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ABSTRACT. We construct free boundary minimal surfaces (FBMS) em-
bedded in the unit ball in the Euclidean three-space which are compact,
lie arbitrarily close to the boundary unit sphere, are of genus zero, and
their boundary has an arbitrarily large number of connected bound-
ary components. The construction is by PDE gluing methods and the
surfaces are desingularizations of unions of many catenoidal annuli and
two flat discs. The union of the boundaries of the catenoidal annuli and
discs is the union of a large finite number of parallel circles contained in
the unit sphere, with each parallel circle contained in the boundary of
exactly two of the catenoidal annuli and discs.

1. INTRODUCTION

Brief discussion of the results.

In recent years there has been much interest on free boundary minimal
surfaces (FBMS) in the unit ball B> C R3, as for example in [1H7, (14}
18, 2023, 25-27]. In this article we construct by PDE gluing methods
compact embedded FBMS in the unit ball B® which lie arbitrarily close to
the boundary S? = 9B3. The construction uses desingularization ideas from
[8], FBMS construction ideas from [14, 18], and some auxiliary ideas from
[15, [16]. Note in particular that although the desingularization approach of
[8] has been used in various constructions before, for example in |13} 14} |24],
this is the first time since [§] it is used without imposing simplifying extra
symmetries.

The first step of our construction is to determine for each k € N\ {1, 2}
a family of configurations W(o:k] parametrized by o (see [2.24]). This step
resembles the construction of RLD’s for O(2) x Zg-symmetric backgrounds
[15, |16], but the minimality ODE is nonlinear resulting in a different proof
and construction. Each W(g:k] we construct is O(2) x Zg-symmetric and
consists of two flat discs (at the top and bottom of the configuration) and k—
1 catenoidal annuli. Here O(2) acts on R? by rotations and reflections fixing
the y-axis pointwise, and the generator of Zs by reflection with respect to
the zz-plane (Definition[l.4). The boundaries of the discs and the catenoidal
annuli are contained in the union of k parallel circles on S2?, with each of
the circles contained in the boundary of exactly two of the discs and annuli.
Moreover W][0:k| is balanced in the sense that the angles at a common
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boundary circle the catenoidal annuli (or disc) make with S? are equal. Small
unbalancing (in the sense of slightly violating the equality) is prescribed
continuously by ¢ in order to determine W/[o:k|. Finally for k large enough
the configurations W/g:k] are arbitrarily close to S?, the catenoidal annuli
arbitrarily narrow, and the discs arbitrarily small (Proposition .

Moving forward (leading to the construction of our FBMS), we impose
the symmetries of a finite subgroup of O(2) x Zsg, namely Da,, X Zo, where
Dy, is a dihedral group of order 2m (Definition . Imposing such a
dihedral subgroup of O(2) symmetries is common for constructions where
the background is rotationally symmetric but the surfaces constructed are
not, for example [8], [15], or [16, Parts II and III]. The Zy symmetry is
imposed to simplify the presentation and can be removed as for example
in [19]. Another simplifying assumption we adopt in this article is using
exactly m “necks” in the desingularizations of each circle (unlike in [8, |17]
for example where arbitrary multiples of m depending on the circle are used).
As a result we produce FBMS’s of genus zero with exactly km connected
boundary components.

In the second step we construct the initial surfaces. Their construction
is based on appropriately modifying the singly periodic Scherk surfaces so
that they can “desingularize” the boundary circles of the configurations. As
in [8], the initial surfaces consist of three regions smoothly joined together.
The first region consists of the modified cores of half singly periodic Scherk
surfaces. Here the Scherk surfaces are subdivided in two halves by a sym-
metry plane through their axis (the yz-plane in . The “waists” of the
Scherk surfaces on this plane are modified in the construction to form the
boundary of the initial surfaces. Particular care is taken to ensure as in 18]
that the initial surfaces are orthogonal to S? at the boundary.

The second region consists of graphical regions over catenoidal annuli (or
discs) imitating the graphical property of the wings of the Scherk surfaces
over their asymptotic half-planes. “Bending” the asymptotic half-planes
to catenoids (or planes) instead of cones is an important feature of the
construction and as in [8] ensures good estimates for the mean curvature of
the initial surfaces. There are two (instead of four as in [8]) such graphical
annular regions (wings) for each desingularizing half Scherk surface. The
third region consists of perturbations of the catenoidal annuli and discs of
the configuration being desingularized.

In the third step we estimate the mean curvature H of the initial surfaces.
In Proposition [£.16] H is effectively decomposed into two parts: a part in
the extended substitute kernel X, which is desirable and amounts more or
less to the linearized change of the mean curvature under the action of the
unbalancing parameters, and an error part which has to be corrected by
solving the PDE. The error part is the sum of the gluing error, which is of
order 7 = 1/m, and the unbalancing higher order terms, which are controlled
by the squares of the unbalancing parameters (which in Proposition are
at —a™, ¢t and ¢7).

Note that the action of the unbalancing parameters is inspired by the geo-
metric principle (see [9),10] for a general discussion) and relocates the various
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regions of the initial surfaces relative to each other as in [8, |12]. There are
three unbalancing parameters for each desingularizing surface (equivalently
per neck modulo symmetries), unlike 8] where there are siz, or [12] where
there are seven (see |9, page 519] or [10, section 5.3]). One of them corre-
sponds to the translation consistent with the construction and unbalances
the wings creating substitute kernel (see , and the other two reposition
the two wings relative to the core creating extended substitute kernel (see
4.6|) used to ensure decay along the wings.

In the fourth step we solve the linearized PDE globally on the initial
surfaces (Proposition . By solving the linearized PDE modulo X we
can make the inhomogeneous term orthogonal to the corresponding eigen-
functions (Lemma [4.3(iii)}) so we can find a solution and moreover (using
the “extended” part of K) we can ensure exponential decay of the solution
along the wings (Lemma [4.10}(v))). The proof of the main Proposition
is in the style of (for example) [11, [14] rather than [8]: We first solve the
linearized equation on the “standard models”, that is on the half Scherk
surfaces (Proposition and catenoidal annuli or discs (Lemma . By
comparing the operators on the standard models and the initial surfaces
(Lemma [6.9), we can transfer the results on the standard models to the
initial surfaces, and combine them to prove the main Proposition [6.15| using
an iteration to correct small errors.

In the fifth and final step we first estimate the nonlinear terms of the
mean curvature (Proposition of graphs over the initial surfaces. Note
that following [18], we use a simple auxiliary metric, which is a product
metric, to define these graphs; this ensures a simple description of the free
boundary condition. We then apply Schauder’s fixed point theorem to prove
the main theorem of this article which less formally is as follows.

Theorem 1.1 (Theorem . Given k € N large enough in absolute terms
and m € N large enough in terms of k, there is a compact embedded two-sided
free boundary minimal smooth surface (FBMS) My, of genus zero and km
connected boundary components (with m of them in the vicinity of each of
the k boundary circles of W[0:k]), which is symmetric under the action of
G = Doy X Zo (Deﬁm'tz'on and is the graph of a small function ¥ in an
auziliary ambient metric g4 (Definition over a smooth initial surface
M| (see and . Moreover My, ,,, converges on compact subsets
of the interior of B® in all norms to the configuration W[0:k] as m — oo;
the Hausdorff distance of My, ,, from W[0:k] tends to 0 as m — oo; and in
turn the Hausdorff distance of W[0:k] from S* = OB tends to 0 as k — oo,
Finally limy_, o0 limy, oo My, = S? in the varifold sense.

The construction here can be generalized to produce FBMS close to the
boundary in rotationally symmetric convex domains in Euclidean three-
space [19]. We remark also that very recently Karpukhin-Stern proved that
the FBMS in the unit ball B?, maximizing the normalized first Steklov eigen-
value among oriented surfaces of genus zero and kg boundary components,
converge as ks — 0o to S? = OB? in the sense of varifolds [20, Corol-
lary 1.4]. This result had been conjectured by Girouard-Lagacé [7] and is
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based on Fraser-Schoen’s result that such maximizers exist and moreover
can be realized as compact embedded smooth FBMS in the unit ball B3
[4]. At the moment however little is known about the geometry of these
eigenvalue maximizing surfaces, unlike the ones constructed here, which are
small perturbations of explicit initial surfaces. It seems unlikely that the
surfaces constructed here are the maximizers of the normalized first Steklov
eigenvalue, but it may be possible to construct some of the maximizers by
enhancing our approach.

s—

FIGURE 1. Cross section of W[0:6].

General notation and conventions.

Definition 1.2. We identify the Euclidean space (defined as a Riemannian
manifold with no distinguished points) E3 with R3 by fizing a standard Carte-
sian coordinate system O.xyz. We define the unit ball B> := {(x,y,2) € R? :
22 4y% + 22 < 1} and its boundary S? := OB3. For convenience we will iden-
tify R? with the xy-plane in R3 by identifying (x,y) with (z,y,0). Moreover
denoting this identification by “~7”, we introduce the notation

(1.3) R% = {(2,4,0) € R® : 2> 0} ~ {(2,y) e R? : > 0}.

Finally we take the north pole of the sphere to be the point pporen == (0,1,0) €
R2 C R3 and the south pole to be the point psousn = (0, —1,0) € R? C R3.

Definition 1.4 (Action of symmetry groups). We let O(2) x Zy act on R3
(with coordinates as in by assuming that O(2) acts the usual way on
the xzz-plane while fixing the y-axis pointwise, and the generator of Zo by
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reflection with respect to the xz-plane. Given m € N\ {1,2}, we let Doy,
denote the dihedral subgroup of O(2) of order 2m whose action on the xz-
plane includes reflections with respect to the lines {cos %z —sin %x =0} for
1 € Z. We finally define G := Da,, X Zy with action on R as a subgroup of
0(2) X ZQ.

Definition 1.5. Assuming that Q is a domain inside a manifold, g is a
Riemannian metric on the manifold, f : Q@ — (0,00) are given functions, k €

N, p€[0,1), u € C'lko’cﬁ(ﬂ) or more generally u is a C’lko’f tensor field (section
of a vector bundle) on Q, and that the injectivity radius in the manifold
around each point x in the metric g is at least 1/10, ||u : C*5(Q, g, )| is

defined by

lu: C*F(QN By, g)|

f(x) ’
where By is a geodesic ball centered at x and of radius 1/100 in the metric
g. For simplicity any of 8 or f may be omitted, when 8 = 0 or f = 1,
respectively.

lu: C*P(Q,g, ) = sup
€

The function f can be thought of as a “weight” function because f(x)
controls the size of u at the vicinity of each point x. Note that from the
definition it follows that

(1.6) IVu: C*1(Q, g, )] < [lu: C5P(9,9, F),
and the multiplicative property

(L7) furuz : C*P(Q, g, fif2)]
< Ck) [Jur : C*P(Q, g, f1)|l |ug : C*P(Q, g, fo)l.

Cut-off functions will be used extensively, and for this reason the following
is adopted.

Definition 1.8. A smooth function ¥ : R — [0, 1] is fized with the following
properties:

(i). ¥ is nondecreasing.

(ii). ¥ =1 on [1,00] and ¥ =0 on (—oo, —1].

(iti). W — L is an odd function.

Given now a,b € R with a # b, the smooth function ¢[a,b] : R — [0, 1] is
defined by

(1.9) YPla,b) :=Wo Lgy,

where L,p, : R — R is the linear function defined by the requirements
L(a) = —3 and L(b) = 3.

Clearly then v[a, b] has the following properties:
(i). ¢[a,b] is weakly monotone.
(ii). v[a,b] = 1 on a neighborhood of b and 1[a,b] = 0 on a neighborhood
of a.
(iii). v[a,b] +1[b,a] =1 on R.
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Definition 1.10. g is defined to be the Euclidean metric in E3 and gy is
defined to be the restriction of g on the embedded surface M in E3.

Definition 1.11. For an oriented embedded surface M in E3, Ay is defined
to be the second fundamental form of M and |A|?\/l is defined to be the squared
norm of the second fundamental form. Also the operator Ly is defined by

Ly = A+ Al
where Ay is the Laplacian on M defined by gas.

Notation 1.12 (Symmetric functions). Given a manifold M invariant under
the action of some group G and a space of functions X ¢ C°(12), where Q
is a subset of M invariant under the action of G, we use a subscript “G”
to denote the subspace Xg C X consisting of the functions in X which are
invariant under the action of G.

Notation 1.13. For a function s defined on a surface M which has values in
R U {00}, if V' is subset of M we use the notation

Vica:={peV:s(p)<a}, Viza:={peV:s(p)>a}.

Acknowledgments. The authors would like to thank Fernando Marques
and Richard Schoen for suggesting this problem to one of them during his
visit to TAS in Fall 2018. They would like also to thank the referee for
carefully reading the manuscript and making valuable suggestions.

2. THE INITIAL CONFIGURATIONS

Recall that we use the standard Cartesian coordinate system O.ryz in
R3 as in In this section we concentrate on objects in R3 which are
rotationally invariant around the y-axis (recall and so are determined
uniquely by their intersection with Ri.

Definition 2.1 (Polar coordinates). We define polar coordinates (r,3) on
the zy-plane by (z,y) = r(sinB,cos B) and so B =0 at the north pole and
B = m at the south pole. Moreover given a function r : B — Ry where
B C [0, 7], we define the radial graph of r to be the set

{r(B) (sinB,cos B) : B € B} C R?.
The Catenoidal Annuli.

Lemma 2.2 (Catenoids around the y-axis). For a catenoid K C R® which
is rotationally invariant around the y-axis the following hold.

i ere are unique a = a- € and b = € R suc a =

(i) Th iq K'e R, and b = t* € R such that K
KNR2 = {(:c,y) ER2:z= acosh(yT_b)}

(ii) There are exactly two straight lines through the origin which are
tangent to K'. We call the points of tangency p%i € K, chosen so
that their y-coordinates yﬂ%i € R satisfy y$, < yﬂ1§+.

iii) The arc K- of K’ with endpoints pX, is graphical in polar coordinates

T points pTy is grap p
(that is v is a function of B on K't). The inward normal v = v

and the position vector X of K satisfy v - X > 0 on the interior of
K andv-X <0 on K\ K.
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(iv) v := %log% 18 a strictly decreasing function of $ on the interior
of Ky —equivalently log r is strictly convex on Ky —and satisfies the
first order equation
dv
e
(v) KNB3 is connected and when nonempty it is an annulus or a circle,
and there exist (uniquely determined) y*, y§ € (—1,1) with y* < yE,
such that
(a) KNB? = {(z,y,2) e K: y* <y < yﬂlﬁ},
(b) KNS?* = {(2,y,2) € S? 1 y =y~ ory =y},
(c) sgnb® = sgn (y + ¢).

(2.3) —(cot B)v (v? +1) — 2(v? +1).

Proof. (i) follows by the equation of catenary K'.
For (ii), consider the function ¥ on K'. By definition, the tangency hap-
pens exactly at the critical point of the function £. By (i),

dy d y ~ 1— Ltanh(¥ ab)
dyz dyacosh(y by acosh( by
However,
iytanh <y — b> = sech? (y—b> <sinh <y — b) cosh <y — b) + y) .
dy a a a a a

The function sinh(ﬂ) cosh(ﬂ) + ¥ s increasing and only has one zero,
say 1o. Therefore, the function 1 — ¥ tanh(*== ) has only one critical point
10, which is a maximum, and it is 1ncreasmg 1n (—00,yo) and decreasing in
(y0,00). And at y = 0, it equals 1; moreover, limy_,4o0 1 — %tanh(yT_b) =
Foo. Thus it has only two zeroes. Finally, these two points are the only two
critical points of ¥, which correspond to pgl(ii.

The fact that the arc K of K’ is graphical in polar coordinates follows
by (ii) because the graphical property fails only at the tangency points.
A straightforward calculation shows that X = (a cosh(nyb),y) and v =
(sech(yT_b), —tanh(yT_b)), and thus X -v =a — ytanh(yT_b), which has the
same sign as the function d%%. The rest part of (iii) then follows by the

results in the proof of (ii).
The catenary K’ satisfies the differential equation

20 1+ ($)?
(2.4) d*z _ M_
dy? x

From the definitions of v, 5 and their relationships with x,y, the equation
could be rewritten with the new variables. The equation . ) then follows.
Assume that 8 < 7/2. From equation (2 , we have < 0 when v > 0;

v is then decreasing. Now suppose that at some ' < 7 / 2, SE (BY) > 0 and

v(B') < 0. Thus there is 5° < ', such that $5(8°) = 0, v(8°) < 0 and
dﬂ(ﬂ) > 0 for all 3 € (3°,'). Therefore, v(ﬂo) < v(BY). Moreover, 0 =
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45 (8%) = —cot(82)u(8°)((v(8%))* + 1) = 2((v(8%))* + 1), or cot(8°)v(8°) =

—2. However, as v(3°) < v(8') <0, cot 8% > cot 81 > 0

——=(BY) = —(cot(8)v(BY) +2)((v(81))* + 1) <0,

which contradicts the assumption. This shows that v is a nonincreasing
functions when < 7/2. As the equation does not have constant solution,
v must be strictly decreasing. The case when § > 7/2 then simply follows
by the symmetry.

Finally, by the fact that the function r2(y) := 2%(y) +v? on K’ is convex,
where z(y) := acosh (yT_b) as in (i), K’ N D? is connected, where D? is the
unit disk. Moreover, as K’ and S' N Ri are both graphical over the y-axis,
there exist uniquely determined 3,y € (—1,1) with 4 < ¢ such that

K ND? ={(z,y) €K : y* <y<yﬂlf}
K'NS' ={(z,y) €S" 1y =y  ory =y}

The first two items in (v) then follow from the relationship between K’ and
K. Finally, suppose that K'NS! = {(2, y%), (2, )}, if y§+yE >0, then

2% < 2. By viewing z(y) := acosh (y;HSK) as a graph over the y-axis, the

symmetry axis y = b® is above the line y = (y* + ¢)/2. Thus 6% > 0 and
the last item of (v) follows by symmetry. O

Definition 2.5. Given a catenoid K as in with KN B3 an annulus,
we define the arc Ky := KNR2 NB>. We define X B € (0,7) with

K < BX to be the latitudes of the endpoints of K, and hence by|2.4(v) we
have cos gﬁ = y+ and cos BX, = yX. The endpoints of Kp will be denoted by
pe = (Sin ffl,cos ¢) e St and pecs := (sin B%,, cos X, ) € S'. Finally we

define af, (aw) to be the angle at pt, (pX,) between Ky and the arc of St
with endpomts pzna Psouth (pegm pnorth)-

Lemma 2.6. Given a catenoid K as in we have af, € (0,7 — ).
Conversely given Bi, € (0,7) and oy, € (0, 71— Bm there is a umque catenoid
which will be denoted by K[Bin, cin] and is as in and satisfies B3;, R{fin ain] _
Bin and o, KBin,cin] _ = Qn.

Proof. Note that the condition a <T— 5 amounts by Lemma to the
fact that Kf lies below pi,. ™ — ,]Llfl in the angle between the line segment
{(z,y) : y = cosBX,0 < x < sinBE} and the arc of S! with endpoints
Psouth- Conversely, given «y, and B, with 0 < a;, < m — B;n, consider the
ordinary differential equation with the initial conditions: z = sin 8,
y = cos Bin and ‘j—‘; = tan(aip + Bin — 5). The graph (z(y),y) of the solution
is a catenary K’ going through the point p;, := (sin 8in, cos Bin ). Moreover,
at P, the inner product (z,y)- (‘jZ, 1) = sin Bip(cot Bin, — cot(ain + Bin)) > 0
because of the condition a4+ Gin < w. This means that the graph is going in
the circle St at pm if y is decreasing. A calculation along with the definition
of and a shows that pgi = Din, ,Bgfl = Bin and agi = Q.
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On the other hand, each catenary K’ corresponding to the catenoid K
in the lemma must satisfy the equation and initial conditions as above, the
uniqueness then follows. O

Notation 2.7. We will often simplify the notation related to K = K[, an]
(defined as in by using “[Bin, @in]” to emphasize the dependence on the

parameters, for example we may write Sez[Bin, ain| instead of ﬁgﬁ in Qin]

Lemma 2.8. For oy, Bin as in we have Ki[Bin, ain] C K [Bin, cvin] if
and only if aim < 7/2 and eg[Bin, ain] < 7/2.

Proof. By the definition the conditions «yy, < 7/2 and ez [Bin, ain] <
/2 are equivalent with X -v > 0 at pgi and pX_. The result then follows by
2.2|(iii). O

Lemma 2.9. We have the following for K = K|[Bin, ain] as m
a = a[ﬁmaam]; b = b[ﬁmaazn] as in Ber = Bew[/@inyain]f and Qeg =

Qeg [ana ain] .

(i) a=sin(By) sin(a, + Bin) = sin(Bex) sin(—aey + Bex),
b= cos(Bin) — sgn(ain + Bin — 7/2)-
-sin(Bin) sin(aupn + Bin) arcosh(1/sin(ayy, + Bin))-
Moreover when B¢, < /2,
b = coS(Bex) + sin(Bez) sin(—aey + Lex) arcosh(1/sin(—aes + Pex))-
(M) Sgn(ain - aez) =sgnb = sgn(7r — Bin — /Be:c)-
(iii) If ciip, < w/2 and oex|Bin, ain] < /2, v = %log% is strictly de-
creasing on Kg[Bin, cin) and satisfies with boundary conditions
V(Bin) = tan(ain ), v(Bex) = — tan(ey).

n’

Bin — %); while At pX = (sin X, cos BX.), the equation of K’ satisfies g—‘; =

Proof. At p¥ = (sin X, cos A% ), the equation of K’ satisfies g—; = tan(ag, +

ex’

tan(—aez+Bez — %5 ). (i) then follows by the equation and definitions directly.

By the definition of v in iv), % = % The formulae for v(8;y)
and v(fe;) in (iii) then follow. The rest part of (iii) follows by [2.2(iv)| and

If Bin + Bex < m, then 7/2 > 7/2 — Biyy > Pex — /2 > —7w/2, thus
Y& = cosBin = sin(n/2 — Bin) > sin(Bex — 7/2) = — 08 Bex = —yﬁlf, or
Y+ yE > 0. The second equality of then follows by

From a symmetry argument, the first equality of [(ii)| holds as long as
Qin > Qey if > 0. After a scaling and a translation, this could be reduced
to the problem of the comparison of the two angles made by a line x = py+q¢q
and the standard catenary x = coshy with the assumptions that p > 0.

Suppose the line intersects with the catenary at points Pj(cosh(y1),y1)
and Py(cosh(y2),y2), with y2 > y; and cosh(ya) > cosh(y1). Then the
unit tangent vectors at P;, P» that direct to the positive z-axis could be

: _ ( sinh(y1) 1 [ sinh(yo) 1
written as vi = <cosh(y1)’ Cosh(yl)) and vy = (cosh(y2)7 Cosh(yQ)). Therefore,
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fori=1,2,

—_— —_— —_—
’Plpg) COS <<P1P2,Vi>> = P1P2 -V,

_ oy (cosh(yz) — cosh(y1)) sinh(y;)

cosh(y;) cosh(y;)

)

—

—— —
where (P; Py, v;) is the angle made by the vectors P; P and v;; and thus

coshy) cost(n) [ (cos ((BLFR va) ) = cos ((BiPhw) ) )

—(y2 — y1)(cosh(yz) — cosh(y1))+
(sinh(y2) cosh(y;) — sinh(y;) cosh(y2))(cosh(y2) — cosh(y;))

= (cosh(yz) — cosh(y1))(sinh(y2 — y1) — (y2 —y1)) > 0,

or
= —
<P1P2, V1> > <P1P2,V2>.

This shows the first equality in ([

Proposition 2.10. If a;, < 7/2 and cey[Bin, in] < /2, then Lex =
Bex|Bin, in] and ez = Qex|Bin, ain] are strictly increasing functions of Bin
and oy,

Proof. By the definition of v in [2.2(iv), [ B B)dB = 0. By the monotonic-
ity in [2.2)(iv), v() has a unique inverse functlon B(v) and thus

v(Bin) 0
(2.11) / B(v) = Bindv = / Bex — B(v)dv.
0 V(Bex)

From the theory of first order ordinary differential equations, if v! and v?
are two solutions of the equation , the curves of the solutions (B, L(B))
and (B,v%(8)) do not intersect with each other. Therefore, if 8} < B2,
al = a? , vl,v? are corresponding solutions, then

v'(B) < v*(B),

when 3 € ( m,ﬁew) (82,,8%,). Moreover, when v'(3) = v(8'), 8’ > B.
Therefore, from ,

dot do?
@(ﬂ) a3 —(8") <0,
when v!(8) = v%(8') > 0; and
dot dv?
0> w(ﬁ) a3 — (8",

when v!(8) = v?(8') < 0. Let 3, 3? denote the two inverse functions for
v!, v2, this means 0 > ddil > ddBQ when v > 0 and 0 > ﬁf > %—5: when
v <0. As v!(B],) = tanaj, = tana, = v*(82,) from [2.9(iii)} for any v > 0,
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BL(v) — B: < B?(v) — 2. Moreover, when v/ < v < 0, B (v') — B(v) >

B2(v') — ﬁg(v). This meazgs
U2( 2

vl(ﬁiln) B,n)
(2.12) / B (v) - ﬁndv</ B (v) = Bdv
0 0

as v1(B},) = v*(B%,). Moreover,

0 0
(2.13) / 2 — B (v)dv < / L — BY(w)dw,
v2(B2,) o' (BLe
if B2, < Bea or—v(ﬂl) v2(2)
But 1 by the equation (2.11]) for v! along with and ( -,

0 0
/ 2 B (0)dv < / L B (v)dv
v2(82,) o1 (BL)
v (BL) v3(B2)
— / B (v) — Blhdv < / B2(v) — fR,du,
0 0

which contradicts the equation for v2.

Therefore, it must be B, < 32, and tanal, = —v}(BL,) < tana?, =
—v2(B2,) from 2.9(iii)], i.e. Bex and ae, are increasing functions of Bi,.

By the same argument, 5., and ag, are also strictly increasing functions
of «jy,. O

Assumption 2.14. We assume from now on that £;, € (0,7/2] and «yy, €
(0,7/3].

Corollary 2.15. If|2.1/| holds then oy, < 7/2 and cey|[Bin, ain] < 7/2, and

s0 holds.

Proof. First it can be seen that the result holds if and only if ey [Bin, ain] <
7/2 under the assumptions[2.14] A direct calculation using[2.9(i)] shows that
the result is correct when B;, = 7/2, oy, = 7/3. Therefore, 5;, < 7/2 and
close enough to 7/2, ey [Bin, 7/3] < 7/2. Define 59, to be

0 = Sup{ﬁm (Oa 7'['/2] :
On Ki[Bin, 7/3] 7 is a single-valued function with |dr/dS| < co.}
If > 0, then a..[8),,7/3] > m/2. However, for /2 > Bin > BY, 0

lTL

Ky [Bin, /3] r is a single-valued function. Thus implies that
Qe |Bin, /3] < ex|m/2,7/3] < 7/2.

Therefore, ae[8),,7/3] < aeg[n/2,7/3] < 7/2 by the continuity, which
contradicts the assumption. And thus the result holds for Kj B, 7/3] with
Bin € (0,7/2]. A similar argument for «;,, then implies the result for any
Bin, in under the assumptions [2.14 O
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Existence and Uniqueness of the Initial Configurations.

Definition 2.16 (Catenoidal configurations). We define a catenoidal con-
figuration to be a union of a disc and catenoidal annuli W := Uf:o A; such

that WNS? = Uf:{l C; and the following hold.

(i) For eachi=1,...,k'+1, C; is a parallel circle lying on S* at latitude
Bi.
(ii) 0< B < < By <7T/2.
(i1i) Ap is a flat disk and 0Ay = C;.
(iv) For eachi=1,...,k" we have 0A; =C; UCiy1 and A; = K[ﬂi,aﬂ N
B3 for a unique o € (0,7 — B;) (recall@.
(v) For eachi=1,...,k', Ci=A;_1NA.

For eachi=1,...,k we have then Bi11 = Bex[Bi, o] and we define Q=
ez [Bis azﬂ and o := P1. k' € N is called the order of W. Finally we define
the unbalancing parameters of W, gy, = {ij}iil € Rk/, by requesting
eTW.i = oz;-"/ai_ fori=1,...,K; if gy, vanishes we call W balanced.

Clearly we can try to construct catenoidal configurations by starting with
a disk Ap and then proceeding inductively to construct 4; assuming oy,
given. It is not clear however how this process will end. One possibility is
that some (y11 will exceed /2 which is what we hope for. Although we
will prove later that there is always a finite &’ where this happens, we cannot
exclude apriori the possibility that the A;’s become very narrow for large ¢
and the ;s form an increasing infinite sequence which is bounded above by
/2. This motivates the following definition.

Definition 2.17 (Complete catenoidal configurations). We define a com-
plete catenoidal configuration to be either a catenoidal configuration as in

which moreover satisfies Br+1 > m/2, or a pair W := {A,C}, where
A = {Aitien, and C = {Cj}jen, and such that for Yk € N the pair

{{Ai}iio, {C]};“/:Jrll} is a catenoidal configuration as in |2.16, In the lat-

ter case we say that the order of W is co.

Definition 2.18. We define ¢! the space of R-valued sequences of finite
0t norm equipped with the £* norm which is defined by || {a;}ien : €Y =
S22 lail. We identify R* with a subspace of £* by the map which sends
{ai}le € R* to the sequence {a;}ien € ' with a; = 0 for i > k. Finally
given a = {a;}ien € 01 we define al, := {a;}F_, € RF.

Lemma 2.19 (Existence and uniqueness of W[B;a]). There is an absolute
constant &, > 0 such that VB € (0,21/7) and ¢ = {o;}ien € £* with | :
Y| < &), there is a complete catenoidal configuration as in which we
denote by W[B, al, and is uniquely determined by the following properties,
whei"e we may use “[B\; al” to specify the quantities as in associated to

WIB;a].
(i) Bi[B; ] = B.
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(i1) OBl = O for i < K'[B;a] if the order K'[B;c] < oo and Vi € N
otherwise.
Moreover we have the following.
(a) If the order K [ﬁ, o] < oo, then W[B;g] depends only on B and
{Uz}z 1
(b) The assumptwn holds for all catenoidal annuli in W[B\, al, and
moreover W[ﬁ, aln Ri is the radial gmph of a piecewise smooth
function/r[g; a]: B — (0,1] (recall |2 , where B = [0, Bxr11] if the
order K'[3;a] < oo and B = [0, sup;cy fi) otherwise.
(¢) We have a;; < of and of < 601+"'+"ig, for 1§i§k'[//6’\;g] if the
order k’[B\; o] < 0o and Vi € N otherwise; and we have a?‘ =eia; <
e%ia; , for 2<i<K'[B; 0] if the order K[B; 0] < 0o and Vi € N\ {1}
otherwise.

Proof. From the definition and the assumption 3 € (0,27/7), af =
etay = e B < m—f if |o1| is smaller than a constant, then the existence
and uniqueness of A; simply follows by [2.6] Suppose now the catenoidal
annulus A,, exists in the definition We have for i =2,...,n

T T o
o =eay <oy,

where the equality follows from and the inequality from [2.9(ii); and
thus by induction
Oz+ < 60'1+"‘+0'n3

Therefore, if ||¢ : ¢!|| is small enough, o;f < 7 — B<m—PBhasf< 27 /7.
The existence and uniqueness of A, 11 then follows by [2.6) . ) and - then
follow. Moreover, m along with the assumption that 5 <27 / 7 implies that
the assumption [2.14] holds for all A; € K[Bi, o] in WIB; o] if ||lo : 6] is
small enough. Therefore by [2.15| and then the function r[B; o] exists as
the radial graph of W[ﬁ ;o] N R2 This proves m ([

Proposition 2.20. For B and o as z'n the following hold for each fixed

o.

(i) The order k’[ﬁ; ag] < oo and it is a decreasing function of B with
K'[B;0] = 00 as B — 0.
(i) BilB;a), o(B;a] (when defined) are continuous strictly increasing
functions of 5. R
(iii) Vi € N we have limg_,o BilB;a] =0

Proof. By the theory of ordinary differential equat1ons and an inductive
construction of W[ﬂ, o] we conclude that 3; [6, al, [[5’, a], and o; [,8, o] are
continuous functions of 1 and g. Moreover, they are strictly increasing
functions of 3 by 2.19(b)| [2.15 and [2.10| and hence (ii) follows.

(iii) for ¢ = 1 is clear by the definition. Now for ¢ > 2, suppose the result
holds for fi,...,Bi—1. Consider the chord tangent to A,_; at the position
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r =1, 8 = Bi_1. Clearly the chord will also intersect S' at 8 = 8;_1 +2a;r_1,
and thus by convexity of the catenoid

(2.21) Bi < Bi—1 + 205 4.

Therefore, the result for 3; follows by the assumptlon for £;—1 and [2.19 -

Clearly the definition implies that k'[3;0] € N U {oo}, by (ii) it is a
decreasing function of B , and by (iii) its limit as B — 0 is co. It remains to
prove that it is never co. We argue by contradiction and assume that it is
for some B which can be assumed as small as needed by the monotonicity of
k' in 3. {Bi} is increasing and bounded by 7/2 and so it converges to some
Boo < m/2. By Vi € N there is a catenoid K; O A;. Let a; := o and
b; := b, Clearly they are both positive and uniformly bounded above.

If any subsequence of {; } have a positive lower bound, then ) %, «;
oo. On the other hand, if lim; s a = 0, then an elementary calculatlon
now using Taylor’s expansion for cosh and the uniform bounds for a; and b;
implies that for some C > 0 independent of i we have

+

o — ;4| < C (cos Biy1 — cos ).
By (2.21) and we have cos 8; —cos Bi+1 < Bir1 — 5i < Qa;r and hence

—AC (of )? € ajyq = e 7.

which implies since lim;_, a = 0 that
1 e Jit+1 e Jit+l 46—0i+1c
< = +
ofy T af(1-4Ca)) o 1—4Caf

< e <1+ +SC’> ||ael||< +80@)
@ B

where the last inequality follows by induction. We conclude that Y 72, ozi+ =
oo by comparing with the harmonic series.

If Boo < m/2, we can assume that £; + o < (7/2 + Bx)/2 < /2.
Therefore, by [2.9(i)| and mean value theorem,

283. +_a + =
(2.22) a; — a;—1 = 2sin(f;) cos (W) sin <az—;—az)

>C’(0z;+a;r)>0

as 20; + a —a; <. Thus aZ is increasing, and there is a limit as =
lim,, oo @y. We conclude from that y 2, a < 00, a contradiction.

Hence Bo = /2. By applymg 2.8(i)| with ﬁm = Bn, Qi = aib, or with
Bex = Bn, Qex = o, = €t and subtracting, we obtain

bn—1 — by, = sin B, (f(ﬁn_'_an) f(/Bn o :))

where f(t) := sgn(t — 7/2) sintarcosh(1/sint). Since arcosh(l/sin t)
14| cost| _ 1] 14| cost|

sint =30 1—|cost|’
of |cost|. Clearly then f is a smooth function in the vicinity of 7/2 and
moreover its derivative at 7/2 is positive. This implies by continuity and

= log we see that we can expand in odd powers
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the mean value theorem that b,_1 — b, > Ca,, for large n, which implies
that >°5°, o7 < 00, a contradiction. This completes the proof. O

Definition 2.23 (Symmetrically extendible catenoidal configurations).

We define a symmetrically extendible catenoidal configuration to be a com-
plete catenoidal configuration W as in which moreover satisfies either
Brr41 = 7/2 or Bry1 + P = w. The total order k of W is defined to be
2k' + 1 in the former case and 2k’ in the latter.

Corollary 2.24 (Existence and uniqueness of W(o:k|). Given k € N\ {1,2}
cmd o = {oitien € ' with llo - 2 < 8% € (0,8)), where & is as in
there is a unique B = Blo:k] € (0,7/2) such that W = W[ﬁ, a] is
symmetrzcally extendible and has total order k (recall . Moreover ﬂ[a k]
is decreasing in k for fived o, Blo:k] — 0 when k — oo, and Blo:k] depends
continuously on Q‘[k/2] for fized k.

Proof. In this proof, we define an extended complete catenoidal configuration
to be a catenoidal configuration same as the catenoidal configuration in
except it satisfies Orry1 > 7T/2 and S < 7/2. As in given V3 €
(0,27/7) and ¢ = {0; }ien € £* with ||o : 1| < ., there is a unique extended
complete catenoidal configuration satisfying the properties in[2.19] which we
denote by W[[B ; a]] As in @l, we will use “[[B ;0] to specify the quantities
associated to W[B; o].

If 81 < 27/7 and || : £ < &, by each 3;[B; 0] is an increasing
function of (1, which then 1mphes the uniqueness of W[o:k|. By [2.19
the assumption n holds if 3 [o:k] exists.

We first show the existence of 3[0:k] with 3[0:3] € (x/4,27/7). By the def-
inition, W[0.3] exists if and only if there exists a catenoidal arc K |[Bin, Bin)

such that Bey[Bin, Bin] = 7/2.
By the formulae in the catenoidal arc Kj[r/4, /4] satisfies the
equation

x:\fcosh(\/iy—l),

which intersects y = 0 at (@,0) ~ (1.0911,0) outside S'; while the
catenoidal arc Ky [27/7, 27 /7] satisfies the equation

2 2m 4m
o A y — cos - — sin = sin Srarcosh—7 n%
x = sin — sin — cosh o P ,
7 sin =% sin =

which intersects y = 0 at

2 4 2 4 1
<sin 77r sin 77T cosh (cot 77T cse 777 + alrcoshSin 477T> ,O) ~ (0.8996,0)

inside S'. Therefore, the angle B, [r/4,7/4] < 7/2 while Be.[27/7,27/7] >
/2. The result then follows by the intermediate value theorem and the
monotonicity [2.10] Moreover, the assumption [2.14] holds.
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Now when o|; has absolute value smaller than a value 6!/ small enough, by
implicit function theorem and there exists a unique 3 near B [0; 3],
such that fa[c; 81] = /2. Thus [[o:3] exits.

Furthermore, suppose that the results hold for k = 2k’—1. Then for g € ¢!
with ||lo : £1]| < 6, Blo:2k" — 1] exists. Therefore, in the extended complete
catenoidal configuration W[B[o:2k' — 1]; o] with finite order &', B = 7/2
and By + Brry1 > m. As in | B ﬁ, ] and By 13, are strictly
1ncreas1ng functions of B By 1ntermed1ate theorem and m iii)}, there exists
a Blo:2k'] < Blo:2k' — 1] such that in W[B[o:2k']; o] = W[[B[Q.Qk"];g]], Brr +
Brr41 = m. Thus by Blo:2K'] exists. A similar argument then shows
that B[o:2k' + 1] exists.

By the implicit function theorem, |2 2d|(11 |and |2 23|7 Blo:k] is a continuous
function of ¢ in a neighborhood of each o with ||o : ¢1|| < 67. Finally, by the
monotonicity of k' with respect to B in and the uniqueness of B\ [o:k]
in B\[Q:kz] — 0 when k£ — oc. O

Notation 2.25. We define W[a:k| := W URW, where R is the reflection with
respect to the zz-plane and W = W[B[o:k]; o] is as in For 1 <i<k
we define ai[g:k] and B;[o:k] to be the values of Oé:t and f; respectively
in the conﬁguratlon W for i < k' := [k/2] and by of[o:k] := of i [0kl
Bilo:k] := 7 —Br_ir1[c:k] for i > k'; when g = 0 we take a;[0:k] := o [0:k] =
a; [0:k]. For 0 < j < kand 1 <1 < k we define A;[o:k] and Cjlo:k]
to be the catenoidal annulus (or disk) A; and circle C; respectively in the
configuration W if j < k" or I < k' 4+ 1, and by Aj[o:k| := RA;_;[o:k] and
Cilo:k] := RCi_i41[o:k] otherwise. Finally we define r[o:k] : [0,7] — (0, 1]
to be the extension of r[3lo:k]; o] as in so that its radial graph is
Wio:k] NR?.

Corollary 2.26. Assuming that k is large enough in terms of a given € > 0
and o is as in[2.2f v = r[o:k] defined as in[2.2] satisfies

lr—1: CO[O,W/Q]H + ||dr/dg : CO[O,ﬂ'/Q]H <e.
Proof. For the catenary K’ corresponding to each catenoidal annulus A; in
Wc:k], define I; to be the chord tangent to K’ at (sin 3;, cos ;). The radial
distance between A; and the unit sphere is then controlled by the radial
distance between [; and the unit circle. From the inequality ozi+ < eletlp

by 2.19(c)

max(1 —r(8)) = max {1 —cosa; } <1— cos(e 5”5)

=1,...,
where o := aj'[g:k]. Thus max(l —1(f)) — 0 when k — oo by
Similarly, from [2.9
( )/x(B)
Thus from the result above, max |dr/dS| — 0 when k — oo by O
Lemma 2.27. In the balanced configuration W[0:k],

max

= 'rrllaxk{tan at} < tan(e¥ ).
i=1,...,
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(i) Fori=1,...,k, a;[0:k] < B1[0:K].

(i) Fori=1,....k—1, Biy1[0:k] — B;[0:k] < 2/31[0:K].
Proof. By the symmetry of the balanced configuration, it can be assumed
that i < % (i) then just follows by the balanced condition and (ii)
just follows by ([2.21]) and (i)

Lemma 2.28. If k is large enough in absolute terms, then the kernel of
L 4;0:k) with Dirichlet boundary condition for each disk or catenoidal annulus
A;[0:k] in the balanced configuration W(0:k] is trivial.

Proof. For the disks Ay[0:k] and A[0:k], the result simply follows by the
smallness of 1. Suppose A;[0:k], i = 1,...,k — 1 satisfies the equation
r = a;cosh(¥> b) let a; = «;[0:k], B; := B;[0:k]. For any rotationally
invariant function u, L 4,00 = 0 is equivalent with

2 —b;
u”(y) + ) sech? (y) u(y) = 0.

i g

The solution space is spanned by u = tanh Y= biandu=1-— 4= bz tanh Y1 bi
The Dirichlet boundary condition is equ1valent with

u(cosB;) =0, wu(cosfBit1)=0.

The solution exists if and only if the following condition holds

(2.29) 0 = det <tanhzl 1—2z tanhzl>

tanh zg 1 — z9tanh 29
= tanh z; — tanh 29 + (21 — 22) tanh 2; tanh 2o,
cos,é’l b; and 29 = COSB;+1 —b;
When £ is even for the catenoidal annulus Ay [0:k], the result follows by
2

where z1 =

the smallness of the catenoidal pieces and the fact that ax is close to 1 from

2
For all other catenoidal annuli, in odd or even case, by the symmetry
it can be assumed that §;11 < 7/2, then by [2.9(1)!

cos 3; —cos Biy1 cos i — cos Biy1
a; sin Biy1sin(Bip1 — aiy1)
(Bix1 —Bi)sinBix1 By — B

= sinBiprsin(Bip1 — 1) sin(Big1 — qig1)
By |2 )| and the balanced condition, «; is decreasing for i < k“, and f;
is 1ncreasmg, therefore,
cos f3; — cos Bi+1 Bi+1 — Bi
a; = sin(B2 — az)

However, if B —ag < (1, then as 81 = a1 > ag by R.9(ii)], B2— 51 < Ba—ag <
B1, and thus f2 < 2/;. But these contradict the formula sin 1 sin(25;) =

a1 = sin Basin(fa — ag) by R.9i)l This means B — as > 1 and thus by

R )
cos f; — cos Bi+1 < Bit1 — Bi <9 b1

a; ~ sinB1 T Tsinfr
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(cos Bi—bi)—(cos Bi+1—b;) <
a; -
2 + ¢ when k is big enough, where € is a small positive number. However,

then can not hold except when z; = z». O

By [2.24] limp_.oo sﬁﬁ = 1. This means z; — 29 =

Proposition 2.30. For k € N large enough in absolute terms there are
constants 0, = 65(k) € (0,07) (recall , ¢ = c(k), and 0y = 6y(k), such
that the following hold for all o with ||g : ¢1]] < 5.
(i) of [o:k] € [300), 5 — 300y and |a; [o:k] — of [o:k])| < 0 for each
teNwithl1 <i<k.
(ii) The catenoid K; containing A;[o:k] satisfies ak, > &y for each i € N
with 1 <i<k—1.
(i4i) There are no Dirichlet eigenvalues of L g,jo:k) on Aila:k] in the in-
terval [—c, c] for each i € Ng with 0 < i < k.

Proof. For the balanced case, and follow by choosing d; small enough.
follows by The general case then follows by the continuous depen-
dence of solution to ¢ in [2.24] and choosing d, small enough. O

3. THE DESINGULARIZING SURFACES

In this section the desingularizing surface Y[a, 3, ¢, 7] is defined, which
is similar to the surfaces X[T, ¢, 7] in [§], to which we refer for some details
and proofs.

The Scherk Surfaces (0).

Definition 3.1. For 6 € (0,7/2), the Scherk surface ¥(0) is defined by the
equation (recall[1.9)

(3.2) sin? § cosh

- — cos? 6 cosh
sin cos

— COS Z.

Notation 3.3. €, €y, €, are defined to be the coordinate unit vectors of the
Cartesian coordinate system O.zyz. €[], €[0] are defined by

€lf] = cosbe, + sinfe,, €'[0] = —sinOé, + cos be,.

The identity map is denoted by R, and reflections with respect to yz-plane,
z-axis, xz-plane are denoted by Ry, R3, Ry respectively. Let Ry denote the
rotation around the z-axis by an angle ¢.

Note that R; is a symmetry of each 3(#) mapping the first quadrant to
the ith quadrant for ¢ = 1,2, 3, 4.

Assumption 3.4. To ensure uniform bounds in the geometry of the Scherk
surfaces ¥(#) we assume from now on that 6 € [100p, 7/2 — 10dg]|, where
dp > 0 is a small number to be determined later.

Proposition 3.5 (Properties of the Scherk surfaces). 3(0) is a singly peri-
odic embedded complete minimal surface which depends smoothly on 6 and
moreover satisfies the following for 0 as in Assumption[3.].
(i) £(0) is invariant under R; for i =1,2,3,4 and Ri,_,», the reflec-
tion with respect to the plane {z = nz}, for n € Z.
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(ii) For given e € (0,1073) there is a number a = a(e,dg) and smooth
functions fo = foo : Ry xR =R, Ag:=Agq: Ry xR — E3, and
Fo :=Fyqa R xR = E3 depending smoothly on 6 (and a), such
that Wy := Wy 4 := Fp(Ry x R) C £(0) and

Ag(s,2) = (a+ s)elm/2 — 0] + z€, + bye'[n/2 — 0],
Fo(s,z) = A(s, 2) + fo(s,2)e'[n/2 — 0],

where by = sin 26 log(tan #). Moreover
(i4i) $(0) \ UL R;(Wp) is connected and lies within distance a + 1 from
the z-awis.
(iv) Wy C {(rcosd,rsing,z) : r > a,¢ € [909,7/2 — 9g], z € R}.
(W) || fo: C°(Ry x R,e™%)|| < & and ||dfy/df : C*(Ry x R,e™%)|| < e.
(vi) |bg| + |dbg/dO]| < ea.
(vii) 0%(0)z<0 (recall[1.15) is a disjoint union of topological circles con-

tained in the yz-plane.

Proof. follows by the equation (3.2). All the others are the same as [8,
Proposition 2.4]. O

Definition 3.6 (Core, wings, and coordinates). For i = 1,2,3,4 we call
R;(Wy) the ith wing of 3(0). We define coordinates (s,z) = (Sq,2) on
R;(Wy) by (s,2) = (R; o Fy)~L. The function s is extended to a continuous
function on X(0), by requiring s to vanish on X(0) \ U_R;(Wy). The part
Y(0)s<o will be called the core of ¥(0). Finally, the third and second wing
of £(0) will be called the + and — wing of half Scherk surface ¥(0),<o and
the part ¥(0)s<o0,.z<0 will be called the core of half Scherk surface ¥(6)z<o-

Proposition 3.7 (The Gauss map of the Scherk surfaces). The Gauss map
v of X(0) has the following properties:

(i) v restricts to a diffeomorphism from 3(0).¢(o,x (recall onto
S N {z >0} \ {(£cosh,£sinh,0)}.

(ii) Let E;, i = 1,2,3,4 be the arcs into which the equator S*> N {z = 0}
is decomposed by removing the points (+cos,+sin6,0), numbered
so that (1,0,0) € Ey, (0,1,0) € Ey, (—=1,0,0) € E3, and (0,—1,0) €
Ey, then

I/(E(Q)Zzo) = F1 U FEj3, V(E(Q)Z:ﬂ-) = FEy U Ey.
(iti) $(0) has no umbilics and v*gse = 3 \A|2E(9) g5:(0)-
Proof. See [8, Proposition 2.6]. O

Definition 3.8. For ¥ = X(0) we define h := % \A@gg =v*gs2 and Ly, :=
Ah + 2.

The following proposition for the eigenvalue of £, is the same as |8, Propo-
sition 2.8]. We are interested in the eigenfunction invariant under the re-
flection with respect to the yz-plane R,.
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Proposition 3.9 (Eigenvalues on Scherk surfaces modulo symmetries).
Let G be the group generated by reflections across the planes {z = 0} and
{z =7n}. Let ¥ := X(0). There is an €y = €x(dg) > 0, such that the only
bounded eigenfunctions of L, on /G whose eigenvalues lie in [—e€y, €)], are
the ones in the kernel of Ly, on ¥/G. This kernel is two dimensional and is
spanned by v - €, v - €,. In particular, the only bounded eigenfunctions of
Ly on ¥/G whose eigenvalue lies in [—ey, €;] invariant under Ry have the
form Av-¢é,, A € R.

Proof. See the proof of [8, Proposition 2.8] . O

The Surfaces X[o, §]. The definition of Z,[¢] below is similar to [8, Def-
inition 3.2] except for the addition of requirement [3.10(i)| to ensure that a
neighborhood of the boundary of the half Scherk surface stays invariant.

Definition 3.10. We fiz a smooth family of diffeomorphisms Z,[¢] : E® —
E3 parametrized by ¢ € [—2d9, 20¢] (recall satisfying the following.
(i) Zy[¢] is the identity map on L(6p) = {(z,y,2) : |z| < Lsin26} U
{(r,y,2) y < O},
(1t) On {(rcos®,rsin®’, z) : r > 1,0" € (99, 7/2 — 99|} Zy[¢] acts by
rotation around the z-axis by ¢.
(111) Zy[¢] is equivariant under Ry (reflection with respect to the yz-
plane).

The definition of X[a, 8] below is similar to the one for X[7T] in [8 Defi-
nition 3.4] with T = {€[n;]}},, where ;y =7 —a~ =B, m =7 +a - 3,
ng = 2r —at — B, ny = 27 + a™ — B. Therefore in the notation of [8]
O(T) = ©/2 —at, 61(T) = —02(T) = (o= — a™)/2, 6,(T) = 0, and
0,(T) = a~ — at. The tetrad is defined so that the yz-plane is mapped
by the appropriate bending map to a cone tangent to a sphere at its parallel
circle of latitude £.

Definition 3.11. Given 3 € [0,7] and a := (o™, a) € R? such that ot €
2009, 5 — 2005] and ot —a~ € [—2dp, 204 (recall we define the surface

Sla, B] 1= Reja—p 0 Zyla™ —a7](B(ah)).

Moreover, Ry g is defined to be the rotation by which Ry /_go Z, [a™ —a™]
acts on the ith wing of X(a™). The images of the core and the ith wing of
Y(at) under Ry jo_g o Zyla™ — o~ will be called the core and the ith wing
of ¥la, B]. The function s on Xa, B] is defined to be the push forward of s
on X(at) by Ryja_go Zylat —a~]. Finally to simplify the notation we take
Yla] := X[a, 0].

The Desingularizing Surfaces X[a, 3, ¢, 7].

Definition 3.12 (The bending map B, and the spheres 8, 3). For 7 € R
and B € (0,7) we define B, : R3 — R3 and 8,5 C R3 by

B(z,y,z):= (7'_1 + x)(cosT2,0,s8in72) + (—T_l,y,()),

Srp 1= {(x,y,z) R |z + )+ + :;)181165)2 te= (7'silnﬁ)2}7
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when T # 0, and by taking By to be the identity and 8¢ g to be the yz-plane
rotated by Ry o_g.

If we bend the Scherk surfaces using B, we would get wings which decay
to cones, which are not minimal surfaces. To avoid this we bend instead the
planes into catenoids as in [§]. This leads to the following definitions.

Definition 3.13 (The bent asymptotic half-planes). Given 7 € [0, 1),
AS [20697 7T/2 - 2059]7 ¢ € [_507 59]7
and R a Euclidean motion fixing the z-axis, we define Alf, ¢, R, 7] : Ry X
R — E3 as follows: if 7 =0 (recall|3.4(ii)), then
Al0, ¢, R,0](s,2) := R o Ro Ag(s,2),

where R’ is the rotation by an angle ¢ around the line R o Ag(OR; X R); if
T #0, then

Alf, ¢, R, 7|(s,2) := (ro + 7 ') (cosh7s 4 cosnsinh 7s) (cos 7z, 0, sin 72)

+ (=77 g0 + s(1+ ro7) sinn, 0),

where (1o, yo) is chosen such that {x = ro,y = yo} = Ro Ag(OR4+ x R), and
n is determined by the requirement that €]n] = Ry o R(elf]). Notice that by

these choices Alf, ¢, R, 7] and B, o Ro Ay agree on ORy x R. The image of
OR; x R is independent of ¢ and will be called the pivot of A[f, ¢, R, T].

Proposition 3.14. There exists a small positive number 6. = 6.(dy) such
that when T < 8. the map A6, &, R, 7] satisfies the following:

(i) It is a conformal minimal immersion which depends smoothly on the
parameters. The image lies on a catenoid or a plane. Moreover the
pivot is the circle of radius T~ + 1y , centered at (—7 71, y0,0) , and
parallel to the xz-plane.

(ii) €[n] is the inward conormal of the image at Alf, ¢, R, 7](0,0).

Proof. These follow by [8, Lemma 3.9(iv) and Definition 3.10]. O

Therefore, when 7 < §~, the Gauss map v[f, ¢, R, 7] could be chosen such
that it depends smoothly on the parameters and satisfies the orientation
choosing v[6,0, R,0] = R(¢'[n/2 — 0]).

Definition 3.15 (The bent wings). Fiz §s; a small positive constant which
will be determined later, for 6, ¢ as before, R a Fuclidean motion fixing
z-azis, and T € [0,6"], define F[0,¢,R, 7] : Ry x R — E3 by

Fl6,6, R, 7)(s, 2) = $[1,0](s)B, 0 R o Fys, )
+ (1= 9[1,00(s))(Agl0, ¢, B, 7](s, 2) + 1s(s) fo(s, 2)v[0, , R, 7](s, 2)),
where s(s) := P[40, 36,7 (s).

We consider now the boundary of the image of the half Scherk surface
under the bending map B; o R, /_3, where we assume 7 > 0 and 3 € (0, 7).
The image of the yz-plane under this map, where this boundary lies, is the
cone {(z+771)? + 2% = (cot By — 77 1)?}, and not, as we would like, the
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sphere 8, g (recall 3.12). Notice that the sphere 8; g is tangent to the cone
above along the circle which is the image of the z-axis under B; o Ry /5_g.
On the other hand, the preimage of the sphere 8, 3 under the same map is

the cylinder
1 1
o 3 2 2 _ 2
(3.16) Crp = {(m,y,z)ER (x+7-sinﬁ) +y _(Tsinﬁ) }

We would like therefore to modify the Scherk surface in the vicinity of the
yz-plane so that the boundary of the half Scherk surface lies on €, g; this
leads to the definition of D[S, 7] in

Lemma 3.17 (Boundary neighborhoods of the half Scherk surfaces).
There exist constants cq, € = €4(0g) and 6! = 6! (dg), such that the following
hold when 7 € (0,6”] and 8 € (0,7).
(i) QCded < isin 2(59.
(ii) The intersection of X[a] with the slab
Re, = {(z,y,2)|x € [—ca€q, ci€dl,y € [—ca,cal} (or with 2R,) is a
periodic union of annuli. Moreover both intersections are contained
in the core of X[a].
(iii) L] N €Cr5 C Re, (recall (3.16))).

Proof. From the equation of the Scherk surface and the definition of X[a]
and [3.10 - alz—0 IS the union of topological circles satisfying the equation
sin?f — cosz = cos?fcosh -, on the yz-plane. Therefore, |y| < 2 on
Y[a]z=o0- Thus cq can be chosen to be 2 and then the existence of ;5 and 6/
follows. ]

Lemma 3.18 (Adjusting the boundary). There is a smooth family of dif-
feomorphisms D[B, 7] : B3 — E3 parametrized by 8 € [0, 7], T € [0,5”] such
that:

(i) D[B, ] is the identity map on E3_;\ 2R.,.

(ii) When 8 >0, 7 > 0, we have on éed N E3_, that D[B,7)(z,y,z) =

/ 1 1
= X - - 9 y %
2¢e4¢q \ ‘7sin B Y Tsin 3 4

(iii) D[, 7] is the identity map when 8 =0, 8 =m or 7 = 0.
(iv) HD B,7] —idgs : C*(E3) H < Ctsin S for some constant C' := C(dp).
(v) The image of X[a]y—o under D[, 7] is contained in the cylinder C; 5.

Proof. The results are clear when 8 = 0 or 7 = 0. In the other cases, D[S, 7]
can be constructed by connecting the map in (ii) with identity map in (i)
by a cut-off function. (v) then follows by the lemma above. (iv) follows by
an expansion of the formula in (ii). O

We define now the maps which we will use to define the desingularizing
surfaces which unlike in [8] use only half a Scherk surface. We also set the
¢; angles symmetrically so that when 7 = 0, the image of a Scherk surface
under the map Zla, 8, ¢, 7| is symmetric with respect to the image of the
yz-plane. B
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Definition 3.19 (The maps Z[a, 3, ¢,7]). Given a := (a™,a™t) € R?, 8,
¢=(¢",¢") € R?, and T satisfying

Oé+ € [3059’ g - 3059]’ O[+ —a € [_59’59]5 B € [50777 - 50])

@‘ = max{}qf qﬁﬂ} <y, T€10,8],
we define Z[o, B, ¢, 7] = Zo[o, B, ¢, 7] : L(aT) — E3 by (Tecall and for
the rotation Ry g, m
Zala, B, ¢, 7] := BroR, jo_5oD[B, 7o Zy[a"—a] on the core of X(at),
and by requesting that for i =1,2,3,4 we have on Ry x R that

Zila, B,¢, 7] oR; 0 For = Fia, B,¢,7] := Fla™, ¢, Ra.3.i 0 R, 7],
Aile, 8,¢,7] := Ao, ¢4, R 0 Ry, 7],
where (1, ¢2, @3, 04) := (¢7, =07, 07, —¢7).
When 7 =0 and 8 = 7/2, Z[a, ¢| = Zi]a, ¢] and Xla, ¢] = Ea[a, ¢] are
defined by
Zalo, @) = Zala, 1/2,0,0],  Sala, ¢] = Zaa, ¢](Z(at)).
In particular, when ¢ =0, X[a, ¢] = Xla].
Finally the ith pivot of Z[a, B, ¢, 7] is defined to be A;|a, B, ¢, T](OR { xR).

Proposition 3.20 (Properties of Z|a, 3, ¢, 7]). The following are satisfied
for each Z[a, 3, ¢,7] as in .
(i) It is a smooth immersion depending smoothly on its parameters.
(ii) For each n € 7, it is equivariant under the reflection of the domain
with respect to the plane {z = nx}, and of the range with respect to
the plane which is parallel to the y-azis, contains (—71,0,0), and
forms an angle nT—'m with the positive x-axis when T # 0 or is
parallel to the x-axis when T = 0.
(iii) The boundary components of Z[a, B3, ¢, T|(X(at)z<0) are contained
in 8 (recall[3.19).
(iv) If 71 € N, then Z[a, B, ¢, 7](S(a™)z<0) (recall is an embedded
surface with 7= boundary components.
() If 71 e N, Zla, 8,6, 7)(E(aT)z<0) contains 2771 fundamental re-
gions in (i), and the circles Z|a, B, ¢, 7](Z(a™)

noidal neighborhoods.

Proof. (iii) follows by the fact that B; oR/5_3(C7 5) = 87 5 when 7 # 0 and
3.18(v)l All others follow by the definitions. O

Definition 3.21 (The desingularizing surfaces). Given [a, 3, ¢, 7] as above,
and 771 € N, the smooth embedded surface with boundary Yla, B, ¢,7] is

defined by (recall[3.19 and[1.15)
¥ =13, B, 9,7 := Zla, B, ¢, T](E(O‘Jr)xgo,sg“”‘%s)'

The function s on ¥ is defined to be the push forward by Zla,
s on Ya<o. The £ wing is defined to be the image under Zc,

)

:cgo,s:%) have cate-

7] of

B,
B,¢,7] of

o
¢

9
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the third or the second wing of E(a+)w<0’s<%. Moreover, the & boundary
circle 0+ [a, B, ¢, 7| of ¥ is defined to be the i;nage of E(a+)w<0,8:% on the
+ wing, and the £ pivot circle C|a, 5, ¢, T] is defined to be the third or the
second pivot of Z[a, 8,6, 7). The + catenoidal region Q- [av, 8, ¢, 7] is defined
to be the image of Asla, 8,¢,7] and As[a, B, ¢, 7] respectively. Finally, the
Neumann boundary of ¥ is defined by B

OnX = Zla, B, ¢, 7)(Z(at)2=0).
4. THE MEAN CURVATURE OF THE DESINGULARIZING SURFACES

In this section, the conditions
(4.1) o € [306, g — 308, at—a" €[~8,0)

B € [209, ™ — 20¢], ‘?‘ < dg, T E [0,5;.’],

for the parameters [a, 3, ¢, 7] are always assumed. The constant C' could
depend on dy and other quantities which will be denoted.

The substitute kernel and the functions w.

The mean curvature introduced by the bending which changes X(a™) to
Y[a, f] is close to a scalar multiple of w we define next. Unlike in [§8], there
is only one such function in this case because we have only two wings. The
w’s for the desingularizing surfaces span the substitute kernel.

Definition 4.2 (The function w). Let Hy be the mean curvature of the
surface Zy[¢](X(a™)) and then w : E(at) — R is defined by
d
= — Hyo Z,|0].
The push forward of w on X[a] from X(a™) by Zyla™ — o] will also be
denoted by w.

Lemma 4.3 (Properties of w). The function w defined on ¥ := X(a™)
satisfies the following:
(i) w is supported on Ls<o and ||w : C¥*(D)|| < C.
(i) w is identical to 0 on L(dy) N (™) (recall[3.1(i)).
(iii) Let P : R — V, where V is the span of v-€, on X(a™), be the linear
map which assigns to 1 the orthogonal projection in L*(X, ]A\QE g9n/2)
of nw/ \A[QE into V. P is then invertible and P~ < C.

Proof. (i) and (ii) follow by the definitions of w and Z,[¢]. (iii) follows by
using the balancing formula to check that the integral

d -
@ /H¢ o Zy|plv - €,

is bounded below by a positive absolute constant similarly to the proof of
[8, Lemma 4.19(iii)]. O

The next corollary is simpler than the corresponding [8, Lemma 7.4] as
we are on the Scherk surface now instead of the desingularizing surface.
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Corollary 4.4. Let ¥ := YX(a™), there is a positive constant C' such that
given E € L*(X/G, h) there is 0 such that (E —0pw)/|Al% is L*(Z/G, h)-

orthogonal to the kernel of Ly, invariant under Ry, moreover,

05| < C HE/ 1A L3(3/G, h)H .
Proof. The result follows by and O

The extended substitute kernel and the functions w4+ and w4.

We discuss now the functions w on the desingularizing surfaces and the
functions w4 on X[a]. The functions W4 on the desingularizing surfaces to-
gether with the substitute kernel span the extended substitute kernel X on
the initial surfaces (see[6.11)). Unlike in [8], we need just two such functions
for each desingularizing surface, and we also need to define the related func-
tions T4 only on the models X[a]. The choice of o/ and ¢’ in the following
lemma is made such that for i = 1,2, 3,4 the asymptotic planes of the ith
wings of X[a/, ¢'] and X[a] are parallel to each other.

Lemma 4.5. There is 6, = 6,(0g) € (0,8p) such that for a given [, ¢'] € R?,
where @" < 0y, there is an o/ which depends smoothly on a, Q’ satisfying
condition [{.1], and is characterized by the following properties:
(i) o/ = a when ¢ = 0.
(i) Fori,j ==,
804”'
¢l

(iii) There is a smooth function fu = fo'a on Y[a] invariant under Ry

= bij.

which depends smoothly on gj@', and its graph on X[a] is contained
in X[, ¢'] (recall.

Proof. By [3.13 and [3.5(v)| for given a, o/ and ¢’ as in the lemma with
la — | <204, there is a function f on ¥[a] which depends smoothly on a,
o’ and ¢, and whose graph over X[a] is contained in X[/, ¢']. The results
then follow by choosing o/ = a® + ¢/*. O

We define now the functions u and w similarly to [8]. The negative signs
in the definitions are chosen to improve the expressions in |4.10(v)| and [4.16]

Definition 4.6 (The functions uy and wy). The function Ty = Uy[a] =
Ut qla] : X[a] — R is defined by

ai=— 2| g
+ = aqb/:t #=0 ¢

We denote the pull back of ux to X(a™) by Zy[lat —a™] also by ux = us|q]
and we define the function Wy = wila] = Wy qla] : X(at) = R by
Wy = —LxUgt.

Finally we denote the push forwards of w, U+, W+ on Xla, ¢] and Xla, B, ¢, 7]
by Zla, @] and Z(a, B, ¢, 7] also by w, Ux, Wi.
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Before we discuss further the functions %y and Wi in we have two
useful lemmas.

Lemma 4.7. For a,v € (0,1), let the cylinder 2 := [0,00) xR/G’, where G’
is the group generated by (s,z) — (s, z+2m). Then there is an o = €o(a, ),
such that for any € < eo, and correspondingly a = a(e), s = sq, F := Fy 40R,
R is the reparametrization (s,z) — (s + so,2), where s is any positive
number, there is a linear map

RQ : COV&(Qa 90, e—’ys) - C27a(9’90a e—"/s)’

where go is the flat metric on Q, and a constant C' = C(«,7y), such that for
v =Rq(E) the following are true, where the constants C' depends only on
a and y

(i) Lv = E, where the operator L on Q defined by:
L:=Apigy +|Alx o F.
(i) v is a constant on ONQ.
(iii) |jv C’Q’O‘(Q,gg,e_'ys)H < C|E: C%*(9Q,go,e %)
Proof. By the quantity
(4.8)

N(L) := HF*gg O C’z(Q,go,e_s)H + H|A|2Z o F:C*(9Q, g0, %)| < Ce.

The lemma then follows by using [8, Proposition A.4]. O

Lemma 4.9. For o,y € (0,1), let the cylinder Q as before. Then there is
an €9 = e€o(a,7y), such that for any € < €y, and correspondingly a = a(e),
s =584, F:=R;0Fy,0R, R is the reparametrization (s,z) — (s + so,2),
where sq is any positive number, and for any f € C**(0Q, F*h), there is a
unique function v € C3% (), F*h) with Hv : C’Q’O‘(Q,F*h)H < 00, such that

(i) Lv =0, where the operator L on Q is as[4.7]

(ii) v = f on OS.
Moreover, the limit vy := limg_soo v exists. And

v —wvo : C**(Q F*gs, e )| < C||f : C¥*(Q, F*h)]|.

Proof. By[3.8, Lv = 0 is equivalent to Lp+,v = 0. Then by [3.7] the problem
could be transformed into the Dirichlet problem on a small disk on S?, and
the result then follows by the standard theory as Laplacian has no small
eigenvalue for the disk when the radius is small enough and ED The

estimate follows by the standard elliptic estimate, and [3.5(v)] |

Notice that our definition of “wings”, and thus the construction of desin-
gularizing surfaces, depend on the choice of the parameter a (or ¢) in
The choice of € will not be specified until the study of linearized equations,
therefore, we will mention the dependence on e explicitly until its choice is
specified.

Lemma 4.10 (Properties of uy and wy). There ezists g, such that for e <
o and corresponding a(), the functions uy and wy defined on 3 := L(a™)
satisfy the following:
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(i) They depend continuously on o and a.
(ii) They are invariant under Ry. In particular, on Sp—q (recall [1.1),
Osu+ = 0.
(iti) W+ is supported on Se<y (recall[1.15)
(iv) ||+ : C**()|| < Ca and ||ws : Coa
(v) Hui C%%(%, h) H < o0 and fori,j =
on the jth wing, where (U, Uz, Us, U4)

aij = limg_yo0 U; exist
(ﬂ,,u,,qu, +). Moreover

\aij - (5@'0,‘ < Cea.

Proof. (i) and (ii) follow by the definitions and [4.5(iii)l The minimality of
Yla, ¢]s>1 from the definition implies that w+ = 0 on ¥g>1. This implies
(ii).

From 13.5(i1)| and [3.13] the distance between the asymptotic planes
Ailo/,m/2,¢',0] and A;la, 7/2,0,0] is (— for i = 1,2, + for i = 3,4)

‘ba/+ cos ¢'F — asin ¢’ — ba+‘ .
Therefore, from [3.5(v)} 3.5(vi)} for s = s, defined on X[a],
(4.11) Hf¢/ + asin (;5/:|: : 04(2[Q]3217¥y>0)H < Cea.

This implies (iv) when s > 1 along with
Now let g be a fixed small number and ag := a(ep), sq, correspondingly
(recall and |3.13). Then the result

[Tta0 1 C*(E)|| < C = C(e0)

follows by the construction in 4.6{and (4.11) when s,, > 1 and compactness
when Sag < 1. In this proof, we use II to denote the map from X[a] to
Yaola!, ¢'] by the graph function f¢' ay defined in

Now for general a > ag, from the deﬁnltlons in and [4 . we
have fy o = f4 o When sq, o II < 0, where the functlon 54, 1s defined

on ¥q[a’,¢’]l. On the other hand, the distance between the two asymp-
totic planes A; 4o[¢/, 7/2,¢', 0] and A; o[, 7/2,¢', 0] is (a—ao)

Sap 011 > 0 > (a — ag) cos T ; and when 0 < s,, o I < (a — ag) cos ¢*
the asymptotic plane A; [/, 7/2,¢",0] is a graph of A; 4o[c, 7/2,0,0] with

. ’
sin ¢ ‘ when

graph function sy, sin ¢* . So by [3.5(v)| and [3.5(vi)| again

Hfg’,a = f¢'ao 04(Z[Q]0§saoon,¢y>0)u
< Hsao o IIsin ¢'* : 04(E[g]055a0,¢y>0)H + C(go)a.
The function s, defined on X is close to the pull back of the function

ao © 1T on X[af] for s4, defined on Xqy[a’, ¢'] when o, ¢ is small. The region
sq < 1 on ¥ is the same as the region s,, < a —ap+ 1 for functions s, and
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Sq defined on Y. Therefore,

U, U,
—= 3 (Bs,<1)|| < —= C**(Z[a)sugoti<a—ao+2)
ag ||+ a—ag+2
< 22| 2200 OO, <amat2) |+ ———— + C(g0) < Cleo)

a ag

This then implies (iv) when s < 1 along with

By (iv), u+ € H*(X, h) and thus uy € C%%(X, h). Moreover, by (iii) and
(iv), we € C%¥(3, h). Therefore, by standard theory and the definition of
Wy, Uur € C2(3, ). Byand (iii), the limits in (v) exist. Finally, (4.11)

implies the last in equality in (v) along with the definition O
Notation 4.12. From we define

A__ := a2, G4y = ass,

a_4 := a3, G4_ :=ass.

The Decomposition of the Mean Curvature.

Lemma 4.13 (Estimates on the geometry of catenoidal annuli). Given
Oy :=Qsa,B,¢,7] as in we have the following.
(i) ||lgar — g% : CH(Qx, 1+ s)|| < C(I)7 and also
9. — 9% : CH () || < C(1)6s, where gy is the push forward of the
flat metric on Ry xR by Az, 8, ¢, 7] and As|a, B, ¢, 7] respectively.
(i1) HAQi : Cl(Qi)H <Cc()r.
Proof. These follow by the definition of Q4 and O
Corollary 4.14. Given 77! € N, ¥/ := X[a, 8,¢,7], & := S(at), Z =
Zla, B, ¢, 7). Suppose T,
(i) |Asy : C3(Z)|| < C(e).
(ZZ) Hz*ggl — gy C3(E)H < C(E)(T + }Q{ + |Oé+ — Oz_’) + 0(55 + E).
(iii) || Z2*Asy — Ay : C3(D)|| < C(e)(7 + |¢] + [aT — a7 ) + Ce.

@ small enough, then

Proof. On ¥,<1, these follow by the smooth dependence on the parameters
on a compact set in [3.20, On X >1, follows by [4.13(i)| and [3.5(v)}, and

follow by [4.13(ii)| and [3.5(v)| O

Lemma 4.15 (The mean curvature on the wings). Given v € (0,1), 771 €
N, ¥ := Y[, 8, ¢, 7], if T small enough with respect to vy, then the mean
curvature H on ¥ = Xla, B, ¢, 7| satisfies

HHE : 02(2321,6_78)“ S Cr.

Proof. This follows by and [8, Lemma B.1] similarly to the
proof of [8, Lemma 4.5]. O

Proposition 4.16 (The mean curvature on the desingularizing surfaces).
There are 64 = 64(0p) € (0,d¢) and 6, = §-(dp) € (0,07), such that for given
€(0,1), |, B, ¢, 7] satisfying (4.1) and

9| <85, TE(0,6.], TleEN,
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the mean curvature H on ¥ = Xla, B, ¢, 7| satisfies
||H —(at—a =T+ w—oTwy —dw_ : OV, erS)H
< Ce)(r+|at —a P + o)

Proof. On X4>1, this follows by ﬂ along with [4.31)] and [4. T0[(iii)}
On ¥,<1, this follows by comparing the four surfaces X|a, 3, ¢, 7],

Y, 8, 9,0], [g — ¢] and B(at — ¢T), the srnooth dependence on the pa-
rameters in [3.20] the definitions of w and @™ in [4.2 H - 6| and |4.5 along
with [8, Lemma B.1]. O

5. THE INITIAL SURFACES

The construction of the pre-initial surfaces.

In this section, the parameter k in the initial configurations is fixed. So are
0y = 0y(k) and 65 = 65(k) as in and all the constants depending on
it. We then choose &g in to be the same as J). Moreover, k is assumed
to be big enough. We will construct the pre-initial surfaces as the initial
surfaces in [8]. To simplify the notation, in this article (unlike in [8]) we use
the same 7 for all desingularizing surfaces.

Definition 5.1. In the rest of this article we take § := dp/5 and T := 1/m,
where T is assumed as small (equivalently m big enough) as needed and such
that

(5.2) 7 < min{d/3c, /3¢, -},

where 0, is as 0 s as and the constant ¢ > 0 will be deter-
mined later. Finally constants denoted by C' will depend on k and any other
quantities we mention.

Definition 5.3 (Parameters of the initial surfaces). We define the following
vector spaces and we will use the maximum norms on them except for V, in
(1)-
(i) Vo :={c € R¥|oy_i11 = —04,i = [%]
(ii) Vo := {0 € R¥|0p_;11 = —0;,i = 1, (513
(ii) Vs = {g = {0}y € R¥Ig, = (¢7.67) € 2 67 = 61,07 =
i1t =150, [%}}
(v) V=V, x Vg and V' := Vg x V.
Finally we define 2y :={{ €V : |{| < c7}.

Given £ = (g, ) € Ey, the initial surface M = M[{] = Mg, ¢] is con-
structed by the following. For the initial configuration W[g:k], there is a
unique composition of a homothety followed by a translation which maps the
circle B (z-axis) onto C;[g:k] (recall . This map will be called H; sup-
pressing the parameters [o:k] on which it depends Moreover, each C;[o:k]
has latitude B;[o:k], and there are two angles af[o:k]. The angles o, (€),
Bi(€) are defined by the relations:

(5.4)
0i(6) = (0] (€),aF (€)) 1= (a7 [esk] — 67 af loik] — 671, Bi(€) 1= Bilaih).

} with |a| == |la : €Y.
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Then the surface S;[¢] is defined by
(5:5) Sile) = Hi(Blas(€), Bi(€), 6,(6), 7)),

where é(f) = {7 (£), 07 (€)} will be determined later.
From @, the =+ pivot of ¥[a; (&), Bi(§), éi(f), 7] does not depend on éi(g),
hence C} ;[¢] could be defined by

Cly 4[] = Hi(C[e;(£), Bi(€), 8,(6), 7))

When i =1,...,k — 1, A;[o:k] is an annulus and
6A,,[gk} = Cz[gk:] U Ci+1[g:k‘].
For each ¢ = 1,...,k — 1, there exists a unique catenoidal annulus A;[¢],

which is a small perturbation of A;[g:k], such that
OAi[€] = CL [ uCl ;€]

There is then a unique value for each QEI’, <Z~>,; and ggit, i=2,...,k—1such
that
Hir1(0-[a1(8), Biv1(8), é L&), 7]) C 4[],
Hi(0+1ei(€), Bi(€), 6,(6), 7)) CAi[¢]

This means the two surfaces S;[¢] and AJ[¢] (or A,_,[€]) match together
except a neighborhood of €', ;[¢] (or C” [5]) in AJ[€] (or A,_,[¢]). And AY[¢]
is defined by

AL = AN (Hio Arlai(€), Bi(€), 8,(€),7)([0,48,/7] x R)

U His1 0 A-[ag1(€), Bt (€), 6, ,(€),T)([0,48,/7] x R) ) .

In the case i = 0 or k, A;[o:k] is a planar disk, and 0.Ag[o:k] = Ci[o:K],
OAg[a:k] = Cy[o:k]. Fori = 1,k, there are unique maps Hc}, ¢;] : B3 — E3,
Hlch, cil(x,y, 2) :== ¢f (z,y + ¢;, 2) such that

Hlel, cr] (Culoek]) = C o], Hley, el (Cula:k]) = C. kl€],
and we define
Aole] = Hlel, ea] (Aole:k]),  Arle] = Hley,, eu] (Arle:k]).-
As before, ¢1 and qﬁk are defined such that
H1(0-[c1(€), B1(€), 6, (), 7)) C A€,
Mo (0 [k (), Bi(€), 6, (€), 7)) CAL[E],
and A{j[¢], A} [¢] are defined by
AGIE] = AGIEL\ (Ha 0 Aoy (€), Bi(€), 6, (€),7]([0,40,/7] X R))
ALE] = AT\ (Hi 0 At [0 (), Br(€), 6, (€), 7]([0, 485 /7] x R)).

Now all angles qbgt have been defined.
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Definition 5.6 (The pre-initial surfaces). We define surfaces M[E], M'[¢]
and S[¢] by

M = M[¢] = Mo, ¢] == UL, 8[€] Uh_y AJIg],
M' = M'[¢] = M'[o, ¢] := Ul_oAj[¢],
S = S[¢] = Sla, o] == UE,Si[¢).

The push forward of the function s by H; to each S; could be extended
to a function on the whole M by taking s = maxg s on the rest ofM The
function will also be denoted by s. Similarly, s can be defined on M’'.

G=0(§) €V, and o = 9(§) € Vy are defined as the following:
af (&)

- - a; (§)°

(ii) @ := {Qi}i-“:l, where g(ﬁ) has already been defined.

Finally let a := 8|logT| = 8logm. Therefore for M[f] as above, each
component of My>, ((recall ) contains exactly one AJ[E]. This compo-
nent will be called N;[E].

(7/) Q = {5—1}?:1 where 5’1 = log

Proposition 5.7 (Properties of the pre-initial surfaces). M=M [€] with
& € Ey is well defined and has the following properties:
(i) M is a smooth embedded surface which depends smoothly on &.
(ii) M is contained in the unit ball B3 and OM is contained in the unit
sphere S%, which is a disjoint union of km topological circles.
(iii) M respects the symmetries in G.
(iv) ‘f—i—@ < C(e)r
(v) ]\04521 (recall is a graph over M~ by a function fur such that

HfM : C5(Mé22) <73,

Proof. The facts that M is well defined and satisfies (i) and (ii) follow by
the construction and [3.20{(iii) (iii) follows by [3.20|(i1)[ and the symmetry of
the initial configuration W[g:k|. (iv) follows by the fact that the conormals
at the boundary of each A} differ the corresponding ones for A; by C(e)T
since the corresponding boundaries have been moved by C(g)7. (v) follows
by the construction and rescaling

Corollary 5.8 (Estimates on the parameters). If 7 is small enough, the
parameters of each

Sla, 8, ¢.7] = H; ' (Sile])
(recall satisfy the following:
(i) 506 < ot < § —500.
(i1) |at — a | < 3er <4

(iii) ‘qﬁ‘ (c+ C(e))T < 04, where 0y is as .
Proof. From the definitions o = ¢ ({) ¢ = é@(f) (i) follows by (5.4),

B3} B3 3 and 6. From ()
af (§)—a; (&) = of [a:k]—a; [a:k]+ (@- —¢7) = (7 =1)a] [a:k]+(¢; =} ).
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Moreover, from ‘ai [o: k] 1 When k big enough. (ii) then follows by

and (5.2). (iii follows by 5.3 (iv)| and by assuming 7 small enough.
O

The boundary of the pre-initial surfaces.

Unlike in [8] there are no complete ends extending to infinity. On the other
hand, we need to ensure that the initial surfaces intersect S? orthogonally.
To achieve this we study and modify the vicinity of the boundary of the
pre-initial surfaces as in [18].

Notation 5.9. X := X[€] : M = M[¢] — E? is defined to be the embedding
map for M and & := p[€] : M = M[¢] — E3 is defined to be the unit normal
to M which points outward on each annulus A O : OM — R is defined to
be the inner product

0 := (X, D).

Definition 5.10. On a neighborhood in Sic M of each component of oM
small enough, such that within it the map of the nearest point projection onto
OM is well- defined and smooth, the smooth coordinates (p,t) are defined as
the followmg for any point P in this region, let p be the distance of P
from 8M and let t be the distance in OM of the nearest point projection of
P onto OM from an arbitrary fized reference point on OM. In partzcular
along (9M, 0 is the inward unit conormal for 8M, and {X 8p,X 0;, U} is

an orthonormal basis at each point of M.
From the definitions, (X, X.d;) ‘81\?[ = —V1-e2

Lemma 5.11. For each 50’1-, 1 =1,...,k, ¥ = E[Qz(ﬁ),ﬁz(f),éz(f),ﬂ =
H(S;), the following results hold:

(2
(i) There exists € = e’(k), such that p is well defined and smooth in the
range [0, 67’] Moreover, € could be chosen to be small enough, such that
Mp<67 C M, (recall

(ii) H@o?—[i :C3(0,D)|| < CT (recall|3.21)).

Proof. (i) follows by the construction of M and a scaling. (ii) follows by the
construction in [3.10(iii)} [3.1§(iv)| and the smooth dependence of parameters

in [3.20 O
The Construction of the Initial Surfaces.
Definition 5.12 (The initial surfaces). @& € C*°(M) is defined by
P . o(t e€r ér] .
u(p,t) := —P#l/) |:27 4] (»)
1—02(t)

on S; and 0 on the rest of M. ) )
Then the corresponding deformation X[€] : M[¢] — E3 is defined by
)

Xal€)(P) = X (P) +a(P)o(P),
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and the resulting initial surface M = M[£] is defined to be the image of]\oJ
under Xy : ) )

MIE] = Xa[€](M[E]).
Similarly, S;[€], S[¢] are defined by

Sile] = Xal€l(Sile]),  S[E] = Xal€](S[€]) = U, Sile.

Notation 5.13. The embedding map for M will be denoted by X := X[¢] :
M = M[¢] — E3. The unit normal to M which points outward on each
catenoidal annulus A7 will be denoted by v = v[¢] : M = M[¢] — E3.
Moreover, the composition X;o0H;0 Z[a;(€), Bi(ﬁ),éz.(f), 7] B () = M
will be denoted by Y;[].

Definition 5.14. The coordinates (p,t) are defined on a sufficiently small
neighborhood in M of each component of OM, so that for each P in this
neighborhood p(P) is the distance in M from OM to P, while t(P) is the
distance along OM from the same fized reference point in OM as in the
definition of t (see to the nearest point projection of P onto OM.

Moreover, the function s on M is defined to be the push forward of s on M.

Proposition 5.15 (Properties of the initial surfaces). M = MI[{] with & €
2y is well defined and has the following properties:

(i) M is a smooth embedded surface which depends smoothly on &. More-
over,
MI€] = UL Sife] U= AS [€)-
(ii) M is contained in the unit ball B> and OM is contained in the unit
sphere S?, which is a disjoint union of km topological circles.
(iii) M intersects S® orthogonally along OM .
(iv) M respects the symmetries in G.
(v) Mg>1 is a graph over M.~ by a function fy such that

| far o0,
Proof. (i), (ii), (iv (v) come from the construction of M, [5.7 and [5.11().
Moreover, from and [5 Uy = 0, 8u/8t\aM = 0, 0u/0plyy =
——9 _ and thus

V1-62’

< 73,

VO)%& _ v — 0u/0pX.0p
oM 1+ (0u/dp)?
Therefore,
X, W)y, = (X,vo0Xs)| . =0,
(X, on = (X, vo Xy) oK
S ()?,D>‘6M =0, (X, X, 0p) ‘ . = —+/1—©2. This shows (iii). O

Lemma 5.16. Let = ;(§), S=S; [5] and S = S;[¢], then
(z) —§:C3(S, (rsin )~ H < C7, where g and g are the

ﬁrst fundamental forms on S and S respectively.



34 N. KAPOULEAS AND J. ZOU

(ii) L HA o Xy —A:C3(S, (Tsinﬁ)_2§)H < O, where A and A are the
second fundamental forms on S and S respectively.

(iii) T HH o Xy —H:C3S, (TSinﬁ)_Qé)H < Cr, where H and H are the
mean curvatures on S and S respectively.

Proof. These follow by the construction of M and [5.11{(ii). O

Graphs over the Initial Surfaces.

To study the perturbations of the initial surfaces in a convenient manner
(including the free boundary condition) we will describe them as graphs in
an auxiliary metric we define below following [1§].

Definition 5.17. We define an auziliary metric ga = Q%g on R® where
Q:R3 = R is a fized smooth function such that Q = r := /a2 + 32 + 22
when r > 1/2, so that the region {r € (3,1]} C B® with the ga metric is
isometric to the round cylinder S*> x (—log2,0].

Therefore, the g4 unit normal on M pointing in the same direction as v
is (Qo X) v

Definition 5.18. Given any function @ € C?(M), the perturbation Xg is
defined by

u(P)v(P
Xal(P) = ey ?xém)

where expI4 is the exponential map for ga on E3. For @ small enough,
X4 is an immersion with the Euclidean unit normal vy, which is taken to
have positive inner product with the velocity of ga geodesic generated by v.
Also H[u] : M — R is defined to be the mean curvature of the image of X
relative to g and vg. O[a] : OM — R is defined by

@[&] = (g e} Xﬂ)(Xﬂ, Vﬂ).
Moreover, the graph My = My(€) is defined to be the image of Xj.

Lemma 5.19. For each @ € C*(M) sufficiently small, O[] = 0 if and only
if Oyt = 0.

Proof. See |18, Lemma 5.6]. O
Notation 5.20. The linearization of H[qi] at & = 0 will be denoted by L.
Lemma 5.21. For each @i € C%(M) we define u € C*(M) by (recall[5.17)
u:=(Qo X)) la,

and then we have the following.

(i) Eﬁ = EM’U,

(it) Optlopr = (0p + V)ulons.  In particular, ©[a] = 0 if and only if

(0p + Dulan = 0.

Proof. See 18, Lemma 5.19]. O
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6. THE LINEARIZED EQUATION

In this section we study the linearized equation on the initial surfaces.
Our approach is closer to the approach in |11} 14] for example, rather than
in [8], in that we first solve the equation on the standard models (half Scherk
surfaces and catenoidal annuli or discs), and then we transfer the solutions
to the initial surfaces, where we combine them to get approximate solu-
tions which we correct by iteration. This shifts some of the difficulty from
understanding properties of the linearized equation on the initial surfaces,
to comparing the equations and the norms on the initial surfaces versus
the standard models. Besides the differences in the approach there are two
more differences with [8]: first, we do not have to deal with ends extending
to infinity, and second, unlike in [§], we have to deal with a boundary and
the free boundary condition.

The linearized equation on X(a; (€)).

In this subsection, an S;[¢] is fixed, and so is the corresponding Scherck
surface ¥ := X(a; (€)). On %, G is defined to be the group of symmetries
which is generated by the reflections with respect to xy-plane and the plane
{z = 7} as in In the rest of this subsection, all the functions on X
are assumed to be invariant under the action of G. Constants v € (%, 1)
and « € (0,1) are fixed. Moreover, the Neumann boundary 9,%(c; (€)) of
half-3(a; (€)) is defined to be (o (€))z=0-

Proposition 6.1 (The Jacobi equation on Scherk surfaces). Given ¥ =

= XS(a; (€)), there exists a linear map (recall

Ry = Ryali, €] : Cg*(S(a] ()0, €)% O (0a(af (€)))
— C&(S(af (§))aco,e*) X R x B2,

1

and a constant C, such that for (E, f) € Cgla(Exgo,e_“fs) X Cé’a(anZ), if
(UEHHEV?E) = RE(Ev f)7 where ?E = {¢]__~‘]7¢E} € sz then

(i) Lyup =F —0gw — (ZSE@_ — ¢E@+ on EwSO-

(ii) Opup = —f on O, X.

(iii) |0p| < C||E|, where |E| == ||E : C**(S4<0,e77%)||.

(i) [6,,| < SUEN+171), where | £l = | f : CH@,D)].

(v) |lug : C**(Bz<0,e77*)|| < CUE| + [I£]])-
Proof. Fix ¢y in and and correspondingly ag, Sq, (recall

. First, assume that £ has support in X5, <. Then there is the estimate:
|Br143 - L2z/6m)| < cen 1,

with h as in and Now could be applied, and there is a 0p as
in with (iii) satisfied. Moreover, by the inhomogeneous term in the
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Neumann boundary value problem on ;<q:
(6.2) Lyup = (B —fpw)/ A,
aﬂ»‘uk‘anz =~
is L?(X/G, h)-orthogonal to the eigenfunctions with eigenvalues smaller than
€x, and is bounded above by HE/|A[2E : LA(2/G, h)H < Cf(eo) || E| from

and (iii). Then by the implied L? estimate and the standard linear
theory in h metric, there is a unique solution u/y such that

(6.3) | : C**(Saco, B)|| < CUIEN + 1 £1),
where C'= C(gg). From the fact that (6.2) is equivalent to
Lsuly = F — 0w,

the standard linear theory in g metric and the estimate (6.3), the solution
u’; also satisfies

(6.4) [ul : C**(Sazo,9)|| < CUEN + I £1),

where C' = C(gp).

Now for any € < g9 and corresponding a > ag and s, < 54, as in and
B.6 define s := s,. Let F_ := Ry0 Fyo R, and Fy := R3 0 Fy o R, where
0= a;-'“ (&), Fy is the map defined in and R is the reparametrization
(s,2) = (s42,2). For the cylinder Q := [0,00) x R/G’, where G’ is the

group generated by (s,z) — (s,z + 27) as in by the definition, |4.3(i)
and the assumption of the support of E, L(uy o F1+) = 0 on 2, where L is

as in Then by and (6.3), for j = £, a; can be defined by

3 /
a; := lim uy o Fj.
J s E J

up is then defined by

up = up + ¢l + ¢y,
where gbf is determined by the linear equations (recall :
(6.5) a; + Z gbﬁgaij =0.

1=+

Then by along with (6.3) and the definition, gbg is well defined and
10(v)

satisfies (iv). Moreover, by |4 the function up is in C*%(X, <o, h) with
|lug : C*%(Se<0, h)|| < oo and by 4. 10ii)| 4.100(v)| and (6.5]), we have on £

L(UEOF}'):O, IIHIH quszo.

Therefore, by (iv), [{.10{iv)] (6.4), the uniqueness and the estimate in
up satisfies (v).

Now for general F, let the cylinder (2 as before, F._ := F_ ;) := RyoFy 4,0
R, and F; := F, 4, := R30Fp 4,0 R but R is the reparametrization (s, z) —
(s +1,z). Then by there is a function v, such that Lvf,, = Eo Fy.
Moreover,

(6.6)  [Jvhs : C* (2 g0,¢ )| < C[|[E o Fy : (2, go,e 7).
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We define the function E’ by
E' = FE — Lx(¥[1,2](Say) FasViy)-

Then E' is supported on Ysq <2, and so the results above could be applied
for E' to get (up,0p,¢,,) = Rs(E', f). Recall we can now define
up = up on the core of Xy<g and ug = up + (Y[, 2|(Saq)) FitsV, on the
+-wing of ¥,<p. And then Ry (E, f) is defined by

RE(Ea f) = (UE, GE’a?E/)'
The estimates of Ry, follow by the definitions, and O

The linearized equation on N[¢].
In this subsection, an N = Nj[¢] is fixed (recall [5.6)).
Definition 6.7 (Norms on catenoidal annuli). Given u € C™*(N) with
r=0,2, we define ||u: N|, by
[ Nl i= [lu C™*(N)]].-
Similarly we define |lu: N||.. by
lu s N[5 = Jlu = TN\ S[EDI-

Lemma 6.8 (The Jacobi equation on catenoidal annuli). Given a € (0,1)
there exist a constant C' and a linear map

Ry = Ruv.alis €] : Oy (Njl€]) = Cg“(Njle)),

such that VE € C’g’o‘(/\/j[f]) and ug = Ry E we have Lyup = E on N,
ug =0 on ON, and

lug : Nlly < CIE: Ny -
Proof. By and the fact that A/ is a small perturbation of A;, the
Dirichlet problem for £ has no small eigenvalues. Thus there is a unique
solution ug to Lyug = E, ug = 0 on ON, and it satisfies the required

estimate by the standard linear theory and the uniform control of the ge-
ometry. O

The linearized equation globally on the initial surfaces.

Lemma 6.9. Let 8 = 3;(¢), S :=Si[¢], Y = Vi[¢], & = X(a; (€)), and let
Vs be the push forward by Y of a function or tensor on (o (€))z<0,5<56, /r
to a function or tensor on S;[¢], the following results hold:

(i) ||(7sin 8)2gs) — Vegs : C3(S, (rsin f)~2gs) || <
Cle)1+c)T+ C(6s +¢).
(ii) Suppose u € Cé’“(zxgoﬁgwsﬁ), then
H(T sin 8)2Lyr o Veu — VuLsu : CVY(S, (1sin B) 2gs, eiVS)H
<(CE)1+c)T+C(ds +¢)) Hu : 0298, (1sin B) 2gs, 6_7S)H )
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(#i) Suppose u € Cé’a(anE) (recall , then
HT sin 80, o Vixu + ViOpu : 0070‘(8]\4 NS, (r sinﬂ)_zgs)“
<CTHU CH(OM NS, (sin B) 2gs)||-
Proof ) follows by |4.14(i1), [5.16(1), [5.3] and a scaling. (ii) follows by

4. 14)(1ii 5 16{(ii)| along with (i). (iii) follows by the smooth dependence
in |3.20} [5.16{(i)| and the construction. O

Definition 6.10 (Global norms on the initial surfaces M = M[¢{]). Given
uwe CH(M) (r=0,2), we define ||ul|, to be the mazimum of the following
quantities, where by = e 91%/T qnd by = bo/710:
(i) For each i =1,...,k, and S; := S;[¢],
ri=r |w: CT(Ss, (7 sin ;) 2gs,, max{e 7, b)) -
(i) For each j=1,...,k+1,

b7 s €I
And given f € CH*(OM), || f|; is defined to be the mazimum of the following
quantities: for each i =1,... k, consider the quantity

Hf :CLOM N S;, (Tsin B;) "2gs,)
Definition 6.11 (W and extended substitute kernel). We define the ex-
tended substitute kernel X = X[M[¢]] := W (V') C Cg°(M) (recall,
where W : V' — Cg°(M) is the linear map (actually a linear isomorphism
from V' onto X) defined by (recall
k

W(Q,,fl) _ Z

— T sin B;

yz*(e’w + ¢ ¢/+7 ),

where 0 = {0/} € Vy, ¢ = {¢) = {67, 61 € Vs, and V. is the
push forward by V; of a function on E(aj(ﬁ)) to a function on S;[¢] extended
to vanish on the rest of M.

Definition 6.12. ¢’ € C8°(M) is defined by
Y = p[5or L, 50, — 1] o s
on S; and 0 on the rest of M. Also ' € C°(M) is defined by
" i=1la,a+1]os
Now the linear map
(6.13) Rarappr : Co (M) x Cg*(0M)
= CFN(M) x V' x CO¥(M) x Cy*(OM)

is constructed by the following. Given E € Cg’a(M), f e C’é’a(aM), let
¥ = %(a; (£)), then

W Els, 0 Vi € C3*(2,e77%), folie CL0,%).
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By ﬂ, there are (vs;, 6hi, ¢,,) € C?*(¥) x R x R? such that

(vsi, 01, ¢,;) = Re(Tsin Sy Els, 0 Vi, f 0 Vy).
Define u1g := 7sin 3;V;xvs; on S; and 0 on the rest, then u;g € C’S’O‘(S). By
there is un; € C’;’O‘(/\/j), such that

unj = Ry (1 =) E — [Lar, ¥ ]urs).
Again, let u;y = uy; on N and 0 on the rest.
Definition 6.14. The map Rasappr : (E, f) — (U1,Q1,£1,E1,f1) 1s defined
by the following:
(’L) Uy = ¢IU15 + 1/1”U1N.
(i) 0y := {Bui}};.
(iii) ¢, == {0}y
(M)) Ei:=Lyu — F+ W(lefl)'
(v) fi:= 8,,u1 +uy — f.

Proposition 6.15 (The Jacobi equation on the initial surfaces). For some
small &5, €, when T small enough, a linear map (recall

Rag : Cg*(M) = C3(M) x V'
can be defined by

[e.9]

RuE = (ug,0p, ¢,) == Z(Umﬁmfn)

n=1
for E € C%*(M), where the sequence {(un,Qn,gn,En,fn)}neN s defined
inductively for n € N by (recall
(Un>Qn7£n7Enafn) = _RM,appr(Enflafn71)7 EO = —E, fO =0.
Moreover,

‘CMUE =F— W(QE7£E)7 (ap + 1)uE|8M — 07
621 <CIElg, |eg| < CIEl), luply < CIE,.

Proof. By the definitions, and the facts ¢ (1 —4"?) = 1 -2,
WV = T,
Lyjuy = —Eg — W0y, ¢,) + [Lar, 9" Tuan
+ (7sin B;) "1/ Z((T sin 3;)2Lar © Yirvsi — VirLx0s1),
Opur +uy = —fo + > 7sin Biivs; + Y (75 B0, 0 Visvsi + VisOssi),
where (ul,Ql,El, E1, f1) == =R appr (Eo, fo). Therefore, by the definitions,

By = [Lar, " Juan + (7sin Bi) 71> (7 sin B)? Lo © Viwvsi — VisLxvsi),

= ZTSinﬁivSi + Z(T sin 5zap o Vixvs; + yz*agﬂ)sl)
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However, since suppV)/' C % -1, 525] and suppVvy"” C [a,a + 1] =
[8log 1, SIOg% + 1], and by [6.8] the fact that v € (3/4,1), and the defini-
tions,

||[£Ma¢//]U1NHO
< m?XT_l HU1N : CZ,a(Si N Mea,a+1]> (78in Bi)_298i, G_WS)H

<cr? max [uin = C*(Si N Mgy, (7510 51) s,

< C770 ||uan - C**(M, gur) |
< O ||(1 =¥ Eo — [Lar, ¢'Jurs : CO* (M, gur) ||
< CT7 By €O (M sy gu0)|
+Cor P2 Huw : CM(Mse[%—l,@]’gM)H '

By the definitions,

HEO : 00704<M82%_1,gM)H
< max Ce %/ [| By : O(8;.gs,.e7*)|| 4 max|| By : 0 (A5) |
< max Ce™ /77 | By : CO(S, (v sin i) g, )|
+ max | By : C%(AG)||
< Ce /T2 By,
And by [6.1] and
Hms : CQ’O‘(Mse[%fl,%ng)H < Ce578s/7 s - c2e(s, g, e )|
< maxCe™ /7773 luyg - C2(S;, (7sin i) ?gs, e ) |
< m?XCe‘5“Y5s/TT_2 [vsi : C24(2, gs, e77)|| < m?xCe‘E’”Y‘sS/TT—Q.
(7 |[Bo 0 Yi s C¥%(Saz, g, e )|+ [ fo o Vi s 10T, 95))
< Cem% /T2 (| Eollg + | foll,) -

Moreover, by and the inequality
[vsi : C**(Za<0,95,e77%)|| < C ([ Eollg + || foll,) above
|4/ ((7sin B:)*Las 0 Visvsi — VirLsvsi)||,
= 7|0/ ((7sin B:)*Las © Vixvsi — VieLvgi) : CV(S;, (Tsin B;) 2gs,, e )|
<(CE)(A+ T+ C(0s + )7 ||vsi : C*(Sazo, gz, e ) ||
< (CEe)A+ )+ C(6s + )7 ([[Eollo + [ foll1) -

Therefore,

1Bl < (Ce /74 1+ (Ce)(1 + 7 + €6, +€))) (IBollg + ol
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By choosing small 0, & and then 7 small enough, || E1 |, < 1 (|[Eollo + || foll)-
Similarly, by |6.9(iii)}
1£1lly < O |vsi - CH¥(0u%). gs)|| < O (|Bolly + I fol1) -

By choosing 7 small enough, | fill; < 5 (1Elly + Il foll;)-
Finally, from the inequalities above and the definitions,

luslly < € (1Bolly + I1foll) s 1631 < € (IEolly + 11 folly)
)| < C Bl + 1oly) -

By using the estimates and iterating we conclude that the operator R is
well defined and satisfies the requirements. O

From now on the small constants ds, € are fixed as in the proposition.

Corollary 6.16 (The linearized equation for the mean curvature). There
are up € C’;’Q(M) and (O, ¢,,) € V' such that

Lyupg =H =Wy, o), (9o + Dunlom =0,

0 ~01<Cr, |y +e|<Cr log—ol<Cr funll, <O,
where H is the mean curvature of M, M := M[{] = M(o,p), 0 :=
{oflok] =y lokl}iny,  on = {aff;k] }; € V.

Proof. By and [5.16{(iii)|
(6.17) |H-wW(©, )|, <Cr,

where §' = {0/}%_| with
0 = o () — a7 (&) = & (&) + 7 (€)
= aflo:k] - a [o:k] = 6] + 67 = 9 (€) + 6, (€).

Applying the proposition with £ := H — W(Q',Q), there are (ug, 0y, fE) =
Ry E. By the definitions uy = ug, 05 = 0 + 0, 0 =@+ g, all the
estimates except the one for gy follow by (6.17)),(6.15] and |5.7(iv)}

From [5.§(i)| and |5.§(ii)l o [o:k] € [306,% — 305] when 7 small enough.
aj'[g:k]

a; [o:K]

by the estimate of 6. O

Moreover, by the definition, o; = log . The result for g then follows

7. THE MAIN RESULTS

Proposition 7.1 (The nonlinear terms of H[a]). Given u € C’;’Q(M) with
[all, small enough (recall[6.10), we have

|H[a] = H = Lagully < C lull3,

where H is the mean curvature of M, H[u] is the mean curvature of My,

u=(QoX) 1u as in|5.21
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=Bi(§),i=1...,k, by[p.16(i)} [5.16{(ii)| and |4.14(1)}
’ < C'. Therefore, by the fact that when 0 < s < %,

2
< =
- (6_78 + 52)2
if 7 small enough, by and [8, Lemma B.1],

Proof. Let S := S; [ﬂ B
|As : C3(S, (78)%gs)|

evrs

(2) s = s € (5,70) .7
< Or-2 s € (5, 09) 05, 4 1)

when 771 Hu : O (S, (18)2gs, e 7 + b2) H small enough.
Ontheotherhand let A:= N[\ S[¢], 7 =1,...,k+ 1, by [2.30(ii)| and
cC3(A, ga) H <C. Therefore byu 5.21] and [8,

)

Lemma B.1],
(7.3) [H[i] — H — Lagu: C%* (A, ga)|| < C |lu: C>* (4, g0,

When Hu 02 *(A,94 H small enough. The result then follows by combining
and ( and using the definitions. O

We combine now the results of the previous sections with the estimates
above to prove the main theorem of this article.

Theorem 7.4 (Main Theorem). Given k € N large enough in absolute
terms and m € N large enough in terms of k, there is a compact embedded
two-sided free boundary minimal smooth surface (FBMS) My, of genus
zero and km connected components, which is symmetric under the action of
G = Doy X Zo (Deﬁm’tion and is the graph of a small function ¥ in an
auxiliary ambient metric ga (Deﬁnition over a smooth initial surface

M[&) (see[5.19 and[5.15]), where & € 2y, the constant ¢ > 0 in the defini-
tion of Zy (Deﬁnztwnﬂ) depends only on k, and |0, < C(k)/m (recall
Definition |6.10 E for the definition of the norm) Moreover My, ,,, converges
on compact subsets of the interior of B3 in all norms to the configuration
W(0:k] as m — oo; the Hausdorff distance of My, from WI[0:k] tends to 0
as m — oo; and in turn the Hausdorff distance of W[0:k] from S* = OB3
tends to 0 as k — oo. Finally limy_,oo limy, oo My, = S? in the varifold
sense.

Proof. Let X be the Banach space C2% (M]0]), where o/ € (0,a) is a fixed
constant. Given a function f € X, the norm ||f : X|| is defined by

I = X)) i= || s o2 o))

There is a family of smooth diffecomorphisms D¢ : M[0] = M[¢] for £ € Zy,
which depend smoothly on £ and satisfy the following: there is constant C'

such that for f € C%*(M[0]) and f' € C**(MI£]) (recall [6.10)),
w5 |reng],<Cllh. 7oy <l

Let Z:= {({,u) € VXX : [¢] < cr,||ully < c7}. By the definition, 2 C Vx X
is compact and convex.
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Given (§,u) € 2. Let v :=wuo Dgl — upy, where uy € C*>%(M][¢]) as in

Then by and ,

(7.6) ]|, < C(c+1)T.
By the surface Mj is well defined and
(7.7) |H[0] — H — Loy < Clc+ 1)*72,

where 0 := (20 X)v as in Let B := H[0] — H — Lyv, by [6.15] there
k
are (vg,0p, ¢,) = RyE. Let app := {aff;k]} , by [6.15] 6.16| and (7.7)),

=1
(7.8) H[o] = La(vp +uo D) + Wl + 05,0, + ¢p),
(7.9) 8p0 = (8p + uo D!,
(7.10) o —op — oyl < O+ Clc+ 1),
(7.11) ‘£+gE+gH‘ < Or+ Cle+ 1),
(7.12) g, < Clc+1)*72.
Then define the map J : = — V x X by
(7.13) JEu) =(c—op—ome+e,+¢y,),—veoDe).

(7.10)), (7.11)) and (|7.12)) imply that by choosing ¢ large enough and 7 small

enough, J(E) C Z. As J is continuous by the construction, the Schauder
fixed point theorem can be applied and there must be a fixed point (&g, u) of
J. By and ((7.13), the corresponding My, ,,, := Mj is a minimal surface.
Moreover, by and , it has free boundary in B? and by
there are km boundary components. The estimate of ¢ follows by (7.6]) and
the uniform boundedness of © in the Definition The smoothness of v
follows by the standard regularity theorem. The embeddedness follows by
the embeddedness of M €] and the smallness of ©. The symmetry of My, ,,
follows by the construction and The convergence of My, ,,, follows
by and the smallness of 0. O
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