WEIGHT VECTORS AND HIGHEST WEIGHT VECTORS IN UNITARY
HIGHEST WEIGHT MODULES

ROGER HOWE, SOO TECK LEE, AND YI WANG

ABSTRACT. The theta correspondence for the dual pair (U,,U,,) (where U, and U,
are 2-fold covers of U, and U, 4 respectively) is used to find nice bases for a collection
of unitary highest weight modules of ﬂ'p,q, and also for the highest weight vectors with
respect to the obvious maximal compact subgroup. The techniques used involve signed Hibi
rings, an extension of the concept of Hibi ring, which has been identified as an underlying
structure in constructing standard monomial theories, and in finding straightening laws
in certain rings. An extension of the Littlewood-Richardson Rule to tensor products of
arbitrary rational representations of GL,(C) is required for finding the desired bases, and
is also provided.

1. INTRODUCTION

Let n, p, ¢ be positive integers, and let
Wapg = (C)" @ (C")*

be the GL,, = GL,(C) module formed by taking the direct sum of ¢ copies of C" and p
copies of its dual, C**. The action of GL, on W, ,, induces an action of GL, on the
algebra P(W,, p4) of polynomial functions on W, , , in the usual way. On the other hand,
P(Wh pq) is also a module for the algebra PD(W,, ) of polynomial coefficient differential
operators on W,, ;, ;. Let PD(Wn’pvq)GL” be the subalgebra of PD(W,, ,, ,) consisting of those
operators which commute with the action of GL,, on P(W),,4). It is well known ([Ho2])
that PD(WWP,CI)GL" is generated by a Lie algebra g’ which is isomorphic to the general
linear Lie algebra gl,,,, = gl,,,(C). Thus, we have a joint action by GL, x g’ on P(W,,p,4)-
Under this joint action, P(W,, ;) decomposes as a direct sum ([Ho2, KV])

PWupa) = P e, (1.0.1)
XEAT (p,q)
where
(i) A (p,q) is a set of non-increasing sequences A = (g, ..., Ap) of integers, of which at
most p are positive and at most g are negative; and
(ii) for each A in A} (p,q), p) is the irreducible rational representation of GL, labeled
in the standard way ([GW]) by A, and 7)), is an (infinite dimensional) irreducible
module for g’.

Although this situation can be understood on a purely algebraic level, and is of interest
in its own right as an extension of results on invariant theory stemming from the work
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of Hermann Weyl [Wy], it is also worthwhile to look at it in the context of the theta
correspondence for dual pairs in the symplectic group Sp,,,(R) (or more properly, its two-
fold cover, the metaplectic group Mp,,,) [Hol, Ho3, A]. In this context, m = 2n(p + q),
and GL,, is the (slightly modified) complexification of a two-fold cover Un of the unitary
group U,,. Its centralizer in Mp,,,, is Up ¢» and gl is the (slightly modified) Lie algebra of

the complex1ﬁcat10n of the Lie algebra of U, ,. Also, GL,, x GLq is the (slightly modified)
complexification of U X Uq, the maximal compact subgroup of Up ¢- (All the modifications
mentioned affect only the centers of these groups or Lie algebras.) The polynomial ring
P (Wi p.q) serves as the space of U, x (U, x U,) - finite vectors in the Fock model [Kn, Fo]
for the Weil (aka, oscillator) representation of Mpy,,.

In this context, the associated representations of U,, and Up ¢ are unitary. The represen-

tations of U,, are of course finite dimensional, while those of U p,q are infinite dimensional.
They are of the special type known as holomorphic, or highest weight representations. It
was shown in [EHW] that, as n varies, the representations of U, , that appear exhaust
the full family of holomorphic unitary representations. For n small, the representations are
also in some sense small, and in particular, do not contribute to the Plancherel formula for
U, ,. However, for n large, the representations that appear are all discrete series, and these
repeat over and over as n increases. For more details about the theta correspondence for
unitary groups, including cases for which neither member of the pair is compact, we refer
to [P1, P2]. There are similar decompositions that describe the action of the other classical
groups, O, or Spy, on the polynomials on several copies of their standard modules, and
there should be results analogous to the ones we establish for GL, in this paper. However,
these present extra technical difficulties, and their study must await another paper.

The purpose of this paper is two-fold:

(1) to describe a basis for each 7 ; and

p‘J’

(2) to describe a basis for the U X U highest weight vectors in 7r1;\7q.

Item (1) refines the description given by Kashiwara and Vergne ([KV]) of the representations
of ﬁp,q realized via the dual pair (U, U 4). (The paper [KV] was written before the concept
of dual pair had been recognized.) Particular interest attaches to the cases when p+q > n,
since these involve singular holomorphic representations. Item (2) gives an extension of the
results of [HTW1] to the more difficult situation when non-polynomial representations are
permitted as factors in a tensor product.

We now briefly describe our approach to (1) and (2). If G is a group and V is a G module,
then V¢ shall denote the subspace of V' consisting of all G-invariants in V, i.e.

={veV:gv=vVgeGqG}

Let U, be the standard maximal unipotent subgroup of GL,,, consisting of upper triangular
matrices with 1 on the diagonal. (Note: U, should not be confused with the unitary group
U,.) Let A,, be the subgroup of GL,, consisting of diagonal matrices in GL,,. We study the
algebra

R =Rupq:=PWnpg)"

)
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of all U,, invariant polynomials in P(W,, 5, 4). It is a module for A,, x g/, and decomposes as

a direct sum
R= D ()" @,
XA (p,g)
where, for each A € A (p,q), the space (p;\L)U" is the space of U, invariant vectors in p;).
By the highest weight theory, for each A\ € A} (p,q), (pf‘L)U" is one-dimensional. Thus any
nonzero vector in (p))Y" will be an eigenvector for A,,. We denote the character in A, by

which A, acts on (pf;)Un by ;. This is the highest weight of p}). As a representation of g/,

we will have

Un )\
(pn) ® 7qu = Tpq

That is, we can realize the representation 7T q Of g’ on the subspace (pf;)U” 7T>‘ of R.

The algebra R is also a module for A4, x A, x Ay, so it is graded by the product A, x
A X A & Z"TPHa of character groups of A,, A, and A,. We will define a semigroup
Wlth the property that €2 is a disjoint union of a certaln collectlon of subsets, each of which
has cardinality equal to the dimension of a certain corresponding homogeneous component
of R. The semigroup {2 is a signed Hibi cone ([Wa]). We will refer to these as sH cones.
An sH cone comes endowed with a canonical set G of generators. For our cone 2, we will
associate bijectively to G a set G of explicit polynomials in R, and we will show that an
appropriate set of monomials in the elements of G forms a basis Bg for R. We summarize
this relationship by saying that R has a standard monomial theory with respect to G. Since
the elements of Br are all highest weight vectors for GL,,, the subset of Br that have weight
¢T>Z‘ with respect to A, will form a basis for the representation W;"q of ¢'.

Next, we note that the group GL, x GL, also acts on the algebra P(W, , ,), and this action
commutes with the action of GL,. This action of GL, x GLg is a very slight modification

of the complexified action of the two-fold cover K of U, x U, mentioned in goal (2) above.
Thus, we have a joint action by GL,, x (GL, x GL4) on P(W, ;). We study the subalgebra

Q = Qn’pg = P(Wn’pg)U”X(UI’XUq)
of all GL,, x (GL, x GL,) highest weight vectors in P(W,, ). Note that
UpxUy
Q= (P(Wn,nq)Un)

that is, Q is the algebra of U, x U, invariants in R. So this is a further refinement of the
understanding of R.

Up xU,
= R"p q7

The algebra Q is also graded by A, x jp X jq, and can be decomposed into homogeneous
components for this grading as
Q= P Qaun

(\GLH)
where in the ordered triple (\, G, H), the component A belongs to A (p,q), and G and
H are Young diagrams with at most p rows and at most ¢ rows respectively. We show
that, for each ordered triple (\, G, H) which appears in the direct sum, the homogeneous
component Q¢ ) of Q can be identified with the set of K highest weight vectors in 7r{,\’q
of a certain specific weight, determined by G and H. On the other hand, by a duality

phenomenon, Q, ¢ ) can also be identified with the set of GL,, highest weight vectors of
weight 1} in the tensor product pf” ® p&, where pf” is the representation dual to pf. It
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follows that the dimension of Q) g m) is equal to the multiplicity cj\;l* a of P in pH" @ pG.
In order to describe c}\{* a» we extend the classical Littlewood-Richardson Rule to give a

formula that describes the multiplicities in the tensor product of any two irreducible rational
representations of GLy,.

Finally, we construct a basis B(\ g i) for Q\ g i) by following a scheme developed in
[HTW1] and [HL1]. We remark that a basis for Q( ¢ gy was given in [HL1] under some
restrictions on p and ¢ (the “stable range” condition).

Here is the plan of the rest of the paper. In Section 2, we establish most of the further
notation we will need in the paper, and also review basic facts about the representation
theory of GL,. Sections 3 and 4 are devoted to constructing the desired bases for R and Q,
respectively. For the readers’ convenience, we have also included a review on signed Hibi
cones in the Appendix.

2. PRELIMINARIES

In this section, we set up some notation and review some basic facts on the representations
of the general linear group GL,,.

2.1. Some notation. As in Section 1, we let A,, be the diagonal torus in GL,, and let U,
be the maximal unipotent subgroup of GL,, consisting of all n x n upper triangular matrices
with 1’s on the diagonal. Then B,, = A,U, is the standard Borel subgroup of GL,. We
know by the standard highest weight theory ([GW]), the irreducible rational representations
of GL,, are in bijective correspondence with the semigroup g;{ of dominant weights for GL,,
with respect to B,. For each A = (Aq,..., \,) € Z", define ¥} : A, — C* by

Y (diag(ar, ..., an)) = a3tay? - --a)" (2.1.1)
where diag(ay, ..., a,) is the diagonal matrix with diagonal entries ay, ..., a,. Then

gjl' ={): AeAf} where Af={A=(\1, ., ) €Z": A > X > >\, )
(2.1.2)
For A = (A\1,...,A\n) € A}, we denote by p}) the irreducible representation of GL, with

highest weight ¢, and denote by (p)\)* the contragredient representation of p). Then we
have (|[GW])

(102)* = Ioﬁ* where )\* = (_)‘m _An—la eeey _)\1) (213)

In our setting, it is more convenient also to use diagram notation. Recall that a Young
diagram is an array of square boxes arranged in left-justified horizontal rows, with each
row no longer than the one above it ([Fu]), and we will denote it by an upper case letter
such as D, E or F. The depth of a Young diagram D, denoted by r(D), is the number of
rows in D. Let A" be the subset of A}l defined by

AT ={ = (A1, ) €AS 2 N, >0} (2.1.4)

Then the set of Young diagrams with depth at most n can be identified with AT as follows:
A Young diagram D with r(D) = m < n is identified with the element (dy,...,d,) of AfT
where for each 1 < ¢ < m, d; is the number of boxes in the ¢th row of D and d; = 0 for
i >m. We call any p) with X in AJ* a polynomial representation of GL,, and we will
denote it also by p?, where D is the diagram corresponding to \.
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For a general element A = (A1, ..., \,,) of A}, we shall associate an ordered pair (D, E) of
Young diagrams with \ defined by

D = (di,....,dy,) and E = (ej,...,ep)
where for each 1 <17 < n,
d; = max(\;,0) and e; = —min(A,41-4,0). (2.1.5)

In this situation, we shall write A = (D, E), ¥ = w,?’E and p) = pg’E. Note that

A = (E, D), so we have

)*N ED

(P Ey* = pl

2. (GL,, GL,,)-duality. Let n and m be positive integers, and let M, = My, (C) denote
the space of all n x m complex matrices. For a matrix u, u' shall denote its transpose. Let
GL, x GL,, act on M,,,;, by

Tnm(g, h)(x) = (g Htzh™t (2.2.1)
where (g, h) € GL,, X GL,;, and € M,,,,. Then under this action, we have
M, = C"™ @ C™,
where C™* is the contragredient representation of the standard representation C"” of GL,,
and similarly for C™*. The action 7, ,, induces the following action (which will again be

denoted by 7, m) of GL,, x GL,, on the algebra P(M,,,) of polynomial functions on My,,:
for (g,h) € GLy, X GLy,, f € P(Mpm) and © € My,

[T (9, W) (@) = f(Tam(g™" R (@) = f(g'zh). (2.2.2)

Theorem 2.2.3. ((GL,,, GL,,)-duality [Ho2, Ho4, GW]) Under the action 7, by GLj X
GLy, P(Mpum) admits the following decomposition as a GL,, x GL,, module:

PMym) =2 P(C™ @ C™) = @ pP @ pP.
r(D)<min(n,m)
In particular, if m = 1, then we have
P(Mu1) = P(C™ @ C*) 2 P(C™) = P oD @ pi” (2.2.4)
d>0

as a GL,, x GL; module. Here, (d) denotes the Young diagram which has only 1 row with
d boxes.

Next, we compose the action 7, with the automorphism g — (g71)* of GL,, to obtain
a new action 7, .. Specifically, for (g,h) € GL;, x GLy, and & € My, let

Thq(9:h)(x) = geh™". (2.2.5)
we have

as a GL;, x GL;, module, and 7}, ,,, induces an action (also denoted by 7, ,,,) by GLy, x GLy,
on P(My,) given by

Then under the action 7;, ,,,,

[7.q(9: W) (N))(x) = f(g™"zh) (2.2.6)
where f € P(Myum), (g,h) € GL,, x GL,;, and & € M,,,,,. By this change of action, Theorem
2.2.3 is converted to the following equivalent result.
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Theorem 2.2.7. Under the action 7,,,, by GLp X GLy,, P(Mp) admits the following
decomposition as a GL,, x GL,, module:

PMnn) =P(C"0C™) ~ P pl ®ph.

r(D)<min(n,m)

In particular, if m = 1, then we have

P(Mn1) 2 P(C" ® C*) 2 P(C") = P pld* @ pi” (2.2.8)
d>0

as a GL, x GL; module.

3. A BASIS FOR R = P(W,,4)U"

We recall the polynomial algebra P(W,, ;) defined in Section 1, and shall define an
action of GL,, x GL, x GL, on it. We restrict this action to GL,, and consider the algebra
R = P(Whpe)Un consisting of all the polynomials in P(W,,,) which are fixed by the
standard unipotent subgroup U, of GL,. The algebra R is a reciprocity algebra in the
sense of [HTW2]. Roughly, this means that R has the following properties: R is a module
for A, x A, x Ag, so it is graded by a subsemigroup of the character group of A, x A, x 4,.
Moreover, each of its homogeneous components with respect to this grading consists of
highest weight vectors for certain Lie algebras, and the dimensions of the homogeneous
components encode two sets of branching rules. Our main goal in this section is to determine
a basis for R. It will be seen in Section 3.7 that each homogeneous component of R is the
Ijarish—Chandra module of a unitary highest weight module of an appropriate double cover
U, , of Uy, 4. So we also obtain a basis for each of these Harish-Chandra modules.

3.1. The polynomial algebra P(W,,;,,). As in the Introduction, we let n, p, ¢ be positive
integers, and let
Wipg=Mpp &My, ={(X,Y): X eM,,Y € M4}

be the direct sum of the n x p complex matrices and the n x ¢ complex matrices. Let the
group GL,, x GL, x GL, act on W, , , by

(g, h1,h2).(X,Y) = (g ")'Xhit, gYhyh), (3.1.1)

where (X,Y) € Wy, 4, g € GLy,, h1 € GL, and hy € GL,. If we restrict this action to GL,,
then

Whpq = (C)P & (C)7. (3.1.2)

That is, as a representation for GL,,, W), ;4 is isomorphic to the direct sum of ¢ copies of
C™ and p copies of its dual, C™*.

The action (3.1.1) induces an action of GL, x GL, x GL, on P(W,, ,,) by the formula
[(g,h1, h2). F1(X,Y) = f(g' X1, g~ Y ha), (3.1.3)

where g € GLy,, h1 € GLp, ho € GLy, X € My, Y € My and f € P(Wy,4). Here we are
interested in the restriction of this action to the subgroup GL,, x A, x A4 of GL,, x GLj, x GL,.
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Lemma 3.1.4. Let Z* denote the set of all nonnegative integers. For (a, ) € (ZT)P x
(Z1)4, let

PWapa)op) = {1 € PWapa) i (s b, ha).f =6 () (ha)f ¥(h1, ha) € Ay x Ay},

where I, is the n X n identity matriz, and ¢y and wg are defined in equation (2.1.1).

(i) The algebra P(Wy,p.q) has a direct sum decomposition
P(me,q) = @ P(Wn,p,q)(aﬁ)- (315)
(a,B)e(ZH)Px(2H)

(ii) For (a,B) € (Z1)? x (Z1)1, P(Whp,q)(a,8) is invariant under the action by GLy,
and as a representation of GLy,

P(Wn,p,q)(a,,@) = Tn(a7 B)

where
. S (8)
To(a, B) = <® pgfv») 2[R (3.1.6)
i=1 j=1

Proof. For each (o, 8) € (ZT)P x ()%, P(Wnpq)(a,p) is the 95 x 1/},’?— isotypic component
of P(Wy,pq) under A, x Ay, and equation (3.1.5) is the decomposition of P(W,,,4) into
isotypic components. This gives (i).

Next, by equation (3.1.2),
Wipe Z2CT@®---0ClraoCle---oCy

as a GL,, module, where for each 1 <1i <p , C'* is a copy of C"*, and for each 1 < j < ¢,
C7 is a copy of C". It follows that

<® 7’(@“)) ® | QP(CH)
i—1 j=1

1

PWapa)

P q
~ ® @ ples) ®p§ai) ® @ p;j) ®p§ﬁj)
i=1 \ ezt J=1 \p;ez+
(by equations (2.2.4) and (2.2.8))

12

p q p
@ <® p%a¢)> ® ®p£z )" 2 (®pg%)> ®
i=1 j=1 i=1

(a,B)€(Z )P x(2)a
a:(alwwap B= 61:~~~76q)

@ Tn(aaﬁ) ®C¢g ®(C7/’§’
(a.B)e(ZT)Px(ZT)1

q

J

12

where for each (a, ) € (Z*)P x (Z*)4, Cye = @i, pgai) and C 5 = [ pgﬁj) are (one-
dimensional) irreducible representations of A4, = GL} and A, = GL{ respectively. From
this decomposition of P(W,, p4), we deduce that

P(anp,Q)(a,B) = Tn(aa 6) & (Cq/;g ® Cd)g

pgﬁj)

1

(3.1.7)
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as a representation for GL, x A, x A,. Part (ii) then follows by restricting the action to
GL,. O

3.2. The algebra R. Recall that
R=Rupqg=PWnpg)

is the algebra of all the polynomial functions in P(W;, , ;) which are fixed by the unipotent
subgroup U, of GL,. Since the torus A, normalizes U,, A, acts on R via the restriction
of the action of GL,, on P(W),, ). Moreover, since the action of GL, x GLq on P(W,, 5 4)
commutes with that of GL,, (and so with U,), R is also stable under GL, x GL,, and so
it becomes a module for A, x GL, x GL;. We shall restrict this action to the product of
toruses A, x A, x A,. We shall describe an algebra grading for R and construct a basis for

R.
Note that when n = 1, U; is the trivial subgroup of GL1, so that
Ripq = P(lep,q)Ul =P(Wipaq)-
This case will be discussed in §3.8. Except in §3.8, we shall assume that n > 2.

3.3. Iterated Pieri rule. Our goal in this subsection is to describe the multiplicity of
an irreducible rational representation p}\ of GL,, in the tensor product T} (a, 3) defined in
equation (3.1.6). We will later see that this multiplicity is equal to the dimension of a
homogeneous component of R.

We first state a version of the Pieri rule that we need.
Definition 3.3.1. (i) EA = (A1,.0s M), o= (1, -, i) € A where AT is defined in
equation (2.1.2), and
P1 = A1 2> g > Ag > > iy 2 A,
then we say that p interlaces A and write A C p.

(Remark: For later purposes (see §3.5), we note that the interlacing condition is
equivalent to thinking of p and A as the values of a function on the rows of the
poset
[ J [ [ ] [ J [
[ J [ [ ] [ J [ ] . . .
where each point dominates all points to its right.)

(i) For A = (A1,..., \n) € A}, |A] shall denote the integer defined by
A= AL Ag o A

Note that, although | | is frequently used to denote absolute value, here |A| may
take on negative values. Also, it is additive in A.

Proposition 3.3.2. (Generalized Pieri Rule for GLy,, [Wa]) Let A € A and o € Z7T.

Then
mepd= P ot oand oo = @
CA

AEu e
[Al+a=]ul [A|—a=|ul

Note that the usual Pieri rule corresponds to the first equation, in the case when A € A ™.
The second equation follows from the first by writing A = (A*)*
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Notation 3.3.3. For o = (a1,...,ap) € (ZT)P, B = (B1,...,04) € (ZT)? and X € A}, let
S(\, a, B) be the set of all sequences p = (u¥)1<ij<prq € (A;7)PT9 such that
(1) M = (a1,0,...,0) and p®P+d =\,
(ii) PO Ccu@c...cu® gyt 3,042 3.3 4040,
(iif) V| + s = |u®)] for 2 < s < p.
(iv) [p@H=D] = g = [u@+)] for 1 < j <q.
We also let
Kiap =#(S(\, o, B)), (3.3.4)
that is, K (5 q,5) is the number of elements in S(A, o, 3).

Proposition 3.3.5. (i) For (o, B) € (ZT)P x (Z77)1,
Tn(CV?ﬁ) = @ K(/\,oa,ﬁ)pz'
AeAT
(i) If a,o/ € (Z*)P, B,8" € (Z*)? and X\, X' € A} are such that K, op # 0 and
K()\/7a/75/) ;é 0, then
K(A+A/7a+a/7ﬁ+ﬁ/) # O-

Proof. Part (i) follows directly from iterating the generalized Pieri rule for GL,,.

For (ii), if we check the four conditions defining S(A, «, 8) in Notation 3.3.3, we can see
that they are compatible with addition, in the sense that, if u = (,u(i))lgingrq €S\ a,pB)
and o' = (1'D)1<icprq € S(N, 0, 3), then

pet = (D + 1N icicprg € SO+ N, a+ o/, B+ 5).
O

3.4. Graded algebra structure of R. In this subsection, we shall describe a graded
algebra structure on R and determine the dimension of each of its homogeneous components
with respect to this grading.

The sets A, (ZT)P and (Z1)? are semigroups with respect to componentwise addition,
so their direct product A} x (ZT)P x (Z*)7 also forms a semigroup. For (A, a, ) € A} x
(ZT)P x (Z7)9, let Ry qa,p) be the subspace of R defined by

Rovas) = {f € Rtf = (b)) (t2)el (ts) f VE = (t1,t2,t3) € Ap x Ay x Ay},

that is, Ry o,p) is the P x Py X ¢g—eigenspace of A, x A, x Ay in R. Note that the nonzero
vectors in Ry o ) are highest weight vectors for GL,, x A) x A, of weight P x vy X @Z)(/f .

Proposition 3.4.1. (i) For each (A, B) € Af x (ZT)P x (ZT)1,
dmR(xa8) = Krap),

where K () q,p) s defined in equation (3.3.4). Consequently, R(xq,p) i a nonzero
subspace of R if and only if Ky o,5) # 0.
(ii) Let A(R) be the subset of A;f x (Z1)P x (ZT)? defined by

A(R) = {(70.8) € Af x (B x (B¢ Kipapn # 0.
Then A(R) is a subsemigroup of A x (Z1)P x (Z*)4.
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(iii) The algebra R is graded by A(R) and it decomposes into homogeneous components
for this grading as

R= B Rpags: (3.4.2)
(M a,B)eEA(R)

Proof. We extract the U, invariants in the direct sum decomposition of P(W,, ;) given in
equation (3.1.7) and obtain

R=PWppq)r = &y Tp(e, B)7" @ Cyg @ C o (3.4.3)
(,B)E(Z+)Px (Z+)a

where T}, (a, 8)U is the space of vectors in T},(c, 8) fixed by Uy, and it is a module for A,,.
So T, (x, B)U» has a direct sum decomposition

Tn(aaﬁ)Un = @ Tn(aaﬁ)gn
AEA;
where for each \ € A},
To(e, B)5" = {v € Tu(, B)7" : tw =y (t)v ¥t € Ay},

Using this and equation (3.4.3), we obtain

R= @ [ @nes)ecyec,
(@B)EZT)Px(Z+)T \NeAf
o~ D T, (e, B){" ® Cyo ®C,p.

(N B)EAT X (ZH)Px (2+)a
From this decomposition, we deduce that for each (\,a, 8) € Af x (ZT)P x (Z1)4,
Rira) = Tala, B)3" © Cyg ® Cp, (3.4.4)
and so
dm Ry a5 = (dim T, (, B){")(dim Cyg ) (dim C ye) = dim Ty (o, 8y

Now we use the fact that the nonzero vectors in 77, (a, /6’)5\]" are the GL,, highest weight

vectors of weight 1* in T),(c, 8), so that by Part (i) of Proposition 3.3.5,
dian(a,ﬁ)g" = dim Homgr,, (0}, Ty (a, B)) = K o8-
This proves (i).
(ii) follows from Part (ii) of Proposition 3.3.5.

As for (iii), for each (A, a, 8) € A(R), R(ra,p) is the P x Py X 1/)5- isotypic component
of R under A,, x A, x Ay, and equation (3.4.2) is the decomposition of R into a direct sum
of isotypic components. Since A4, x A, x A, acts on R by algebra automorphisms, this
decomposition also defines an algebra grading on R. U
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Yy Yy Yy
A A A
T T x
JF —
F5,3 F5,4 F573,4
FiGURE 1

3.5. The signed Hibi cone (2, ;, ,. In the previous subsection, we saw that the dimension
of the homogeneous component R( Aaf) of R is equal to the number of elements in the set
S(\, o, B) of sequences (1)1<j<prq € (A;)PH9 which satisfy conditions (i)-(iv) of Notation
3.3.3. We shall show in Proposition 3.5.5 that each of these sequences (u()1<;<p+q can be
identified with an integer-valued order preserving function on a finite poset I". Moreover, the
collection of all functions on I' that we obtain in this way will be shown to be a semigroup
of the type studied in [Wa]: a signed Hibi cone. The structure of such semigroups is well
understood, and we shall use it to study the structure of the algebra R. A review on some
basic facts about signed Hibi cones is given in the Appendix.

For1<s<pand1<t<n,let

ST () ceo(4) e

Then the set
T = {%‘5) L 1<s<p 1<t< n} (3.5.1)

is a parallelogram of integer points in the plane.

Similarly, for 1 <¢ < qgand 1 < j < n, let
i n—j (0 . 1
P=() () s () e

Ty, = {nj@ L1<i<g 1<j< n} (3.5.2)

—_

and the set

is another parallelogram of integer points in the plane.

We now take the union of these two parallelograms of integer points, i.e., we consider the
set I" of points defined by

[ =Tppq:=05, U0 (3.5.3)

The sets F;3, I's 4 and I'(5 3 4) are illustrated in Figure 1.
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We let Z? be given the usual partial order

<Z>§<§> if and only if a < ¢ and b < d,

and we consider I' as a poset with the induced partial ordering. In particular, we have

(i) 'y(f)l > %Ssﬂ) > %(S) for1<s<p-—1land2<t<mn;

(ii) 773(7) > 77](.”1) > 77](.21 for0<i<g—1land 1< j <n-—1, where ngo) = ’yt(p) for
1<t <n.

An alternative way to visualize the partial ordering in I' is to arrange its elements as in
a Gelfand-Tsetlin pattern, as illustrated below. In this pattern, each element dominates
the two elements immediately to its right, in the rows just above and below it. In other
words, the elements along any diagonal decrease to the right. (This also implies that they
decrease to the right along any row. Thus, any two adjacent rows constitute a poset such
as illustrated in the remark after Definition 3.3.1, and the sequences in these rows are
interlaced.)

2 751) 9 ’Yél) 2 %(11)
T ) 75 : %(l)
L0 3 N2 — 1) o (3.5.4)
™ ) "2 9 " 2
775 ) 775 n
n(q) néfz) 77((1)

Next, we consider the signed Hibi cone (see Appendix or [Wal)
Z'2 .= {f :T — Z| f is order preserving}

and let
Q= Qupy = {f €272 (") 20, fOi) =+ = f(o ) = 0}
Then
Q=QapT)={feZ>: f(4) >0, f(B) <0}.
where

1
A=) B={n")
So Q is also a signed Hibi cone (see Definition A1(v) of the Appendix). Observe that for

f€zZhZ, f € Qif and only if f takes nonnegative values on all the elements of I" which
(k)

are on the diagonal 7, (1 < k < min(n,p)), and 0 on all elements above this diagonal.

Now we want to define certain subsets of {2 based on some boundary conditions. For
fezhz, let

FO) = (O, () for 1<s<p,
FOm) = (fFo\), . @) for  1<t<q.
Then f©)(v), fO(n) € A} for 1 <5 <p, 1<t <gq. We also let

wt(f) = (w1, w2)



UNITARY HIGHEST WEIGHT MODULES 13

where

wi = ([fYDLIP = 1D, P = 12D ),
wy = (IO = 1fP NP = 1D @) F D) = £ D ),

and for v = (v1,...,vn) € AL, |v| = v1 + -+ + vy, as defined in Definition (3.3.1) (ii). For
(N, a,B) € Af x (ZT)P x (Z1)4, we let

Qrap) = 1f € Qupg: fOn) =X, wt(f) = (o, —B)}.

Proposition 3.5.5. (i) The signed Hibi cone Q) can be written as a disjoint union
Q= U Qo f)-
(Na.B)EAT x (ZT)Px (Z+)4
(ii) For (A, o, B) € A x (ZT)P x (Z7)?, the cardinality of Q(x a,p) is given by
#(Q00.8) = Kap)
where Ky o p) s defined in Proposition 3.5.5.

Proof. (i) It is clear that the union is disjoint, so it remains to show that every element of
() is contained in some () 4 3)-
Let f € Q. Since f is order-preserving,

fONEPME..EfPH) IO I DI 3D
so that
O < IFPDN < <1 FPO) 2 V) = 1FP )] = . = [F9 ).

We now let

A= f(Q)(n), a=(a1,...,ap) and = (f1,...,5)

a:{u%n | i=1
' FON] = [fEV(y)| 2<i<p,

3 = { —(IfD ) =P =1
! —(IfD = 1fI D)) 2<j<q
Then wt(f) = (o, =8). So f € Q(ra,8)-
(i) For f € Q3 a,5), define pu(f) = (1@ )1<i<piq by
pl = [ (), pt = fO(m) for1<s<p, 1<t <y,

and we claim that u(f) € S(A «, ), that is, u(f) satisfies Conditions (i)-(iv) given in
Notation 3.3.3. Note that

0> f(u) > i) = - > () > 0,

where

and

SO
FO) = ra$) = = (V) =0,
and
N(l) = (f( 51)),0, ...,0).

So u(f) satisfies condition (i) in Notation 3.3.3. The remaining conditions can be checked
similarly as in Part (i).
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We can now define a map from Q) , gy to the set of sequences in (A;})P*? satisfying

conditions (i)-(iv) of Proposition 3.3.5 by f — u(f). It is easy to check that this map is
bijective. O

Proposition 3.5.5 suggests that the element of 2, , 3) may be used to label the elements
of a basis for Ry o,5)- So the elements of the signed Hibi cone {2 may be used to label the
elements of a basis for the algebra R.

Our next step is to determine the generators of the semigroup {2 using the general results
in the Appendix. Recall that the signed Hibi cone = Q4 p(I') is determined by the

subsets A = {fyT(Ll)} and B = {vél)} of I'. Let P4 be the smallest increasing subset of T’
which contains A, and let N be the smallest decreasing subset of I' which contains B. Let
't =T\P4 and I'” = T'\Ng. We shall regard I'* and I'~ as subposets of I". The following
lemma gives an explicit description of I'™ and I'".

Lemma 3.5.6. We have
It = {'yt(s),n](.i) 1<s<p, 1 <t<min(s,n), 0<i<q, 1 <5< min(p,n)}

and
F’z{nﬁs):lésgq, max(l,n—i—l—s)gtgn},

We omit the proof of Lemma 3.5.6. Instead, we give the example for n = 3, p = 2 and
q = 4 below where the elements of the posets are arranged according to the convention of a
Gelfand-Tsetlin pattern (see equation (3.5.4)). The elements of the posets are represented
by black circles in the following diagrams:

[ ] [ ] [
[} [ ] [ J
[ ] [ ] [ )
T =
[ [ J [ ]
[ ] [ ] [
[ ] [ ] [ ]
[ ] [ ] [ ] 0] o o
[ ] [ ] [ ] o o o
[ ] [ ] (0] _ o] o [ ]
Py = , I~ =
[ ] o o (0] [ ] [ ]
o o o [ ] [ ] °
o o o [ ] [ ] )
o0 ° [ [ ] o o
0] 0 ° ° ° 0
o] (0] [ ] [ ] [ ] 0
Np = , It =
o (0] [ ] [ ] o o]
o 0] [ ] [} [ ] o]



UNITARY HIGHEST WEIGHT MODULES 15
Definition 3.5.7. (a) For a finite set H C Z and an integer s, let

Heg={he H:h<s}.

(b) For I C {1,....,p} and J C {1,...,q} such that TUJ # () and n > #(I) > #(J), let
A= <t<a i <s<pho{nf 1< <d0<i<ql,

where as = #(I<s) and a, = #(I) — #(J<;).
(¢) For L C {1,...,q} such that n > #(L) > 1, let

B(L)={n by <t<nforl<s<q}
where by =n + 1 — #(L<s).

The following lemma states that all the increasing subsets of I'" are of the form A([,.J)
and all the decreasing subsets of I'™ are of the form B(L). We omit its proof because the
arguments are standard. For example, it is similar to the proof of Lemma 5.2 of [KL1].

Lemma 3.5.8. (i) The collection of all increasing subsets of T'"is given by

JH0*,2) = {A(LJ) T € {Lyeep} T C {Lyenahs n = #(01) = (1), #(1) +#(J) = 1},
(ii) The collection of all decreasing subsets of '™ is given by

J*(F_,Z) = {B(L) L C {1a27 "'aQ}a 1< #(L) < n}

Following the general results in the Appendix, we let G = G UG~ where
Gt={xa:AcJ" T, >} and G ={—xp:BecJ.(I",>)},

and define a partial ordering > on G as follows:

(1) For A(Il,Jl),A(IQ,JQ) S J*(F+,Z), XA(Il,Jl) = XA(IQ,JQ) if and only if A(Il,Jl) -
A(Is, J2).
(ii) For B(L1), B(L2) € J«(I'",2>), =XB(L;) = —XB(L.) if and only if B(L1) 2 B(Ls);
(iii) For A(I,J) € J*(I'",>) and By € J.(I'",>), xaqu.s) = —xp) if and only if
A(1,J)N B(L) = 0.

Proposition 3.5.9. The semigroup ) is generated by G. Moreover, each nonzero element
f of Q can be expressed uniquely as

t

[= Z i X A(L;,0;) T Z bi(—=XB(L;))>
=1

Jj=1
where a1, ..., as, by, ..., by are positive integers and
XA(I, 1) =" = XA(I,Js) = “XB(L;) =" = —XB(L1)
18 a chain in G.

Proof. This follows from applying Theorem A3 to €. (Il
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3.6. A basis for R. We shall denote a typical element of W,, ;, , by

11 X122 o Tip Y1 Y12 o Yig
€21 X222 - X2p Y21 Y22 - Y2q

(X,Y) = _ : (3.6.1)
Tnl Tp2 “° Tpp Ynl Yn2 - Yng

so that the algebra P(W), ,,) can be regarded as a polynomial algebra on the variables
{Zais¥Yaj: 1<a<n,1<i<p1<j<q}and we write

PWhpq) =CIX,Y]. (3.6.2)
For1<i<pand1l<j<gq,let

n
Tig = Zxaiyaj-
a=1
Then {ry; : 1 <1i<p,1<j<q} generates the algebra P(Wn,pyq)GL” of GL,, invariants in

P(Wh,pq) ([Hod] ).

Recall that by Proposition 3.5.9, the signed Hibi cone  is generated by G = GT UG,
and the elements of G are in bijective correspondence with J*(I'")UJ,(I'"). We now attach
a polynomial function to each element of J*(I'") U J,.(I'7).

Definition 3.6.3. (a) Formn > b >¢, I = {i1 <iz < - < i} € {l,...,p} and
J:{]l <]2<<j0}g{177Q}7 let

L1,iy T1,io e L1,

v . xd:il xd,h . xd,ib
11,Jc 12,]c 1bsJc

Tivgr Tisgr 7 Tipga

where d = b — c.

(b) For1<k<mand L={l1 <lp <--- <} C{1,...,q}, let

Yh,l, Yh,lp_1 o Yy
Yn+1l, Y41l --- Yo+l
UB(L) = . . .
Yn,ly Yn,lp_1 cee Yn,lq

where h=n —k + 1.

Next, for each nonzero element f of €2, we shall define a polynomial vy and a monomial m
in P(Wy,p,q) as follows:

Definition 3.6.4. Let f be a nonzero element of 2 and let

h k
f= ZGSXA(IS7J5) + th(_XB(Lt))7
s=1 t=1
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be the unique expression of f given in Proposition 3.5.9. Define the polynomial v; and the
monomial my in P(Wp,,4) by

k
bt
vf —H“A (I, Js) H B(Lt)
t=1
and
’Yt)) f (t 1) ,,7(] 1) ]))
= II =4 IR
1<s<n 1<i<n
1<t<p 155<q

We now define an ordering on the monomials in P(Wp, ; 4).

Definition 3.6.5. Let 71 be the graded lexicographic order ([CLO]) with respect to the
following ordering on the variables:

(a) map > xeq iff either () b < dor (ii) b=d and a < c.

(b) Similarly, yup > yeq iff either (i) b < d or (ii) b=d and a > c.

(c) Finally, x4 > yeq for all pairs (a,b) and (c,d) of indices.
That is,

T11 > X21 > - > Tpl > T12 > -+ > Tpp
>Ynl > Ym—1)1 > > Y11 > Yn2 > 00 > Yig-

So the x variables decrease down each column, and all entries in a given column dominate
all entries in columns to the right. For the y variables, the variables increase down each
column, and as with the xs, the variable in a given column dominate the variables in all
columns to the right.

If p is a nonzero polynomial function in P(W),; 4), we shall denote its leading monomial
with respect to 71 by LM, (p).

Lemma 3.6.6. If f is a nonzero element of 2, then
Ll\/[T1 (Uf) =Tmy.
Proof. This is similar to the proof of Theorem 6.3.1 and Theorem 6.3.2 of [Wa]. ([l

Theorem 3.6.7. (i) For (\,a, ) € A(R), the set

Binag ={vr: f € Q0napm}
is a basis for R q.p)-
(ii) The set
Bri= | Buas
(A a,B)EA(R)

s a basis for R.
Proof. Fix (A, o, 8) € A(R). 1Tt is easy to verify that By a8 € R(ra,s)- Moreover, by
Lemma 3.6.6, the polynomials vy in By o) have distinct leading monomials with respect
to the monomial ordering 71. So By 4,) is linearly independent. Since we also have

dimR 0,6 = #(Brap) = K
B(x.a,p) is a basis for Ry o 5). This proves (i).
Part (ii) follows from (i) and equation (3.4.2). O
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Remark 3.6.8. The algebra R has some properties which are similar to the algebras we
have studied in [HKL, KL1, Wa]. We summarize these properties below:

(a) Let
G={v;: feg}
So each element vy of G is either of the form VA(1,7) O vp(r). We define a partial
ordering > on C; as follows: For U, Vp € Q~,

vy, =g, ifand only if f1 = foin G.
Then for each nonzero element f of 2,

Uf = Ufy - Ufs

for some vy, , ..., vy, € G such that vy, = --- 2 vy, In other words, vy is a standard
monomaal on G. In this case, we say that R has a standard monomial theory
with respect to G.

(b) The subalgebra of P(W),,, ) generated by the set of leading monomials
LM, (R) = {LM,, (h) - h € R\{0}}

is called the initial algebra of R. It is easy to check that LM, (R) is a semigroup
with respect to the product of monomials, and it is isomorphic to 2. Hence the
initial algebra of R is isomorphic to the semigroup algebra C[2] on €. Since  is a
signed Hibi cone, we call C[Q?] a signed Hibi ring.

(c) Since the semigroup (2 is finitely generated, by a general result of [CHV], there exists
a flat one-parameter family of complex algebras with general fiber R and special
fiber C[Q].

3.7. Bases for highest weight modules. In this subsection, we shall show that R is a
direct sum of a family of irreducible representations of the complex general linear algebra
gl,44 and we use the results of the preceding sections to obtain a basis for each of these
representations.

Let PD(W,,p,q) be the algebra of all polynomial-coefficient differential operators on W, , ,
([Ho4]). Consider the following differential operators in PD(W,, , 4):

n n
82
= ; ibs A = _ 1< < 71 < b <
Tab ;_1 LiaYib ab ;_1 %20y ( Saxp, 1=x0% Q)

0

. 0 - -
Efj)zzl'sz ] (1§'La] Sp)> Elg) :Zysk%

s=1

(1<k,1<q).

Let g’ be the Lie algebra spanned by the set of differential operators
{ra Byt 1<a<p 1 << qu{BY + 20, 1< j <ppu{ B + 2o, 1<ij <.

Let gl,,, = g[p+q((C) be the complex general linear algebra. For 1 <1i,j < p+ g, let e;; be

the element of gl,, , with 1 at its (i, j)-th entry and 0 elsewhere. Let w : gl,,, — ¢’ be the
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linear map such that

n . .
weiy) = —E) =38 (1<ij<p)
n . .
w(eptip+j) = Ez(Jy) + 55@‘ (1<4,5<q)
w(€iptj) Ajj (1<i<p1<j<q) (3.7.1)
wleptiy) = —rji (1<i<ql1<j<p).
Then w is a Lie algebra isomorphism, and so it defines a representation of gl , on PWhpq)-

The action by gl,,, on P(Wy,p,) commutes with that by GL,. Recall from equation
(1.0.1) that under the joint action by GL,, x gl,,,, P(Wpp4) can be decomposed as

PWhpq) = @ p;\z ® 7T:t);,q
AEAT (p,q)
where
(i) Af(p,q) is the set of all A = (D,E) € A} such that r(D) < p, r(E) < ¢ and
r(D)+r(E) <n; and
(ii) 7'[';)‘7q is an irreducible infinite dimensional representation of gl,, . (In fact, 7r1’,\
highest weight module of gl ,.)

g s a
By extracting the U, invariants in the direct sum decomposition of P(W,, ) given above,
we see that the algebra R is a module for A, x gl,,,, and that it decomposes as a direct
sum

R=PWnpo)"" = P )" @m, (3.7.2)
XEAT (p.q)
For each A € A} (p,q), (py)U" @ m,, is the t)-eigenspace of A, in R. On the other hand,
since dim(p))Y» = 1,
(o) @y, = (3.7.3)
So WI))‘,q can be realized as the 9;\-eigenspace of A,, in R.

Next we let h be the Cartan subalgebra of gl,,, consisting of all diagonal matrices in
gl For (o, B) € (ZT)P x (Z7)4, let ¢o,p - h — C be defined by
P

q
(ﬁa’ﬁ(h) = — ;(OéZ + g)hz + J;(ﬁj + g)hj for h = Zle h;e;; € b, (3.7.4)

and let
(T2 ) () = {v emd,: hv=gas(h)v Vh € r;} .

Theorem 3.7.5. Let A € Af(p,q), and let
A(mpg) = {(a, B) € (Z")P x (Z7)7: K(rap) # 0}
(i) The representation 7r£‘7q of gl,4q is decomposed into weight spaces as
Wzi\,q = @ (W;\,q)aﬁ'
(a.B)EA(Tp o)
(ii) For each (a,p) € A(Tr;,\q), the set By q,p) defined in Theorem 3.6.7 is a basis for

(77‘1))\7(1)0675-
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(iii) The set

By = U B,
(a,8)€(ZT)Px(ZF)2

is a basis for m)

P.a-
Proof. We have
A

(Wg);\,q)ocﬁ = (pf\z)Un ® (Trp,q)()t,ﬁ = R(A,a,ﬁ)' (3'7'6)

The theorem follows from this and Theorem 3.6.7.

0

Remark 3.7.7. It is well known that every irreducible polynomial representation of GL,
has a standard monomial basis ([Kim, Lee]), and it is proved in [KL2| that every irreducible
rational representation of GL,, also has a standard monomial basis. Theorem 3.7.5 can be

viewed as an extension of this result to the representations Wl)j‘,q of gl

We now present two examples.

Example 3.7.8. Let n > 2 and p=¢ =1. Then

T11 Yu
Wit = : : D2,y € CViL g, and rip = 211y11 + - - + TpiYnl.

Tnl Yni

In this case, R has the following decomposition as an A, x gl, module:
U,
_ n 0,...,0,—b
R= P = @ (0 0)" o afeo 00
a7b6220
Moreover, the algebra R is freely generated by 11, r11 and y,1. For a,b € Z™, the set
b
B(a,o,...,o,—b) = {fﬂ{ﬁynﬂ“ﬁ IS Z+} .

((1 07"'707_b)

is a basis for m; ]

Example 3.7.9. Let n =2, p=1 and ¢ = 2. Then

i1 Y11 Y12 . 11 = X11Y11 + T21Y21,
W- = D Xy, Y € CVi,7 7, and
212 {( To1 Y21 Y32 ) 1> Yij ‘7} { T2 = T11Y12 + T21Y22.

The algebra R = 73(1/1/2,1,2)112 has 6 generators, and the partial ordering on these generator

is indicated in the following Hasse diagram:

Y22

\
Y21

/ \
W

\ /

12

Y11 Y12
Y21 Y22

11
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Moreover, R has the following decomposition as an Az x gls module:

R=3 @ (i) "onls el @ () eni?

a,b>0 b>a>0
For a,b € ZT,
Blarty = {ahivsivtartirly s e de f € ZF e+ d = b}
is a basis for 71'5{7127_17), and
a
Bl = Sy, | I 12| e S cede,fEZT, c+d=b—a
(—a,~b) {921?/22 oy | 1712 f

. . —a,—b
is a basis for 7r§ . ),

3.8. The case n = 1. In this subsection, we assume that n =1, p,qg > 1. Then
Wipg={(zu1 - xp yu - yiq )}, andry=auyy; 1<i<p1<j<q).
Since U is the trivial group,
R =P(Wipg)" =P(Wipg) = Clo11,es T1ps Y11, s Yig)-
Thus R is freely generated by x11, ..., Z1p, 11, ..., Y14- Moreover,

R =" @)
a€l

For a = (a1, ...,ap) € (ZT)?P and 8 = (Bl,...,ﬁq) € (Z)1,

oy = g BFOREE ylﬁl1 xlq € 771()“3 if and only if a = |a| —|f].

So for each a € Z, the set

By = (2%’ : a € (Z*)P, B e (ZY)1, |a| - 8] = a}.
(a)

is a basis for mpq.

4. A BASIS FOR Q = P(W,,  4)Un*UrxVa

4.1. The algebra Q. Recall that the group GL, x GL, x GL, acts on the polynomial
algebra P(W, p ) by algebra automorphisms via formula (3.1.1), and we construct a basis
for the algebra R = P(W,, .4)Y" of U, invariants in P(W,, ) in Section 3. In this section,
we consider the algebra

Q= Qupgi=P(Wnpg) Vs = (P(Wy,.0)")

That is, Q is the algebra of U, x U, x Uy invariants in P(W,,,4), and also the algebra of
Up x Uy invariants in R. So 1nformat10n on the structure of Q provides a further refinement
of the understanding of R. The algebra Q is a module for A, x A, x A,. Like the algebra
R, Q is also a reciprocity algebra in the sense of [HTW2]. Our main goal in this section
is to construct a basis for Q. Using this basis, we also obtain a basis for the highest weight
vectors in 7, (defined in Section 3.7) with respect to the maximal compact subgroup of

p.q
UPv‘I'

UpxUq _ RUpXUq
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4.2. The Littlewood-Richardson rule. We shall describe an algebra grading for Q by
a semigroup A(Q) defined in §4.3. In order to describe A(Q), we need an extension of the
Littlewood-Richardson rule. This subsection is devoted to establishing this result.

Let us first review the Littlewood-Richardson rule which describes the multiplicities in the
tensor product of two irreducible polynomial representations of GL,,. Let D = (u1, ..., ttn)
and F' = (A1,...,A\y) be Young diagrams such that D sits inside F', that is, u; < \; for
1 <i < n. By removing all boxes belonging to D, we obtain the skew diagram F/D. If
we put a positive number in each box of F//D, then it becomes a skew tableau and we say
that the shape of this skew tableau is F//D. If the entries of this skew tableau are taken
from {1,2,...,m}, and p; of them are j for 1 < j < m, then we say the content of this skew
tableau is E = (pu1, ..., itm). If T is a skew tableau, then the word of T' is the sequence w(T)
of positive integers obtained by reading the entries of T' from top to bottom, and right to
left in each row. For example,

111]2

2|3
1134

[1]2
is a skew tableau of shape F/D and content F where D = (3,2,1), F' = (6,4,4,2) and
E = (4,3,2,1), and its word is given by

w(T) = (2,1,1,3,2,4,3,1,2,1).

T:

Definition 4.2.1. A Littlewood-Richardson (LR) tableau is a skew tableau 7" with the
following properties:
(i) It is semistandard, that is, the numbers in each row of T weakly increase from left-
to-right, and the numbers in each column of 7" strictly increase from top-to-bottom.
(ii) It satisfies the Yamanouchi word condition, that is, for each positive integer j,
starting from the first entry of w(7T') to any place in w(T), there are at least as
many js as (j + 1)s.

Notation 4.2.2. (a) For Young diagrams D, E and F, we denote the set of all LR
tableaux of shape F'/D and content E by LRTab(F, D, E).
(b) For A\, u,v € A, let cl/)’y denote the multiplicity of p;) in the tensor product p} ® pZ,
that is,
¢,y = dim Homar,, (03, ol © ply).

Theorem 4.2.3. (The Littlewood-Richardson (LR) rule) ([Fu, HL2)) If D,E and F
are Young diagrams with at most n rows, then the multiplicity cgE of pE' in the tensor

product p? @ pZ is equal the number of LR tableaux of shape F/D and content E, that is,
c¢p.p = #(LRTab(F, D, E)).

To describe our algebra Q, we need to extend the LR Rule to not-necessarily polynomial
representations. In some sense, this is a simple process, since it only requires twisting
representations by powers of the determinant character. However, we also want to adapt
the resulting description to the context of signed Hibi cones. An important ingredient in
doing this is the description of LR tableaux in terms of Littlewood-Richardson triangles,
as given in [PV].
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Definition 4.2.4. A Littlewood-Richardson (LR) triangle ([PV]) of size n is a trian-
gular array of real numbers

apo
aop1 aii

ap2 a2 a2
A = [aijlo<i<j<n = ao3 a13 ass ass

aon an Gnn
which satisfies the following conditions:

(P) apo =0 and a;; >0 forall 1 <i<j<n.

(CS) Soihap =Y gapjyr forall 1<i<j+1<n.
(LR) g:i Aiq > Zéib_l aip1,4 forall 1 <i <j<n.

Remark 4.2.5. Note that, although all the entries below the top diagonal on either side
of the triangle are stipulated to be non-negative in condition (P), these top entries could
possibly be negative. In the standard LR rule for polynomial representations, they will be
non-negative, but for the general case, they may take negative values.

If we identify each LR triangle A = [a;;j]o<i<j<n With the point

(a017 aii, ap2, @12, a22, ..., ann)

of RY where N = n(n + 3)/2, then the three conditions defining LR triangles translate to
linear inequalities on RY, so the LR triangles with integer entries constitute the integer
points in a rational polyhedral cone in RY | which we will call the Littlewood-Richardson
(LR) cone. It is a lattice cone in the sense of [Ho5]. In particular, it is a semigroup
with respect to vector addition.

Notation 4.2.6. We shall denote the semigroup of all LR triangles of size n with integer
entries by LR,,.

Definition 4.2.7. If A = [a;;]o<i<j<n € LRy, define p = (g1, ..., tn), v = (v1, ..., vp) and
A= (A, \) by

7 n
A=y, py=ao, vi=Y ajg l<j<n (4.2.8)
p=0 q=Jj

Then A, u,v € A}, and we say A is of type (A, i, ). The set of all LR triangles in LR,, of
type (A, u,v) will be denoted by LR, (A, p,v)

Remark 4.2.9. Note that in Definition 4.2.7, u can be read off from the entries of the
top left diagonal of the LR triangle (except ag), v is given by the sums along the leftward
descending diagonals, and A is given by the sums along the rows.

Lemma 4.2.10. ([PV])(LR triangle associated with LR tableau) Let D, E and F be
Young diagrams with at most n rows.
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(i) Let T be an LR tableau of shape F/D and content E and let Ap = [a;jlo<i<j<n be
defined as follows:
(a) apo =0, apj = pj for 1 < j <n where D = (p1, ..., ), and
(b) ai; is equal to the number of i’s in row j of T for 1 <i < j < mn.
Then Ar is a LR triangle of size n and of type (F, D, E).

(ii) The map LRTab(F, D, E) — LR, (F, D, E) given by
T — Ar (4.2.11)

s a bijection. Consequently we have

# (LR (F,D,E)) = cp p. (4.2.12)

Theorem 4.2.13. (The Generalized Littlewood-Richardson Rule) If A\, u,v € A,

then the multiplicity Cﬁw of p) in the tensor product ph ® pY is equal to the number of

elements in LR, (\, pu,v), that is,
Cﬁ,u = # (ERTL()V K, V)) :

We will prove this theorem after establishing Lemma 4.2.14. It will be seen that the
generalized LR rule follows from the standard LR rule, by means of twisting with powers
of the determinant character, and that the formulation in terms of LR triangles makes the
rule compatible with such twisting.

Lemma 4.2.14. Let \, u,v € A}.
(i) Let A = [aijlo<i<j<n € LRn(A, 1, v) and p,q € Z, and define the triangular arrays

i)E\I?L,u(A) = B = [bijlo<i<j<n and \I/E\‘fLW(A) = C = [eij)o<icj<n by

boo = coo = 0,

bij—{a0j+p 1=20 Cij_{(ljj+q =17 (0<i<j<n, j#0).

Then @E\%L’V(A) € LRy (A+ply, p+ply,v) and \Ilg\q’L’V(A) € LRy (A+qly,, p,v+qly),
where
—
1, =(1,1,...,1). (4.2.15)

(ii) For p,q € Z, the maps

q)g\[:L,V LRy (AN pyv) = LRy(A+ plp, u+ ply,v)

and
LRy (N, v) = LRy(A+ qlp, v + qly)

are bijections.
(iii) Forp,q € Z,
#((LRy(A+ (p+ @)1n, p + Pl v +qly)) = # (LRa(X, g, V) -
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Proof. Note that the change from A to B amounts to adding a fixed number p to all the
top left diagonal entries (except for agy, which always remains 0). This will also add p
to each of the row sums, and it is easily checked to preserve the three conditions defining
LR triangles. Similarly, adding ¢ to each of the top right diagonal entries below agg will
preserve the three conditions and will add ¢ to each row sum. This establishes statements
(i) and (ii). Statement (iii) results from the combination of statements (i) and (ii). O

Proof of the generalized LR rule: For any integer m, we shall write the irreducible repre-
sentation p™1n as det™ as it corresponds to the character g — (det g)™ of GL,.

Choose nonnegative integers p and ¢ such that M = p+pl, and N = v+ ¢ql,, are Young
diagrams. Then

¢, = dimHomer, (0}, ol © p}y)
= dim Homar,, (o, (o5 © det ,?) @ (pp @ det ;7))
= dimHomgr, (o, det ,* 7 ® (pp" @ p}))
dim Homgr,, (det 277 @ p, pM @ p)
= dimHomar, (o}, o’ ® p})

F
= CMN
where F' = XA+ (p + q)1,. Note that, since M and N are Young diagrams, in order for

c?\‘;r](\z,ﬂr@l” to be non-zero, A 4+ (p + ¢)1 must also define a Young diagram, by the standard

LR rule. Tt follows from this, equation (4.2.12) and Part (iii) of Lemma 4.2.14 that
¢, = #(LRu(F,M,N))
= # ((ERH(Av s V)) -0

4.3. The graded algebra structure of Q. In this subsection, we shall define an algebra
grading for @ and describe its homogeneous components.
Let
A;Jr(n) = {)\ = ()\17 R )‘p) € A; : )‘min(n,p) > 0= Amin(n,p)Jrl}
and
A;rJr(n) = {)\ = ()\1, ceey )\q) S A;r : )‘min(n,q) >0= )‘min(n,q)Jrl}‘

Both A *(n) and A" (n) are semigroups with respect to componentwise addition and they
can be identified with the sets of all Young diagrams with at most min(n,p) rows and
min(n, g) rows, respectively. So the direct product A x A¥*(n) x AF*(n) also forms a
semigroup. For each (A, G, H) € A} x AT (n) x Af*(n), let Q) g,m be the subspace of Q
defined by

Qi ={f € Qit.f =Un(t1)vS (t2)vl (t3)f Yt = (t1,t2,3) € An x Ap x A}, (4.3.1)

that is, Q(x ¢, m) is the D) x ¢pG X wf—eigenspace of A, x Apx Ay in Q. Note that the nonzero
vectors in Q) ¢, z) are highest weight vectors for GL,, X GL; x GL, of weight P x @/JPG X wé{.
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Proposition 4.3.2. (i) For each (N\,G,H) € Af x AST(n) x Af*(n),

: A
dim Q)\,G,H = CH*,Ga

where C%I*jc is defined in Notation 4.2.2 (b). Consequently, Q) q m is a nonzero
subspace of Q if and only if cf‘q*@ # 0.
(ii) Let A(Q) be the subset of A} x AfT(n) x AfT(n) defined by

AQ) ={(\G, H) € A} x AfT(n) x AJT(n): ey g # 0} (4.3.3)

Then A(Q) is a subsemigroup of At x AfT(n) x Af*(n).
(iii) The algebra Q is graded by A(Q), and can be decomposed into homogeneous compo-
nents for this grading as

Q= @ O\G.H- (4.3.4)

(A\G,H)eA(Q)

Proof. Let GL,, x GLj, act on P(M,,) by 7y, as defined in formula (2.2.2), and let GL,, x GL,,
act on P(My,) by 7, , as defined in formula (2.2.6). Then the direct product of groups

(GLn X GLn) X GLp X GLq = (GLn X GLp) X (GLn X GLq)
acts on
P(Whpq) = P(Mpp @ Mpy) = P(Mpp) @ P(Myg). (4.3.5)

by Tnp ® 7, ,- The restriction of 7, , ® 7, , to GLy, x GL; x GL, coincides with the action
(3.1.1), where GL,, is identified with the diagonal subgroup A(GL,) = {(9,9) : g € GL,,}
of GL,, x GLj. So by Theorem 2.2.3 and Theorem 2.2.7, the algebra P(W),, ;) admits the
following decomposition as a GL,, x GL, x GL,; module

PWhpq) = P(Mpp) @ P(Mpg)

= [ @ HLel|e| B Ao
GeAfT(n) HeAF T (n)
o~ P (pfj ® p5*> ® p5 @ pll. (4.3.6)

(G H)eAFF (n)xAf ™ (n)
Then by extracting the U, x U, x Ug-invariants from P(W,,, 4), we obtain

Q = P(Wiyp,g) V<V = D (05 @ )" @ (05) 7 @ (o). (4.3.7)
(G H)eATH (n)xAf ™ (n)

For each (G, H) € AfT(n) x Af*(n), the space (p§ ® pf*)U" of vectors in pG ® pH* fixed
by U, is a module for A,, and so it can be decomposed as

(5 @) = @B (o5 @ pll)y"
AEA;

where for each \ € Ax ,

(oS @ p*) T = {v € (0% @ pl*)""  tw = () Vit € An} .
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Using this and equation (4.3.7), we obtain

Q = P(Wppq) ¥Vt = % (o @ otl)3" @ () @ (o)
NG H)EAS XAF T (n)x AT (n)
(4.3.8)
We deduce from this decomposition that for each (X, G, H) € A x AT (n) x Af*(n),

O\g.H = (Ps ® pf*)f" ® (PE)UP ® (ptlz{)Uq ,

and so

. . Un . U, . U
dmQygny = <d1m (5 @ Pk ) (dlm (p5) p) (dlm (pi) q)
. Un

= dim (p ® pi*),
Un

A
by the unipotent group U, so they are the GL, highest weight vectors of weight 9, in the

tensor product p& @ pil* = pH* @ p@. Therefore,

n

Note that the nonzero vectors in (pg ® pH *) are GL,, weight vectors of weight 9, fixed

dim Qi = dim Homgr, (py, 1" © o) = ¢y -

This proves (i).

For(ii), we let (A\,G, H),(N,G',H") € A(Q), i.e. C?{*,G # 0 and cf‘;q,)*’c, # 0. Then there
exist A € LR,(\, H*,G) and A" € LR, (N, (H")*,G"). By equation (4.2.8), we have

A+ A€ LRAN+ N, (H + HY, G+ @),
£0. Hence, (A, G, H)+(N,G',H') = A+ N,G+G', H+H') € A(Q).

AN
and so CCHAHY* GG

As for (iii), for each (A, G, H) € A(Q), Q¢ is the 1) x wg X 1/15— isotypic component
of Q under A, x A, x Ay, and equation (4.3.4) is the decomposition of R into a direct sum
of isotypic components. Since A, x A, x A, acts on Q by algebra automorphisms, this

decomposition also defines an algebra grading on Q.
0

4.4. The highest weight vector A) ¢ . Our main goal is to find a basis for the algebra
Q. Since Q is graded by A(Q), it suffices to construct a basis for each of its homogeneous
components with respect to this grading. In this and the next subsection, we fix (A, G, H) €
A(Q) and shall construct a basis for Qx ¢ 5.

Recall that we denote a typical element of W, ,, by (X,Y’) (see equation (3.6.1)) and
write P(Wh,pq) = C[X,Y] (see equation (3.6.2)). Let 8 = (Bij)i<i<ri<j<k+¢ be a system
of indeterminates where r, k and ¢ are defined in Lemma 4.4.1 below, and let C[3] be the
polynomial algebra on the variables 3;;. Then we form the tensor product

ClX,Y,p] = CIX,Y]® C[f],
and extend the action of GL,, x GL, x GL; on P(W,,,4) to C[X,Y, 5] by letting GL,, x
GL, x GL, act trivially on C[f]. In this subsection, we shall define a GL,, x GL, x GL,
highest weight vector Ay ¢ g in C[X, Y, 8] of weight ¥;} x pr X wf . In the next subsection,
we shall use Ay ¢ m to obtain a basis for Q) g #.
The highest weight vector Ay g i will be the determinant of a matrix Z = Z, ¢ g and

Lemma 4.4.1 below lays the groundwork for the construction of this matrix. Recall that the
conjugate diagram of a Young diagram L is the Young diagram L' obtained by flipping L
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over its main diagonal from upper left to lower right ([Fu]). For example, if L = (6,4,4,2),
then L' = (4,4,3,3,1,1). Note that the row lengths of L! are the column lengths of L, and
the length of the first row of L is equal to the depth of L.

Lemma 4.4.1. Let D and E be the Young diagrams such that A = (D, E) (see equation
(2.1.5) ), and suppose that
A= (A1, M), D=(d1,....dn), E = (e1,...,en), D'=(d},....d)), E"=(e},..,e})
(4.4.2)
where D' and E' have depths ¢ and t respectively. (So the entries A1, \a,... of X will be
di,do, ... up to a certain point, followed by possibly some zeros, and after which they will be
the negative of the ey, eq, ..., in the opposite order. In addition, £ = d; andt =e;.)
We also let
H = (hy,....h,), H'=(h},....h), G'=(g,. q.) (4.4.3)
where H' and G* have depths k and r respectively. (So k= hy.)
(i) Recall from equation (2.1.3) that

H* = (—hp, —hp_1, ..., —h1).

Let
H=H"+m1, = (h1 — hn,h1 — hpp_1, ..., h1 — h2,0), (4.4.4)
and
F=X+hl,=(A+hi,\a+hi,...; Ay + h1). (4.4.5)
Then H and F are Young diagrams, i.e. fI,F e AT,
(ii) The representation p% occurs in the tensor product p,{{ ® pg with multiplicity
ch = c;‘{*g.
(iii) ej < hj for1 <j<m,ie ECH.

<
EYy=t<r(H')=kand F'=(n—¢j,n—¢€)_,,...,n—¢),d},db,...d)).
t=(n—nhj,n—"h)_q,..,n—h).

(iv)
(v)

Proof. (i) and (ii): H is clearly a Young diagram. Note that

o =

h H* v h H* ~ H h A F

detnl ® (pn ®p5) = (detn1 ®pn ) ®pg = Pn ®pg and detnl ® Pn = Pp -
Since p)) occurs in the tensor product pf” ® pG with multiplicity cj\q*g, by tensoring both p;}
and pfI” ®p% with detZl, we see that pf occurs in pH @ p& with the same multiplicity. In par-
ticular, since pg is a constituent of the tensor product of two irreducible polynomial repre-

sentations, it is also an irreducible polynomial representation by the Littlewood-Richardson
rule. So F'is a Young diagram.

(iii) Since p% occurs in pf ® p&, each row of H is at most as long as the corresponding row
of F'. Thus for each 1 <i < n,

hi —hps1i—i <Xi+hi=di —epp1—i + M1
which gives
ent1—i < di +hpp1-i.
If e 41-; = 0, then clearly ept1-; < hpti1—i. If epp1-; > 0, then since r(D) 4+ r(E) < n, we

have d; = 0, and s0 e;+1—; < Apt1-i.
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(iv) First note that r(E?) =t = e¢; and r(H?) = k = hy. By (iii), t < k. If t < k, then we
set e; = 0 for t < j < k. So we can write
E' = (€},....e}).
Now A = (D, E), so
¢
F = Aml,=D+E +kl,=)» 14 +(Zleg)*+k1n

i—1 j=1
y4 k 4 k 4 k
= D Ly +) (L) +kl=> Ty +) {(1g) +1}=> 1o+ Lo
=1 7j=1 =1 7j=1 =1 7j=1

From this we see that the row lengths of F" are d} for 1 <i < ¢ and n—e} for1 < j <k, and

we need to arrange them in decreasing order. Since dj +¢} =r(D)+r(E) <n,d| <n—ej.
Hence

n—ey>n—cp > ->n—€ey>dy>dy>-->d.

(v) We can write

k k k
H=H"+Mml,=Y (1) +kln=> {1p) + 1} =D 1, 5.
=1 =1

i=1

Hence H! = (n—hj,n—h,_q,...,n—h)).

We now define the matrix Z) g g. For 1 <a<n,1<b<p,1<c<q, let

i1 Ti2 - T Yn1 Yn2 T Yne
T21 T22 - T2 Yn—1)1 Yn-12 Yin—1)c
Xab - 3 Yac = )

Lal La2 - ZLab Yn+1—a)l Ynm+1-a)2 “°° Yn+l-a)c

i1 712 Tle

21 722 T2¢

Rbc = . )
Tvr Te2 - Tbc

Let Z) c.u(X,Y, ) be the following matrix

BuRg i o Br-2 By, Bi—1) Ry ny  BeRyyny | Bty Xag,g)" 0 Brierey(Xay g1)°
BaRgy i Bage—2 Ry, Bog—1) Ry ny  BaeRgy ny | Baert)(Xag o)t 0 Baghrey(Xay gy)°
BriBg pt o Brie—2)Bgrny Brie—1) By ny  Brellg nt ﬁr(kﬂ)(xd/l,g;)t 5r(k+£)(Xd2,g;)t

0 o 0 0 Vet nt 0 - 0

0 . 0 Yoy n 0 0 - 0

0 . Yor 0 0 0 . 0

0 0 0 0 0
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Here, each 0 represents the zero matrix of appropriate size. More precisely, the matrix
Zxa,u(X,Y,p) is partitioned into (r +t) x (k + ¢) submatrices as

Zn Ziz o Zikyo
Z2 Zyy o Dakyn
Zneu(X,Y,B) = : : : ;
Ziryor Zat2 0 Lty (ko)

where . »
BijBgp ,  1<i<r1<j<k

BijXhy 4 1<i<rk+1<j<k+(
j—kJi
Y/ R 7’+1§’L'§7’+t,j:k+7“+1_7;

17"7,7‘

Zij =
0 otherwise.

Terminology. For each 1 <4 < r + ¢, we call the submatrix
(Zin Zio - Zigero )
of Zxq.u(X,Y, ) the i-th super row of Z) ¢ y(X,Y, B).
Note that by Part (iv) of Lemma 4.4.1, t = r(E') = e; < hy =r(H!) = k. Sok+1—-t>1
and Z14y(k+1-1) = Ye; n; appears as a block in the lowest super row of Zyau(X,Y,pB).
Hence Zy ¢ u(X,Y, B) does not have any zero row.

Lemma 4.4.6. 7, ¢ u(X,Y, 3) is a square matriz.

Proof. Note that for a Young diagram L, we have |L| = |L!| since L and L' have the same
number of boxes. So the number of rows in Z) ¢ g (X,Y, ) is |G'| + |E'| = |G| + |E| and
the number of columns is |H|+ |D?| = |H|+|D|. By Part (ii) of Lemma 4.4.1, pf occurs in
pH @ pC. So |F| = |G| +|H|. Now |F| = |A+ h11,| = |D| — |E|+ nhy and |H| = nhy — |H]|.
So
|D’ — ’E’ +nh; = ’G| +nh; — ’H|
which gives
|H|+|D| = |G|+ |E|. O

We now let A(X,Y,3) be the determinant of the square matrix Z) ¢ x(X,Y, 5), that is,

AX)Y,B8) = A\ gu(X,Y, B) :=det Z) ¢,u(X,Y, B). (4.4.7)
It can be written in the form
AXY,B) = > taunpsMXNYE (4.4.8)
(M,N,L)

where M = (myj), N = (n;;) and L = (l;;) are matrices of nonnegative integers of size
X (k+£), n x p and n x g respectively, t(MNL) € C and

mij nij yL _ Lij
Hﬁ 7 H%, =1
ij

It can also be written as
A(X,Y, ) = ZpM X, V)3 (4.4.9)

where for each r x (k + ¢) matrix M which appears in the sum, pys € P(W,,,4) = C[X,Y].
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Lemma 4.4.10. (i) The polynomial A = Ay g g in C[X,Y, ] is a GL, x GL, x GL,
highest weight vector of weight ;) x wg" X ¢f in C[X,Y, ]
(ii) For each r x (k + £) matriz M which appears in the sum (4.4.9), pym € QrG.H-

Proof. Part (i) follows from a routine verification, and part (ii) is essentially the consequence
of the fact that the Bs are not affected by the action of of GL,, x GL, x GL,, and since A is
identically a highest weight vector, each coefficient of it as a function of the 8s will likewise
be a highest weight vector. O

Part (ii) of Lemma 4.4.10 provides a way to produce elements of Qy ¢ . In the next sub-
section, we will show that for an appropriate set of r x (k+¢) matrices M, the corresponding
polynomials pys forms a basis for Qy ¢, -

4.5. A basis for Q. This section and the next are heavily intertwined with [HTW1], and
the main result obtained is a variant of the result of [HTW1]. We continue to assume that
(A, G, H) € A(Q) and will use the notation as defined in Lemma 4.4.1. By Proposition 4.3.2
(i) and Theorem 4.2.13,

dim Qx5 = ¢y = # (LR.(N, H*, G)).
This suggests that the set LR, (A, H*,G) may be used to label the elements of a basis for
O\G,H-
Let A = [ai;] € LRy (A, H*,G), and consider the LR triangle A= ®,,, (A) = (a;;) where

~ _Japo+th j=0
Gy = { - ol (4.5.1)

By Part (i) of Lemma 4.2.14, A€ LRy (F, H, G) where H and F are Young diagrams
defined in equations (4.4.4) and (4.4.5) respectively. By Lemma 4.2.10, there is a unique

LR tableau T'; of shape F'/ H and content G such that A = Ar,. We shall use T'; to define
ar x (k+r) matrix M(T3) of nonnegative integers.

The banal tableau of shape G is the tableau BT(G) obtained by filling each column of
G from top to bottom with consecutive positive integers starting from 1. For example, if
G = (4,3,2,1), then

1[1]1]
2[2
3

BT(G) =

= (Do |—

There is a mapping from the cells in the LR tableau T'; to the cells of the banal tableau
BT(G) defined in §2.3 of [HTW1]. This mapping is “content preserving” in the sense that
each cell of T'; is mapped to a cell of BT(G) with the same value, and it can be visualized
as the process of successively removing the “vertical skew strips” from T'; and reassembling
them into the columns of BT'(G). In view of this, this mapping is called the standard
peeling of T;. We refer the reader to §2.3 of [HTWI] for a precise description of this
mapping.

We now consider the inverse mapping of the standard peeling, which can be visualized
as the filling of the skew diagram F/ H by the contents of BT(G). We number the columns
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of F' and G consecutively from left-to-right. For 1 < j < r, the entries of the jth column of
BE(G) will be distributed to the various columns of F' to form the tableau T'z, and we let
mj; = number of entries in the jth column of BT(G) get put in the ith column of F’
for 1 <i<k+¢ We form (k+¢) x r matrix of nonnegative integers
M(T3) = (my). (4.5.2)

Definition 4.5.3. For each A = [a;5] € LR, (A, H*,G), we define {4 € Q) g n and the
monomial m4 in P(Wy, ;) by

§A = Pym(Ty) (4.5.4)
and

mA:(Hyi(S%_i)> IT =5 (4.5.5)
=1

1<i<j<n

That is, £4 is the polynomial py; defined in (i) of Lemma 4.4.10 with M = M(T;)", the
transpose of the matrix M (7).

Next, we define a monomial ordering 75 on the set of monomials in P(W;, 5, 4) as follows:
Definition 4.5.6. Let 7 be the graded lexicographic order ([CLO]) with respect to the
following ordering on the variables:

(a) wap > xcq iff either (i) b < dor (ii) b=d and a < c.
(b) Yab > Yea iff either (i) b < d or (ii) b=d and a > c.
(¢) ab < Yeq for all pairs (a,b) and (¢, d) of indices.
That is,
Ynl > Ym-1)1 > - > Y11 > Yn2 > 0 > Yig
>T11 > T21 > > Tpl > X12 > 0 > T,

If p is a nonzero polynomial function in P(W, ,,), we shall denote its leading monomial
with respect to 12 by LM, (p).

Note that the monomial ordering 75 is identical to the monomial ordering 77 defined in
Definition 3.6.5 on the set of x variables, and also on the set of y variables. The only
difference is that under 75 the y variables are now taken to be larger than the x variables,
whereas it was the opposite for 7.

Lemma 4.5.7. For each A = [ai;) € LRp(N\, H*,G),
LM, (€4) = ma.

A proof of this lemma is given in §4.6.
Theorem 4.5.8. (i) For each (A\,G,H) € A(Q), the set
B()\,G,H) = {gA : Ae [’Rn(Aa H*a G)}

is a basis for Oy g H-
(ii) The set

s a basis for Q.
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Proof. By Lemma 4.5.7, the polynomials {4 in B(y g x) have distinct leading monomials
with respect to the monomial ordering 72. So B( g i) is a linearly independent subset of
9\G,H- Since we also have

dim Q) ¢,n = #Bng,H) = C}\{*,Ga
B(\,q,m) is a basis for Q) ¢ g. This proves (i).

Part (ii) follows from (i) and equation (4.3.4).

Remark 4.5.9. (i) Let
LMr, (Q) = {LM, (h) : h € Q\{0}}

be the set of the leading monomials of elements in Q. It forms a semigroup with
respect to the product of monomials.
(ii) Let
LRo= |J LR.OH"G).
(MG H)EA(Q)
Then it can be verified that

LM, (Q)={ma: A€ LRo}.
Moreover, the map LM, (Q) — LR,, given by
my — A

is a semigroup isomorphism onto LRg. In particular, LRg is a subsemigroup of
LR,,.

(iii) The initial algebra of Q is the subalgebra of P(W, p,) generated by LM, (Q). By
(ii), it is isomorphic to the semigroup algebra C[LRg] on LRo.

(iv) Since the semigroup LR is finitely generated, by a general result of [CHV], there
exists a flat one-parameter family of complex algebras with general fibre Q and
special fibre C[LRg].

Next, we recall that the Lie algebra gl , acts on P(W,, ;, 4) by formula (3.7.1). Let € and

b be the subpsaces of gl , defined by

t = Span{e;; : 1 <i,j <plU{epript;: 1<1,5<gq},
b=Span{e;; : 1 <i<j<plU{epriptj: 1<j<i<q}
Then ¢ is a Lie subalgebra of gl,, ., € = gl, ® gl,, and b is a Borel subalgebra of ¢.

Corollary 4.5.10. Let A € A (p,q) and consider the irreducible representation W;"q of gl 4g
realized as a subspace of P(Wppq) as in equation (3.7.3). Then for (G, H) € Af*(n) x
A;]H(n) such that c;‘{*’G # 0, Qxq,H 15 the space of all € highest weight vectors with respect
to the Borel subalgebra b of weight ¢ g (defined in equation (3.7.4)), and By g m) is a
basis for Ox g u-
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4.6. Proof of Lemma 4.5.7. Let Z = EA’G,H be the following matrix

BuRg n o Biw-nRop g BueRerny | BresnXay o) - B Xay o) | 0 - 00
BarRyy i Bae—1) Ry, BarRgyny | Bacesn)(Xay g5)" 0 BagernyXay )t | O - 00
BriRg n - Brae—nRgrny  BriRgrny | Briern Xay o) o BrgernXgy )* |0 - 00
0 - 0 Yor 0 o 0 0 - 0 0

0 Yeqn 0 0 0 0 -+ 0 0

0 0 0 0 0 0 0

0 0 v 0 0 L o0 0 o0

0 Ya 0 0 0 0 I 0 0

Vi e 0 0 0 e 0 0 0 0 I

(4.6.1)

where for each 1 <17 <k,

Y11 Y12 T Y1,
~ Y21 Y22 T Yon!
Z‘ pu—
Yn—e)l Ymn—e)2 7 Ym—e)h!

and I; is the identity matrix of size n — €. Now note that the submatrix formed by the
blocks

I 0 0 0
0 ILb 0 O
0 0 0 I
at the lower right corner of Z is the N x N identity matrix Iy where N = kn — Zle e =

kn — |E|. So the matrix 7 is of the form
~ Z 0
(20

det Z = det Zdet Iy = det Z = A.

The reason why we replace Z with Z is that, in Z, we can use the blocks of Y-variables in the
lower two leftmost sectors of Z to construct row operations that eliminate the R-variables
in the upper left sector. We will describe how to do this in each supercolumn.

It follows that

By equation (4.6.1), Z is partitioned into (2k + £) x (2k + £) submatrices Z‘j (1<i,j<
2k + 1), i.e.,
%11 %12 T %(%M)

po| P P P

Z(2k+€)1 Zokro2 v Z(2k40)(2k+0)
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We call Z‘j the (i, j)th block of Z. For example, Z‘j = ,Bing£7h2+17i for 1 <4 < r and
1<) <k

Next, for each 1 < ¢ <2k + ¢ and each 1 < j < 2k + /¢, we call the submatrices of A

2y,

the ith superrow of Z and the jth supercolumn of Z , respectively.

We now fix 1 < ¢ < rand 1 < j < k, and consider the submatrices Z-(k_jﬂ) =
Bith—j+1) Ryp s Zrviyh—j+1) = Yer b5 Zstriy(hr1—j) = Yjo in the (k+1—7)th supercolumn:

* * * * X |k X | ok * * * *

T A I x| 10 00 0 0
*x

0 0 Yo b 0 (:) 0 010 00 0 0
x

0 0 Y; 0 0 (; 0[0 0 I; 0 0

We will perform elementary row operations whch use the variables in the submatrices Ye;,h}
and Yj to eliminate the variables in the submatrix ﬂi(k_jﬂ)Rg;’h;. These operations only

affect the entries in 6 blocks of Z. To simplify notation, we consider the matrix B;; which
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is formed by these submatrices as follows:

/BRg/.7h’. 0
PR i/ I
BZ] = 6/-,}1/- 0 =
Yio 1

where

Brla
ﬂr2a

/Brca

a:h;" b:n_é};‘v C:gga 5:Bi(k—j+1)'

Yna
Yn-1a

Yo+1)a

Bri Briz
Bra1 Braz
/Brcl /BTCQ
Yni Yn2
Yn-11 Yn-1)2
Yo+l Yo+1)2
Y11 Y12
Y21 Y22
Yb1 Y2

Yla
Y2a

Ybva

We now fix 1 < u < ¢. The uth row of the matrix 5Rg;,h;. is

where 7, = 22:1 TsulYsv. We use row operations to reduce B;; to

I

(Bruh Bru27 ceey Brua)7

0 0 0 —Bx11 —Pra —Bxp

0 0 0 —Bx12 —PBwar — By

0 0 0 _51'10 _BwQC _6xbc

Yni Yn2 Yna 0 0 0
Yn—1)1 Y(n—1)2 Y(n—1)a 0 0 0
Yo+l Yobr1)2 Yb+1)a 0 0 0

Y11 Y12 Yla 1 0 0

Y21 Y22 Y2a 0 1 0

Yb1 Yb2 Yba 0 0 1

0 _5i(k_j+1)va,—e;.,g§
- 1M g 0
Y15 Tk

(4.6.2)
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When the above elimination process has been completed for all 1 < i <rand 1 < j <k,
the matrix Z will be transformed to the following matrix Z1:

0 0 0 | Bugk+1)(Xay 47)f Biero)(Xay,g0)" | —Be(Xn_ef g1)" —B11(X et g1)"
0 0 0 Baget1)(Xay )" Baet0)(Xay,g4)" | —B2r(Xpn_ef g1)" —B21(Xp—er gy)"
0 Br(et1)(Xag )" ﬁr(k+€)(Xd[ )" *5ran el —Br1(Xp et g1)"
0 Yau 0 0 0 0
0 Yoy, 0 0 0 0 0
0 0 0 0 0 0
0 0 Vi 0 0 I 0
0 Vs 0 0 0 0 0
Ve 0 0 0 0 0 Tk
(4.6.3)

We now identify the largest monomial in Y which occurs in det Z = det 21. To do this, we
examine the matrix Bj; given in equation (4.6.2). As all the entries in the (1,1)th and the
(2,2) block of Bj; are 0, we need to pick e; = n — b entries from the (2, 1)th block. Observe
that the largest monomial in the Y variables which we can form from the (2,1)th block is

Yn1Y(n—1)2 " Y(b+1)(n—b)-
entries Yn1, Y(n—1)2; -

We now remove the rows and columns of B,fj which contain the
s Y(b+1)(n—b)- Then the resulting matrix is given by

0 0 0 | =Br1n —Bran —Bap

0 0 0 | —Bx12 —Brao — By

B — 0 0 0 —Bx1i. —Prac _53317(:
" Yi(n—b+1) Y1(n—b+2) Yla 1 0 0
Y2(n—b+1)  Y2(n—b+2) Y2a 0 1 0
Yb(n—b+1)  Yb(n—b+2) Yba 0 0 1

Next, we need to choose another a — b entries from the (2, 1) block of B}

monomial in ¥ 18 Yy(n—p41)Y(b—1)(n—b+2)
defined by

monomial Y1)

YL

"Y(n—a+1)a-

Hyn s+1)s = YnlY(n-1)2
s=1

" Yn—a+l)a

The largest
This means that we have chosen the
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from the first supercolumn of Bj;, and the matrix B]; is reduced to

—Brin —Brar - —BTa—a)1 —BTm—arn 0 —PTh

—Bx1a —Bxoy -+ —590(717@)2 _/Bx(nfa+1)2 e =P

B — Bric  —Broc - _Bx(nfa)c _ﬁx(nfaJrl)c o =BT
ij 1 0 . 0 0 . 0
0 1 e 0 0 e 0
0 0 e 1 0 e 0

We then do a row expansion along each of the lowest (n — a) rows which contains 1, and
this process eliminates the first (n —a) columns and the lowest (n — a) rows from Bj}. For
the purpose of computing leading monomial, we may remove all the minus signs. So the
final matrix which we obtain is

Brn—atrnl BTin—ar2)r -+ Bru
ﬁx(n—a—i-l)Q Baj(n—a+2)2 T ﬁbe
B$(n—a+1)c 5$(n—a+2)c o PBape

and we denote this matrix by
B(X(n—a,b],c)t = ﬁi(k—o—l—j) (X(n—h;-,n—e;-],gg)t' (464)
Here, the notation (n — a,b] is intended to mean that the matrix S(X(,_q4 )" is obtained
by removing the first n — a columns from the matrix (X, )"
For each 1 < j < k, we choose the monomial YL(th')
Thus the monomial in Y which we have selected is

yLH) _ HYL(lh ) _ Hyn—i(il - (4.6.5)

from the (k41— j)th supercolumn.

We now write the polynomial A as

AX,Y,B)=> qu(X, B)Y"
L

where for each matrix L in the sum, ¢ is a polynomial in the variables (X, ). The
polynomial g, can be written as
X,8)=> dru(X
M

where for each matrix M in the sum, 7, 37 is a polynomial in X. Then

A(X,Y,B) = Z(ZéLM 5M>YL
From this, we see that when M = M(T3)",
§4 =DPm(r Z O, M(T 5M
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Since YE(H) > y'L for all L which appears in the sum,

LM, (fA) = Y'L(H)Ll\/IT2 (5L(H),M(T§)i)' (466)

We now consider the polynomial qr(gy. By equations (4.6.3) and (4.6.4), we see that
m)(X, B) is given by

Prik 1(k+ )(Xdpgl) B 1(k+0) (Xde,gl)t ﬁlk(X(n—h’l,n—e’l],gi)z T ﬁll(X(n_h;wn_eﬁvgll)z
n B 2(k+ )(Xd’ ,92) o By 2(k+20) (Xde,gz) BZk(X(n—h’l,n—e/l],gé) e o (X(n—h;,n—egc},gé)
Brer1)( Xy g)t - Brrgo) (Xd’ r )| Bk (X))’ Bri(Xmonymey).g0)
PuXm—n, n—e g, P1Xn—nin—e)gy 5r1X(n—h;€,n—e;€],g;
- + BlkX(n—h’l,n—e’l],gi BZkX(n—h’l,n—e’l],gé T BrkX(n hi,n—ell.gh :
51<k+1>Xda,g'1 52<k+1>Xda,g; e B <k+1>Xd1,gr
b1 k+£)Xd/ g, Ba (k+Z)Xd1, d EE Br(k+€ X, g

where we denote the determinant of a matrix A by |A|. By (iv) and (v) of Lemma 4.4.1,
we have F' = (n—¢},...,n—¢€},d},...,d;) and H" = (n — h),...,n — h}). We now note that
by making an appropriate change of notation, the polynomials g,y and dr,z), M(Tg)t) are

respectively identified with the polynomials det Yy and d7y defined in §3.2 of [HTW1]. So
by Lemma 3.2 of [HTW1],

Ll\/IT2 (5L(H),M(Tg)t) = H I]Z‘?,Z]

1<i<j<n

Hence, by equations (4.6.5) and (4.6.6), we obtain

—ao; Gig | _
M, (€a) = (H %fﬂi,i) [[ 7] =ma0

1<i<j<n

4.7. An example. In this subsection, we shall illustrate the proof of Lemma 4.5.7 with an

example. Let n =4, G = H = (2,1,1,0) and A = (1,0,0, —1). Then p) = p£3 001 occurs
3 fl”< G _ (07_1:_1:_2) (271’170)
in the tensor product p;, ® p,; = pn ® pn with multiplicity 2.

(i) There are two LR triangles A1, Ay in LR, (A, H*, G) which are given by

0 0
0 1 0 1
-1 0 1 -1 1 0
AL = -1 0 0 1 , Az = -1 0 1 0
-2 1 0 0 0 -2 0 0 1 0

(ii) The monomial m4, and ma, as defined in equation (4.5.5) are given respectively
by

2 2
MA, = Yq1Y32Y23T11222033T41  and  ma, = Yi1Y32Y23T11L21L32T43.
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(iii) The LR triangles A, and Aj defined in equation (4.5.1) are given respectively by

0 0
2 1 2 1
- 1 0 1 - 1 1 0
A = 1 0 0 1 , A= 1 0 1 0
0 1 0 0 0 0 0 0 1 0

by

1]

[\

(v) The matrices M (T3 ) and M(Tz) as defined in equation (4.5.2) are given respec-
tively by

and so

)t Ok
BMIR)" = 3y 82815, M TA)" = By 1o B fis.

Now by the definition of A = Ay ¢ i) given in equation (4.4.7), we have

Bllrll 612T11 ,812’]"12 512T13 /813$11
BIIT‘Ql 612T21 ,812’["22 512T23 /813$12
A= | Burs: | Biars1 Biarsz Piarss | f13T13
Po1711 | Boar1n Poariz Boaris | Basrin
0 Y41 Y42 Y43 0
Then
Biiri1 | fr2rir Bieriz Pizriz | fizzin ([0 0 0|0 O O O
Biira1 | Pizrer Piaree Bieres | Pizziz [0 0O O[O0 O 0 O
Bi1ra1 | fi2rs1 Bierse Piersz | fizziz |0 0 00 O 0O O
B21r11 | Poarir Baeriz PB2ariz | Pesrin [0 0 00 0O O O
0 Y41 Y42 Y43 0 0 0 0[]0 0O O O
A = 0 Y11 Y12 Y13 0 1 0 0|0 O O O
0 Y21 Y22 Y23 0 0 1 0|0 0O O O
0 Y31 Y32 Y33 0 0 0 1|0 0 O O
Y11 0 0 0 0 o 0 o1 0 O O
Y21 0 0 0 0 0O 0 Oo|0 1 0 O
Y31 0 0 0 0 o 0 0|0 O 1 O
Ya1 0 0 0 0 0O 0 O0l0 O O 1
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0 0 0 0 | Bisw11 | —Pr2x11  —Pr2wer —Piexsr | —Pririn —Puirer  —Puzrsy —Prizar
0 0 0 0 | fizz12 | —PBi2x12  —Piaxez  —Pr2x3e | —Briziz —frizez —Prixrze  —Prizae
0 0 0 0 | B13w13 | —Pr2x13  —Piawes  —Pioxssz | —Priw1s —Prizes —Frirzz —P11743
0 0 0 0 | Boszw11 | —Ba2x11  —P22x21  —Posrsr | —P21x11  —foiwe1 —B21x31 —P21741
0 | ya1 wya2 Y43 0 0 0 0 0 0 0 0
_ 0 Y11 Y12 Y13 0 1 0 0 0 0 0 0
a 0 |y21 Y22 w23 0 0 1 0 0 0 0 0
0 |ys1 w32 yss 0 0 0 1 0 0 0 0
Y11 0 0 0 0 0 0 0 1 0 0 0
Y21 0 0 0 0 0 0 0 0 1 0 0
Y31 0 0 0 0 0 0 0 0 0 1 0
Ya1 0 0 0 0 0 0 0 0 0 0 1

From this, we observe that the largest monomial in ¥ which occur in A is YE(H) = Y Y32993-
By removing the rows and columns of the matrix which contains the entries which made
up YLUH) | we obtain

Bizr11 | —Prex11 —Piawer  —Piexs1 | —Puirir —Puzar —Puwsy —Priza
Biswiz | —fr2z12  —Pirawez  —Piexsz | —Pririe —Buire  —frirze  —Bi1Ta2
Bi3r1z | —Pre2x13  —Piawes  —Piexsz | —Pririz  —Prixes —Prirss  —Pir1ras
_ B2swi1 | —P22z11  —P2w21 —B2ex31 | —Baiwir —Puzrar —Pawsn —Baiza
awm(XB) = 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
Bizx11 | —Biawa1r  —Pi2z31 | —Briza Bizz11 | Br2z21  Pi2z31 | frizar
_ Bisziz | —Pi2x22  —Pi2wsz | —Brizaz | _ | Biswiz | Piezez  Pi2zsz | Biiza2
N Bi3w13 | —Piawes  —Pi2x3z | —friwaz | Bi3w13 | Biawes  P12733 | P11743
Baam11 | —Pazmar  —Pazws1 | —Paiza Baaw11 | Bazwa1  Poz®sl | Baizar |
Briwar | Pr2z21 Bizxs1 | Biswil B11ra1  Privae  Prizas | Borxar
_ | Bumaz | Pi2zez Bi2xsz | Bizziz | _ | Bizx21 Bi2xee Pi2¥2s | Poaron
N Br1zas | fraw23  Bi2wsz | Bizwiz | Bi2w31  Piawse  Pi2x33 | B22x31
| Boixar | Baawz21  Pazwa1 | Paszn Bisz1i1  Piszriz BisTiz | B2sTin

T41 w42 x43 O
T21 T22 T23

2 T21 T2 T3 W21
= x41| 31 232 33 |B21812613 — B11512822813
31 32 X33 31
r11  T12 13

T11  ®12  T13 0

T41 T4z T43
2
—x11| T21 T22  x23 |P11B12623-
T31 T32 33

Hence,
T41 Ta2 w43 O
To1 T2 23
01 =O0r(H),M(T; )t = T41| T31 T32 T33 02 = Or(m p=—| T T e
(H),M(Tz) ’ (H),M(Tg,) T3 Tz2 Tz T3l

T11 Ti2 T1
3 11 x12 w13 0O

By observation,
LM, (01) = x11292033241, LMy, (02) = T11221232243.
So
LM, (€a,) = YEHLM,, (61) = (v ys2923) (#11720033341) = Mo,

and
LM, (£4,) = YEHLM,,, (62) = (y31y32923) (211221 T32%43) = Mg,
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Appendix : General theory of signed Hibi cones

Recall that a poset (P,>) is a nonempty set P together a partial ordering > ([Stan]). If
x,y € P, then we write x > y if x > y and x # y. We also write x < y if y > z, and write
r<yify>ax.

Definition A1l. Let (P, >) be a finite poset.
(i) A subset S of P is called increasing if

xeS, yePy>x=—yes.

The collection of all increasing subsets of P is denoted by J*(P,>).
(ii) A subset S of P is called decreasing if
xeS, yeP, x>y=yes.
The collection of all decreasing subsets of P is denoted by J,.(P,>).
(iii)) A map f: P — Z is called order preserving if
T,y € P x>y= f(x) > f(y)
(iv) Let
72 = {f : P — 7Z| f is order preserving}.
Then ZPZ is a semigroup with respect to addition of functions.
(v) For A,B C P, let
Qap(P)={f ez : f(A)>0, f(B)<0}. (4.7.1)
Then Q4 p(P) is a subsemigroup of 752 and it is called a signed Hibi cone.

Remark A2.
(i) If we take A = B = 0, then Qy¢(P) = ZP=. So ZP= is a signed Hibi cone.
(ii) If we take A = P and B = {), and let
(zH)P2Z .= Qpg(P) ={f: P — Z"| f is order preserving}.

The semigroup (Z)"Z is called a Hibi cone ([Hob, Hi]). So the notion of a signed
Hibi cone generalizes a Hibi cone.

(iii) If f € Z"Z is such that f(A) > 0, then it takes nonnegative values on the increasing
subset of P generated by A. So there is no loss in generality in requiring that A is
increasing. Likewise, B may as well be required to be decreasing. Note also that
any function in Z"Z will vanish on AN B.

We now fix A, B C P and will describe the semigroup structure of the signed Hibi cone
Q4 p(P). For any subset S of P, the indicator function of S is the map xs: P — {0,1}

defined by
1 z€8

We shall identify a collection of subsets of P such that the indicator functions of these
subsets generate the semigroup Q4 g(P). Let P4 be the smallest increasing subset of P
which contains A, and let N be the smallest decreasing subset of P which contains B. Let

Pt := P\Np, P~ :=P\Py,
and we regard P and P~ as subposets of P. Next, we let
Gip={x:LeJ(PT,2)}, Gip={-xu:MeJ(P,>)}



UNITARY HIGHEST WEIGHT MODULES 43
and
GaB = gX,B U QZ,B'
We define a partial ordering < on G4 p as follows:

(i) If Ly, Ly € J*(P*,>), then xr, < xr, if and only if Ly C Lo;
(ii) If My, My € J.(P~,>), then —xa, = —Xxas if and only if My D Ms.
(iii) If L € J*(P*,>) and M € J.(P~,>), then x < —xu if and only if LN M = 0.

Theorem A3. ([Wa]) Let (P,>) be a finite poset and let A,B C P. Then the semi-
group Q4 p(P) is generated by Ga g. Moreover, each nonzero element f of Q4 g(P) can be
expressed uniquely as

s t
f=> aixe, + ) bi(—xu),
i=1 j=1
where Ly, ..., Ls € J*(PT,>), My, ... M; € J.(P~,>),

XPl<'..<XPS<_XQ1_<‘..<_XQ,‘,

is a chain in Ga g and ai,...,as, by, ..., by are positive integers.
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