many fundamental discriminants D with (—1)*D > 0 such that ¢(|D|) is not zero.
In this paper we give two proofs of this result, showing further that |c¢(|D|)| gets large for
many fundamental discriminants D. Our first proof introduces a new Dirichlet series built
out of the coefficients ¢(|D|) and Dirichlet L-functions attached to the character xp. This
proof is qualitative and soft, and makes no use of the Waldspurger formula. The second proof
is based on Waldspurger’s formula and the connection to L-values. It uses the resonance
method, developed in [19], to show that linear combinations of L-values can be made large.
The resonance method proceeds by comparing the average of L-values weighted by a carefully
chosen resonator Dirichlet polynomial with the average of the resonator polynomial itself. If
the ratio of these averages can be made large, then one concludes that the L-values must get
large. The new feature in our work is to show that a resonator that makes the twists of one
L-function large does not correlate with twists of other L-functions, allowing one to obtain
large values of linear combinations of L-functions.

Theorem 1.1. Let g be a non-zero element of S;rl with Fourier expansion as in (1.1).

2

(a) There are infinitely many fundamental discriminants D with (—1)*D > 0 such that
(D)) £0.

(b) Let € > 0 be given, and X be large. There are at least X1=¢ fundamental discriminants
D with X < (=1)*D < 2X such that

k1 1 log |D
1D > Dl exp (5 HE L)

82 loglog | D

If ¢ is an eigenform, then as mentioned earlier |c¢(| D|)|? is proportional to | D[*~2 L(f, xp, k).

The Lindelsf hypothesis then implies that |c(|D|)| < |D|2~1*¢ for any e > 0. Writing a
general g € Slj—',-l as a linear combination of eigenforms, we arrive at the conjecture that
2

(D)) <z |DIF75H (e > 0).

This is an analogue of the Ramanujan-Petersson conjecture in integral weight, and remains
an outstanding open problem. Indeed, conjectures on the maximal size of L-functions (see
[4]) suggest that for fundamental discriminants D, perhaps even the following stronger bound
holds (for some C' > 0):

e(ID))] <, [DI3~% exp (C/log [Dlloglog D] ).

The resonance method [19] produces large values of L-functions in very general settings.
Although this is not one of the examples worked out in [19], the resonance method shows
that for Hecke eigenforms f of integer weight 2k, there are infinitely many fundamental
discriminants D such that L(f, xp, k) > exp(cy/log|D|/loglog |D]) for a positive constant
¢; a somewhat weaker result may be found in [6]. Thus for an eigenform g € S]:r%, one would

get corresponding lower bounds for |¢(|D])|. Theorem 1.1(b) establishes a similar bound for

general g € S]L ,, and the key is to adapt the resonance method to show that one can
2
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produce large values of twists of a particular L-function while keeping the twists of all other
L-functions of Hecke eigenforms of weight 2k small. Work of Bondarenko and Seip [1] gives
an improvement of the resonance method of [19], producing still larger values of |¢(3 + it)|,
and a similar improvement for values of |L(3, x)| has been obtained in [2]. However, this
method exploits positivity (of coefficients, and of orthogonality relations) in crucial ways,
and does not seem to extend to L-functions in other families, such as the family of quadratic
twists of an eigenform. Thus, apart from the constant 8% (which we have made no attempt
to optimize), the lower bounds furnished in Theorem 1.1 (b) are the best currently known,
even in the situation of eigenforms g.

While Theorem 1.1 (b) produces occasional large values of |¢(|D])|, “typical” values of
le(|D])] tend to be much smaller. Central values of L-functions are conjectured to be log-
normal with a suitable mean and variance, which is a conjectured analogue of the classical
work of Selberg on the log-normality of |{(5 + it)|. Radziwill and Soundararajan [16] have
established one sided central limit theorems for central values of quadratic twists of elliptic
curves with positive sign of the functional equation. These arguments carry over to quadratic
twists of eigenforms of larger integer weight, and establish that for all but o(X) fundamental
discriminants D with X < (—=1)*D < 2X one has

|e(|D])| g |D|277 (log D)7,

where € > 0. The connection with L-functions first establishes such a result for eigenforms
g, and then the same conclusion holds for any g € S]:r , by decomposing g in terms of
2

eigenforms.

In our discussion above, we have confined ourselves to ¢(|D|) where D is a fundamental
discriminant. These are the fundamental objects of interest, and the problem of obtaining
large values of ¢(n) for n not arising from fundamental discriminants is of a different flavor
(and comparatively easier). For example, fixing a fundamental discriminant Dy, and varying
m, the Shimura lift implies that for eigenforms g finding large values of ¢(|Do|m?) amounts
to finding large values of the Hecke eigenvalues a(m) of the Shimura lift. For work in this
direction see [5], [3].

Acknowledgments. S.G. would like to acknowledge MTR /2018/000201 and DAE num-
ber theory plan project for partial financial support. K.S. is partially supported through
a grant from the National Science Foundation, and a Simons Investigator Grant from the
Simons Foundation. This work was carried out while K.S. was a senior Fellow at the ETH
Institute for Theoretical Studies, whom he thanks for their warm and generous hospitality.
The authors also thank the referees for their careful reading.

2. NOTATION AND REVIEW

2.1. Half integer weight forms. Throughout let g1, ..., g, denote a basis of Hecke eigen-
forms for Sktrl' Denote the Fourier expansions of g, by
2

g (z) = Z c,(n)e?™?.

n=1
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+
k+37

9= A
v=1

for some constants A, € C. Thus the Fourier coefficients ¢(n) of g are also linear combinations
of the Fourier coefficients ¢, (n):

Let g be a general cusp form in the space S and write

c(n) = Z ey (n).

The Fourier coefficients ¢(n) satisfy the usual Hecke bound
c(n) <, nsti,

while they are expected to satisfy the analogue of the Ramanujan bound namely c¢(n) <,

n2=17¢ (which we discussed earlier in the case when n = (—1)¥D for a fundamental discrim-
inant D).

We associate to g the Hecke L-series
L(g,s) = Zc(n)n’s,
n>1

which by the Hecke bound for ¢(n) converges absolutely when o > £ + 2. Further from [18]
we know that L(g, s) has holomorphic continuation to C and satisfies the functional equation

(2.1) AglWa, k+1—s) = Ag, s).

g z

N

9= gIWa, (gIWa)(2) = (=2i2)™""
is the Fricke involution on S, 1, and
A(g,s) :=7°T(s)L(g,s).

2.2. Dirichlet L-functions. Associated to a fundamental discriminant D is a primitive
Dirichlet character (mod |D|) which we denote by xp. To xp we may associate the Dirichlet
L-function

L(xp,s) = Y xp(n)n"",

which converges absolutely in the half-plane ¢ > 1 and extends analytically to C (except
for a pole at s = 1 in the case D = 1 corresponding to ((s)). Put 6 = 0 if D > 0 (so that
xp(—1)=1)and § =1if D <0 (so that xp(—1) = —1). Then the completed L-function

_ (IDINF s+ 6
Moo= () 7 T(57) 2o.s)
satisfies the functional equation
(2.2) Alxp,1—35) = Alxp,s).

For these classical facts, see for example Iwaniec and Kowalski [9)].
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2.3. The Shimura lift and integer weight Hecke eigenforms. The Shimura correspon-
dence associates to every eigenform g, € S;Jr , a Hecke eigenform f, of weight 2k for the full
2

modular group SLy(Z) (see [11]). We normalize f, to have first coefficient 1, so that it has
a Fourier expansion

f(2) = 3 am)em,
n=1

with a, (1) = 1. The Fourier coefficients a,(n), which are also the eigenvalues of the Hecke
operators, satisfy multiplicative Hecke relations, and satisfy the Deligne bound |a,(n)| <
d(n)n*=2 with d(n) denoting the number of divisors of n. Associated to the Hecke eigenform
fv is the L-function

2k—1 —1

L) = 320 (1 2

S 2s
el » p p

which converges absolutely for ¢ > k + %, extends analytically to C, and satisfies the func-
tional equation

(2.3) A(fu,s) = (2m)°T(s)L(fu, s) = (=1)*A(f, 2k — 5).
The coefficients of g, and its Shimura lift f, are related by means of the identity
cy(n’|D]) = e, (ID]) Y p(d)xp(d)d* " a,(n/d),
dn
where D is a fundamental discriminant with (—1)*D > 0 and n > 1 or equivalently by means

of the Dirichlet series identity

(2.4) L(xp,s —k+1) Y _ e, (|DIn*)n™" = ¢, (|D|)L(f,, 5).
n=1
A deeper relation between the coefficients of g, and the Shimura lift f, is given by the
Waldspurger formula. If D is a fundamental discriminant, the L-series of the D-th quadratic
twist of f, is given by

o0

L(fs, xp,s) = Z a,(n)xp(n)n=.

n=1
It converges absolutely for o > k + %, extends analytically to C, and satisfies the functional
equation
1P|

(25) A(fm XD, S) = ( o )SF(S)L(fW XD; 8) = (_1)kXD(_1)A(fV7 XD; 2k — S)'

Note that if D is a fundamental discriminant with (—1)*D < 0, then the sign of the functional

equation above is —1, and so the central value L(f,, xp, k) equals zero. In the complementary

case (—1)*D > 0 (which dovetails with the definition of the plus space S]:;l), Waldspurger’s
2

formula gives
(2:6) lev(IDD)I* = Cu|DI*"2 L(f, xp. k).
Here C, is a constant, which Kohnen and Zagier [12] obtained in the elegant form
(k — 1)' <gu>g1/>
™ {fu. fo)

(2.7) C, =
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where (g,,¢g,) and (f,, f,) denote the normalized Petersson norms of g, and f,,.
Finally, we record a consequence of Rankin—Selberg theory for the coefficients a,(p).
Namely, as + — oo

(2.8) > % P rogp ~

p<lzx

whereas if 14 # vy then

(2.9) Z % logp = o(x).

p<x
3. NON-VANISHING OF FOURIER COEFFICIENTS

In this section we establish part (a) of Theorem 1.1, and show that if g € S;:r; is not

identically zero, then there are infinitely many fundamental discriminants D Witﬁ |D| =
(—=1)*D > 0 such that ¢(|D|) # 0. Our proof will be based on the following Dirichlet series:

(3.1) Dy(s) =" a(n)

ns ’

n=1
where, a(n) = 0 if (—1)*n = 2,3 mod 4, and when (—1)*n = 0,1 mod 4 we set (writing n
uniquely as n = |D|m? with D a fundamental discriminant as above),
a(n) = c(| D|)u(m)xp(m)m*~".

The Hecke bound |¢(|D])| <, |D|2T4 gives |a(n)| < nsti so that the Dirichlet series D,(s)
converges absolutely in o > g + %, and defines a holomorphic function in that half-plane.
In this half-plane of absolute convergence o > £ + 2 we may rewrite D,(s) as

c(|D)xp(m)p(m) c(1Pl)
(3.2) Z Z | D[sm2s—k+1 - Z |D|*L(xp,2s — k +1)’

(-1)k*D>0m=1 (—1)*D>0

upon recalling that in the half-plane Re(z) > 1 one has

ZM

XD7
Since g = ), A\,g, we have

= Z AVDQU(S)
v=1

Now from (2.4) (taking there 2s in place of s) we have

¢, (1D]) _ 1 icu(|D|m2)
IDI*L(xp,2s =k +1)  L(f,,2s) &= [D[*m?

and summing this over all D with (=1)*D > 0 we conclude that

L(gy, s)

Dgu(s) = L(fm25)'
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Thus
L(gy,s)
. A,
(33) Z L(f,25) 2s

In particular, D,(s) has meromorphic continuation to C and is holomorphic for ¢ > % + }1
(since in that half plane L(f,,2s) has an absolutely convergent Euler product, and is therefore
NON-Zero).

Suppose now that g € S;;l has only finitely many fundamental discriminants D with
2

c(|D]) # 0. We seek to show that g must be identically zero; that is, all the A\, equal zero.
The proof is in two stages: First, we show that Dy(s) must be identically zero (that is,
all the coefficients ¢(|D|) are zero). The key input here is that if only finitely many c(|D])
are non-zero, then from (3.2) D,(s) inherits a functional equation arising from the one for
Dirichlet L-functions. But this turns out to be inconsistent with the functional equation for
D, (s) arising from (3.3) and the functional equations for L(g,, s) and L(f,,2s). In the second
stage, using these functional equations again, we show that Y’ | A,c,(|D])a, (p) must vanish
for all fundamental discriminants D with 4|D and (—1)*D > 0 and all odd primes p. By
invoking Rankin-Selberg relations for a,(p) together with the fact that for each eigenform
g, there exists a fundamental discriminant D with 4|D and ¢, (|D]) # 0 (see [11]), we finally
find that g = 0; a contradiction.

3.1. Showing that D,(s) = 0. From the functional equations (2.1) and (2.3) we see that

L(gl,,S) — (S)L(9V|W47k+%_3)
L(f,.2s) T L(f,. 2k — 2s)
where, upon using the duplication formula for the I'-function,
L _ 1
(s) = (—1)F - 2%ts . phm32s F@s)0(k +5 =) (—1)%’@*%*28—”5 T2

[(s)T'(2k — 2s)

Thus we have the functional equation
gV7 gV|W47 k: + )
3.4 A = A :
(3.4) Z L(f,.25) 25 Z L(f,, 2k — 23)
On the other hand, if only finitely many ¢(|D|) are non-zero, then we may use the functional

equation for L(xp,s) (see (2.2)) in the expression (3.2). Thus, with 6 = 0 if & is even and
0 = 1if k£ is odd,

c(|D])
Dy(s) = Z -
(=1)kD>0 |D|*L(xp,2s — k+1)
S s (D)
F(W) ’D‘k 7_SL<XD,]§7—25>

2 (-1)kED>0
F(zs—k;H(s)

(35) = ﬂ'k_%_z‘;_—s
F(k 22+§)

Dy(k— 1 —s).

2
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We warn the reader that, unlike (3.4) which is a true functional equation, the relation (3.5)
is predicated on the assumption that only finitely many ¢(|D|) are non-zero (which we are
attempting to disprove). Combining this with (3.4) (evaluated at k — 1 — s) we find that

(36) D) = Rls) SN
where
1 D) Lo Dk—s)  T(s+ M)
R(s) =m W’V(k—a—S)—(—) TEE s T+

2

Since k and 0 have the same parity, (k £+ 9)/2 is always an integer, and so R(s) is a rational
function of s, being the ratio of two polynomials of degree (k — 0)/2.

If 0 = Re(s) is large, then using the Hecke bound for Fourier coefficients of cusp forms
we see that L(g,|Wy,s + 1) is given by an absolutely convergent Dirichlet series. Further,
in such a half-plane, using the Euler product, 1/L(f,,2s + 1) is also given by an absolutely
convergent Dirichlet series. Thus, we may view (3.6) as

(3.7) Dy(s) = R(s)Ey(s),

where Dy(s) and E,(s) are both Dirichlet series in s, absolutely convergent in some half
plane.

We are now ready to establish our claim that D,(s) must be identically zero. Suppose
not, and consider the relation (3.7) for large real numbers s. For large real s, we have

Dy(s) = am™ + O((m +1)7°),

is the first non-zero term in the Dirichlet series for D,(s). Similarly
Ey(s) =4+ 0((n+1)7%),

for large real s (with b # 0), and so

s (o) ) = (o ()
ms m+ 1 ns n+1
Since R(s) — (—=1)""%" as s — 0o, clearly we must have m = n (and a = (—1)"2°b). But

then we must have .
R(s) = (1) 40 [ —
()= 0 o () ).

which forces the rational function R(s) to be a constant. Visibly this is a contradiction, and
we conclude that D,(s) is identically zero.

where a # 0 and m™*

3.2. Deducing that g = 0. The first stage of our proof has established that ¢(|D|) = 0 for
all fundamental discriminants D with (=1)*D > 0. It remains now to establish that g is
identically zero, or in other words A, = 0 for all v.

Since Dy(s) is identically zero it follows from (3.6) that

~ . Lg 1
v=1

L(fll; 25 -+ 1)
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for all s. Precisely, we have the relation above for all s not equalling a zero of the rational
function R(s), but there are only finitely many such s, and by analytic continuation the
relation must hold for all s.

Since g, is in the plus subspace we have

2
v - 2k 1)
gv|UaWi <2k—+1> g

where Uy is the operator acting on power series by > -, c(n)q"|Us = >, -, c(4n)q" (see [11]
. 250, and here (2k ") denotes the Jacobi symbol). Since W} is an involution, applying W,
to both sides of the above relation we find that

gl/‘U4 = gV|U4W4W4 = (

9
2k g, |[W,.
2k+1) 90| Wi

Thus, replacing also s + 1 with s, we may rewrite (3.8) as

gl/|U47 ) _
(3.9) Z/\ T, 25 1) = 0.

Now recalling the definition of the U, operator, and the Euler product for L(f,,2s — 1)
we see that for o sufficiently large

Hset = (SO0 55 )

Now let D be a fundamental discriminant with 4|D and with (=1)*D > 0, and let p be an
odd prime. The coefficient of (|D|p?/4)~% in the Dirichlet series above equals

a(|D|p?*) — co(ID]) - pa,(p) = ¢, (I1D])(av(p) — xp(p)P"™") — cu(ID]) - pay(p)
= ¢, (|D])(au(p)(1 = p) — xp(P)P" ),

where we used the Shimura relation in the middle identity above. From (3.9), and since
¢(|D]) = 0 as we have already established, we find

0=> Aa(D)(a@) (1 —p) = xo@P* ") = (1=p) D e D)ay(p).

In other words, we conclude that for all fundamental discriminants D satisfying 4|D and
(—=1)*D > 0, and all odd primes p we have

(3.10) S he(DDay(p) = 0

Recall that our goal is to show that all the A\, must be zero. Suppose not, and (without
loss of generality) that A\; # 0. We know from ([11], p. 260) that for each v we can find
a fundamental discriminant D, with 4|D, and (=1)*D, > 0, and such that c,(|D,|) # 0.
Apply (3.10) taking D = D; there, multiply the relation by ai(p)p'=2*logp, and sum over
all 3 < p < z. Then

0= Z)\VCV(|D1|) Z av(p)a;gl

3<p<

~—

logp ~ Aici(|Dq])z,

S

by the Rankin—Selberg estimates (2.8) and (2.9). This contradiction completes our proof.
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4. LARGE VALUES OF FOURIER COEFFICIENTS

In this section, we begin our proof of part (b) of Theorem 1.1. Using Waldspurger’s
formula, we recast the problem in terms of producing large values of a particular L-function
while keeping other L-values small; see Theorem 4.1 below. We then show how to deduce
Theorem 4.1 from two technical propositions, which will be established in the following
sections.

Let g = ), A\g, be a non-zero element in S++ Assume without loss of generality that

A1 = 1, and that [A\,| < 1forally =2,... ,r. By the triangle inequality and Cauchy-Schwarz,
we obtain

IDD] 2 (DD = 31D = len(1DD)| — v = (Zm (D).

v=2

Applying Waldspurger’s formula (2.6), it follows that

(1) (DD = (CIDF AL i xp, ) = C(IDP3 3 Lif b))

where C is as in (2.7) (with v = 1 there), and C' > 0 is a constant (depending on f,, g,,
but independent of D). Theorem 1.1 may now be deduced from the following result, which
exhibits large values of L(f1, xp, k) while controlling L(f,, xp, k) for v =2,... r.

Theorem 4.1. Let A > 0 be a constant, and let X be large. For any € > 0, there are
> X17¢ fundamental discriminants D with X < (=1)*D < 2X such that

1 d0egX )
40 \/loglog X /-
To establish Theorem 4.1 we shall use the resonance method. Let D be fundamental dis-

criminant with X < (—1)*D < 2X. We consider the following special value of a “resonator”
Dirichlet polynomial at k —

L(fux k) > A L(fur xo: k) + oxp (
v=2

1.
3"

(12) RD) = 3 v 2 o),

n<N

where N = X 21 and r(n) is a multiplicative function defined as follows. Set r(n) = 0 unless
n is square-free, and for primes p define, with L = %\/Iog N loglog N

L e T2 4
(4.3) r(p) = { VPlosr it <p=<L
0 otherwise.

The proof of Theorem 4.1 will be based on the following two propositions.
Proposition 4.2. With notations as above, we have

(4.4) > RO < R+ 0(X),

X<(-1)*D<2Xx
D=1 mod 4
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where
2
(4.5) r= I (1+ o i) ).
L2<p<LA p
Further
log X
(4.6) Y IR(D)° < Xexp (0<—)>
X<(-1)*D<2X loglog X
D=1 mod 4
Proposition 4.3. With notations as above, we have
1 L
(4.7) L(f1,xp, k)|R(D)]* > XRexp ( = +0(1)) —),
2 log L
X<(-1)*D<2X &
D=1 mod 4
while for all2 <v <r
L
(4.8) > LlaxoRIRD)P < XRexp (o =7 ) )-
X<(-1)*D<2Xx &
D=1 mod 4

We postpone the proof of these propositions to the next two sections, showing now how
to deduce Theorem 4.1 from them.

Proof of Theorem 4.1. Let S denote the set of fundamental discriminants D with X <
(=1)*D <2X and D =1 mod 4 with

. 1 log X

L k) > A L(f,,xp,k — ).

(f1,xp, k) ; (fvs XD )+6Xp<40 10glogX>
Note that

: 1 Vdog X
> Lo RRDES Y (A Ll k) +exp (Em))mw)r?

X<(-1)*D<2X X<(-1)*D<2X v=2 5108
D=1 mod 4 D=1 mod 4
(4.9) + > L(f1.xp. k)| R(D).

DeS

Now (4.7) gives a lower bound for the left side above,

1 L
> Liuxo RIRD)P > XRexp (5 +0(1) =)
2 log L
X<(-1)*D<2X
D=1 mod 4

= XRexp <<81ﬁ + 0(1))%),

while (4.8) and (4.4) show that the first sum on the right side of (4.9) is negligible in
comparison. Thus we may conclude that

1 VlegX
4.10 L RIR(D)? > XR — X ),
(4.10) DZE; (f1. xp, B)[R(D)" > eXp<4o loglogX>
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Applications of the Cauchy-Schwarz and Holder inequalities show that the left side above is

(Y wnwrr) (Smor) <oei(s) (S o)

X<(-1)FD<2X X<(-1)*D<2X
D=1 mod 4 D=1 mod 4

< XS]

Here we made use of (4.6) to bound the sum involving |R(D)|%, and used the Perelli-
Pomykata bound [15] (obtained from Heath-Brown’s large sieve for quadratic characters) of
X'*¢ for the second moment of L-values. Theorem 4.1 follows. O

We remark that the second moment of the central L-values should be of size X log X, which
would lead to a better quantification for the number of large values produced in Theorems
1.1 and 4.1. When we initially wrote the paper, this second moment remained barely out of
reach of current technology, with an asymptotic being known assuming GRH (see [21]). The
recent work of Xiannan Li [22] establishes the desired asymptotic for the second moment,
and thus would allow the > X' in Theorem 4.1 to be replaced by X!~C/logloeX for g
suitable constant C' > 0.

5. PROOF OF PROPOSITION 4.2
Lemma 5.1. Let u < X be an odd natural number. If u is a square then

X P 1o 1
3 XD(u):2C(2)H<p+1>+O(X2 ),

X<(-1)FD<2X p|2u
D=1 mod 4

while if u is not a square then

Z Xp(u) < Xateyt,

X<(-1)*D<2X
D=1 mod 4

Proof. Let xo and x_4 denote the principal and non-principal characters mod 4. Note that,
for any non-zero integer D,

L00(D) + x-a(D) Y mla) =
a?|D

1 if D=1 mod 4 is square-free,
0 otherwise.

Thus writing D = a?b with b square-free, we see that

Y w=g Yo Y e®) o) (L)

X<(-1)*D<2Xx a<v2X X/a2<(—1)kb<2X /a2
D=1 mod 4 a odd

If u is not a square, then xo(-)(=) and x_4(-)(3) are both non-principal Dirichlet characters

to the modulus 4u. Therefore, using the Pélya—Vinogradov bound we obtain

Z (xo0(b) + x-4(D)) <a26> < min (ﬁlog(élu), %)

u
X/a?<(—-1)kb<2X/a?
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Here the bound /ulog(4u) comes from Pélya—Vinogradov, and the bound X/a? by estimat-
ing the sum over b trivially. Therefore in this case we obtain

>, xo(w) < ), min <\/510g(4u),§><< > (\/ﬂlog(4u)X)§<< Xiteut,

NG

2
a
X<(-1)*D<2X a<V2X a<V2X
D=1 mod 4 a odd a odd

If u is a square, then x(-)(;) is a principal character (the contribution of the non-principal
character x_4(+)(+) is negligible as above), which contributes

u

Y uw Y 1= Y (572 4 o)

a<V2X X/a?<(—1)kb<2X/a? a<v2X
(a,2u)=1 (b,2u)=1 (a,2u)=1
X p ) 1
= —— —— ) +0(X21).
2((2) H <p +1 ( )
pl2u
This completes the proof of the lemma. 0

We are now ready to prove Proposition 4.2. Expanding out the definition of R(D), we
obtain

> RD)P= > T("l)r(w)al(ni)algi) > xp(mng),

2
X<(-1)kD<2Xx n1,ne<N nq Ny X<(-1)kD<2Xx

D=1 mod 4 D=1 mod 4

N

and we now use Lemma 5.1 to estimate the sum over D. Since r(n) = 0 unless n is odd and
square-free, |r(n)| < 1 always, and |a;(n)|/n*~2 < d(n) < nf, we see that the error terms
arising from Lemma 5.1 contribute
<<X%+€ Z (nlnz)%-i-s <<X%+€N%+E.
n1,n2<N

The main term in Lemma 5.1 arises when nins is a square, and since n; and n, are both
square-free, this means that n; = ny. Thus the main term is

X 2al(n)2 p 2X 2a1(p)2 D 2X
zﬁzmhﬁﬂﬂwﬁfﬁ110ﬂwﬁmﬂﬂ§?“

n<N p|2n L2<p<L4

upon extending the sum over n to all natural numbers, and recalling the definition of the
multiplicative function r. This proves (4.4).

The proof of (4.6) is similar. We expand out R(D)® and use Lemma 5.1. The error terms
that arise are bounded now by

1 1 1 15
< X2+6 E (nl---n6)4+6<<X2+6N2+6.
N1y, <IN
The main term arises from terms with n, - --ng being a square. For such terms note that
aj(ny) - --ai(ng) is always non-negative (since n; are all square-free, a; is a multiplicative
function, and each prime dividing n; - - - ng divides an even number of n;). Thus the main
term is

5T e I (r)

ni,...,ng <N (TL n6) : plni---ne

ni-neg=0
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Extending the sum over n; to infinity, and using multiplicativity, the above is

<x TT (1 (9)rr s+ (§)rm s+ (3) o i)

L2<p<LA

2
<<Xexp<0< Z m»«)(exp(O(%)).

L2<p<LA

This completes the proof of Proposition 4.2.

6. PROOF OF PROPOSITION 4.3

Lemma 6.1. Let u be an odd positive integer, and write u = uyu3 with uy square-free. Let
® denote a smooth function compactly supported in [1/2,5/2], and with 0 < ®(t) < 1 for all
t. Then

> oo (D) = A [ o) it x oo,
e ’ :

where A, is a non-zero constant, and h,, is a multiplicative function with h,(p") = 1+O(1/p)
for prime powers p'.

Proof. This is a variant of Proposition 2 of [16] which treats the case of quadratic twists
of an elliptic curve. Indeed Proposition 2 of [16] is a little more general in allowing the
discriminants D to lie in a given progression modulo the level, and also to restrict D to be
multiples of another parameter v. Only minor modifications to that argument are needed to
handle eigenforms of weight £ instead of elliptic curves. The techniques involved are based
on earlier work in the family of quadratic twists, see [8, 20, 21]. Very briefly, we start with
an “approximate functional equation”

L(fuxon k) =23 20 beomw (i)

for a suitable weight function W (¢), which is approximately 1 for small £ and decays rapidly
as & — o0o. Then the sum we wish to evaluate equals

zia 3 XD@@W(%,)(D(%).
" [)(;11)k£o>d04

The main terms arise from the case when un is a perfect square, and the contribution of
all other terms can be bounded as in [16]. Since u = uju3, the condition un being a square
amounts to writing n = u;m?, and so the main term equals

2
a, (uym?) uym | D]
2 v (Spr)e (%)
Z w2k Z D) X
(-1)kD>0

D=1 mod 4
(D,u1ugm)=1
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Evaluating the sum over D asymptotically, we arrive at a main term
> 4 X ay,(uym?) P
X ( D(t dt) — —— (—)
[ o)A St 11 (2
m=1 plurusm

p>2

Using the Hecke relations, this can be put in the form stated in the lemma, and we note that
the constant A, is closely related to the value of the symmetric square L-function attached to
f, evaluated at the edge of the critical strip; see Proposition 2 of [16] for further details. [

With this lemma in place, we are ready to evaluate

> e bIEO)( L)),

(-1)*D>0
D=1 mod 4

for v =1, ..., r, and ® being a suitable approximation to the indicator function of [1,2].
Expanding out |R(D)[?* and using Lemma 6.1 we see that the above equals

Ay</oo<1>(t)dt)X S (g A0 e G, ))

ni,na<N (nln?)kiE (nan/(n17n2)2>k

(6.1) FO(XF Y rlmr(ny a2y,

_1
n1,na<N (n1n2)k 2

In deriving the above expression, we used that n; and ny are square-free (else r(n1)r(ny) = 0)
so that niny = (nine/(n, ng) )(na, ng) with nins/(n1,nz)? being square-free.

Since |ay(ny)| < d(nl)nll€ < nl " by the Deligne bound, and r(n1) < 1 always, the
error term in (6.1) may be bounded by

< XsHENTH <« X0,

which is acceptable.

We now analyze the main term in (6.1). First we extend the sums over n; and ns to all
natural numbers and analyze this contribution, and then we show that the contribution of
the terms with max(ny,ny) > N is negligible. When the terms over nj, ny are extended to
all natural numbers, the resulting sums are multiplicative in nature, and thus these give

(6.2) Ay(/o dt)X H <1+2r (p)w+T<p)2hy(p2)C;12<k]i)12>.

[2<p<LA P

In thinking of the Euler product above, the first term corresponds to n; and ns both not
divisible by p, the middle term corresponds to exactly one of n; or ny being divisible by p,
and the last term to both n; and ny being divisible by p.

Now it remains to show that the terms with max(ni,ng) > N (which are not present in
(6.1) but included in (6.2)) contribute a negligible amount. These terms may be bounded
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by
() (n |a1(n1)ai(na)] |au(n1”2/(”1>n2)2)|
<<Xmax(7§z)>1v i) (ning)*—3 ulrama) (nina/(n1,n2)?)*
= lai(n1)a(ns)] |au(”1n2/(n1>n2)2)| NN\
<<Xn1m22:1r(nl)r(n2) (nlnz)kff [ (nama)| (ning/(ny,ng)?)* ( N ) ’

for any a > 0. By multiplicativity the above equals

xvee T (v+ 20 oD o, ) )

k
L2<p<L4 p

Since hy (p') = 1+ O(1/p) and |a, (p)| < 2p*"2 this is

« 2,,2a
<<XN_anp< 2. (jlffg)erpztigpp)Q)(lJrO(%)))‘

L2<p<LA

Upon choosing a = 1/(8log L), and using the prime number theorem, the above is

logN  SL 212
+ +
8log L  logL  (logL)?

<<Xexp(— )<<X,

recalling that L = %\/Iog N loglog N.
From our work above we conclude that

> Lo bR D)

ot meda
(6.3)
_ (/0 <I>(t)dt>XL2<1;[<L4 (1+2T(p)hy(p)%+T<p)2hy(p2)212(]£)1 ) +0(x),

Let us compare the product above with the product R. For L? < p < L*, note that (keeping
in mind r(p) = L/(/plogp) < 1/logp is always small, that h,(p') = 1 4+ O(1/p), and that

lau(p)] < 273
(1-+ 20 0) 255 1, ) S0 ) (14 )
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Using the prime number theorem we conclude that the product in (6.3) equals

R exp ( Z <2T(p>a1(%6iy§(p) + O(%)))

L2<p<L p
(6.4) =R exp ( > 27”(1’)&1;2%;@) * O((logL L)3>>'

We are now ready to prove Proposition 4.3. In the case v = 1, take 1 > ®(¢) > 0 to be a
smooth function supported on [1,2] with ®(¢) =1 on [1.1,1.9]. Then

S L MR Y L kRO (D),

X<(-1)FD<2X (-1)*D>0
D=1 mod 4 D=1 mod 4

and from (6.3) and (6.4), we conclude that this is

AlXReXp< Z 2r(p)a1(p)12+0< L >>—|—O(X).

L2SPSL4 p2k7§ (lOg L)3

Applying the Rankin—Selberg estimate (2.8) and partial summation, we obtain

Z 2()214—7_21’ Z

L2<p<LH p L2<p< A

from which (4.7) follows.

Now we turn to the case v > 1, where we take 1 > ®(¢) > 0 to be a smooth function
compactly supported on [1/2,5/2] and with ®(¢) = 1 on [1,2]. Now our work in (6.3) and
(6.4) shows that

> Llfuxo RIRD)P < Y L(foxp k)|R(D)| @(|§’>

(1+ (1)) L
2’flogp 2 ¢ log L’

X<(-1)*D<2X (-1)*D>0
D=1 mod 4 D=1 mod 4
ai (p)ay(p) L
< 2A,,X7€exp< Z 2r(p)— = +O<(10 L)3>> + O(X).
L2§p§L4 p 2 g

Here the Rankin—Selberg estimate (2.9) and partial summation give
ay(plar(p) _ ¢ L
> 2 55 = o(i57)
from which (4.8) follows.
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