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Abstract. Let p be an odd prime. We give an unconditional proof of
the equivariant Iwasawa main conjecture for totally real fields for every
admissible one-dimensional p-adic Lie extension whose Galois group has
an abelian Sylow p-subgroup. Crucially, this result does not depend
on the vanishing of any µ-invariant. As applications, we deduce the
Coates–Sinnott conjecture away from its 2-primary part and new cases
of the equivariant Tamagawa number conjecture for Tate motives.

1. Introduction

Let p be an odd prime and let K be a totally real number field. An ad-
missible p-adic Lie extension L of K is a Galois extension L of K such that
(i) L/K is unramified outside a finite set of primes of K, (ii) L is totally
real, (iii) G := Gal(L/K) is a compact p-adic Lie group, and (iv) L contains
the cyclotomic Zp-extension of K. The equivariant Iwasawa main conjec-
ture (EIMC) for such an extension L/K can be seen as a refinement and
generalisation of the classical Iwasawa main conjecture for totally real fields
proven by Wiles [Wil90]. Roughly speaking, it relates a certain Iwasawa
module attached to L/K to special values of Artin L-functions via p-adic
L-functions. This relationship can be expressed as the existence of a certain
element in an algebraic K-group; it is also conjectured that this element is
unique.

Let S be a finite set of places of K containing all infinite places and all
places that ramify in L (thus S necessarily contains all primes above p).
Let Mab

S (p) be the maximal abelian pro-p-extension of L unramified outside

S and set XS = Gal(Mab
S (p)/L). The canonical short exact sequence of

profinite groups

(1.1) 1 −→ XS −→ Gal(Mab
S (p)/K) −→ G −→ 1

defines an action of G on XS in the usual way so that XS becomes a module
over the Iwasawa algebra Λ(G) := ZpJGK. If G contains no elements of order
p, then XS is of finite projective dimension over Λ(G), and so the EIMC can
be stated in terms of XS . In general, however, XS is not of finite projective
dimension and so one has to replace XS by a certain canonical complex C•

S
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of Λ(G)-modules which is perfect and whose only non-vanishing cohomology
modules are isomorphic to XS and Zp, respectively.

There are several versions of the EIMC. The first is due to Ritter and
Weiss and deals with the case of one-dimensional extensions [RW04], and
was proven under the hypothesis that the µ-invariant of XS vanishes in a
series of articles culminating in [RW11]. In their approach, the complex C•

S
is obtained from the canonical group extension (1.1) by applying a certain
‘translation functor’ [RW02a, §4A] which essentially transforms (1.1) into a
homomorphism of Λ(G)-modules

YS −→ Λ(G)

with kernel XS and cokernel Zp. It can be shown that this map defines
a complex with the required properties. The second version follows the
framework of Coates, Fukaya, Kato, Sujatha and Venjakob [CFK+05] and
was proven by Kakde [Kak13], again assuming µ = 0. This version is for ar-
bitrary admissible extensions and Kakde’s proof uses a strategy of Burns and
Kato to reduce to the one-dimensional case (see Burns [Bur15]). Here, the
choice of complex appears to be different, but in the one-dimensional case
both complexes are isomorphic in the derived category of Λ(G)-modules by a
result of the second author [Nic13, Theorem 2.4] (see also Venjakob [Ven13]
for a thorough discussion of the relation of the work of Ritter and Weiss
to that of Kakde.) As a consequence, it does not matter which of the two
complexes we use. Finally, Greither and Popescu [GP15] formulated and
proved another version of the EIMC, but they restricted their formulation
to abelian one-dimensional extensions and the formulation itself requires a
µ = 0 hypothesis. In [Nic13], the second author generalised this formulation
(again assuming µ = 0) to the non-abelian one-dimensional case. Moreover,
he showed that the three formulations are in fact all equivalent in the situ-
ation that they make sense, that is, when the extension is one-dimensional
and µ = 0. In fact, the proof of this result implicitly shows that the choice
of complex C•

S does not matter when µ = 0, as long as it is perfect and has
the prescribed cohomology.

From a result of Ferrero and Washington [FW79], one can deduce that the
µ = 0 hypothesis holds whenever L/K is an admissible extension such that L
is a pro-p extension of a finite abelian extension of Q, but unfortunately little
is known beyond this case. In previous work [JN18], the present authors
proved the EIMC unconditionally for an infinite class of one-dimensional
admissible extensions for which the µ = 0 hypothesis is not known to be true.
However, such extensions must satisfy certain rather restrictive hypotheses.

In the present article, we prove the EIMC (with uniqueness) in important
cases without assuming any µ = 0 hypothesis. The proof relies on the
classical (non-equivariant) Iwasawa main conjecture proven by Wiles [Wil90]
and the recent groundbreaking work of Dasgupta and Kakde [DK23] on the
strong Brumer–Stark conjecture.

In an earlier version of this article, the proof also used a formulation of
the EIMC given in the present authors’ article [JN19], where explicit cal-
culations involving the class of C•

S in the derived category played a crucial
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role. In the present version, we give a simplified proof that dispenses with
the results of loc. cit. and instead uses a purely algebraic result that im-
plies that the precise choice of complex used in the abelian EIMC does not
matter, provided that it is perfect and has the prescribed cohomology. In
Appendix A, we give a generalisation of this last result in the non-abelian
case. Our main result is as follows.

Theorem 1.1 (Theorem 9.5). Let p be an odd prime and let K be a totally
real number field. Let L/K be an abelian admissible one-dimensional p-adic
Lie extension. Then the EIMC with uniqueness holds for L/K.

It is natural to ask whether one can deduce the EIMC for all admissible
one-dimensional p-adic Lie extensions from Theorem 1.1 by generalising the
approaches of Ritter and Weiss and of Kakde. The first step is to reduce
to admissible subextensions with p-elementary Galois groups. In the afore-
mentioned approaches, this step relied on the µ = 0 hypothesis. By showing
that certain products of maps over subquotients of G are injective and ex-
ploiting the functorial properties of the EIMC, we obtain a similar result
without any such hypothesis. We hence deduce the following generalisation
of Theorem 1.1.

Corollary 1.2 (Corollary 11.17). Let p be an odd prime and let K be a
totally real number field. Let L/K be an admissible one-dimensional p-adic
Lie extension such that Gal(L/K) has an abelian Sylow p-subgroup. Then
the EIMC with uniqueness holds for L/K.

The further reduction steps of previous approaches do not generalise
easily as they rely on the µ = 0 hypothesis in a crucial way and hence
presently there is no apparent way to deduce the EIMC for all admissible
one-dimensional extensions without this hypothesis. Moreover, a serious ob-
stacle to the case of admissible extensions of dimension greater than one is
that in general a certain ‘MH(G)-conjecture’ is required to even formulate
the EIMC in this situation, and that this is presently only known to hold
under the µ = 0 hypothesis (see [CK13, p. 5] and [CS12]).

We remark that if Leopoldt’s conjecture holds for K at p then every
abelian admissible extension of K must be one-dimensional. Similarly, if
Leopoldt’s conjecture holds for F at p for all finite totally real extensions
F/K with [F : K] coprime to p then every admissible extension of K whose
Galois group has an abelian Sylow p-subgroup must be one-dimensional.
Hence the hypothesis that the extensions considered in Theorem 1.1 and
Corollary 1.2 are one-dimensional is arguably not so restrictive. Moreover,
the one-dimensional case of the EIMC often suffices for applications, some
of which we will now discuss.

The equivariant Tamagawa number conjecture (ETNC) has been formu-
lated by Burns and Flach [BF01] in vast generality. In the case of Tate
motives, it simply asserts that an associated canonical element in a relative
algebraic K-group vanishes. Roughly speaking, this element relates leading
terms of Artin L-functions to certain arithmetic invariants.
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Let L/K be a finite Galois CM extension of number fields and let G =
Gal(L/K). Hence K is totally real, L is totally complex and complex con-
jugation induces a unique central automorphism in G. In the case that the
µ = 0 hypothesis holds (for the cyclotomic Zp-extension of the maximal to-
tally real subfield of L(ζp), where ζp denotes a primitive pth root of unity),
it is known by independent work of Burns [Bur15] and of the second author
[Nic13] that the EIMC implies the plus (resp. minus) p-part of the ETNC
for the pair (h0(Spec(L))(r),Z[G]) if r is a negative odd (resp. even) integer.
In both approaches, the main reason for the µ = 0 assumption is to ensure
the validity of the EIMC. Thus at first sight, Theorem 1.3 below appears to
be a direct consequence of our results on the EIMC above. However, Burns’
descent argument relies on the formalism developed by Burns and Venjakob
in [BV11]. For this, the cohomology of a certain complex at infinite level
needs to be ‘S-torsion’ in the terminology of [BV11] if p divides |G|. (Note
this is not related to the set S used in the present article.) In the context of
the EIMC, this is in fact equivalent to µ = 0. Moreover, the approach of the
second author in [Nic13] relies on the aforementioned version of the abelian
EIMC of Greither and Popescu [GP15] whose very formulation depends on
the µ = 0 hypothesis. Therefore the fact that Corollary 1.2 implies the
following result requires a new proof.

Theorem 1.3 (Theorem 12.4). Let p be an odd prime. Let L/K be a
finite Galois CM extension of number fields and let G = Gal(L/K). Sup-
pose that G has an abelian Sylow p-subgroup. Then for each negative odd
(resp. even) integer r the plus (resp. minus) p-part of the ETNC for the pair
(h0(Spec(L))(r),Z[G]) holds.

Now assume that L/K is a finite abelian extension of number fields. Let
S be a finite set of places of K that contains all infinite places and all places
that ramify in L. We write OL,S for the ring of S(L)-integers in L, where
S(L) denotes the set of places of L that lie above a place in S. For an
integer n ≥ 0 we let Kn(OL,S) denote the Quillen K-group of OL,S . Using
L-values at negative integers r one can define Stickelberger elements θS(r)
in the rational group ring Q[G]. If we write K1−2r(OL)tors for the torsion
subgroup of K1−2r(OL), then by independent work of Deligne and Ribet
[DR80] and of Pi. Cassou-Noguès [CN79] we have

AnnZ[G](K1−2r(OL)tors)θS(r) ⊆ Z[G].

Coates and Sinnott [CS74] formulated the following analogue of Brumer’s
conjecture for higher K-groups.

Conjecture 1.4 (Coates–Sinnott). Let L/K be a finite abelian extension
of number fields and let G = Gal(L/K). Let r be a negative integer and let
S be a finite set of places of K that contains all infinite places and all places
that ramify in L. Then we have

AnnZ[G](K1−2r(OL)tors)θS(r) ⊆ AnnZ[G](K−2r(OL,S)).

Let p be an odd prime and suppose in addition that S contains all p-adic
places of K. For any negative integer r and i = 0, 1 Soulé [Sou79] has
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constructed canonical G-equivariant p-adic Chern class maps

(1.2) Zp ⊗Z Ki−2r(OL,S) −→ H2−i
ét (Spec(OL,S),Zp(1− r)).

Soulé proved surjectivity and by the norm residue isomorphism theorem
[Wei09] (formerly known as the Quillen–Lichtenbaum Conjecture) these
maps are actually isomorphisms.

This allows us to work with an étale cohomological version of Conjec-
ture 1.4. For a variant of this version it has been shown in [GP15, §6]
that it suffices to consider abelian CM extensions. We therefore obtain the
following consequence of Theorem 1.3.

Theorem 1.5 (Corollary 12.6). The Coates–Sinnott conjecture holds away
from its 2-primary part.

Acknowledgements. The authors wish to thank Samit Dasgupta, Mahesh
Kakde and Otmar Venjakob for helpful correspondence; and Mahesh Kakde
and Masato Kurihara for comments on an early draft of this article. The
authors are also grateful to an anonymous referee for several comments and
corrections. The second author acknowledges financial support provided
by the Deutsche Forschungsgemeinschaft (DFG) within the Heisenberg pro-
gramme (project no. 437113953).

Notation and conventions. All rings are assumed to have an identity
element and all modules are assumed to be left modules unless otherwise
stated. We shall sometimes abuse notation by using the symbol ⊕ to denote
the direct product of rings or orders. We fix the following notation:

R× the group of units of a ring R
ζ(R) the centre of a ring R
AnnR(M) the annihilator of the R-module M
Mn(R) the set of all n× n matrices with entries in a ring R
Quot(R) the field of fractions of the integral domain R
ζn a primitive nth root of unity
K∞ the cyclotomic Zp-extension of the number field K
clK the class group of a number field K
Kc an algebraic closure of a field K
K+ the maximal totally real subfield of a field K embeddable

into C
IrrF (G) the set of F -irreducible characters of the (pro)-finite group

G (with open kernel) where F is a field of characteristic 0
χ̌ the character contragredient to χ
Re(s) the real part of the complex number s

2. The Brumer–Stark conjecture

2.1. Fitting ideals and Pontryagin duals. If M is a finitely presented
module over a commutative ring R, we denote the (initial) Fitting ideal of
M over R by FittR(M). For basic properties of Fitting ideals, we refer the
reader to [Nor76] or [Eis95, §20.2].

For an abstract abelian group A we write A∨ for the Pontryagin dual
HomZ(A,Q/Z). This induces an equivalence between the categories of
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abelian profinite groups and discrete abelian torsion groups (see [NSW08,
Theorem 1.1.11] and the discussion thereafter). For a prime p, a finite group
G, and a finitely generated Zp[G]-module M , we have

M∨ = HomZp(M,Qp/Zp),

and this is endowed with the contragredient G-action (gf)(m) = f(g−1m)
for f ∈M∨, g ∈ G and m ∈M .

2.2. Equivariant Artin L-functions and values. Let L/K be a finite
Galois extension of number fields and let G = Gal(L/K). For each place v
ofK we fix a place w of L above v and writeGw and Iw for the decomposition
group and the inertia subgroup of G at w, respectively. When w is a finite
place, we choose a lift σw ∈ Gw of the Frobenius automorphism at w and
write Pw for the associated prime ideal in L. For a finite place v of K we
denote the cardinality of its residue field by Nv.

Let S be a finite set of places of K containing the infinite places S∞ =
S∞(K). Let IrrC(G) denote the set of complex irreducible characters of G.
For χ ∈ IrrC(G) let Vχ be a C[G]-module with character χ. The S-truncated
Artin L-function LS(s, χ) is defined as the meromorphic extension to the
whole complex plane of the holomorphic function given by the Euler product

LS(s, χ) =
∏
v/∈S

det(1− (Nv)−sσw | V Iw
χ )−1, Re(s) > 1.

The primitive central idempotents of C[G] attached to elements of IrrC(G)
form a C-basis of its centre ζ(C[G]) and thus there is a canonical isomor-
phism ζ(C[G]) ∼=

∏
χ∈IrrC(G)C. The equivariant S-truncated Artin L-func-

tion is defined to be the meromorphic ζ(C[G])-valued function

LS(s) := (LS(s, χ))χ∈IrrC(G).

Now suppose that T is a second finite set of places of K such that S and
T are disjoint. Then we define

δT (s, χ) :=
∏
v∈T

det(1− (Nv)1−sσ−1
w | V Iw

χ ),(2.1)

δT (s) := (δT (s, χ))χ∈IrrC(G).

Let x 7→ x# denote the anti-involution on C[G] induced by g 7→ g−1 for
g ∈ G. The (S, T )-modified G-equivariant Artin L-function is defined to be

ΘS,T (s) := δT (s) · LS(s)#.

Note that LS(s)
# = (LS(s, χ̌))χ∈IrrC(G), where χ̌ denotes the character con-

tragredient to χ. Evaluating ΘS,T (s) at s = 0 gives an (S, T )-modified
Stickelberger element

θTS := ΘS,T (0) ∈ ζ(Q[G]).

Note that a priori we only have θTS ∈ ζ(C[G]), but by a result of Siegel [Sie70]
we know that θTS in fact belongs to ζ(Q[G]). If T is empty, we abbreviate
θTS to θS . If the extension L/K is not clear from context, we will also write
θTS (L/K), LS(L/K, s), δT (L/K, s), etc.
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2.3. Ray class groups. Let T be a finite set of finite places of K and let
T (L) denote the set of places of L above those in T . Let IT (L) denote the
group of fractional ideals of L relatively prime to MT

L :=
∏
w∈T (L)Pw. Let

PT (L) denote the subgroup of IT (L) generated by principal ideals (α) where
α ∈ OL satisfies α ≡ 1 mod MT

L. Then

clTL := IT (L)/PT (L)

is the ray class group of L associated to the modulus MT
L. We denote the

group O×
L of units in L by EL and define ETL :=

{
x ∈ EL : x ≡ 1 mod MT

L

}
.

If T is empty we abbreviate clTL to clL. All these modules are equipped
with a natural G-action and we have the following exact sequence of finitely
generated Z[G]-modules

(2.2) 0 −→ ETL −→ EL −→ (OL/MT
L)

× ν−→ clTL −→ clL −→ 0,

where the map ν lifts an element x ∈ (OL/MT
L)

× to x ∈ OL and sends it to

the ideal class [(x)] ∈ clTL of the principal ideal (x).

2.4. The Brumer and Brumer–Stark conjectures for abelian ex-
tensions. We now specialise to the case in which L/K is an abelian CM
extension of number fields. In other words, K is totally real and L is a finite
abelian extension of K that is a CM field. Let µL and clL denote the roots
of unity and the class group of L, respectively.

Let Sram(L/K) be the set of all places of K that ramify in L/K. It
was shown independently by Pi. Cassou-Noguès [CN79] and by Deligne and
Ribet [DR80] that

(2.3) AnnZ[G](µL)θS ⊆ Z[G].
Brumer’s conjecture simply asserts that AnnZ[G](µL)θS annihilates clL and
in the case K = Q this is essentially Stickelberger’s theorem [Sti90].

Hypothesis. Let S and T be finite sets of places of K. We say that
Hyp(S, T ) = Hyp(L/K, S, T ) is satisfied if (i) Sram(L/K) ∪ S∞ ⊆ S,
(ii) S ∩ T = ∅, and (iii) ETL is torsionfree.

Remark 2.1. Condition (iii) means that there are no non-trivial roots of
unity of L congruent to 1 modulo all primes in T (L). In particular, this
forces T to be non-empty and will be satisfied if T contains primes of at
least two different residue characteristics or at least one prime of sufficiently
large norm.

If S and T are finite sets of places of K satisfying Hyp(S, T ) then (2.3)
implies that θTS ∈ Z[G]. Moreover, given a finite set S of places of K
such that Sram(L/K) ∪ S∞ ⊆ S, Brumer’s conjecture for S holds if and
only if θTS ∈ AnnZ[G](clL) for every finite set of places T of K such that
Hyp(S, T ) is satisfied (see [Nic19, Corollary 2.9]). The following strengthen-
ing of Brumer’s conjecture was stated by Tate and is known as the Brumer–
Stark conjecture.

Conjecture 2.2. For every pair S, T of finite sets of places of K satisfying
Hyp(S, T ) we have θTS ∈ AnnZ[G](cl

T
L).
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In fact, as explained in [DK23, §1], Conjecture 2.2 is slightly different
from the actual statement proposed by Tate [Tat84, Conjecture IV.6.2], but
it is the former that will be the most convenient for our purposes. We also
note that Conjecture 2.2 decomposes into local conjectures at each prime p
after replacing clTL by Zp ⊗Z clTL.

For generalisations of the Brumer–Stark conjecture to not necessarily
abelian extensions, we refer the interested reader to the survey article [Nic19].

2.5. The strong Brumer–Stark conjecture for abelian extensions.
Let j denote the unique complex conjugation in G. For a G-module M we
writeM+ andM− for the submodules ofM upon which j acts as 1 and −1,
respectively. In particular, we shall be interested in (Zp ⊗Z clTL)

− for odd
primes p; we will abbreviate this module to ATL when p is clear from context;
if T is empty we further abbreviate this to AL. Note that ATL and (ATL)

∨

are modules of finite cardinality over the ring Zp[G]− := Zp[G]/(1+ j). The
following result was conjectured independently by Greither and by Kuri-
hara [Kur21] and is known as the strong Brumer–Stark conjecture; it was
recently proven in groundbreaking work of Dasgupta and Kakde [DK23,
Corollary 3.8] (in fact, they also prove an even stronger conjecture of Kuri-
hara [Kur21, Conjecture 3.2]).

Theorem 2.3. Let p be an odd prime and let S, T be finite sets of places of
K such that Hyp(S, T ) is satisfied. Then (θTS )

# ∈ FittZp[G]−((A
T
L)

∨).

Theorem 2.3 can be seen as a refinement of the ‘p-part’ of Conjecture 2.2
(with p odd), once we observe that: (i) the (initial) Fitting ideal of a module
is contained in its annihilator; (ii) AnnZp[G]−(M) = AnnZp[G]−(M

∨)# for

every Zp[G]−-module M of finite cardinality; and (iii) j acts as −1 on θTS ,
so the element θTS annihilates a Zp[G]-module M if and only if it annihilates
M−.

Remark 2.4. Greither and Kurihara [GK08] have given counterexamples to
the ‘dual’ version of Theorem 2.3, which asserts that θTS ∈ FittZp[G]−(A

T
L)

under the same hypotheses. They have also given counterexamples to the

assertion θ#S ∈ FittZp[G]−(A
∨
L) [GK15, §0.1] (see also [Kur11]).

Remark 2.5. For the proof of Theorem 1.1, we shall only require a weaker
version of Theorem 2.3 with the additional hypothesis that S contains all
the places of K above p.

3. Algebraic K-theory and complexes

3.1. Preliminaries on algebraic K-theory. Let Λ be a ring. We denote
the category of finitely generated projective (left) Λ-modules by PMod(Λ).
We write K0(Λ) for the Grothendieck group of PMod(Λ) (see [CR87, §38])
and K1(Λ) for the Whitehead group (see [CR87, §40]). Let K0(Λ,Λ

′) denote
the relative algebraic K-group associated to a ring homomorphism Λ→ Λ′.
We recall that K0(Λ,Λ

′) is an abelian group with generators [X, g, Y ] where
X and Y are objects of PMod(Λ) and g : Λ′ ⊗Λ X → Λ′ ⊗Λ Y is an iso-
morphism of Λ′-modules; for a full description in terms of generators and
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relations, we refer the reader to [Swa68, p. 215]. Moreover, there is a long
exact sequence of relative K-theory (see [Swa68, Chapter 15])

(3.1) K1(Λ) −→ K1(Λ
′)

∂−→ K0(Λ,Λ
′) −→ K0(Λ) −→ K0(Λ

′).

3.2. Complexes of modules over orders in separable algebras. Let
R be a noetherian integral domain. Let A be a finite-dimensional separable
Quot(R)-algebra and let A be an R-order in A. Note that A is both left and
right noetherian, since Λ is finitely generated over R. The reduced norm
map nr = nrA : A → ζ(A) is defined componentwise on the Wedderburn
decomposition of A and extends to matrix rings over A (see [CR81, §7D]);
thus it induces a map K1(A)→ ζ(A)×, which we also denote by nr.

Let Cb(PMod(A)) be the category of bounded (cochain) complexes of
finitely generated projective A-modules, and let Cbtor(PMod(A)) be the full
subcategory of complexes whose cohomology modules are R-torsion. The
relative algebraic K-group K0(A, A) identifies with the Grothendieck group
whose generators are [C•], where C• is an object of Cbtor(PMod(A)), and
whose relations are as follows: [C•] = 0 if C• is acyclic, and [C•

2 ] = [C•
1 ]+[C•

3 ]
for every short exact sequence

(3.2) 0 −→ C•
1 −→ C•

2 −→ C•
3 −→ 0

in Cbtor(PMod(A)) (see [Wei13, Chapter 2] or [Suj13, §2], for example).
Let D(A) be the derived category of A-modules. A complex of A-modules

is said to be perfect if it is isomorphic in D(A) to an element of Cb(PMod(A)).
We denote the full triangulated subcategory of D(A) comprising perfect
complexes by Dperf(A), and the full triangulated subcategory comprising

perfect complexes whose cohomology modules are R-torsion by Dperf
tor (A).

Then any object of Dperf
tor (A) defines an element in K0(A, A). In particular,

a finitely generated R-torsion A-module M of finite projective dimension
considered as a complex concentrated in degree 0 defines an element [M ] in
K0(A, A).

For any integer n and any cochain complex C• of A-modules we write
C[n]• for the n-shifted complex given by C[n]i = Cn+i with differential

diC[n] = (−1)ndn+iC . Note that if C• ∈ Dperf
tor (A) then [C[n]•] = (−1)n[C•] in

K0(A, A).
The following result is certainly well known to experts, but there does not

appear to be a precise reference in the literature (it essentially follows from
[BB05, Proposition 3.1]).

Proposition 3.1. Suppose that every finitely generated A-module is of finite

projective dimension. Then for each object C• of Dperf
tor (A) we have [C•] =∑

i∈Z(−1)i[H i(C•)] in K0(A, A).

Proof. Note that [Lan02, Chapter XX, §1, Proposition 1.1] and the hypoth-
esis on A imply that every bounded (cochain) complex of finitely generated
A-modules is perfect. We claim that the complex C• is isomorphic in D(A)
to a bounded complex D• of finitely generated R-torsion modules. Then
[C•] = [D•] in K0(A, A) and thus we can and do assume that C• = D•.
We write ZC•, BC• and HC• for the complexes of cocycles, coboundaries
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and cohomologies of C•, respectively, each with zero differentials. Note that

all these complexes are in Dperf
tor (A) and hence define elements in K0(A, A).

Now the short exact sequences of complexes

0 −→ BC• −→ ZC• −→ HC• −→ 0,

0 −→ ZC• −→ C• −→ BC•[1] −→ 0,

imply that we have

[C•] = [ZC•]− [BC•] = [HC•] =
∑
i∈Z

(−1)i[H i(C•)]

in K0(A, A), as desired.
It remains to show the claim. We can and do assume that C• is of the

form

· · · −→ 0 −→ P 0 −→ · · · −→ P j−2 dj−2

−−−→ P j−1 dj−1

−−−→ P j
dj−→ T j+1

−→ T j+2 −→ · · · −→ Tn −→ 0 −→ · · ·

for some integers j ≤ n, where each P i and each T i is a finitely generated
A-module placed in degree i, the P i are projective and the T i are R-torsion
(one may always take j = n so that all modules in the complex are in
fact projective). We now do downward induction on j to show the claim.
Since both T j+1 and Hj(C•) are R-torsion, there is a non-zero r ∈ R such
that rP j ⊆ im(dj−1). As P j is projective, there is a necessarily injective
map φ : P j → P j−1 such that dj−1 ◦ φ is multiplication by r. We set
T j := P j/rP j . If j > 1 we define a complex

(C̃)• : · · · −→ P j−2 ⊕ P j d̃j−2

−−−→ P j−1 d̃j−1

−−−→ T j
d̃j−→ T j+1 −→ · · ·

where d̃j−1 and d̃j are induced from dj−1 and dj , respectively, and d̃j−2 =
(dj−2, φ). Now a straightforward, but rather lengthy diagram chase shows

that the canonical map of complexes C• → (C̃)• is a quasi-isomorphism.
For this observe that φ(P j) ∩ ker(dj−1) = 0 by construction and hence

ker(d̃j−2) ∼= ker(dj−2). For j = 1 the argument is slightly different. We

set T 0 := P 0/φ(P 1) and let d̃0 : T 0 → T 1 be induced from d0. Then the
canonical map of complexes is again a quasi-isomorphism. Moreover, since
the A-modules T 1 and ker(d̃0) ≃ H0(C•) are R-torsion, so is T 0. □

Again, the following result is surely well known to experts, but there does
not appear to be a precise reference in the literature.

Proposition 3.2. Let k ∈ Z and suppose that C• is an object of Dperf
tor (A)

such that H i(C•) = 0 for all i ∈ Z−{k}. Then Hk(C•) is of finite projective
dimension over A and [C•] = (−1)k[Hk(C•)] in K0(A, A).

Proof. We can and do assume without loss of generality that k > 0 and that
C• is of the form

· · · −→ 0 −→ P 0 −→ · · · −→ P k−1 dk−1

−−−→ P k
dk−→ P k+1 −→ · · ·

· · · −→ Pn−1 dn−1

−−−→ Pn −→ 0 −→ · · · ,
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where k ≤ n and each P i is a finitely generated projective A-module placed
in degree i. If k < n then C• is exact in degree n, so we have the short exact
sequence

0 −→ ker(dn−1) −→ Pn−1 dn−1

−−−→ Pn −→ 0,

and since Pn is projective we conclude that ker(dn−1) is also projective.
Thus without loss of generality we can and do replace Pn by 0 and Pn−1

by ker(dn−1). Therefore by downward induction on n we can and do as-
sume that in fact k = n. This immediately implies that Hk(C•) is of finite
projective dimension over A. Moreover, it is straightforward to check that
the canonical morphism of complexes from C• to the complex consisting of
Hk(C•) concentrated in degree k is a quasi-isomorphism. □

4. Algebraic K-theory for Iwasawa algebras

4.1. Iwasawa algebras of admissible p-adic Lie groups of dimension
one. Let p be a prime and let G be a one-dimensional p-adic Lie group.
Suppose that G is admissible, which we define to mean that G contains a
finite normal subgroup H such that Γ := G/H is a pro-p-group isomorphic
to Zp. Then G is compact and the argument given in [RW04, §1] shows that
the short exact sequence

1 −→ H −→ G −→ Γ −→ 1

splits. Thus we obtain a semidirect product G = H ⋊ Γ where Γ ≤ G and
Γ ≃ Γ ≃ Zp. Note that the image under the canonical projection map

G ↠ Γ of any element of G of finite order is also of finite order and hence
must be trivial. Thus H is equal to the subset of G of elements of finite
order. Therefore H and Γ are uniquely determined by G, though the choice
of Γ need not be. We fix a topological generator γ of Γ. Let γ := γ mod H
and note that this a topological generator of Γ. Since any homomorphism
Γ→ Aut(H) must have open kernel, we may choose a non-negative integer
n such that γp

n
is central in G. We fix such an n and put Γ0 := Γp

n ≃ Zp.
The Iwasawa algebra of G is Λ(G) := ZpJGK = lim←−Zp[G/N ], where the

inverse limit is taken over all open normal subgroups N of G. Let F be a
finite field extension of Qp with ring of integers O = OF , and put

ΛO(G) := O ⊗Zp Λ(G) = OJGK.

Since Γ0 ≃ Zp, there is a ring isomorphism R := OJΓ0K ≃ OJT K induced by
γp

n 7→ 1 + T where OJT K denotes the power series ring in one variable over
O. If we view ΛO(G) as an R-module (or indeed as an R[H]-module), there
is a decomposition

(4.1) ΛO(G) =
pn−1⊕
i=0

R[H]γi.

Hence ΛO(G) is free of finite rank as an R-module and is an R-order in
the separable Quot(R)-algebra QF (G), the total ring of fractions of ΛO(G),
obtained from ΛO(G) by adjoining inverses of all central regular elements.
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Note that QF (G) = Quot(R) ⊗R ΛO(G) and that by [RW04, Lemma 1] we
have QF (G) = F ⊗Qp Q(G), where Q(G) := QQp(G).

4.2. Algebraic K-theory for Iwasawa algebras. We now specialise §3.1
to the situation of §4.1. Let p be a prime and let G be an admissible one-
dimensional p-adic Lie group. Let Γ0 be an open subgroup of Γ that is
central in G and let F be a finite field extension of Qp with ring of integers
O = OF . Let A = QF (G), let A = ΛO(G) = OJGK and let R = OJΓ0K.
In this situation, [Wit13, Corollary 3.8] shows that the map ∂ in (3.1) is
surjective; thus we obtain an exact sequence

(4.2) K1(Λ
O(G)) −→ K1(QF (G))

∂−→ K0(Λ
O(G),QF (G)) −→ 0.

For a finite normal subgroup N of G, there are canonical maps quotGG/N
that fit into the following commutative diagram

K1(Λ
O(G)) //

quotGG/N
��

K1(QF (G))
∂ //

quotGG/N
��

K0(Λ
O(G),QF (G))

quotGG/N
��

K1(Λ
O(G/N)) // K1(QF (G/N))

∂ // K0(Λ
O(G/N),QF (G/N)).

Similarly, for an open subgroup H of G, there are canonical maps resGH
that fit into the following commutative diagram

K1(Λ
O(G)) //

resGH
��

K1(QF (G))
∂ //

resGH
��

K0(Λ
O(G),QF (G))

resGH
��

K1(Λ
O(H)) // K1(QF (H))

∂ // K0(Λ
O(H),QF (H)).

4.3. Characters and central primitive idempotents. Fix a character
χ ∈ IrrQc

p
(G) (i.e. an irreducible Qc

p-valued character of G with open kernel)

and let η be an irreducible constituent of resGHχ. Then G acts on η as
ηg(h) = η(g−1hg) for g ∈ G, h ∈ H, and following [RW04, §2] we set

St(η) := {g ∈ G : ηg = η}, e(η) :=
η(1)

|H|
∑
h∈H

η(h−1)h, eχ :=
∑

η|resGHχ

e(η).

By [RW04, Corollary to Proposition 6] eχ is a primitive central idempotent
of Qc(G) := Qc

p ⊗Qp Q(G). In fact, every primitive central idempotent of
Qc(G) is of this form and eχ = eχ′ if and only if χ = χ′ ⊗ ρ for some

character ρ of G of type W (i.e. resGHρ = 1). Let wχ = [G : St(η)] and note
that this is a power of p since H is a subgroup of St(η).

Let E be a finite field extension of Qp over which both characters χ and
η have realisations and let Vχ denote a realisation of χ over E. By [RW04,
Propositions 5 and 6] and [JN18, Lemma 3.1], there exists a unique element
γχ ∈ ζ(QE(G)eχ) such that γχ acts trivially on Vχ and γχ = gχcχ where
gχ ∈ G with (gχ mod H) = γwχ and with cχ ∈ (E[H]eχ)

×. Moreover, γχ
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generates a pro-cyclic p-subgroup Γχ of QE(G)eχ and induces an isomor-
phism

QE(Γχ) ∼= ζ(QE(G)eχ).

4.4. Determinants and reduced norms. Following [RW04, Proposition 6],
we define

jχ : ζ(QE(G)) ↠ ζ(QE(G)eχ) ∼= QE(Γχ) −→ QE(Γ),

where the last arrow is induced by mapping γχ to γwχ . It follows from loc.
cit. that jχ is independent of the choice of γ.

Let F be any finite field extension of Qp and let GF = Gal(F c/F ). By
enlarging E if necessary, we can and do assume that F is a subfield of E.
Define

Det( )(χ) : K1(QF (G)) −→ QE(Γ)×

[P, α] 7−→ detQE(Γ)(α | HomE[H](Vχ, E ⊗F P )),

where P is a finitely generated projective QF (G)-module and α is a QF (G)-
automorphism of P . Here α acts on f ∈ HomE[H](Vχ, E⊗F P ) via its action

on E⊗F P , and γ acts via (γf)(v) = γ ·f(γ−1v) for all v ∈ Vχ, which is easily
seen to be independent of the choice of γ. Let nr : K1(QF (G))→ ζ(QE(G))×
be the map induced by the reduced norm. Then Det( )(χ) is just jχ ◦ nr
(see [RW04, §3, p. 558] for more details).

If ρ is a character of G of typeW , then we denote by ρ# the automorphism
of the field Qc(Γ) induced by ρ#(γ) = ρ(γ)γ. We denote the additive group
generated by all Qc

p-valued characters of G with open kernel by Rp(G) and
equip this with a Galois action defined by σχ(g) = σ(χ(g)) for g ∈ G and
σ ∈ GQp . Following [RW04, Theorem 8] we define Hom∗

GF
(Rp(G),Qc(Γ)×)

to be the group of all homomorphisms f : Rp(G)→ Qc(Γ)× satisfying

f(χ⊗ ρ) = ρ#(f(χ)) for all characters ρ of type W, and
f(σχ) = σ(f(χ)) for all Galois automorphisms σ ∈ GF .

By applying [RW04, Theorem 7] and taking GF -invariants as in the proof
of [RW04, Theorem 8], we obtain an isomorphism

ζ(QF (G))× ∼= Hom∗
GF

(Rp(G),Qc(Γ)×)
x 7→ [χ 7→ jχ(x)].

As Det(−)(χ) is just the composite map jχ ◦ nr, the map which sends an
element Θ ∈ K1(QF (G)) to [χ 7→ Det(Θ)(χ)] defines a homomorphism

Det : K1(QF (G)) −→ Hom∗
GF

(Rp(G),Qc(Γ)×)

such that we obtain a commutative triangle

(4.3)

K1(QF (G))
nr

ww

Det

))
ζ(QF (G))×

∼= // Hom∗
GF

(Rp(G),Qc(Γ)×).
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Let N be a finite normal subgroup of G. Following [RW04, §3], we define
a map

quotGG/N : Hom∗
GF

(Rp(G),Qc(Γ)×) −→ Hom∗
GF

(Rp(G/N),Qc(Γ)×)

f 7→ [χ 7→ f(inflGG/Nχ)].

Let H be an open subgroup of G. As explained in §4.1, the subset H ′

of H of elements of finite order is in fact a finite normal subgroup such
that ΓH := H/H ′ is a pro-p-group isomorphic to Zp. Moreover, there is a

canonical embedding ιH : ΓH ↪→ Γ defined as follows: given any element
x ∈ ΓH, let y ∈ H be any lift and define ιH(x) to be the image of y under
the composition of canonical maps H ↪→ G ↠ Γ. It is straightforward to
check that this map is well defined. Again following [RW04, §3], we define
a map

resGH : Hom∗
GF

(Rp(G),Qc(Γ)×) −→ Hom∗
GF

(Rp(H),Qc(ΓH)
×)

f 7→ [χ′ 7→ f(indGHχ
′)].

Here we view Qc(ΓH) as a subfield of Qc(Γ) via the embedding ιH : ΓH ↪→ Γ.
Via diagram (4.3) the maps just defined induce canonical group homo-

morphisms

quotGG/N : ζ(QF (G))× −→ ζ(QF (G/N))×,

resGH : ζ(QF (G))× −→ ζ(QF (H))×.

The first map is easily seen to be induced by the canonical projection
QF (G) → QF (G/N). Moreover, by (an obvious generalisation of) [RW04,
Lemma 9] we have commutative diagrams

K1(QF (G))
nr //

quotGG/N
��

ζ(QF (G))×

quotGG/N
��

K1(QF (G))
nr //

resGH
��

ζ(QF (G))×

resGH
��

K1(QF (G/N))
nr // ζ(QF (G/N))× K1(QF (H))

nr // ζ(QF (H))×.

5. The equivariant Iwasawa main conjecture

5.1. Admissible one dimensional p-adic Lie extensions. Let p be an
odd prime and let K be a totally real number field. We henceforth assume
that L/K is an admissible one-dimensional p-adic Lie extension. In other
words, L is a Galois extension of K such that (i) L is totally real, (ii) L
contains the cyclotomic Zp-extension K∞ of K, and (iii) [L : K∞] is finite.
Let G = Gal(L/K), let H = Gal(L/K∞) and let ΓK = Gal(K∞/K). Let
γK be a topological generator of ΓK . As in §4.1, we obtain a semidirect
product G = H ⋊ Γ where Γ ≤ G and Γ ≃ ΓK ≃ Zp, and we choose an open
subgroup Γ0 ≤ Γ that is central in G. Let R = ZpJΓ0K and let Λ(G) = ZpJGK.

5.2. An Iwasawa module and the µ = 0 hypothesis. Let S∞ be the set
of infinite places of K and let Sp be the set of places of K above p. Let S be



AN UNCONDITIONAL PROOF OF THE ABELIAN EIMC AND APPLICATIONS 15

a finite set of places of K containing Sp ∪ S∞. Let Mab
S (p) be the maximal

abelian pro-p-extension of L unramified outside S and let

XS = XS(L/K) = Gal(Mab
S (p)/L).

As usual G acts on XS by g ·x = g̃xg̃−1, where g ∈ G, and g̃ is any lift of g to
Gal(Mab

S (p)/K). This action extends to a left action of Λ(G) on XS . Since
L is totally real, [NSW08, Theorems 10.3.25 and 11.3.2] show that, as an
R-module, XS is finitely generated, torsion and of projective dimension at
most one. If G contains no element of order p then XS is also of projective
dimension at most one over Λ(G). In general, however, XS is not of finite
projective dimension as a Λ(G)-module.

Definition 5.1. We say that L/K satisfies the µ = 0 hypothesis if XS is
finitely generated as a Zp-module.

The µ = 0 hypothesis is independent of the choice of S and is conjec-
turally always true. Moreover, it is known to hold when L/Q is abelian as
follows from work of Ferrero and Washington [FW79]. For the relation to
the classical Iwasawa µ = 0 conjecture see [JN18, Remark 4.3], for instance.
In the sequel, we shall not assume the µ = 0 hypothesis for L/K, except
where explicitly stated.

5.3. The p-adic cyclotomic character and its projections. Let χcyc

be the p-adic cyclotomic character

χcyc : Gal(L(ζp)/K) −→ Z×
p ,

defined by σ(ζ) = ζχcyc(σ) for any σ ∈ Gal(L(ζp)/K) and any p-power
root of unity ζ. Let ω and κ denote the composition of χcyc with the
projections onto the first and second factors of the canonical decomposition
Z×
p = µp−1 × (1 + pZp), respectively; thus ω is the Teichmüller character.

We note that κ factors through ΓK (and thus also through G) and by abuse
of notation we also use κ to denote the associated maps with these domains.
For a non-negative integer r divisible by p − 1 (or more generally divisible
by the degree [L(ζp) : L]), up to the canonical inclusion map of codomains,
we have χrcyc = κr.

5.4. A canonical complex. Let S be a finite set of places of K containing
Sp∪S∞. Let OL,S denote the ring of integers OL in L localised at all primes
above those in S. There is a canonical complex

C•
S(L/K) := RHomZp(RΓét(Spec(OL,S),Qp/Zp),Qp/Zp),

where Qp/Zp denotes the constant sheaf of the abelian group Qp/Zp on the
étale site of Spec(OL,S). Since Qp/Zp is a direct limit of finite abelian groups
of p-power order, we have an isomorphism with Galois cohomology

RΓét(Spec(OL,S),Qp/Zp) ≃ RΓ(Gal(MS(p)/L),Qp/Zp),

whereMS(p) is the maximal pro-p-extension of L unramified outside S. (Ap-
ply [Mil06, Chapter II, Proposition 2.9], [Mil80, Chapter III, Lemma 1.16]
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and [NSW08, Proposition 1.5.1].) The cohomology modules of C•
S(L/K) are

(5.1) H i(C•
S(L/K)) ≃

 XS if i = −1
Zp if i = 0
0 if i ̸= −1, 0.

Note that C•
S(L/K) and the complex used by Ritter and Weiss (as con-

structed in [RW04]) become isomorphic in D(Λ(G)) by [Nic13, Theorem 2.4]
(see also [Ven13] for more on this topic). Hence it makes no real difference
which of these two complexes we use.

Let Sram(L/K) be the (finite) set of places of K that ramify in L/K.
Note that since L contains the cyclotomic Zp-extension K∞ we must have
Sp ⊆ Sram(L/K). The following result is well known to experts, but we
include a proof for the convenience of the reader.

Proposition 5.2. Suppose that S contains Sram(L/K) ∪ S∞.

(i) The complex C•
S(L/K) belongs to Dperf

tor (Λ(G)).
(ii) The complex C•

S(L/K) defines a class [C•
S(L/K)] in K0(Λ(G),Q(G)).

(iii) Let N be a finite normal subgroup of G and put L′ := LN . Then

quotGG/N ([C
•
S(L/K)]) = [C•

S(L′/K)].

(iv) Let H be an open subgroup of G and put K ′ := LH. Then

resGH([C
•
S(L/K)]) = [C•

S′(L/K ′)],

where S′ is the set of places of K ′ lying above those in S.

Proof. LetGK,S = Gal(KS/K) whereKS is the maximal algebraic extension
of K that is unramified outside the primes in S. Note that G is a quotient of
GK,S since S contains Sram(L/K). Let Λ(G)#(1) be the free Λ(G)-module
of rank one upon which σ ∈ GK,S acts on the right via multiplication by
the element χcyc(σ)σ

−1, where σ denotes the image of σ in G. Observe
that by the middle row of [Lim12, Theorem on p. 2638], the isomorphism
(Λ(G)#(1))∨(1) ∼= (Λ(G)#)∨ and a Shapiro lemma argument, we have

RΓc(GK,S ,Λ(G)#(1))[3] ≃ RHomZp(RΓ(GK,S , (Λ(G)#)∨),Qp/Zp)
≃ C•

S(L/K)(5.2)

in D(Λ(G)), where the left-hand side denotes the compactly supported coho-
mology complex with coefficients in Λ(G)#(1). Thus C•

S(L/K) is perfect by
[FK06, Proposition 1.6.5]. Moreover, the cohomology groups of C•

S(L/K)
are torsion as R-modules. Therefore (i) holds. Part (ii) follows from (i) and
the discussion in §3.2. Furthermore, (5.2) and loc. cit. together imply that
there is an isomorphism

Λ(G/N)⊗L
Λ(G) C

•
S(L/K) ≃ C•

S(L′/K)

in D(Λ(G/N)), which gives part (iii). Part (iv) is clear. □
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5.5. Power series and p-adic Artin L-functions. Recall that S is a
finite set of places of K containing Sp ∪ S∞. Fix a character χ ∈ IrrQc

p
(G).

Each topological generator γK of ΓK permits the definition of a power series
Gχ,S(T ) ∈ Qc

p⊗QpQuot(ZpJT K) by starting out from the Deligne-Ribet power
series for one-dimensional characters of open subgroups of G (see [DR80];
also see [Bar78, CN79]) and then extending to the general case by using
Brauer induction (see [Gre83]). We put u := κ(γK). Then we have an
equality

(5.3) Lp,S(1− s, χ) =
Gχ,S(u

s − 1)

Hχ(us − 1)
,

where Lp,S(s, χ) denotes the ‘S-truncated p-adic Artin L-function’ attached
to χ constructed by Greenberg [Gre83], and where, for irreducible χ, we
have

Hχ(T ) =

{
χ(γK)(1 + T )− 1 if H ⊆ kerχ
1 otherwise.

Note that Lp,S(s, χ) : Zp → Cp is the unique p-adic meromorphic function
with the property that for each strictly negative integer r and each field
isomorphism ι : C ≃ Cp, we have

(5.4) Lp,S(r, χ) = ι
(
LS(r, ι

−1 ◦ (χ⊗ ωr−1))
)
.

By a result of Siegel [Sie70], the right-hand side of (5.4) does not depend on
the choice ι. If χ is linear, then (5.4) is also valid when r = 0.

Now [RW04, Proposition 11] implies that

(5.5) LK,S :

[
χ 7→

Gχ,S(γK − 1)

Hχ(γK − 1)

]
∈ Hom∗

GQp
(Rp(G),Qc(ΓK)×)

and is independent of the topological generator γK . Diagram (4.3) implies
that there is a unique element ΦS = ΦS(L/K) ∈ ζ(Q(G))× such that

(5.6) jχ(ΦS) = LK,S(χ)

for every χ ∈ IrrQc
p
(G). The following result is a special case of [RW04,

Proposition 12].

Proposition 5.3. (i) Let N be a finite normal subgroup of G and put L′ :=
LN . Then

quotGG/N (ΦS(L/K)) = ΦS(L′/K).

(ii) Let H be an open subgroup of G and put K ′ := LH. Then

resGH(ΦS(L/K)) = ΦS′(L/K ′),

where S′ is the set of places of K ′ lying above those in S.

5.6. Statement and known cases of the EIMC. Recall that p is an
odd prime and L/K is an admissible one-dimensional p-adic Lie exten-
sion. Let S be a finite set of places of K containing Sram(L/K) ∪ S∞.
Let nr : K1(Q(G))→ ζ(Q(G))× be the map induced by the reduced norm.

Conjecture 5.4 (EIMC). There exists ζS ∈ K1(Q(G)) such that ∂(ζS) =
−[C•

S(L/K)] and nr(ζS) = ΦS(L/K).
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It can be shown that the truth of Conjecture 5.4 is independent of the
choice of S, provided that S is finite and contains Sram(L/K)∪S∞. Crucially,
this version of the EIMC does not require the µ = 0 hypothesis for its
formulation. The following theorem has been shown independently by Ritter
and Weiss [RW11] and by Kakde [Kak13].

Theorem 5.5. If L/K satisfies the µ = 0 hypothesis then the EIMC holds
for L/K.

By considering the cases in which the µ = 0 hypothesis is known, we
obtain the following corollary (see [JN18, Corollary 4.6] for further details).

Corollary 5.6. Let P be a Sylow p-subgroup of G. If LP/Q is abelian then
the EIMC holds for L/K.

We shall also consider the EIMC with its uniqueness statement.

Conjecture 5.7 (EIMC with uniqueness). There is a unique ζS ∈ K1(Q(G))
such that nr(ζS) = ΦS(L/K). Moreover, ∂(ζS) = −[C•

S(L/K)].

Remark 5.8. If SK1(Q(G)) := ker(nr : K1(Q(G)) → ζ(Q(G))×) vanishes
then it is clear that the uniqueness statement of the EIMC follows from its
existence statement. In particular, this is the case if G is abelian because
then nr : K1(Q(G)) → Q(G)× is equal to the usual determinant map det
and is an isomorphism by [CR87, Proposition 45.12].

In [JN18], the present authors proved the EIMC unconditionally for an
infinite class of one-dimensional admissible extensions for which the µ = 0
hypothesis is not known to be true. We now recall the special case of these
results given by [JN18, Theorem 4.12], whose proof relies crucially on a
result of Ritter and Weiss [RW04, Theorem 16].

Theorem 5.9. If p ∤ |H| then the EIMC with uniqueness holds for L/K.

5.7. The EIMC for L/K implies the EIMC for all admissible subex-
tensions. The following result is well known, but we include a proof for the
convenience of the reader.

Lemma 5.10. Let p be an odd prime and let L/K be an admissible one-
dimensional p-adic Lie extension of a totally real number field K. If the
EIMC holds for L/K then the EIMC holds for all admissible sub-extensions
of L/K.

Proof. It suffices to show the result for admissible sub-extensions of the form
L′/K and of the form L/K ′. We shall only prove the former case as the
proof of the latter case is entirely analogous. Let S be a finite set of places of
K containing S∞∪Sram(L/K). Since the EIMC holds for L/K, there exists
ζS ∈ K1(Q(G)) such that ∂(ζS) = −[C•

S(L/K)] and nr(ζS) = ΦS(L/K). Let
N = Gal(L/L′). Specialising and combining the appropriate commutative
diagrams from §4.1 and the end of §4.4, we obtain a commutative diagram

ζ(Q(G))×

quotGG/N
��

K1(Q(G))
nroo ∂ //

quotGG/N

��

K0(Λ(G),Q(G))

quotGG/N

��
ζ(Q(G/N))× K1(Q(G/N))

nroo ∂ // K0(Λ(G/N),Q(G/N)).
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Moreover, Propositions 5.2 and 5.3 give

quotGG/N ([C
•
S(L/K)]) = [C•

S(L′/K)] and quotGG/N (ΦS(L/K)) = ΦS(L′/K).

Therefore quotGG/N (ζS) has the desired properties and so the EIMC holds

for L′/K. □

6. Fitting ideals, complexes and commutative Iwasawa algebras

6.1. A lemma on integral extensions and principal ideals. The fol-
lowing lemma is well known; see [Gre00, p. 526], for example. It will be
used in the proof of Proposition 7.4 to compute the Fitting ideal of a cer-
tain Iwasawa module.

Lemma 6.1. Let B be an integral extension of a commutative ring A. If
x, y ∈ A such that y is a nonzerodivisor in B, Ax ⊆ Ay and Bx = By, then
in fact Ax = Ay.

Proof. Since Ax ⊆ Ay there exists z ∈ A such that x = yz. Then Byz =
Bx = By so there exists w ∈ B such that y = yzw. As y is a nonzerodivisor
in B we have 1 = zw. Thus z ∈ A ∩ B×. But A ∩ B× = A× by [AM69,
Chapter 5, Exercise 5 (i)] (see also [Swa83, Lemma 9.7]). Therefore z ∈ A×

and so Ax = Ayz = Ay, as desired. □

6.2. Fitting ideals of complexes. Let R be a local noetherian integral do-
main and let A be an R-order in a finite-dimensional separable commutative
Quot(R)-algebra A. In other words, we consider the situation of §3.2, but
assume in addition that R is local and that A is commutative. Since A and
A are both noetherian commutative semilocal rings, the reduced norm on
A is equal to the usual determinant map, and by [CR87, Proposition 45.12]
this induces isomorphisms K1(A) ∼= A× and det : K1(A) ∼= A×.

Using this fact, specialising (3.1) to the case at hand gives an exact se-
quence

(6.1) 0 −→ K1(A) −→ K1(A)
∂−→ K0(A, A).

Now let C• ∈ Dperf
tor (A) and recall from §3.1 that C• defines an element [C•]

in K0(A, A). Assume that there is an x ∈ K1(A) such that ∂(x) = [C•] and
put

FittA(C
•) := det(x)A and Fitt−1

A (C•) := det(x)−1A.

Note that these are well defined by the exactness of (6.1). If C•
i ∈ D

perf
tor (A)

for i = 1, 2, 3 such that [C•
2 ] = [C•

1 ] + [C•
3 ] in K0(A, A) (this is the case in

the situation of (3.2), for example) then it is straightforward to show that

(6.2) FittA(C
•
2 ) = FittA(C

•
1 ) · FittA(C•

3 )

whenever the Fitting ideals of the complexes are defined.

Remark 6.2. Let k ∈ Z and suppose that C• is an object of Dperf
tor (A) such

that H i(C•) = 0 for all i ∈ Z − {k}. Then Hk(C•) is of finite projective
dimension over A and [C•] = (−1)k[Hk(C•)] in K0(A, A) by Proposition 3.2.
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If we assume in addition that Hk(C•) has projective dimension at most one,
then it follows easily from the definitions that we have

FittA(C
•) = Fitt

(−1)k

A (Hk(C•))

whenever the Fitting ideal of the complex is defined.

6.3. Fitting ideals of Iwasawa modules. Let p be a prime and let G be an
abelian one-dimensional compact p-adic Lie group. Then G = H × Γ where
H is a finite abelian group and Γ ≃ Zp. In particular, G is admissible. Let
R = ZpJΓK. Then Λ(G) = R[H] is a commutative R-order in the separable
Quot(R)-algebra Q(G). Let M(G) denote the unique maximal R-order in
Q(G) and note thatM(G) is the integral closure of Λ(G) in Q(G) (see [Rei03,
Theorem 8.6]).

Now let e be any idempotent element of Λ(G) and define

(6.3) Λ := eΛ(G), M := eM(G), and Q := eQ(G).
Then Λ andM are both R-orders in Q andM is maximal.

It easily follows from (4.2) that we have an exact sequence

(6.4) K1(Λ) −→ K1(Q)
∂−→ K0(Λ,Q) −→ 0.

Similarly, [Nic20, Corollary 2.14] implies that for every height one prime
ideal p of R, we have an exact sequence

(6.5) K1(Λp) −→ K1(Q)
∂p−→ K0(Λp,Q) −→ 0,

where Λp = Rp ⊗R Λ and Rp is the localisation of R at p.
Apart from its final claim, the following lemma is well known.

Lemma 6.3. Let M be a finitely generated Λ-module that is of projective
dimension at most one and that is also R-torsion. Then M has a quadratic
presentation of the form

(6.6) 0 −→ Λn
h−→ Λn −→M −→ 0

for some n ≥ 1. Moreover, FittΛ(M) is a principal ideal generated by a
nonzerodivisor. The same statement holds if we replace the pair (Λ, R) by a
pair (Λp, Rp) for a height one prime ideal p of R.

Proof. If M = 0 then the claims are trivial, so we henceforth suppose that
M ̸= 0. Let 0→ P → Λn →M → 0 be a projective resolution of M . Since
M is R-torsion, the class [P ] − [Λn] ∈ K0(Λ) is mapped to zero in K0(Q).
It follows from (6.4) that the map K0(Λ) → K0(Q) is injective. Hence P
and Λn are stably isomorphic. By enlarging n if necessary, we then can and
do assume that P = Λn and so we have a presentation of the form (6.6).
Thus FittΛ(M) is principal by definition of Fitting ideal and any generator
is a nonzerodivisor since h is injective. The final claim is shown analogously,
where (6.4) is replaced by (6.5). □

We recall the following result of Greither and Kurihara [GK08, Theo-
rem 2.1]. We caution that the notation here differs from that of loc. cit.
(the roles of R and Λ are reversed). Let γ be a topological generator of
Γ. For n ≥ 1 define ωn = γp

n − 1 ∈ R and Λn = Λ/ωnΛ. Then (Λn)n is
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a projective system with limit Λ and we make the canonical identification
Λ ∼= lim←−n Λn We shall consider projective systems (An)n of modules An over

Λn such that the transition maps Am → An (m ≥ n) are Λm-linear in the
obvious sense. The limit M := lim←−nAn will then be a Λ-module.

Theorem 6.4 (Greither and Kurihara). Suppose that the limit M is a
finitely generated Λ-module that is R-torsion and that there exists n0 ≥ 1
such that the transition maps Am → An are surjective for all m ≥ n ≥ n0.
Then FittΛ(M) = lim←−n(FittΛn(An)).

Proof. In [GK08, Theorem 2.1], this is stated in the case Λ = Λ(G). It is
clear that this implies the desired result for any choice of Λ as defined in
(6.3). □

6.4. Algebraic K-theory for commutative Iwasawa algebras. The
main goal of this subsection is to prove a purely algebraic result that implies
that the precise choice of complex used in the abelian EIMC does not matter,
provided that it is perfect and has the prescribed cohomology. The following
results are generalised in Appendix A.

Proposition 6.5. The canonical map

K0(Λ,Q) −→
⊕
p

K0(Λp,Q)

is injective, where the direct sum is taken over all height one prime ideals
of R.

Proof. Recall from §6.2 that the determinant induces canonical isomor-
phisms K1(Λ) ∼= Λ× and K1(Q) ∼= Q×. Since ∂ : K1(Q) → K0(Λ,Q) is
surjective by (6.4), the determinant also induces a canonical isomorphism
K0(Λ,Q) ∼= Q×/Λ×. Similar reasoning using (6.5) shows there is an iso-
morphism K0(Λp,Q) ∼= Q×/Λ×

p for each height one prime ideal p of R.
Therefore the claim is equivalent to the injectivity of canonical map

Q×/Λ× −→
∏
p

Q×/Λ×
p .

Since Λ is free as an R-module, it is reflexive and so by [NSW08, Lemma
5.1.2(iii)] we have ⋂

p

Λp = Λ.

Now let x ∈ Q× and assume that x ∈
⋂

p Λ
×
p . Then x−1 ∈

⋂
p Λ

×
p ⊆ Λ and

therefore x ∈ Λ×. □

Corollary 6.6. Let k ∈ Z. Let C•, D• ∈ Dperf
tor (Λ) such that

(i) H i(C•) ≃ H i(D•) as Λ-modules for all i ∈ Z; and
(ii) H i(C•) and H i(D•) are finitely generated over Zp for all i ∈ Z−{k}.

Then [C•] = [D•] in K0(Λ,Q).
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Proof. We claim that [C•] and [D•] have the same image in K0(Λp,Q) for
each height one prime ideal p of R. The result then follows from Proposi-
tion 6.5.

We have H i(Λp ⊗L
Λ C

•) ≃ Λp ⊗ΛH
i(C•) for all i ∈ Z since localisation at

p is exact. The analogous statement also holds for D•. We first consider the
case p ̸= (p). Then Λp is a maximal order over the discrete valuation ring
Rp, and thus is hereditary by [Rei03, Theorem 18.1]. Hence every finitely
generated Λp-module is of finite projective dimension and thus the claim
follows from (i) and Proposition 3.1 in this case. Since (ii) implies that
Λ(p)⊗ΛH

i(C•) = Λ(p)⊗ΛH
i(D•) = 0 for i ∈ Z−{k}, the claim for p = (p)

follows from Proposition 3.2 and (i). □

7. The abelian EIMC and localisation at (p)

Let p be an odd prime and let K be a totally real number field. Let L/K
be an abelian admissible one-dimensional p-adic Lie extension of K. Let
G = Gal(L/K) and write G = H × Γ where H is a finite abelian group and
Γ ≃ Zp. Let R = ZpJΓK. Let S be a finite set of places of K containing
Sram(L/K) ∪ S∞.

Since G is abelian, the reduced norm map nr : K1(Q(G)) → Q(G)× is
equal to the usual determinant map det and is an isomorphism by [CR87,
Proposition 45.12]. Let ζS = ζS(L/K) := det−1(ΦS(L/K)) and let

ωS = ωS(L/K) := ∂(ζS(L/K)) + [C•
S(L/K)] ∈ K0(Λ(G),Q(G)).

It follows easily from its statement (Conjecture 5.4) that the EIMC for L/K
is equivalent to the assertion that ∂(ζS(L/K)) = −[C•

S(L/K)]. Hence we
obtain the following equivalent formulation of the abelian EIMC.

Lemma 7.1. The EIMC for L/K holds if and only if ωS vanishes.

Let M(G) denote the unique maximal R-order in Q(G) and note that
M(G) is the integral closure of Λ(G) in Q(G) (see [Rei03, Theorem 8.6]).
The following result states that the EIMC for L/K holds ‘over the maximal
order’. Variants of this result for arbitrary admissible one-dimensional p-adic
Lie extensions are due to Ritter and Weiss [RW04, Theorem 16], the present
authors [JN18, Theorem 4.9], and (in terms of Selmer groups) Greenberg
[Gre14, Proposition 9]; these are all ultimately reformulations of the classical
(non-equivariant) Iwasawa main conjecture and a result on comparison of
µ-invariants, both proven by Wiles [Wil90, Theorems 1.3 and 1.4].

Proposition 7.2. The element ωS maps to zero under the canonical map

(7.1) K0(Λ(G),Q(G)) −→ K0(M(G),Q(G))

induced by extension of scalars.

Proof. Let xS ∈ K1(Q(G)) such that ∂(xS) = −[C•
S(L/K)]. By [RW04,

Theorem 16] (whose proof simplifies in the abelian case) we have that

Det(xS)L
−1
K,S ∈ Hom∗(Rp(G),Λc(ΓK)×),
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where Λc(ΓK) := Zcp ⊗Zp Λ(ΓK) and Zcp denotes the integral closure of

Zp in Qc
p. Moreover, Hom∗(Rp(G),Λc(ΓK)×) identifies with M(G)× un-

der the isomorphism in diagram (4.3) as explained in [RW04, Remark H]
and LK,S corresponds to ΦS(L/K) by definition - see (5.6). Therefore

yS := det(xS)Φ
−1
S ∈ M(G)×. The desired result now follows once one ob-

serves that ∂(det−1(yS)) = −ωS and that det−1(M(G)×) is equal to the
kernel of the canonical map K1(Q(G)) → K0(M(G),Q(G)), which is the
composition of ∂ and the map (7.1). □

For a height one prime ideal p of R, let Rp be denote localisation of R at
p, let Λp(G) = Rp ⊗R Λ(G), letMp(G) = Rp ⊗RM(G), and let

locp : K0(Λ(G),Q(G)) −→ K0(Λp(G),Q(G))
be the canonical map induced by Λp(G)⊗Λ(G) −.

Corollary 7.3. Let p ̸= (p) be a height one prime ideal of R. Then
locp(ωS) = 0.

Proof. For each height one prime ideal p ̸= (p) we have Λp(G) = Mp(G).
Hence the map locp factors through the map (7.1) and so the result follows
from Proposition 7.2. □

Let ∂(p) : K1(Q(G)) −→ K0(Λ(p)(G),Q(G)) be the canonical map associ-
ated to the height one prime ideal (p) of R. Note that ∂(p) = loc(p) ◦ ∂. We
henceforth abbreviate Λ(p)(G)⊗Λ(G) XS to (XS)(p).

Proposition 7.4. The following are equivalent.

(i) The EIMC holds for L/K.
(ii) ωS = 0.
(iii) loc(p)(ωS) = 0.
(iv) ∂(p)(ζS) = [(XS)(p)].
(v) ΦS generates FittΛ(p)(G)((XS)(p)).

(vi) ΦS ∈ FittΛ(p)(G)((XS)(p)).

Proof. The equivalence of (i) and (ii) is just Lemma 7.1. The equivalence of
(ii) and (iii) follows from Proposition 6.5 and Corollary 7.3. We have

H i(Λ(p)(G)⊗L
Λ(G) C

•
S(L/K)) ≃ Λ(p)(G)⊗Λ(G) H

i(C•
S(L/K))

≃
{

(XS)(p) if i = −1
0 if i ̸= −1,

where the first isomorphism follows from the fact that localisation at (p)
is exact, and the second isomorphism follows from (5.1) and the fact that
Λ(p)(G) ⊗Λ(G) Zp = 0. Moreover, Proposition 3.2 then implies that (XS)(p)
is of finite projective dimension over Λ(p)(G) and that we have an equality

[Λ(p)(G)⊗L
Λ(G) C

•
S(L/K)] = −[(XS)(p)] ∈ K0(Λ(p)(G),Q(G)).

It follows easily that (iii) and (iv) are equivalent. In fact, the projec-
tive dimension of (XS)(p) is at most one by [Nic20, Lemma 5.2]. Thus
FittΛ(p)(G)((XS)(p)) is a principal ideal generated by a nonzerodivisor by
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Lemma 6.3. By Remark 6.2 and the fact that ΦS = det(ζS), we see that
(iv) is equivalent to (v). Analogous reasoning and Proposition 7.2 show that
ΦS generates FittM(p)(G)(M(p)(G)⊗Λ(p)(G) (XS)(p)). Therefore the fact that

Fitting ideals commute with base change (see for example [Eis95, Corol-
lary 20.5]) and an application of Lemma 6.1 now show that (v) and (vi) are
equivalent. □

Remark 7.5. Suppose L/K satisfies the µ = 0 hypothesis. Then XS is
finitely generated as a Zp-module and so (XS)(p) vanishes. Thus by Propo-
sition 7.4 the EIMC for L/K is equivalent to the assertion that

ζS ∈ ker(∂(p)) = K1(Λ(p)(G)).

Since ΦS = det(ζS) and det : K1(Q(G)) → Q(G)× is an isomorphism, this
in turn is equivalent to the assertion that ΦS ∈ Λ(p)(G)×. A proof of this
last assertion (again under the µ = 0 hypothesis) can be found in [RW02b,
§6] or [Kak11, Lemma 1.14] (we caution that the meaning of S here differs
from that in [Kak11]).

8. Inverse limits of Stickelberger elements

Let p be an odd prime and let K be a totally real number field. Let L/K
be a finite abelian CM extension and let G = Gal(L/K). Let S be a finite
set of places of K containing Sp ∪ Sram(L/K) ∪ S∞. Assume that ζp ∈ L.

Let L∞ denote the cyclotomic Zp-extension of L. Let G = Gal(L∞/K),
which we write as G = H×Γ, where Γ ≃ Zp and H := Gal(L∞/K∞) canon-
ically identifies with a subgroup of G. Let R = ZpJΓK. Let j ∈ G denote
complex conjugation (this an abuse of notation because its image in the
quotient group G is also denoted by j) and let G+ := G/⟨j⟩ = Gal(L+

∞/K).
Then j ∈ H and so again Λ(G+) is a free R-order in Q(G+). Moreover,
Λ(G)− := Λ(G)/(1 + j) is also a free R-order. For any Λ(G)-module M
we write M+ and M− for the submodules of M upon which j acts as 1
and −1, respectively, and consider these as modules over Λ(G+) and Λ(G)−,
respectively.

Let χcyc : G → Z×
p denote the p-adic cyclotomic character. Let µpn =

µpn(L∞) denote the group of pnth roots of unity in L×
∞ and let µp∞ be

the nested union (or direct limit) of these groups. Let Zp(1) := lim←−n µpn
be endowed with the action of G given by χcyc. For any r ≥ 0 define
Zp(r) := Zp(1)⊗r and Zp(−r) := HomZp(Zp(r),Zp) endowed with the nat-
urally associated actions. For any Λ(G)-module M , we define the rth Tate
twist to be M(r) := Zp(r)⊗Zp M with the natural G-action; hence M(r) is
simply M with the modified G-action g ·m = χcyc(g)

rg(m) for g ∈ G and
m ∈M . In particular, we have Qp/Zp(1) ≃ µp∞ and Λ(G+)(−1) ∼= Λ(G)−.

For every place v of K we denote the decomposition subgroup of G at a
chosen prime w∞ above v by Gw∞ (everything will only depend on v and not
on w∞ in the following). In a cyclotomic Zp-extension only finitely many
primes lie above any rational prime, and hence the index [G : Gw∞ ] is finite
when v is a finite place of K. Let σw∞ denote the Frobenius automorphism
at w∞.
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For n ≥ 0 let Gn = Gal(Ln/K), where Ln is the nth layer of L∞. Denote
the canonical projection map Λ(G) → Zp[Gn] by augn. We let Υ be the
multiplicatively closed subset of Λ(G) comprising all x ∈ Λ(G) such that
augn(x) is a nonzerodivisor in Zp[Gn] for all n ≥ 0. Then augn extends
uniquely to a Qp-algebra morphism augn : Υ−1Λ(G) → Qp[Gn]. Similar
observations hold for the projection map augΓK

: Λ(ΓK) → Zp. For an
irreducible Qc

p-valued character χ of Gn, let en(χ) denote the associated

primitive idempotent of Qc
p[Gn]. Then for each n ≥ 0 and each x ∈ Υ−1Λ(G)

we have an equality

(8.1) augn(x) =
∑
χ

augΓK
(jχ(x))en(χ),

where the sum runs over all irreducible Qc
p-valued characters χ of Gn. This

is essentially a consequence of the facts that augΓK
(jχ(γχ)) = 1 and γχ acts

trivially upon Vχ. (See [Nic10, Theorem 6.4] and its proof for an even more
general result.) Note that in particular ΦS ∈ Υ−1Λ(G).

For any r ∈ Z, let trcyc denote the Qp-algebra automorphism of Υ−1Λ(G)
induced by g 7→ χrcyc(g)g for g ∈ G. This restricts to an Zp-algebra automor-

phism of Λ(G) and for r = 1 induces an isomorphism Λ(G+)(−1) ∼= Λ(G)−.
Let x 7→ x# denote the anti-involution on Υ−1Λ(G) induced by g 7→ g−1 for
g ∈ G.

Let T be a finite set of places of K such that S ∩ T = ∅. We define
ΨS,T ∈ Υ−1Λ(G) by

(8.2) ΨS,T = ΨS,T (L∞/K) := t1cyc(ΦS) ·
∏
v∈T ξv,

where ξv := 1 − χcyc(σw∞)σw∞ . The following result for r = 0 is essential
for the proof of Theorem 1.1. The case r < 0 will be needed in §12.

Proposition 8.1. Assume that ζp ∈ L. For every integer r ≤ 0 we have

trcyc(Ψ
#
S,T ) = lim←−

n

ΘS,T (Ln/K, r).

Proof. Variants of this result are certainly well known. The case at hand is
stated in [GP15, Lemma 5.14 (2)], but it relies on [Pop09, Proposition 4.1]
where the case r < 0 is left to the reader. We include the short argument
for convenience as it provides the crucial link between complex and p-adic
Artin L-functions.

We have to show that the image of trcyc(Ψ
#
S,T ) under the projection map

augn is equal to ΘS,T (Ln/K, r) for each n ≥ 0. In fact, it suffices to show
this for sufficiently large n.

It is straightforward to check that trcyc(ξ
#
v ) = 1− χ1−r

cyc (σw∞)σ−1
w∞ . Hence

since σw∞ acts by N(v) on p-power roots of unity, for each v ∈ T and n ≥ 0
we have

(8.3) augn(t
r
cyc(ξ

#
v )) = 1−N(v)1−rσ−1

wn
= δ{v}(Ln/K, r),

where wn is the place of Ln below w∞ and δ{v}(Ln/K, r) is defined in (2.1).
Since a sufficiently large p-power of ΓL = Gal(L∞/L) ≤ G is contained

in Γ, there exists m ≥ 0 such that for all n ≥ m, we have a decomposition
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Gn ≃ H×Γ/ΓLn . Now fix n ≥ m. Then the Qc
p-valued irreducible characters

of Gn are precisely those of the form χ ⊗ ρ, where χ and ρ are irreducible
characters of H and Γ/ΓLn , respectively. We denote the associated primitive
idempotent of Qc

p[Gn] by en(χ⊗ ρ) and compute

augn(t
r
cyc(Ψ

#
S,T )) = δT (Ln/K, r) · augn(tr−1

cyc (Φ
#
S ))

= δT (Ln/K, r) · augn((t1−rcyc (ΦS))
#)

= δT (Ln/K, r) ·
∑
χ,ρ

augΓK

(
jχ⊗ρ(t

1−r
cyc (ΦS))

)
en(χ̌⊗ ρ̌)

= δT (Ln/K, r) ·∑
χ,ρ

augΓK

(
Gχω1−r⊗ρ,S(u

1−rγK − 1)

Hχω1−r⊗ρ(u
1−rγK − 1)

)
en(χ̌⊗ ρ̌)

= δT (Ln/K, r) ·
∑
χ,ρ

Lp,S(r, χω
1−r ⊗ ρ)en(χ̌⊗ ρ̌)

= δT (Ln/K, r) ·
∑
χ,ρ

ι(LS(r, ι
−1(χ⊗ ρ)))en(χ̌⊗ ρ̌)

= ΘS,T (Ln/K, r).

Here the sums run over all irreducible Qc
p-valued characters ρ of Γ/ΓLn and

χ of H with χ odd if r is even and χ even otherwise. The first equality is
a consequence of (8.2) and (8.3). The second is clear and the third is (8.1)
with x = (t1−rcyc (ΦS))

#. The fourth equality is implied by [JN19, Lemma 6.1],
(5.5) and (5.6). (Note that u := κ(γK) = χcyc(γ) if γ maps to γK under the
canonical isomorphism Γ ∼= ΓK .) The fifth and sixth equalities follow from
(5.3) and (5.4), respectively. (Note that when the characters in question
are linear, the interpolation property (5.4) also holds for r = 0.) The last
equality follows from the definition of ΘS,T (Ln/K, r). □

9. The proof of Theorem 1.1

9.1. A reduction step. The following lemma will allow us to perform an
important reduction step.

Lemma 9.1. Let p be an odd prime and let K be a totally real number field.
Let L/K be an abelian admissible one-dimensional p-adic Lie extension of
K. There exists a finite abelian CM extension L/K such that (i) ζp ∈ L,
(ii) L∩K∞ = K and (iii) L ⊆ L+

∞, where L∞ is the cyclotomic Zp-extension
of L and L+

∞ is its maximal totally real subfield.

Proof. Let G = Gal(L/K), let H = Gal(L/K∞) and let ΓK = Gal(K∞/K).
As in §5.1, we obtain a semidirect product G = H ⋊ Γ where Γ ≤ G and
Γ ≃ ΓK ≃ Zp. Since G is abelian, the semidirect product is in fact direct.
Let F be the subfield of L fixed by Γ. Then F∞ = L and F ∩K∞ = K. Now
let L = F (ζp). Then L/K is a finite abelian CM extension and L satisfies
properties (i), (ii) and (iii). We note that the choice of Γ and hence of L is
non-canonical. □
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9.2. Minus p-parts of ray class groups in cyclotomic Zp-extensions.
Let p be an odd prime and let K be a totally real number field. Let L/K
be a finite abelian CM extension. Let T be a finite set of finite places of K.
For n ≥ 0, let Ln denote the nth layer of the cyclotomic Zp-extension L∞
of L and let ATLn

= (Zp ⊗Z clTLn
)− (see §2.5). The following result is [GP15,

Lemma 2.9]; we include the short proof for the convenience of the reader.

Lemma 9.2. The canonical maps ATLn
→ ATLn+1

are injective for all n ≥ 0.

Proof. In the case T = ∅ this is [Was97, Proposition 13.26]. The general
case follows from the case T = ∅ by a snake lemma argument applied to the
exact sequence (2.2) after taking ‘minus p-parts’ (this is an exact functor
since p is odd). □

9.3. An exact sequence of Iwasawa modules. Let ATL∞
= lim−→n

ATLn

where the transition maps are the canonical ones. If T is empty we further
abbreviate ATL∞

to AL∞ . We henceforth assume the notation of §8.

Lemma 9.3. Assume that ζp ∈ L. Let T be a finite set of finite places of
K containing primes of at least two different residue characteristics. Then
we have an exact sequence of Λ(G)−-modules

(9.1) 0 −→ XSp(−1) −→ Hom(ATL∞ ,Qp/Zp)

−→
⊕
v∈T

(
indGGw∞

Zp(−1)
)−
−→ Zp(−1) −→ 0.

where each term is finitely generated and torsion over R. Moreover, the last
two non-trivial terms are finitely generated over Zp.

Proof. The hypothesis on T ensures that ETLn
is torsionfree for every n ≥ 0

(see Remark 2.1). Thus taking p-minus part of sequence (2.2) for each layer
Ln yields exact sequences

0 −→ µp∞(Ln) −→
(
Zp ⊗Z (OLn/M

T
Ln

)×
)− −→ ATLn

−→ ALn −→ 0,

where µp∞(Ln) denotes the group of all p-power roots of unity in Ln. Since
ζp ∈ L by assumption, we have ζpn ∈ µp∞(Ln) for all n ≥ 0. Thus taking
direct limits yields

0 −→ Qp/Zp(1) −→
⊕
v∈T

(
indGGw∞

Qp/Zp(1)
)−
−→ ATL∞ −→ AL∞ −→ 0,

and then taking Pontryagin duals gives a new exact sequence

0 −→ Hom(AL∞ ,Qp/Zp) −→ Hom(ATL∞ ,Qp/Zp)

−→
⊕
v∈T

(
indGGw∞

Zp(−1)
)−
−→ Zp(−1) −→ 0.

But by Kummer duality [NSW08, Theorem 11.4.3] there is a canonical iso-
morphism of Λ(G)−-modules XSp(−1) ∼= Hom(AL∞ ,Qp/Zp), and thus we
obtain (9.1). Since the decomposition groups Gw∞ have finite index in G,
each term indGGw∞

Zp(−1) is finitely generated over Zp. Therefore the last
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two non-trivial terms of (9.1) are finitely generated as Zp-modules and thus
are torsion and finitely generated over R. Moreover, XSp(−1) is also torsion
and finitely generated over R (see §5.2) and therefore the same must be true
of Hom(ATL∞

,Qp/Zp). □

9.4. A consequence of the strong Brumer–Stark conjecture. The
following result crucially depends on the strong Brumer–Stark conjecture.

Proposition 9.4. Assume that ζp ∈ L. Let S and T be finite sets of places
of K such that Sp∪Sram(L/K)∪S∞ ⊆ S, S∩T = ∅, and T contains primes
of at least two different residue characteristics. Then

ΨS,T ∈ FittΛ(G)−(Hom(ATL∞ ,Qp/Zp)).

Proof. By Lemma 9.2, the transition maps in ATL∞
= lim−→n

ATLn
are injec-

tive and so those in Hom(ATL∞
,Qp/Zp) = lim←−n(A

T
Ln

)∨ are surjective. By

Lemma 9.3, Hom(ATL∞
,Qp/Zp) is finitely generated and torsion over R.

Therefore by Theorem 6.4 we have

(9.2) FittΛ(G)−(Hom(ATL∞ ,Qp/Zp)) = lim←−nFittZp[Gn]−((A
T
Ln

)∨).

Note that, in particular, the assumptions ensure that Hyp(Ln/K, S, T ) holds
for every n ≥ 0 (see Remark 2.1). Hence by the p-part of the strong Brumer–
Stark conjecture (Theorem 2.3) we have

θTS (Ln/K)# ∈ FittZp[Gn]−((A
T
Ln

)∨)

for every n ≥ 0. Thus the desired result now follows from Proposition 8.1
and (9.2). □

9.5. The proof of Theorem 1.1. We now have all the pieces needed to
prove our main result.

Theorem 9.5 (Theorem 1.1). Let p be an odd prime and let K be a totally
real number field. Let L/K be an abelian admissible one-dimensional p-adic
Lie extension. Then the EIMC with uniqueness holds for L/K.

Proof. Let L/K be as in Lemma 9.1. We first prove the EIMC for L+
∞/K.

Let G = Gal(L∞/K). Then G = H × Γ where H = Gal(L∞/K∞) and
Γ = Gal(L∞/L). Moreover, G+ := Gal(L+

∞/K) = H+ × Γ where H+ =
Gal(L+

∞/K∞) and Γ ∼= Gal(L+
∞/L

+) via restriction. Let R = ZpJΓK.
Let S be a finite set of places of K containing Sp ∪ Sram(L/K) ∪ S∞. By

Proposition 7.4 the EIMC for L+
∞/K is equivalent to the assertion that

(9.3) ΦS ∈ FittΛ(p)(G+)((XS)(p)).

As the decomposition groups Gw∞ have finite index in G, [NSW08, Corol-
lary 11.3.6(i)] shows that the canonical projection XS → XSp induces an

isomorphism (XS)(p) ∼= (XSp)(p) of Λ(p)(G)-modules. Moreover, since t1cyc
induces an isomorphism Λ(p)(G+)(−1) ∼= Λ(p)(G)−, the containment (9.3) is
equivalent to the assertion that

(9.4) ΨS := t1cyc(ΦS) ∈ FittΛ(p)(G)−(XSp(−1)(p)).
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Let T be a second finite set of places of K containing primes of at least
two different residue characteristics and such that S ∩ T = ∅. Then by
Proposition 9.4 we have

(9.5) ΨS,T ∈ FittΛ(G)−(Hom(ATL∞ ,Qp/Zp)).
Now consider the exact sequence (9.1) of Lemma 9.3. Since the last two

non-trivial terms are finitely generated as Zp-modules, they vanish after
localisation at (p). Hence there is an isomorphism

(9.6) XSp(−1)(p) ∼= Hom(ATL∞ ,Qp/Zp)(p)
of Λ(p)(G)−-modules. Therefore (9.5) and (9.6) together imply that

(9.7) ΨS,T ∈ FittΛ(p)(G)−(XSp(−1)(p)).

Recall from (8.2) that ΨS,T := t1cyc(ΦS) ·
∏
v∈T ξv. Since the Euler factors

ξv become units in Λ(p)(G) for each v ∈ T (in fact, ξv generates the Fitting

ideal of the Λ(G)-module indGGw∞
Zp(−1), which is finitely generated as a

Zp-module), it follows from (9.7) that (9.4) holds. Therefore the EIMC
holds for L+

∞/K. Thus the EIMC also holds for L/K by Lemma 5.10.
Moreover, uniqueness holds by Remark 5.8. □

10. Iwasawa algebras and commutator subgroups

The following theorem is a restatement of a special case of [JN13, Propo-
sition 4.5]. We include the proof here for the convenience of the reader and
take the opportunity to correct some minor oversights in the proof of loc.
cit.

Theorem 10.1. Let p be a prime, let G = H ⋊ Γ be an admissible one-
dimensional p-adic Lie group and let F/Qp be a finite extension with ring
of integers O. Then the commutator subgroup G′ of G is finite. Moreover,
ΛO(G) is a direct product of matrix rings over (complete local) commutative
rings if and only if p ∤ |G′|.

Proof. We adopt the setup and notation of §4.1. We identify R with OJT K
and abbreviate ΛO(G) to Λ. Let p and P denote the maximal ideals of O
and R, respectively. Then P is generated by p and T . Let k = R/P = O/p
be the residue field, which is finite and of characteristic p. Let Cpn denote
the cyclic group of order pn. Since γp

n
= 1 + T ≡ 1 mod P, we have

(10.1) Λ := Λ/PΛ =

pn−1⊕
i=0

k[H]γi = k[H ⋊ Cpn ] ∼= k ⊗R Λ.

Since G/H ∼= Γ is abelian, G′ is actually a subgroup of H and thus is finite.
Moreover, G′ identifies with the commutator subgroup of H ⋊ Cpn .

We refer the reader to [AG60] for background on separability and recall
that a ring is said to be an Azumaya algebra if it is separable over its centre.
We shall show that the following assertions are equivalent.

(i) Λ is a direct product of matrix rings over (complete local) commu-
tative rings;

(ii) Λ is a direct product of matrix rings over commutative rings;
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(iii) Λ is an Azumaya algebra;
(iv) Λ is an Azumaya algebra;
(v) p ∤ |G′|.

As any matrix ring over a commutative ring is an Azumaya algebra,
(i) ⇒ (iii) and (ii) ⇒ (iv). In fact, as remarked after [DJ83, Corollary,
p. 390] we have (ii)⇔ (iv). By [DJ83, Corollary p. 389] we have (iv)⇔ (v).

We now show (iii) ⇔ (iv). By [Lam01, Example 23.3] ζ(Λ) is semiperfect
and thus a product of local rings by [Lam01, Theorem 23.11], say ζ(Λ) =⊕r

i=1Ri, where each Ri contains R. By [CR81, Proposition 6.5 (ii)] each
Ri is in fact a complete local ring. Let Pi be the maximal ideal of Ri and
ki := Ri/Pi be the residue field. Note that we have

(10.2) ζ(Λ) = ζ(Λ)⊗R k =
r⊕
i=1

Ri ⊗R k =
r⊕
i=1

Ri/PRi.

In order to justify the first equality, we observe that it is a straightfor-
ward consequence of the decomposition (4.1) that the centre ζ(Λ) is a free
R-module of rank c(G/Γ0), where c(A) denotes the number of conjugacy
classes of a group A; a basis is given by the class sums. Similarly, it follows
from (10.1) that ζ(Λ) is a k-vector space of dimension c(H⋊Cpn) = c(G/Γ0).

Hence the obvious inclusion ζ(Λ)⊗R k ⊆ ζ(Λ) must be an equality.
Moreover, we also have

(10.3) Λ⊗ζ(Λ) ki = Λ⊗Ri ki
∼= (Λ⊗R k)⊗(Ri⊗Rk) (ki ⊗R k) ∼= Λ⊗ζ(Λ) ki.

By [AG60, Theorem 4.7] Λ is Azumaya if and only if Λ⊗ζ(Λ) ki is separable
over ki for each i. Similarly, by (10.2) and loc. cit. Λ is Azumaya if and only
if Λ⊗ζ(Λ) ki is separable over ki for each i. Therefore the claim now follows

from (10.3).
In summary, we have shown that (ii)⇔ (iii)⇔ (iv)⇔ (v) and (i)⇒ (iii).

Thus it remains to show (iii) ⇒ (i). Suppose (iii) holds. Since PRi ⊂ Pi,
the canonical projection Ri ↠ ki factors through Ri ↠ Ri/PRi = Ri ⊗R k.
Hence we have the corresponding homomorphisms of Brauer groups

Br(Ri)→ Br(Ri/PRi)→ Br(ki).

Now Br(Ri) → Br(ki) is injective by [AG60, Corollary 6.2] and hence
Br(Ri)→ Br(Ri/PRi) must also be injective. This yields an embedding

Br(ζ(Λ)) =

r⊕
i=1

Br(Ri) ↪→
r⊕
i=1

Br(Ri ⊗R k) = Br(ζ(Λ)).

Since Λ is Azumaya, it defines a class [Λ] ∈ Br(ζ(Λ)) which is mapped to
[Λ] via this embedding. In particular, (iv) holds and we have already seen
that this implies (ii). Hence [Λ] is trivial and thus so is [Λ]. Let Λi be the
component of Λ corresponding to Ri. Then [Λi] ∈ Br(Ri) is trivial and so
by [AG60, Proposition 5.3] Λi is isomorphic to an Ri-algebra of the form
HomRi(Pi, Pi) where Pi is a finitely generated projective faithful Ri-module.
Since Ri is a local ring, Pi must be free and so Λi must be isomorphic to a
matrix ring over its centre Ri. Thus (i) holds. □
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Corollary 10.2. Let p be a prime and let G be an admissible one-dimensional
p-adic Lie group such that p ∤ |G′|. Let F/Qp be a finite extension with ring
of integers O. Then QF (G) is a direct product of matrix rings over fields
and there is a commutative diagram

0 // K1(Λ
O(G)) ι //

∼=
��

K1(QF (G))
∂ //

nr ∼=
��

K0(Λ
O(G),QF (G)) //

∼=
��

0

1 // ζ(ΛO(G))× // ζ(QF (G))× // ζ(QF (G))×/ζ(ΛO(G))× // 1,

with exact rows.

Proof. Apart from the injectivity of ι, the existence of the top row and its
exactness is (4.2). The exactness of the bottom row is tautological. Since
ΛO(G) is a direct product of matrix rings over commutative local rings,
[CR87, Proposition 45.12] and a Morita equivalence argument show that
the left vertical map is an isomorphism. Moreover, an extension of scalars
argument shows that QF (G) is direct product of matrix rings over fields, and
so the middle vertical map is also an isomorphism. The left square commutes
since the reduced norm / determinant map is compatible with extensions of
scalars. The left and middle vertical isomorphisms induce the right vertical
isomorphism, and so the right square commutes. Finally, commutativity of
the diagram shows that ι is injective. □

11. Further algebraic results and the proof of Corollary 1.2

In this section, we begin by proving purely algebraic results on the van-
ishing of SK1(Q(G)) and on the injectivity of certain products of maps over
subquotients of G. By combining these results with the functorial properties
of the EIMC, we then show that Theorem 1.1 implies Corollary 1.2. Some
results in this section are stated for all primes p and others are only stated
for odd primes p; those in the latter case ultimately rely on [RW05] where
it is a standing hypothesis that p is odd.

11.1. F -q-elementary groups. Let q be a prime. A finite group is said to
be q-hyperelementary if it is of the form Cn ⋊Q, with Q a q-group and Cn
a cyclic group of order n such that q ∤ n. Let F be a field of characteristic
0. A q-hyperelementary group Cn ⋊Q is called F -q-elementary if

Im(Q −→ Aut(Cn) ∼= (Z/nZ)×) ⊆ Gal(F (ζn)/F ).

An F -elementary group is one that is F -q-elementary for some prime q. A
finite group is said to be q-elementary if it is of the form Cn ×Q with q ∤ n
and Q a q-group.

Now let F/Qp be a finite extension and let G be an admissible one-
dimensional p-adic Lie group. Let Γ0 ≃ Zp be an open central subgroup
of G. Then G is said to be:

• F -q-elementary if there is a choice of Γ0 such that G/Γ0 is F -q-ele-
mentary;
• F -elementary if it is F -q-elementary for some prime q;
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• q-elementary if there is a choice of Γ0 such that G/Γ0 is q-elementary;
• elementary if it is q-elementary for some prime q.

Lemma 11.1. In the case F = Qp the definition of F -q-elementary given
above is equivalent to the corresponding definitions of [RW05, §2] (p = q)
and [RW05, §3] (p ̸= q).

Proof. Let G be an admissible one-dimensional p-adic Lie group. It is clear
that if G satisfies the definitions of Ritter and Weiss given in [RW05, §2, §3],
then it satisfies the definition given above. The converse is given by [RW05,
Lemma 4] in the case p ̸= q and by the following calculation when p = q.
Suppose more generally that F/Qp is a finite extension and that we have a
short exact sequence

1 −→ Γ0 −→ G −→ Cn ⋊Q −→ 1,

where Cn ⋊ Q is F -p-elementary and Γ0 ≃ Zp is an open central subgroup
of G. Let s ∈ G be a pre-image of a generator of Cn. Since n and p are
coprime, we may multiply s by a suitable element in Γ0 to obtain an element
of order n. Thus we can and do assume without loss of generality that s
itself has order n. Let P ⊆ G be the pre-image of Q. Then P is an open
pro-p subgroup of G and G ≃ Cn ⋊P, where Cn is generated by s. Since Γ0

is central in G, the action of P on Cn factors through P → Q → Aut(Cn)
and thus has image in Gal(F (ζn)/F ). □

11.2. The kernel of the reduced norm map. Let p be a prime and let
G be an admissible one-dimensional p-adic Lie group. Let F/Qp be a finite
extension. Define

SK1(QF (G)) = ker(nr : K1(QF (G)) −→ ζ(QF (G))×).

Proposition 11.2. Let p be an odd prime and let G be an admissible one-
dimensional p-adic Lie group. If SK1(Q(H)) = 0 for all open Qp-p-elemen-
tary subgroups H of G then SK1(Q(G)) = 0

Proof. By [RW05, Corollary on p. 167] we have that SK1(Q(G)) = 0 if
SK1(Q(H)) vanishes for all open Qp-elementary subgroups H of G. If q is a
prime distinct from p and H is an open Qp-q-elementary subgroup of G then
SK1(Q(H)) = 0 by a result of Lau [Lau12, Theorem 2]. The case p = q
holds by hypothesis. □

Corollary 11.3. If p is an odd prime and G is an admissible one-dimensional
p-adic Lie group with an abelian Sylow p-subgroup then SK1(Q(G)) = 0.

Proof. By Proposition 11.2 it suffices to show that SK1(Q(H)) = 0 for
all open Qp-p-elementary subgroups H of G. Let H be such a subgroup.
Then by Lemma 11.1 H = ⟨s⟩ ⋊ U where ⟨s⟩ is a finite cyclic subgroup of
order prime to p and U is an open pro-p subgroup. Moreover, U must be
abelian by the hypothesis on G and so the commutator subgroup H′ of H
is necessarily a subgroup of ⟨s⟩. Hence p ∤ |H′| and so the reduced norm
map nr : K1(Q(H))→ ζ(Q(H))× is an isomorphism by Corollary 10.2 (with
F = Qp). In particular, SK1(Q(H)) = 0. □
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Remark 11.4. As noted in [RW04, Remark E] (see also [Bur15, Remark 3.5]),
a conjecture of Suslin implies that in fact SK1(Q(G)) always vanishes.

11.3. Products of maps over subquotients of G. For F/Qp a finite
extension with ring of integers O, we abuse notation and let

nr : K1(Λ
O(−)) −→ ζ(QF (−))×

denote the composition of the canonical map K1(Λ
O(−)) → K1(QF (−))

and the reduced norm map nr : K1(QF (−))→ ζ(QF (−))×. The purpose of
this subsection is to prove the following result.

Theorem 11.5. Let p be an odd prime and let G be an admissible one-
dimensional p-adic Lie group and let Γ0 ≃ Zp be an open central subgroup
of G. Let Ep denote the collection of all p-elementary subquotients of G of
the form U/N , where Γ0 ≤ U ≤ G and N is a finite normal subgroup of U .
Then the product of maps

ζ(Q(G))×/nr(K1(Λ(G)))
∏

quot◦res−−−−−−−→
∏
H∈Ep

ζ(Q(H))×/nr(K1(Λ(H)))

is injective. If we further assume that SK1(Q(G)) = 0, then the product of
maps

K0(Λ(G),Q(G))
∏

quot◦res−−−−−−−→
∏
H∈Ep

K0(Λ(H),Q(H))

is also injective.

Remark 11.6. In Theorem 11.5, there are only finitely many choices for U
since Γ0 is open in G and only finitely many choices for N since N ≤ H,
where H is the finite normal subgroup of G consisting of all elements of
finite order (see §4.1). Therefore Ep is finite. Note that in the special case
G = Γ0×H, the collection Ep consists of all groups of the form Γ0×E where
E ranges over all p-elementary subquotients of H.

We shall first prove several auxiliary and intermediate results which may
be of interest in their own right.

Lemma 11.7. Let p be a prime and let G be an admissible one-dimensional
p-adic Lie group. Let F/Qp be a finite extension with ring of integers O.
Then there exists a commutative diagram

K1(Λ
O(G)) //

nr ''

K1(QF (G))
∂ //

nr
��

K0(Λ
O(G),QF (G)) //

��

0

ζ(QF (G))× // ζ(QF (G))×/nr(K1(Λ
O(G)) // 1

with exact rows. Moreover, if SK1(QF (G)) = 0 then the right vertical map
is injective.

Proof. The triangle commutes by definition. The top row is (4.2) and the
existence of the right vertical map follows from the exactness of this row.
The second claim follows from the snake lemma. □
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Lemma 11.8. Let p be a prime and let G be an admissible one-dimensional
p-adic Lie group. Let F/Qp be a finite extension that is at most tamely
ramified and let O be the ring of integers of F . Then the canonical map

ζ(Q(G))×/nr(K1(Λ(G))) −→ ζ(QF (G))×/nr(K1(Λ
O(G)))

is injective. If we further assume that SK1(Q(G)) = 0, then the extension
of scalars map

K0(Λ(G),Q(G)) −→ K0(Λ
O(G),QF (G))

is also injective.

Proof. By enlarging F if necessary, we can and do assume that F/Qp is
Galois. The first claim follows from the equalities

ζ(Q(G))× ∩ nr(K1(Λ
O(G))) = nr(K1(Λ

O(G)))Gal(F/Qp) = nr(K1(Λ(G))),

where the last equality is [IV12, Theorem 2.12]. (We point out that the
‘notation as above’ in the statement of loc. cit. refers to [IV12, Theorem 2.11]
rather than the text between these two results; the simplifying assumptions
are to be understood as ‘without loss of generality’. Indeed the proof of
[IV12, Theorem 2.12] remains valid unchanged for finite tamely ramified
extensions of Qp.) We have a commutative diagram

K0(Λ(G),Q(G)) //

��

ζ(Q(G))×/nr(K1(Λ(G)))

��
K0(Λ

O(G),QF (G)) // ζ(QF (G))×/nr(K1(Λ
O(G))),

where the existence of the horizontal maps follows from Lemma 11.7. If
SK1(Q(G)) = 0 then the top horizontal map is injective by Lemma 11.7, and
so the second claim now follows from the commutativity of the diagram. □

Lemma 11.9. Let p be a prime and let G be an admissible one-dimensional
p-adic Lie group. Let F/Qp be a finite extension with ring of integers O.
Then the canonical map

ζ(Q(G))×/ζ(Λ(G))× −→ ζ(QF (G))×/ζ(ΛO(G))×

is injective.

Proof. Write G = H ⋊ Γ where H is finite and Γ ≃ Zp. Let Γ0 be an open
subgroup of Γ that is central in G. Let R = ZpJΓ0K. Since ζ(Λ(G)) and
ζ(ΛO(G)) are both R-orders, all of their elements are integral over R by
[Rei03, Theorem 8.6]. Thus ζ(ΛO(G))× ∩ ζ(Λ(G)) = ζ(Λ(G))× by [Swa83,
Lemma 9.7], for example. Hence we have

ζ(Λ(G))× ⊆ ζ(Q(G))× ∩ ζ(ΛO(G))× ⊆ ζ(Λ(G)) ∩ ζ(ΛO(G))× = ζ(Λ(G))×.

Therefore ζ(Q(G))×∩ζ(ΛO(G))× = ζ(Λ(G))×, which gives the desired result.
□

In the results that follow, the quotient and restriction maps on certain
quotients of ζ(QF (G))× are induced by those defined in §4.4.
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Proposition 11.10. Let p be a prime and let G = H × ∆ where H is an
admissible one-dimensional p-adic Lie group such that p ∤ |H′| and ∆ is a
finite group with p ∤ |∆|. Let C(∆) denote the collection of cyclic subquotients
of ∆. Then the products of maps

ζ(Q(G))×/ζ(Λ(G))×
∏

quot ◦ res−−−−−−−→
∏

C∈C(∆)

ζ(Q(H× C))×/ζ(Λ(H× C))×,

ζ(Q(G))×/nr(K1(Λ(G)))
∏

quot ◦ res−−−−−−−→
∏

C∈C(∆)

ζ(Q(H× C))×/nr(K1(Λ(H× C))),

and

K0(Λ(G),Q(G))
∏

quot ◦ res−−−−−−−→
∏

C∈C(∆)

K0(Λ(H× C),Q(H× C))

are all injective.

Proof. The hypotheses imply that p ∤ |G′|. Hence Corollary 10.2 implies that
injectivity of the second and third displayed maps follows from that of the
first displayed map.

Set d := |∆|. Let F = Qp(ζd) and let O be the ring of integers of F .
Then F/Qp is a finite unramified extension over which every representation
of every subgroup of ∆ can be realised. Moreover, there is a canonical
decomposition ζ(O[∆]) ∼=

∏
ψO, where the sum runs over all ψ ∈ IrrQc

p
(∆).

This decomposition induces an isomorphism

(11.1) ζ(QF (G))×/ζ(ΛO(G))× ∼=
∏

ψ∈IrrQc
p
(∆)

ζ(QF (H))×/ζ(ΛO(H))×.

For each C ∈ C(∆) there are analogous isomorphisms for the quotients
ζ(QF (H×C))×/ζ(ΛO(H×C))×. Moreover, we have a commutative diagram

ζ(Q(G))×/ζ(Λ(G))×
∏

quot ◦ res //

��

∏
C ζ(Q(H× C))×/ζ(Λ(H× C))×

��
ζ(QF (G))×/ζ(ΛO(G))×

∏
quot ◦ res //

∏
C ζ(QF (H× C))×/ζ(ΛO(H× C))×,

where the products run over all C ∈ C(∆) and the vertical extension of
scalars maps are injective by Lemma 11.9. Thus it suffices to show that the
bottom horizontal map is injective; we denote this map by ι.

Now let f be an arbitrary element in ζ(QF (G))×/ζ(ΛO(G))×. Using (11.1)
we write f = (fψ)ψ∈IrrQc

p
(∆) with fψ ∈ ζ(QF (H))×/ζ(ΛO(H))×. Using the

definition of ι, we write ι(f) as (fC)C∈C(∆). Moreover, for each C ∈ C(∆)

we write fC = (fC,λ)λ∈IrrQc
p
(C) with fC,λ ∈ ζ(QF (H))×/ζ(ΛO(H))×. If

C = U/N for a subgroup U of ∆ and a normal subgroup N of U , then
explicitly we have

fC,λ =
∏
ψ∈IrrQc

p
(∆) f

⟨ψ,ind∆U inflUCλ⟩
ψ ,
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where ⟨−,−⟩ denotes the inner product of characters of ∆. (To see this, one
can either use the definitions of the quotient and restriction maps given in
§4.4 or use an obvious variant of [Bre04, Lemma 2.4].)

Suppose that f ∈ ker(ι). Then for each C ∈ C(∆), λ ∈ IrrQc
p
(C) we have

that fC,λ = 1 ∈ ζ(QF (H))×/ζ(ΛO(H))×. Fix ψ ∈ IrrQc
p
(∆). By Brauer’s

induction theorem [CR81, Theorem 15.9] we may write ψ as a finite sum

ψ =
∑

j zj ind
∆
Uj
infl

Uj

Cj
λj where Cj = Uj/Nj is a cyclic subquotient of ∆,

λj ∈ IrrQc
p
(Cj) and zj ∈ Z. We compute

fψ =
∏
ψ′∈IrrQc

p
(∆) f

⟨ψ′,ψ⟩
ψ′ =

∏
ψ′∈IrrQc

p
(∆) f

⟨ψ′,
∑

j zj ind
∆
Uj

infl
Uj
Cj
λj⟩

ψ′

=
∏
j

(∏
ψ′∈IrrQc

p
(∆) f

⟨ψ′,ind∆Uj
infl

Uj
Cj
λj⟩

ψ′

)zj
=
∏
j f

zj
Cj ,λj

=
∏
j 1

zj = 1.

Thus f is trivial, as desired. □

Proposition 11.11. Let p be an odd prime and let G be an admissible one-
dimensional p-adic Lie group. Let Γ0 ≃ Zp be an open central subgroup of
G, let G = G/Γ0 and let π : G → G denote the canonical projection. Let
F/Qp be a finite extension with ring of integers O. Let

EF (G) = {π−1(E) | E is an F -elementary subgroup of G}.

Then both products of maps

ζ(QF (G))×/nr(K1(Λ
O(G)))

∏
resGH−−−−→

∏
H∈EF (G)

ζ(QF (H))×/nr(K1(Λ
O(H)))

and

K0(Λ
O(G),QF (G))

∏
resGH−−−−→

∏
H∈EF (G)

K0(Λ
O(H),QF (H))

are injective.

Proof. For an open subgroup U of G, we denote by RF (U) the ring of all
characters of finite dimensional F -representations of U with open kernel.
We view RF as a Frobenius functor of the open subgroups of G in the sense
of [CR87, §38A] (note that though the definitions of loc. cit. are only stated
for finite groups, they easily extend to the present setting). By [RW05,
Lemma 7] the groups K1(Λ(−)) and K1(Q(−)) are Frobenius modules over
the Frobenius functor U 7→ RQp(U) (note that the result for K1(Q(−)) is
not explicitly stated, but the same proof works, and it is actually used in
the subsequent corollary). The same argument shows that K1(Λ

O(−)) and
K1(QF (−)) are Frobenius modules over the Frobenius functor U 7→ RF (U).
The canonical map K1(Λ

O(−)) → K1(QF (−)) is a morphism of Frobenius
modules and thus its cokernelK0(Λ

O(−),QF (−)) is also a Frobenius module
over the Frobenius functor U 7→ RF (U).

Now let Γ = G/H where H is as in §4.1. By [RW05, Lemma 7]

Det : K1(Λ(−)) −→ Hom∗
GQp

(Rp(−),Qc(Γ)×)
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is a morphism of Frobenius modules and the same argument works with
K1(Λ(−)) and GQp replaced by K1(Λ

O(−)) and GF , respectively. Together
with (4.3), this shows that nr : K1(Λ

O(−))→ ζ(QF (−))× is also a morphism
of Frobenius modules. Hence the cokernel ζ(QF (−))×/nr(K1(Λ

O(−))) is a
Frobenius module over the Frobenius functor U 7→ RF (U).

We now proceed as in the proof of [RW05, Corollary, p. 167]. Let 1G
and 1G denote the trivial characters of G and G, respectively. An appli-
cation of the Witt–Bermann induction theorem [CR81, Theorem 21.6] to
the finite group G shows that there are F -elementary subgroups Hi ≤ G
and λi ∈ RQc

p
(Hi) such that 1G =

∑
i ind

G
Hi
λi. Let Hi ≤ G denote the full

preimage of Hi and let ξi = inflHi
Hi
λi. Then lifting gives 1G =

∑
i ind

G
Hi
ξi

(finite sum).
Now let x be either in ζ(QF (G))×/nr(K1(Λ

O(G))) or inK0(Λ
O(G),QF (G))

and denote the trivial element of both of these groups by 0. Suppose that
x ∈ ker(

∏
i res

G
Hi
). Then by the defining properties of Frobenius modules

over Frobenius functors we have

x = 1G · x =
∑

i(ind
G
Hi
ξi) · x =

∑
i ind

G
Hi
(ξi · resGHi

x) = 0.

Hence the result now follows by the trivial observation that Hi ∈ EF (G) for
each i. □

Corollary 11.12. Let p be an odd prime and let G be an admissible one-
dimensional p-adic Lie group. Let Γ0 ≃ Zp be an open central subgroup of G,
let G = G/Γ0 and let E(G) = {π−1(E) | E is an elementary subgroup of G},
where π : G → G is the canonical projection. Then the product of maps

ζ(Q(G))×/nr(K1(Λ(G)))
∏

resGH−−−−→
∏

H∈E(G)

ζ(Q(H))×/nr(K1(Λ(H)))

is injective. If we further assume that SK1(Q(G)) = 0, then the product of
maps

K0(Λ(G),Q(G))
∏

resGH−−−−→
∏

H∈E(G)

K0(Λ(H),Q(H))

is also injective.

Proof. Write G = H ⋊ Γ where H is finite and Γ ≃ Zp. Write |H| = ptk
for integers t and k such that t ≥ 0 and p ∤ k. Then F := Qp(ζpk) is a
finite tamely ramified extension of Qp. We now repeat an argument given
in the proof of [GRW99, Proposition 9] to show that every F -elementary
subgroup of any finite quotient of G is in fact elementary. Let q be a prime
and let Cn ⋊ Q be an F -q-elementary finite quotient of G. Write n = psm
for integers s and m such that s ≥ 0 and p ∤ m. Note that m must divide k.
Since both ζp and ζm lie in F , the Galois group Gal(F (ζn)/F ) has p-power
order. Thus if p ̸= q then any homomorphism Q→ Gal(F (ζn)/F ) must be
trivial. If p = q then s = 0 and so the extension F (ζn)/F is trivial, giving
the same result.

Now Proposition 11.11 and Lemma 11.8 imply the first claim. The second
claim follows from Lemma 11.7. □
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Proof of Theorem 11.5. By Corollary 11.12 we can and do replace G by an
elementary subgroup H1 containing Γ0. We need only consider the case
that H1 is q-elementary for some prime q ̸= p. By Lemma 11.1 we have
H1 ≃ Γ×C ×Q, where Γ ≃ Zp, C is finite cyclic of order coprime to q, and
Q is a finite q-group. Moreover, we can and do choose Γ such that Γ0 ≤ Γ.
Hence we may apply Proposition 11.10 with G = H1, H = Γ×C and ∆ = Q.
It only remains to observe that for all cyclic subquotients H of ∆, the finite
groups C × H are cyclic and hence the groups H × H = Γ × C × H are
p-elementary (in fact, they are ℓ-elementary for every prime ℓ). □

11.4. Application to the EIMC. We give an easy reformulation of the
EIMC without its uniqueness statement.

Lemma 11.13. Let p be an odd prime and let L/K be an admissible one-
dimensional p-adic Lie extension of a totally real number field K. Let S be a
finite set of places of K containing Sram(L/K)∪S∞ and let G = Gal(L/K).
Choose any ζS ∈ K1(Q(G)) such that ∂(ζS) = −[C•

S(L/K)]. Then the EIMC
holds for L/K if and only if

nr(ζS) ≡ ΦS mod nr(K1(Λ(G))).
Proof. This is an easy consequence of Lemma 11.7 in the case F = Qp. □

We are now ready to prove the main result of this section, a special case
of which will allow us to deduce Corollary 1.2 from Theorem 1.1.

Theorem 11.14. Let p be an odd prime and let L/K be an admissible one-
dimensional p-adic Lie extension of a totally real number field K. Let Ip
be the collection of all intermediate admissible extensions with p-elementary
Galois group. Let G = Gal(L/K) and let Fp be the collection of all inter-
mediate extensions defined by the collection Ep of subquotients of G defined
in Theorem 11.5. The following statements are equivalent.

(i) The EIMC holds for L/K.
(ii) The EIMC holds for all subextensions in Ip.
(iii) The EIMC holds for all subextensions in Fp.

Remark 11.15. Note that Fp ⊆ Ip and Ip is infinite, but Fp is finite (see
Remark 11.6).

Proof of Theorem 11.14. Lemma 5.10 shows that (i) ⇒ (ii). Since Fp ⊆ Ip
it follows trivially that (ii) ⇒ (iii). Together, Propositions 5.2 and 5.3,
Lemma 11.7 in the case F = Qp, Lemma 11.13 and Theorem 11.5 show that
(iii) ⇒ (i). □

Remark 11.16. If the extension L/K satisfies the µ = 0 hypothesis, then
[RW05, Theorem A] shows that the equivalence of statements (i) and (ii) in
Theorem 11.14 recovers [RW05, Theorem C] (which itself assumes the µ = 0
hypothesis).

Corollary 11.17 (Corollary 1.2). Let p be an odd prime and let K be a
totally real number field. Let L/K be an admissible one-dimensional p-adic
Lie extension such that Gal(L/K) has an abelian Sylow p-subgroup. Then
the EIMC with uniqueness holds for L/K.



AN UNCONDITIONAL PROOF OF THE ABELIAN EIMC AND APPLICATIONS 39

Proof. Let G = Gal(L/K). Since G has an abelian Sylow p-subgroup, every
p-elementary subquotient of G is abelian. Hence the EIMC for L/K holds by
Theorem 1.1 and the equivalence of statements (i) and (ii) in Theorem 11.14.
Moreover, SK1(Q(G)) = 0 by Corollary 11.3 and so we also have uniqueness
(see Remark 5.8). □

Remark 11.18. One may ask whether it is possible to deduce the EIMC for
further non-abelian extensions by considering ‘hybrid’ cases as in [JN18].
This is in fact not the case. To see this, assume that the Iwasawa algebra
Λ(G) is ‘N -hybrid’ for a finite normal subgroup N of G in the sense of [JN18,
Definition 3.8], that is, (i) p does not divide |N | and (ii) Λ(G)(1 − eN ) is a
maximal R-order, where eN is the central idempotent |N |−1

∑
n∈N n. Then

(i) implies that each Sylow p-subgroup of G is mapped isomorphically onto
a Sylow p-subgroup of G/N under the canonical quotient map G → G/N .
Thus if G/N has an abelian Sylow p-subgroup then so does G.

12. The ETNC and the Coates–Sinnott conjecture

12.1. Further results on Fitting ideals. We give two further results on
Fitting ideals that we shall use in §12.3.

Lemma 12.1. Let p be a prime, let G be a finite abelian group, and let
x 7→ x# denote the involution on Zp[G] induced by g 7→ g−1 for g ∈ G. Let

e ∈ Zp[G] be an idempotent such that e = e#. Let

0 −→M −→ C −→ C ′ −→M ′ −→ 0

be an exact sequence of finite eZp[G]-modules and assume that C and C ′ are
of finite projective dimension. Then we have an equality

FitteZp[G](M
∨)# · FitteZp[G](C

′) = FitteZp[G](C) · FitteZp[G](M
′).

Proof. This is a straightforward consequence of [BG03, Lemma 5]. See also
[Nic10, Proposition 5.3]. □

Let p be a prime and let G be an admissible one-dimensional p-adic Lie
group. Let Γ0 be an open subgroup of Γ that is central in G and let
R= ZpJΓ0K. Then Λ(G) is an R-order in the separable Quot(R)-algebra
Q(G). Now let e be any central idempotent element of Λ(G) and define
Λ := eΛ(G) and Q := eQ(G). For each (left) Λ-module M we set E1(M) :=
Ext1R(M,R), which has a canonical right Λ-module structure. Let x 7→ x#

denote the anti-involution on Λ(G) induced by g 7→ g−1 for g ∈ G. Set
Λ# := {λ# | λ ∈ Λ} = e#Λ(G) and likewise Q# = e#Q(G). Then E1(M)
is a left Λ#-module, as λ# ∈ Λ# acts on f ∈ E1(M) by λ#f = fλ. For
each C• ∈ Dperf(Λ) we write (C•)∗ for the dual complex RHomR(C

•, R)
in Dperf(Λ#). Since HomR(−, R) is exact on finitely generated projective
Λ-modules, this induces a homomorphism of abelian groups

(−)∗ : K0(Λ,Q)→ K0(Λ
#,Q#).

Lemma 12.2. If G is abelian then Λ is commutative and the following
statements hold.
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(i) Let M be a finitely generated Λ-module that is of projective dimen-
sion at most one and that is also R-torsion. Then E1(M) is a
finitely generated Λ#-module of projective dimension at most one
and is R-torsion. Moreover, we have

FittΛ#(E1(M)) = FittΛ(M)#.

(ii) For each C• ∈ Dperf
tor (Λ) we have

FittΛ#((C•)∗[−1]) = FittΛ(C
•)#.

Proof. By Lemma 6.3 we may choose a quadratic presentation of M as in
(6.6). We apply the functor HomR(−, R) to this sequence. SinceM is R-tor-
sion and Λ is a projective R-module, we have HomR(M,R) = E1(Λ) = 0.
We identify HomR(Λ, R) and Λ# so that we obtain an exact sequence

0 −→ (Λ#)n
hT,#

−−−→ (Λ#)n −→ E1(M) −→ 0,

where the second map is obtained from h by applying the involution # to
its transpose. This proves (i). Let x ∈ K1(Q) be arbitrary. We will show
that ∂(x)∗ = −∂(xT,#). Since the connecting homomorphism ∂ in (6.1) is
surjective, this implies (ii). Each x ∈ K1(Q) can we written as the class
of hg−1, where both h and g are matrices in Mn(Λ) ∩ GLn(Q) for some
n. Since (−)T,# is multiplicative and (−)∗ is a homomorphism, we may
therefore assume that x is represented by h. The Λ-module M := cok(h) is
of projective dimension at most one and R-torsion. Hence (ii) follows from
(i) once we observe that M∗ ≃ E1(M)[−1] in D(Λ#). □

12.2. The ETNC at negative integers. The equivariant Tamagawa num-
ber conjecture (ETNC) has been formulated by Burns and Flach [BF01]
in vast generality. We will only consider the case of Tate motives. Let
L/K be a finite Galois extension of number fields, let G = Gal(L/K)
and let r ∈ Z. We regard h0(Spec(L))(r) as a motive defined over K
and with coefficients in the semisimple algebra Q[G]. The ETNC for the
pair (h0(Spec(L))(r),Z[G]) simply asserts that a certain canonical element
TΩ(L/K,Z[G], r) ∈ K0(Z[G],R[G]) vanishes.

Now we assume that L/K is a CM extension and let j ∈ G denote com-
plex conjugation. For each r ∈ Z we define a central idempotent er :=
1−(−1)rj

2 in Z[12 ][G]. The ETNC for the pair (h0(Spec(L))(r), erZ[12 ][G])
then likewise asserts that a certain canonical element TΩ(L/K, erZ[12 ][G], r)
in K0(erZ[12 ][G],R[G]) vanishes. This corresponds to the plus or minus part
of the ETNC (away from 2) if r is odd or even, respectively.

If r is a negative integer, then a result of Siegel [Sie70] implies that
TΩ(L/K, erZ[12 ][G], r) actually belongs to the subgroup

K0(erZ[12 ][G],Q[G]) ∼=
⊕
p odd

K0(erZp[G],Qp[G]).

We say that the p-part of the ETNC for the pair (h0(Spec(L))(r), erZ[12 ][G])
holds if its image in K0(erZp[G],Qp[G]) vanishes.
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Theorem 12.3. Let p be an odd prime. Let L/K be a finite Galois CM
extension of number fields and let G = Gal(L/K). Then the following hold
for every negative integer r.

(i) The element TΩ(L/K, erZ[12 ][G], r) belongs to the torsion subgroup

K0(erZ[12 ][G],Q[G])tors of K0(erZ[12 ][G],Q[G]).
(ii) Assume that the extension L(ζp)

+
∞/K satisfies the µ = 0 hypoth-

esis if p divides |G|. Then the p-part of the ETNC for the pair
(h0(Spec(L))(r), erZ[12 ][G]) holds.

Proof. Part (ii) has been shown by Burns [Bur15, Corollary 2.10]. If the
extension L(ζp)

+
∞/K satisfies the µ = 0 hypothesis (whether or not p di-

vides |G|) there is an independent proof due to the second author [Nic13,
Corollary 5.11]. By a general induction argument [Nic11, Proposition 6.1
(iii)] (ii) implies (i) (if r is odd see also [Nic11, Corollary 6.2]). □

In the case that G has an abelian Sylow p-subgroup, we now remove the
µ = 0 hypothesis from Theorem 12.3 (ii) and thus obtain Theorem 1.3 from
the introduction.

We first introduce some more notation. If v is a finite place of K, we
denote the residue field of K at v by K(v). If R is either K(v) or OK,S for
a finite set S of places of K that contains S∞ and F is an étale (pro-)sheaf
on Spec(R), then we abbreviate the complex RΓét(Spec(R),F) and in each
degree i the cohomology group H i

ét(Spec(R),F) to RΓ(R,F) and H i(R,F),
respectively.

Theorem 12.4 (Theorem 1.3). Let p be an odd prime. Let L/K be a finite
Galois CM extension of number fields and let G = Gal(L/K). Suppose that
G has an abelian Sylow p-subgroup. Then for each negative integer r the
p-part of the ETNC for the pair (h0(Spec(L))(r), erZ[12 ][G]) holds.

Proof. Let S and T be two finite non-empty sets of places of K such that
S contains Sp ∪ Sram(L/K) ∪ S∞ and S ∩ T = ∅. We define a complex of
erZp[G]-modules

RΓT (OK,S , erZp[G]#(1− r)) :=

cone
(
RΓ(OK,S , erZp[G]#(1− r)) −→

⊕
v∈T

RΓ(K(v), erZp[G]#(1− r))
)
[−1].

By [Nic13, Theorem 5.10] this complex is acyclic outside degree 2 and
the only non-vanishing cohomology group is cohomologically trivial; we de-
note the latter by H2

T (OK,S , erZp[G]#(1 − r)) in the following. Moreover,

the ETNC for the pair (h0(Spec(L))(r), erZ[12 ][G]) holds if and only if the
(non-commutative) Fitting invariant of this erZp[G]-module is generated by
ΘS,T (r).

We now can either work with non-commutative Fitting invariants or we
can apply [GRW99, Proposition 9] in combination with Theorem 12.3 (i) to
reduce to abelian extensions. We choose the latter option so that the result
follows from Theorem 12.5 below. □
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12.3. The strong Coates–Sinnott conjecture. The following result is a
strengthening of the ‘strong Coates–Sinnott conjecture’ [Nic13, Conjecture
5.1] in the case of abelian CM extensions.

Theorem 12.5. Let p be an odd prime. Let L/K be a finite abelian CM
extension of number fields and let G = Gal(L/K). Let S and T be two finite
non-empty sets of places of K such that S contains Sp ∪ Sram(L/K) ∪ S∞
and S ∩ T = ∅. Then for each negative integer r we have

FitterZp[G](H
2
T (OK,S , erZp[G]#(1− r))) = ΘS,T (r)erZp[G].

Proof. We first observe that it suffices to show that ΘS,T (r) is contained in
the Fitting ideal by [Nic13, Theorem 5.10]. Hence we can and do assume that
ζp ∈ L by [Nic13, Proposition 5.5]. Let L∞ andK∞ be the cyclotomic Zp-ex-
tensions of L and K, respectively. Let G := Gal(L∞/K). Then G = H × Γ
whereH = Gal(L∞/K∞) and Γ ≃ Zp. Moreover, we have that Λ(G) = R[H]
where R := ZpJΓK.

For each integer n, we now define a complex of enΛ(G)-modules

RΓT (OK,S , enΛ(G)#(1− n)) :=(12.1)

cone
(
RΓ(OK,S , enΛ(G)#(1− n)) −→

⊕
v∈T

RΓ(K(v), enΛ(G)#(1− n))
)
[−1].

In the case n = 0 this complex has been studied by Burns [Bur20, §5.3.1]. It
is acyclic outside degree 2 and the second cohomology module is of projective
dimension at most one by [Bur20, Proposition 5.5]. We claim that for v ∈ T
the complexes RΓ(K(v), enΛ(G)#(1− n))) are acyclic outside degree 1 and
we have enΛ(G)-isomorphisms

H1(K(v), enΛ(G)#(1− n)) ≃ enindGGw∞
Zp(1− n).

Since L∞ contains all p-power roots of unity, taking cohomology commutes
with Tate twists, so it suffices to show this for n = 0. By Shapiro’s lemma,
we have isomorphisms

H i(K(v), enZp[G]#(1)) ≃ enindGGw
H i(L(w),Zp(1))

for all i ∈ Z, where w denotes a place of L above v. It is well known
that, since L(w) is a finite field of characteristic not equal to p, the group
H i(L(w),Zp(1)) vanishes unless i = 1 and that H1(L(w),Zp(1)) identifies
with Zp ⊗Z L(w)

×. The claim follows by taking inverse limits along the
cyclotomic Zp-extension of L.

We have exact sequences of Λ(Gw∞)-modules

0 −→ Λ(Gw∞) −→ Λ(Gw∞) −→ Zp(1− n) −→ 0,

where the injection is right multiplication by 1−χcyc(σw∞)n−1σw∞ . There-
fore we have

(12.2) FittenΛ(G)(H
1(K(v), enΛ(G)#(1− n))) = tncyc(ξ

#
v )enΛ(G).

Recall that (C•)∗ denotes the complex RHomR(C
•, R). By (5.2) and Artin–

Verdier duality (see [Nek06, Theorem 8.5.6] or [LS13, Theorem 4.5.1]) we
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have an isomorphism

RΓ(OK,S , e1Λ(G)#) ≃ (C•
S(L∞/K))∗[−3].

Hence

Fitte1Λ(G)(RΓ(OK,S , e1Λ(G)
#)[1]) = Fitt−1

e1Λ(G)(C
•
S(L∞/K))# = Φ#

S e1Λ(G),

where the two equalities follow from Lemma 12.2 and Theorem 1.1, respec-
tively. Taking the (1− n)-fold Tate twist, we obtain

(12.3) FittenΛ(G)(RΓ(OK,S , enΛ(G)
#(1− n))[1]) = tn−1

cyc (Φ#
S )enΛ(G).

It follows from (6.2), (12.3), (12.2) and (12.3) that we have

FittenΛ(G)(H
2
T (OK,S , enΛ(G)#(1− n))) = tn−1

cyc (Φ#
S )
∏
v∈T

tncyc(ξ
#
v )enΛ(G)

= tncyc(Ψ
#
S,T )enΛ(G).(12.4)

We now specialise to the case n = r. By [FK06, Proposition 1.6.5] we
have canonical isomorphisms in D(Zp[G]) of the form

Zp[G]⊗L
Λ(G) RΓ(OK,S ,Λ(G)

#(1− r)) ≃ RΓ(OK,S ,Zp[G]#(1− r)),

and

Zp[G]⊗L
Λ(G) RΓ(K(v),Λ(G)#(1− r)) ≃ RΓ(K(v),Zp[G]#(1− r)),

for each v ∈ T . Hence we have a canonical isomorphism in D(erZp[G]) of
the form

erZp[G]⊗L
erΛ(G)RΓT (OK,S , erΛ(G)

#(1− r)) ≃ RΓT (OK,S , erZp[G]#(1− r)).

However, both complexes in this formula are acyclic outside degree 2 so that
we actually have an isomorphism of erZp[G]-modules

H2
T (OK,S , erΛ(G)#(1− r))ΓL

≃ H2
T (OK,S , erZp[G]#(1− r)),

where ΓL := Gal(L∞/L). Let aug : Λ(G) → Zp[G] be the canonical projec-
tion map. Then (12.4) and the fact that Fitting ideals commute with base

change (see for example [Eis95, Corollary 20.5]) imply that aug(trcyc(Ψ
#
S,T ))

generates the Fitting ideal ofH2
T (OK,S , erZp[G]#(1−r)). By Proposition 8.1

we have aug(trcyc(Ψ
#
S,T )) = ΘS,T (r), which completes the proof. □

Now let L/K be an arbitrary finite abelian extension of number fields and
let G = Gal(L/K). For each integer r, we define an idempotent in Z[12 ][G]
by

er :=

{ ∏
v∈S∞

1−(−1)rjv
2 if K is totally real;

0 otherwise,

where jv is the generator of the decomposition group Gv for each v ∈ S∞.
Note that this is compatible with the above definition of er in the case of
CM extensions.

We obtain the following refinement of Theorem 1.5.
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Corollary 12.6. Let L/K be a finite abelian extension of number fields and
let G = Gal(L/K). Then for every finite set S of places of K containing
Sram(L/K) ∪ S∞ we have

(12.5) AnnZ[ 1
2
][G](Z[

1
2 ]⊗Z K1−2r(OL)tors)ΘS(r)

= erFittZ[ 1
2
][G](Z[

1
2 ]⊗Z K−2r(OL,S))

In particular, the Coates–Sinnott conjecture 1.4 holds away from 2, that is,

AnnZ[ 1
2
][G](Z[

1
2 ]⊗ZK1−2r(OL)tors)ΘS(r) ⊆ AnnZ[ 1

2
][G](Z[

1
2 ]⊗ZK−2r(OL,S)).

Proof. Fix an odd prime p. In order to verify the p-part of (12.5), we can
and do assume that Sp ⊆ S as the Euler factors at v ∈ Sp are units in
Zp[G] by [GP15, Lemma 6.13]. Moreover, since the p-adic Chern class maps
(1.2) are isomorphisms by the norm residue isomorphism theorem [Wei09],
we may work with the étale cohomological version of (12.5) as in [GP15,
§6] (where the corresponding claim is denoted by CS(L/K, S, p, 1− r)). By
[GP15, Lemma 6.14] we can and do assume that K is totally real. Likewise,
by [GP15, Lemmas 6.15 and 6.16] we can and do assume that L is a CM
extension of K. We have an exact sequence of finite erZp[G]-modules (this
follows easily from the definitions; see [Nic13, (21)])

0 −→ H1(OK,S , erZp[G]#(1− r)) −→
⊕
v∈T

H1(K(v), erZp[G]#(1− r))

−→ H2
T (OK,S , erZp[G]#(1− r)) −→ H2(OK,S , erZp[G]#(1− r)) −→ 0.

The middle two terms are finite cohomologically trivial G-modules and their
Fitting ideals are generated by δT (r) and ΘS,T (r) by [Nic13, Lemma 5.4] and

Theorem 12.5, respectively. Since H1(OK,S , erZp[G]#(1−r)) is finite cyclic,
we have that

FitterZp[G](H
1(OK,S , erZp[G]#(1− r))∨)#

= AnnerZp[G](H
1(OK,S , erZp[G]#(1− r))∨)#

= erAnnZp[G](H
1(OL,S ,Zp(1− r))tors),

where we have used Shapiro’s lemma for the last equality. The result now
follows from Lemma 12.1. □

Appendix A. Independence of the choice of complex

The main goal of this appendix is to prove a purely algebraic result (The-
orem A.8) that justifies the claim in the introduction that the precise choice
of complex used in the EIMC does not matter, provided that it is perfect
and has the prescribed cohomology.

We need several preliminary results. Let p be a prime and let G be
an admissible one-dimensional p-adic Lie group. Choose a central open
subgroup Γ0 ≤ G such that Γ0 ≃ Zp and let R = ZpJΓ0K. For a height one
prime ideal p of R, let Rp be the localisation of R at p and let Λp(G) =
Rp ⊗R Λ(G).
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Lemma A.1. For each height one prime ideal p of R we have a commutative
diagram

K1(Λp(G)) //

nr &&

K1(Q(G))
∂Λp(G)

//

nr

��

K0(Λp(G),Q(G)) //

βp
��

0

ζ(Q(G))× // ζ(Q(G))×/nr(K1(Λp(G)) // 1

with exact rows. Moreover, if SK1(Q(G)) = 0 then βp is injective.

Proof. The existence and exactness of the top row follow from the long ex-
act sequence of K-theory (3.1) and the surjectivity of ∂Λp(G) [Nic20, Corol-
lary 2.14]. The triangle commutes by definition. The existence of βp follows
from the exactness of the top row. The second claim follows from the snake
lemma. □

Lemma A.2. We have the following commutative diagram

K1(Λ(G))
ι //

nr
%%

K1(Q(G))
∂ //

nr

��

K0(Λ(G),Q(G)) //

α
��

⊕
pK0(Λp(G),Q(G))∐

p βp
��

ζ(Q(G))× // ζ(Q(G))×
nr(K1(Λ(G))

//
∏

p
ζ(Q(G))×

nr(K1(Λp(G))) ,

where the direct sum and product are over all height one prime ideals of R
(note that the rows are not exact). Moreover, if SK1(Q(G)) = 0 then α and∐

p βp are injective.

Proof. This follows from Lemmas 11.7 and A.1. □

Let M(G) denote a maximal R-order such that Λ(G) ⊆ M(G) ⊆ Q(G).
Note thatM(G) must exist by [Rei03, Corollary 10.4], though need not be
unique. However, [Rei03, Theorem 8.6] implies that ζ(M(G)) is the integral
closure of ζ(Λ(G)) in ζ(Q(G)) and thus is unique. For a height one prime
ideal p of R, letMp(G) = Rp ⊗RM(G).

Lemma A.3. We have⋂
p

ζ(Mp(G))× = ζ(M(G))×,

where the intersection ranges over all height one prime ideals p of R.

Proof. Since ζ(M(G)) is a maximal R-order in ζ(Q(G)) it is reflexive by
[Rei03, Theorem 11.4]. Hence we have that

⋂
p ζ(Mp(G)) = ζ(M(G)) by

[NSW08, Lemma 5.1.2(iii)]. Moreover, if x ∈
⋂

p ζ(Mp(G))× then also

x−1 ∈
⋂

p ζ(Mp(G))×, and hence x ∈ ζ(M(G))×. This gives one inclusion
and the reverse inclusion is clear. □

Theorem A.4 (Ritter–Weiss). We have

nr(K1(Λ(p)(G))) ∩ ζ(M(G))× ⊆ nr(K1(Λ(G))).
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Proof. This can be deduced from [RW05, Theorem B] as follows. Denote
the integral closure of Zp in Qc

p by Zcp. Then ζ(M(G))× corresponds to

Hom∗
GQp

(Rp(G), (Zcp ⊗Zp Λ(Γ))×) under the identification in diagram (4.3)

by [RW04, Remark H]. We may replace Λ(p)(G) by its p-adic completion
in the statement of the theorem as this can only enlarge the left hand side
of the inclusion. Moreover, the image of Det is always contained in the
HOM∗-group used in [RW05] (see [RW05, §1]). □

Corollary A.5. The canonical map

ζ(Q(G))×

nr(K1(Λ(G)))
−→

∏
p

ζ(Q(G))×

nr(K1(Λp(G)))

is injective, where the direct product is taken over all height one prime ideals
of R.

Proof. It follows from [Rei03, Theorem 10.1] that nr(K1(Λp(G))) ⊆ ζ(Mp(G))×
for every height one ideal p of R. Thus it suffices to show that

nr(K1(Λ(p)(G))) ∩
⋂

p̸=(p)

ζ(Mp(G))× ⊆ nr(K1(Λ(G))).

The desired result now follows from Lemma A.3 and Theorem A.4. □

Corollary A.6. If SK1(Q(G)) = 0 then the canonical map

K0(Λ(G),Q(G)) −→
⊕
p

K0(Λp(G),Q(G))

is injective, where the direct sum is taken over all height one prime ideals
of R.

Proof. This follows immediately from Corollary A.5 and Lemma A.2. □

Remark A.7. In the case SK1(Q(G)) = 0, Corollary A.6 implies [RW02b,
Proposition 4], which says that the class of any module of finite cardinality
is trivial in K0(Λ(G),Q(G)). This is because such modules vanish after
localisation at height one prime ideals of R.

An immediate consequence of the following purely algebraic result is that
the choice of complex used in the EIMC (Conjecture 5.4) does not matter,
as long as it is perfect and has the cohomology specified in (5.1).

Theorem A.8. Let G be an admissible one-dimensional p-adic Lie group

and let Φ ∈ ζ(Q(G))×. Let k ∈ Z. Let C•, D• ∈ Dperf
tor (Λ(G)) such that

(i) H i(C•) ≃ H i(D•) as Λ-modules for all i ∈ Z;
(ii) H i(C•) and H i(D•) are finitely generated over Zp for all i ∈ Z−{k};

and
(iii) there exists x ∈ K1(Q(G)) such that ∂(x) = [C•] and nr(x) = Φ.

Then there exists y ∈ K1(Q(G)) such that ∂(y) = [D•] and nr(y) = Φ.
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Proof. By (ii) we have Λ(p)(G)⊗Λ(G)H
i(C•) = Λ(p)(G)⊗Λ(G)H

i(D•) = 0 for
all i ∈ Z − {k}. Thus by (i), Proposition 3.2 and the fact that localization
is an exact functor, we have

[Λ(p)(G)⊗L
Λ(G) C

•] = (−1)k[Λ(p)(G)⊗Λ(G) H
k(C•)]

= (−1)k[Λ(p)(G)⊗Λ(G) H
k(D•)] = [Λ(p)(G)⊗L

Λ(G) D
•]

in K0(Λ(p)(G),Q(G)). Now fix a height one prime ideal p ̸= (p) of R. Then
every finitely generated Λp(G)-module has projective dimension at most one
by [Nic20, Corollary 3.5]. (Alternatively, note that Λp(G) is a maximal
order over the discrete valuation ring Rp, and thus is hereditary by [Rei03,
Theorem 18.1].) Hence (i) and Proposition 3.1 imply that

[Λp(G)⊗L
Λ(G) C

•] = [Λp(G)⊗L
Λ(G) D

•] in K0(Λp(G),Q(G)).

Now recall the commutative diagram of Lemma A.2. By Corollary A.5 and
an easy diagram chase in the right commutative square, we have α([C•]) =
α([D•]). Choose any y0 ∈ K1(Q(G)) such that ∂(y0) = [D•]. Then by
(iii) and an easy diagram chase in the left commutative square, we have
nr(xy−1

0 ) ∈ nr(K1(Λ(G))). In other words, there exists z ∈ K1(Λ(G)) such

that nr(z) = nr(xy−1
0 ). Now set y := y0ι(z). Since ι(K1(Λ(G))) = ker(∂) we

have ∂(y) = ∂(y0) = [D•] and nr(y) = nr(x) = Φ. □

Corollary A.9. Let G be an admissible one-dimensional p-adic Lie group

such that SK1(Q(G)) = 0. Let k ∈ Z. Let C•, D• ∈ Dperf
tor (Λ(G)) such that

(i) H i(C•) ≃ H i(D•) as Λ-modules for all i ∈ Z; and
(ii) H i(C•) and H i(D•) are finitely generated over Zp for all i ∈ Z−{k}.

Then [C•] = [D•] in K0(Λ(G),Q(G)).
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zêta p-adiques, Invent. Math. 51 (1979), no. 1, 29–59. MR 524276 (80h:12009b)

[CR81] C. W. Curtis and I. Reiner, Methods of representation theory. Vol. I, Pure and
Applied Mathematics, John Wiley & Sons Inc., New York, 1981, With applica-
tions to finite groups and orders, A Wiley-Interscience Publication. MR 632548
(82i:20001)

[CR87] , Methods of representation theory. Vol. II, Pure and Applied Mathe-
matics, John Wiley & Sons Inc., New York, 1987, With applications to finite
groups and orders, A Wiley-Interscience Publication. MR 892316 (88f:20002)

[CS74] J. Coates and W. Sinnott, An analogue of Stickelberger’s theorem for the higher
K-groups, Invent. Math. 24 (1974), 149–161. MR 0369322

[CS12] J. Coates and R. Sujatha, On the MH(G)-conjecture, Non-abelian fundamental
groups and Iwasawa theory, London Math. Soc. Lecture Note Ser., vol. 393,
Cambridge Univ. Press, Cambridge, 2012, pp. 132–161. MR 2905532

[DJ83] F. R. DeMeyer and G. J. Janusz, Group rings which are Azumaya algebras,
Trans. Amer. Math. Soc. 279 (1983), no. 1, 389–395. MR 704622 (85a:16006)

[DK23] S. Dasgupta and M. Kakde, On the Brumer-Stark conjecture, Ann. of Math.
(2) 197 (2023), no. 1, 289–388. MR 4513146

[DR80] P. Deligne and K. A. Ribet, Values of abelian L-functions at negative integers
over totally real fields, Invent. Math. 59 (1980), no. 3, 227–286. MR 579702
(81m:12019)

[Eis95] D. Eisenbud, Commutative algebra, Graduate Texts in Mathematics, vol. 150,
Springer-Verlag, New York, 1995, With a view toward algebraic geometry.
MR 1322960

[FK06] T. Fukaya and K. Kato, A formulation of conjectures on p-adic zeta functions
in noncommutative Iwasawa theory, Proceedings of the St. Petersburg Math-
ematical Society. Vol. XII (Providence, RI), Amer. Math. Soc. Transl. Ser. 2,
vol. 219, Amer. Math. Soc., 2006, pp. 1–85. MR 2276851 (2007k:11200)

[FW79] B. Ferrero and L. C. Washington, The Iwasawa invariant µp vanishes for
abelian number fields, Ann. of Math. (2) 109 (1979), no. 2, 377–395.
MR 528968 (81a:12005)

[GK08] C. Greither and M. Kurihara, Stickelberger elements, Fitting ideals of class
groups of CM-fields, and dualisation, Math. Z. 260 (2008), no. 4, 905–930.
MR 2443336

[GK15] , Tate sequences and Fitting ideals of Iwasawa modules, Algebra i Analiz
27 (2015), no. 6, 117–149. MR 3589224

[GP15] C. Greither and C. D. Popescu, An equivariant main conjecture in Iwa-
sawa theory and applications, J. Algebraic Geom. 24 (2015), no. 4, 629–692.
MR 3383600

[Gre83] R. Greenberg, On p-adic Artin L-functions, Nagoya Math. J. 89 (1983), 77–87.
MR 692344 (85b:11104)

[Gre00] C. Greither, Some cases of Brumer’s conjecture for abelian CM extensions of
totally real fields, Math. Z. 233 (2000), no. 3, 515–534. MR 1750935



AN UNCONDITIONAL PROOF OF THE ABELIAN EIMC AND APPLICATIONS 49

[Gre14] R. Greenberg, On p-adic Artin L-functions II, Iwasawa theory 2012, Con-
trib. Math. Comput. Sci., vol. 7, Springer, Heidelberg, 2014, pp. 227–245.
MR 3586815

[GRW99] K. W. Gruenberg, J. Ritter, and A. Weiss, A local approach to Chinburg’s
root number conjecture, Proc. London Math. Soc. (3) 79 (1999), no. 1, 47–80.
MR 1687551

[IV12] D. Izychev and O. Venjakob, Galois invariants of K1-groups of Iwasawa alge-
bras, New trends in noncommutative algebra, Contemp. Math., vol. 562, Amer.
Math. Soc., Providence, RI, 2012, pp. 243–263. MR 2905563

[JN13] H. Johnston and A. Nickel, Noncommutative Fitting invariants and improved
annihilation results, J. Lond. Math. Soc. (2) 88 (2013), no. 1, 137–160.
MR 3092262

[JN18] , Hybrid Iwasawa algebras and the equivariant Iwasawa main conjecture,
Amer. J. Math. 140 (2018), no. 1, 245–276. MR 3749195

[JN19] , On the non-abelian Brumer-Stark conjecture and the equivariant Iwa-
sawa main conjecture, Math. Z. 292 (2019), no. 3-4, 1233–1267. MR 3980291

[Kak11] M. Kakde, Proof of the main conjecture of noncommutative Iwasawa theory for
totally real number fields in certain cases, J. Algebraic Geom. 20 (2011), no. 4,
631–683. MR 2819672 (2012f:11217)

[Kak13] , The main conjecture of Iwasawa theory for totally real fields, Invent.
Math. 193 (2013), no. 3, 539–626. MR 3091976

[Kur11] M. Kurihara, On stronger versions of Brumer’s conjecture, Tokyo J. Math. 34
(2011), no. 2, 407–428. MR 2918914

[Kur21] , Notes on the dual of the ideal class groups of CM-fields, J. Théor.
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[Sou79] C. Soulé, K-théorie des anneaux d’entiers de corps de nombres et cohomologie
étale, Invent. Math. 55 (1979), no. 3, 251–295. MR 553999 (81i:12016)

[Sti90] L. Stickelberger, Ueber eine Verallgemeinerung der Kreistheilung, Math. Ann.
37 (1890), no. 3, 321–367. MR 1510649

[Suj13] R. Sujatha, Reductions of the main conjecture, Noncommutative Iwasawa main
conjectures over totally real fields, Springer Proc. Math. Stat., vol. 29, Springer,
Heidelberg, 2013, pp. 23–50. MR 3068893

[Swa68] R. G. Swan, Algebraic K-theory, Lecture Notes in Mathematics, No. 76,
Springer-Verlag, Berlin, 1968. MR 0245634 (39 #6940)

[Swa83] , Projective modules over binary polyhedral groups, J. Reine Angew.
Math. 342 (1983), 66–172. MR 703486

[Tat84] J. Tate, Les conjectures de Stark sur les fonctions L d’Artin en s = 0, Progress
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