THE STRUCTURE OF SELMER GROUPS AND THE IWASAWA MAIN
CONJECTURE FOR ELLIPTIC CURVES

CHAN-HO KIM

ABSTRACT. We reveal a new and refined application of (a weaker statement than) the Iwa-
sawa main conjecture for elliptic curves to the structure of Selmer groups of elliptic curves
of arbitrary rank. For a large class of elliptic curves, we obtain the following arithmetic
consequences:

e Kato’s Kolyvagin system is non-trivial. It is the cyclotomic analogue of Kolyvagin’s
conjecture.

e The structure of Selmer groups of elliptic curves over the rationals is completely deter-
mined in terms of certain modular symbols. It is a structural refinement of Birch and
Swinnerton-Dyer conjecture.

e The rank zero p-converse, the p-parity conjecture, and a new upper bound of the ranks
of elliptic curves are obtained.

e The conjecture of Kurihara on the semi-local description of mod p Selmer groups is
confirmed.

e An application of the p-adic Birch and Swinnerton-Dyer conjecture to the structure of
Iwasawa modules is discussed.

1. INTRODUCTION
1.1. Overview.

1.1.1. In modern number theory, one of the most important themes is to understand the
arithmetic meaning of special values of L-functions by developing the connection with the size
of arithmetically interesting groups. We go beyond this philosophy by giving a description of
the structure of Selmer groups of elliptic curves in terms of a certain discrete variation of their
special L-values.

Let p be a prime and E an elliptic curve over Q. Without a doubt, the Selmer group
Sel(Q, E[p*°]) of the p-power torsion points of E plays a central role in studying the arithmetic
of elliptic curves. The Selmer group encodes the information of the Mordell-Weil group E(Q)
and the Tate-Shafarevich group III(E/Q) via the fundamental exact sequence

0 — B(Q) & Qp/Zy —— Sel(Q, E[p™]) —— I(E/Q)[p™] ——0.

The celebrated Birch and Swinnerton-Dyer (BSD) conjecture predicts that the rank of an
elliptic curve E equals the vanishing order of the complex L-function of E at s = 1 and the
leading term of the L-function knows the size of III(E/Q), which is conjecturally finite, and
other arithmetic invariants.
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The p-adic BSD conjecture a la Mazur—Tate-Teitelbaum [MTT86] also predicts that the
rank of an elliptic curve equals the vanishing order of its p-adic L-function at the trivial
character and the sizes of similar arithmetic invariants are also encoded in the leading term
of the p-adic L-function.

Here, the key common observation is that a certain complex or p-adic variation of L-values
detects the rank of an elliptic curve and the leading term of the Taylor expansion of the
variation is related to the size of the Tate—Shafarevich group and other arithmetic invariants.

In this article, we focus on the discrete variation of L-values naturally arising from Kato’s
Kolyvagin systems and establish the corresponding refined BSD type conjecture, which deter-
mines the structure of Selmer groups. We call the discrete variation the collection of Kurihara
numbers, which are explicitly built out from modular symbols (as defined in §1.4) and are also
realized as the image of Kato’s Kolyvagin system under a refinement of the dual exponential
map. The collection of Kurihara numbers exactly plays the role of L-functions in the context
of refined Iwasawa theory for elliptic curves a la Kurihara [Kurl4a, Kurl4b].

1.1.2. The most interesting features of this article are the cyclotomic analogue of Kolyva-
gin’s conjecture and the structural refinement of BSD conjecture. These are special cases of
Corollaries 1.5 and 1.6 with help of Theorem 1.8.

Theorem 1.1 (Corollaries 1.5 and 1.6). Let E be an elliptic curve over Q and p > 5
a semi-stable reduction prime for E such that the mod p representation p : Gal(Q/Q) —
Auty, (E[p]) is surjective. If the Iwasawa main conjecture (Conjecture 1.3) inverting p holds
or ords—1 L(E,s) <1, then

(1) Kato’s Kolyvagin system is non-trivial, and

(2) the structure of Selmer group Sel(Q, E[p™]) as a co-finitely generated Z,-module is

completely determined by the collection of Kurihara numbers as described in Theorem
1.8.

If we assume the finiteness of II(E/Q)[p™°] as well, then the explicit formulas for the rank of
E(Q) and the ezact size of HI(E/Q)[p*°] are also provided in Theorem 1.8.

Here, the semi-stable reduction means good or multiplicative reduction. Conclusion (2)
of Theorem 1.1 says that all the non-trivial (moreover, linearly independent) elements of
the Selmer group can be detected in terms of modular symbols. It provides us with more
information on Selmer groups than BSD conjecture. For example, See Example (5) in §8. It is
believed that the Iwasawa main conjecture inverting p does not help to know the exact sizes of
Selmer and Tate—Shafarevich groups due to the p-power subtlety. However, our result shows
that it is not true at all. Also, when ords—1L(FE,s) < 1, the Iwasawa main conjecture is not
even used to obtain the consequences of Theorem 1.1. Note that all the known results on the
p-part of the BSD formula depend heavily on the full Iwasawa main conjecture.

1.1.3.  We recall the key principles of the standard applications of the Euler system argument
and Iwasawa theory for elliptic curves:

(1) If the L-value does not vanish, then the Selmer group is finite and bounded by the
valuation of the L-value [Rub00, Kat99, PR9S].

(2) If the Twasawa main conjecture holds, then the p-part of the Birch and Swinnerton-
Dyer formula for elliptic curves of analytic rank < 1 holds (as listed in §1.9.1).

In order to prove Theorem 1.1, we improve the key principles as follows:

(1’) If the collection of Kurihara numbers does not vanish identically, then the structure
of the Selmer group is completely determined by the collection of Kurihara numbers
(Theorem 1.8).

(2’) If the Iwasawa main conjecture localized at the augmentation ideal of the Iwasawa
algebra holds, then the collection of Kurihara numbers does not vanish identically
(Theorem 1.4 and Proposition 3.13).
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The following flowchart explains how Theorem 1.1 follows from these improvements with the
comparison with well-known applications of the full Iwasawa main conjecture

stz;nda;d
. . applications The p-part of the BSD formula
Iwasawa maﬂn conjecture =——— o1 when the analytic rank < 1
Iwasawa main conjecture elliptic curves
inverting p [Kat04,SU14, Wan15] with good ordinary reduction at p
u (Cor. 1.5)

elliptic curves
of analytic rank <1

Iwasawa main conjecture

“localized at X A” [BDV22, BPS, BSTW]

(Cor. 1.5)
Thm. 1.4:H:
The non-triviality of The structure of p-strict Selmer groups
Kato’s Kolyvagin systems [MRO4] with no (analytic) rank restriction
Prop. 3,13@ (Thm. 2.13)
The non-vanishing of Thm. 1.8 The structure of Selmer groups
the collection of Kurihara numbers with no (analytic) rank restriction.

The improvements provides us with a better consequence on Selmer groups from a weaker
input. The main idea of (1’) is the extension of Mazur-Rubin’s structure theorem of p-strict
Selmer groups (in the above diagram) to the case of classical Selmer groups. Although this
idea sounds simple, the proof requires various technical input (studied in §2 and §3) and
contains substantial computations (given in §5). Also, (2’) can be viewed as a bridge from
Iwasawa theory to refined Iwasawa theory for elliptic curves, and it is proved in §4.

We expect that our strategy generalizes to various settings. We refer to [Kim24] for the cases
of Heegner point Kolyvagin systems and bipartite Euler systems. In particular, Kolyvagin’s
conjecture becomes a trivial consequence of the Heegner point main conjecture.

1.1.4. In the mod p situation, we confirm the conjecture of Kurihara [Kurl4b, Kur24] on the
semi-local description of mod p Selmer groups Sel(Q, E[p]) (Theorem 1.10). More precisely,
when p does not divide any Tamagawa factor, we obtain the following implications

. . The non-vanishing of
Iwasawa main conjecture the collection of mod p Kurihara numbers

II / ﬂthe conjecture of Kurihara
T

The non-triviality of he semi-local decription of

) : mod p Selmer groups Sel(Q, E[p])
mod p Kato’s Kolyvagin systems via one non-zero mod p Kurihara number.

This diagram generalizes [KKS20, KN20, Sak22] in various ways.

1.1.5. Regarding the applications to Birch and Swinnerton-Dyer conjecture, we obtain the
following “rank zero converse” result without using any control theorem or the interpolation
formula of p-adic L-functions (cf. [SU14, Thm. 2], [Wanl5, Thm. 7]).

Theorem 1.2 (Corollary 1.11). Let E be an elliptic curve over Q. Then the following state-
ments are equivalent.

(1) Both E(Q) and III(E/Q) are finite.
(2) L(E,1) #0.

1.1.6. Last, we discuss how the Iwasawa module structure of the fine Selmer groups over
the cyclotomic tower can be understood via a version of the p-adic BSD conjecture (Theorem
1.15). The rest of this section is devoted to state the precise statements of all the results
mentioned above.

1.2. Kato’s Kolyvagin systems and the Iwasawa main conjecture. We quickly review
the notion of Kato’s Kolyvagin systems and the Iwasawa main conjecture for elliptic curves.
3



1.2.1. Let E be an elliptic curve over Q of conductor N and p > 3 a prime. Let T be the
p-adic Tate module of E and denote by zK° = {Z%ato € HY(F, T)} - Kato’s Euler system for
E where F runs over finite abelian extensions of Q. See §2.3.1 for the precise convention.

1.2.2. Let k > 1 be an integer. Let
Pr = {E, aprime: ((,Np)=1,4=1 (mod p*),ap(E)=¢+1 (mod pk)}

and N, the set of square-free products of primes in P,. For n € N}, write I,, = Ze‘n(ﬁ —
1,ag—£— 1) QZP.

1.2.3. Let Qx be the cyclotomic Zy-extension of Q, Q,, the cyclic subextention of Q of degree

p™ in Qu, and A = Z,[Gal(Qs/Q)] the Iwasawa algebra. By using the A-adic version of

the Euler-to-Kolyvagin system map (recalled in Theorem 4.2), we obtain the A-adic Kato’s

Kolyvagin system rKato:oo — { Kato,co HYQ,T/I,T ® A)} N from zXa%. In particular,
ne

1
we have /<;I1<at°°° = pKato _ @ zg“o where the projective limit is taken with respect to

the corestrlctlon map. Of Course this element lies in the first Iwasawa cohomology group
Lm HY(Q,,,T) ~ Hl((@, T ® A). See §2 and §4 for more details.

1.2.4. Denote by Selp(Qoo, E[poo]) the p-strict (“fine”) Selmer group of E[p™] over Qn,. Write
(—)Y = Hom(—,Q,/Z,). We recall the Iwasawa main conjecture without p-adic L-functions
a la Kato [Kat04, Conj. 12.10].

Conjecture 1.3 (IMC). The following equality as (principal) ideals of A holds

Kato,oco
Ky

1
(1.1) chary (I;IW) = chary (Selo(Qoo, E[p™])") .

1.3. The non-triviality of Kato’s Kolyvagin systems.

1.3.1. Let B be a height one prime ideal of A. We first recall the following concepts from
the theory of Kolyvagin systems [MRO04].

Kato,co Kato,co

e ‘3 is a blind spot of k if k vanishes modulo 3.

o kK80 ig A_primitive if any height one prime ideal of A is not a blind spot of kKato:>,

These play essential roles in the new and refined applications of Kolyvagin systems to the
structure of Selmer groups and the Iwasawa main conjecture, which are not observed directly
from the theory of Euler systems [KKS20]. It is known that Kato’s Kolyvagin system K&t
is non-trivial if and only if XA is not a blind spot of kK& (Proposition 4.10). Here, kX2t
is defined by the image of zX*° under the Euler-to-Kolyvagin system map (Theorem 2.1).

1.3.2. Fix an isomorphism A ~ Z,[X] by sending a topological generator of Gal(Qu/Q) to
X +1. Let M be a finitely generated torsion A-module. Write chary (M) = p* -], g:(X)™ - A
where g;(X) is an irreducible distinguished polynomial and ¢;(X) # ¢;(X) if ¢ # j. We define
ords, (chary (M)) = m; and ordpa (chary (M)) = p where ; is the height one prime ideal
generated by g;(X).

1.3.3.  One of the technical innovation of this article is the following statement.

Theorem 1.4. Let E be an elliptic curve over Q and p > 5 a prime such that p is surjective.
Let B be a height one prime ideal of A. The following statements are equivalent.

(1) wKato does not vanish modulo B, i.e. P is not a blind spot of kK3,
(2) The “Iwasawa main conjecture localized at B” holds; in other words,

1
(1.2) ordy <charA (W)) = ordgyp (chary (Selo(Qso, E[p™])Y)) .
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Kato,co

In particular, Kk is A-primitive if and only if the Iwasawa main conjecture (Conjecture

1.3) holds.
Proof. See §4.3. O

The one direction (1) = (2) and A-primitivity = IMC are established in the work of
Mazur-Rubin [MR04, Thm. 5.3.10.(2) and (3)] (Theorem 4.6). Our contribution is to prove
the converse, which has many interesting arithmetic consequences. In particular, we observe
that the non-triviality of Kato’s Kolyvagin system &K is strictly weaker than the Iwasawa
main conjecture.

One small disadvantage of our structural approach is that the exact bound of the Tamagawa
factors is missing. See Conjecture 1.9 for this aspect.

1.3.4. After having Theorem 1.4, we are able to confirm the cyclotomic analogue of Kolyva-
gin’s conjecture [Kol91,Zhal4b] for many cases.

Corollary 1.5. Let E be an elliptic curve over Q and p > 5 a prime such that p is surjective.
If the Twasawa main congecture localized at B = XA (1.2) holds, then Kato’s Kolyvagin system
kK2t s non-trivial. In particular, if one of the following holds:

(1) E has good ordinary reduction at p,
(2) E has analytic rank zero, or
(3) E has analytic rank one and E has semi-stable reduction at p,

then kKato
by K]Kato

is non-trivial. In this case, the structure of Selp(Q, E[p™]) is completely determined
as described in Theorem 2.185.

Proof. Since the Iwasawa main conjecture inverting p for elliptic curves with good ordinary
reduction at p is established under our setting [Kat04,SU14,Wan15], Theorem 1.4 immediately
implies the non-triviality of kXato,

When the analytic rank is zero, the non-triviality of
from Kato’s explicit reciprocity law [Kat04, Thm. 12.5].

When the analytic rank is one, the non-triviality of xkato = zgato for every semi-stable
reduction prime p > 2 follows from the recent settlement of Perrin-Riou’s conjecture [PR93,
BDV22,BPS,BSTW].

The Kolyvagin system description of the structure of p-strict Selmer groups follows from
the work of Mazur—Rubin [MR04] (Theorem 2.13). O

Kato — zgato for every prime p follows

1.3.5.  With help of Theorem 1.8, we also obtain a structural refinement of BSD conjecture.

Corollary 1.6. Let E be an elliptic curve over Q and p > 5 a prime such that p is surjective
and the Manin constant is prime to p. If the Iwasawa main conjecture localized at P = XA
(1.2) holds, then the collection of Kurihara numbers, denoted by 8, does not vanish identically.
In particular, if one of the following holds:

(1) E has good ordinary reduction at p,
(2) E has analytic rank zero, or
(3) E has analytic rank one and E has semi-stable reduction at p,

then & does not vanish identically. In this case, the structure of Sel(Q, E[p™]) is completely
determined by & as described in Theorem 1.8.

Kato is equivalent to the non-vanishing of

Proof. By Proposition 3.13, the non-triviality of
d under our running hypotheses. The modular symbol description of the structure of Selmer

groups follows from Theorem 1.8. O

1.4. Modular symbols and Kurihara numbers. In order to give a precise statement of
Theorem 1.8, we quickly review the notion of modular symbols and Kurihara numbers.
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1.4.1. Let p > 5 be a prime and E an elliptic curve over QQ such that the residual represen-
tation p is irreducible and the Manin constant is prime to p. The Manin constant assumption
becomes vacuous when E has semi-stable reduction at p [Maz78, Cor. 4.1].

Let f =), an(E)q" € S2(I'g(N)) be the newform corresponding to £ [BCDTO1]. For

+
each % € Q, the modular symbol [%] is defined by equality

277-/Ooof(z+iy)dy: {%TF-QE—F [%]7\/—7195

_l’_
where {%} and [%] are rational numbers [MT87, (1.1)]. Especially, the real Néron period

QJEC of F is taken as the absolute value of the integral of an invariant differential of a global
minimal Weierstrass model of E over E(R). (cf. [MT87, (1.1)].) Under our assumptions, we

Jr
have {%} € Z(p), i-e. the modular symbols are p-integral.

1.4.2.  We follow the convention in §1.2.2. For each prime £ € Py, we fix a primitive root 7,

lo, a
mod ¢ and define log, (a) € Z/(¢ — 1) by n, B (@) _ a (mod /).

1.4.3. For each n € Vi, the (mod I,,) Kurihara number at n is defined by

b= Y [%THW € Zp/ 12,

a€(Z/nL)* Ln

+ + —
where [ﬁ} is the mod I,, reduction of [E] and log,, (a) is also the mod I,, reduction of
n n

log,, (a). Note that 5y is well-defined up to (Zp/1,Zp)*. When n € Ny, we write 5P =3,
(mod p*) € Z/p*Z. When n = 1, we have

- L(E,1)

(51 = [0]+ = T S Z(p)
E

1.4.4. The collection of Kurihara numbers is defined by
8= {00 € /L2y n € N1},

For a square-free integer n, denote by v(n) the number of prime factors of n with convention
v(1) = 0. The vanishing order of ¢ is defined by

ord(d) = min {I/(Tl,) ‘n €N, Oy # 0} .

We write ord(g) =00ifé, =0forallne N1, i.e. the collection of Kurihara numbers vanishes
identically. The following conjecture on the non-vanishing of § follows from the Iwasawa main
conjecture (Conjecture 1.3) thanks to Theorem 1.4 and Proposition 3.13.

Conjecture 1.7. Let E be an elliptic curve over Q and p > 5 a prime such that p is surjective

and the Manin constant is prime to p. Then ord(d) < oo.
1.5. The structure of Selmer groups and Kurihara numbers.
1.5.1. Denote by 8 (8) the p-adic valuation of &;. We also define
9 (8) = min {max {jn L3, € pfnzp/fnzp} :n € Ny with v(n) = z} ,
9)(8) = min{0?(8) : 0 < i}.



1.5.2.  Denote by M q;, the quotient of M by its maximal divisible submodule.

Theorem 1.8. Let E be an elliptic curve over Q and p > 5 a prime such that p is surjective
and the Manin constant is prime to p. If ord(d) < oo, then

(1) corkz,Sel(Q, E[p>]) = ord(d), i.e. Fittyz, (Sel(Q, E[p>])¥) = 0 for all 0 < i <

ord(6) — 1,
(2) Fitt;z, (Sel(Q, E[p™])Y) = pa(“@)*a(“’(ﬁ)Zp for alli > ord(8) with i = ord(8) (mod 2),
and

(3) lengthy (Sel(Q, E[p™])/aiv) = 9(ord(®)(§) — () (§).
In other words, we have

Sel((@, E[poo]) ~ (QP/ZP)@ord(S) @ @ (Z/p(a(ord(g)w(i—l))(g),a(ord@)ui)('g»ﬂz)
i>1

D2

If we further assume the finiteness of III(E/Q)[p™], then we have

(4) 1k B(Q) = ord(3),
(5) T(E/Q)[p™] =~ Bjs, (Z @B G)—plera®) 20 F)) /QZ) @2; o
(6) lengthy, (III(E/Q)[p]) = 9@ (5) — 9)(5).

Proof. See §5. The first two statements imply all the other statements. (]

When 9(°°) (5) = 0, the ideal pa(i) (E)Zp is closely related to the i-th higher Stickelberger

ideal ©; = > ., pa(ZO)(‘s)Zp defined by Kurihara [Kurlda, Kurl4b]. The conclusion of
Theorem 1.8 should be viewed as the structural refinement of Birch and Swinnerton-Dyer
conjecture, and it was first observed by Kurihara from a completely different perspective
under various technical assumptions. See §1.9.4 for details.

We are able to obtain an approximate structural upper bound of Sel(Q, E[p]) in practice
since each i-th higher Fitting ideal can be approximated by computing the valuations of gn’s
with fixed v(n) = 1.

1.5.3. Considering the compatibility with the conjectural classical BSD formula, we expect
the following equality, which is a quantitative refinement of Conjecture 1.7. See [Zhal4a, Conj.
4.5] for the Heegner point version.

Conjecture 1.9. Let E be an elliptic curve over Q of conductor N and p > 5 a prime such
that p is surjective and the Manin constant is prime to p. Then

00 (8) = " ordy(cy)

(N

where ¢y is the Tamagawa factor of E at £.

We expect that the only obstructions to observe the non-vanishing of & are the Selmer corank
(Theorem 1.8), Tamagawa factors (Conjecture 1.9), and the functional equation (Propo-
sition 3.14). In this sense, the numerical verification of Conjecture 1.7 is not very diffi-
cult. It is easy to compute each Kurihara number numerically, at least in the mod p sit-
uation [Kurldb, KKS20, Kim21, Kur24]. An efficient algorithm to compute §,, is available at
https://github.com/aghitza/kurihara numbers thanks to Alexandru Ghitza.

After the first version of this article becomes available (March 2022), Burungale-Castella—
Grossi-Skinner also proved the non-triviality of xX#° (Corollary 1.5) and Conjecture 1.9
for elliptic curves with good ordinary reduction even without assuming the surjectivity of
p [BCGS]. Their approach uses the full Iwasawa main conjecture and is based on a certain p-
adic approximation of the specialization of A-adic Kato’s Kolyvagin system with careful control
of error terms. Their work does not have any direct application to the exact size of Selmer
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groups yet. In our approach, Mazur—Rubin’s approximation argument is used to connect the
Iwasawa main conjecture localized at the augmentation ideal with the non-triviality of rXato
and d as in §4.3. One of the key features of our work is to reveal the structure of Selmer
groups.

1.6. The conjecture of Kurihara.

1.6.1. In the mod p situation, we confirm the conjecture of Kurihara [Kurl4b, Conj. 2],
which says that a single n with 5%1) # 0 entirely determines the structure of mod p Selmer
groups in terms of purely local data when all the Tamagawa factors are prime to p. In this
~(1

case, the non-vanishing of 5( ) is equivalent to the Iwasawa main conjecture [Kat04, Conj.
12.10].

Theorem 1.10. Let E be an elliptic curve over Q and p > 5 a prime such that

P 18 surjective,

[ ]
e the Manin constant is prime to p,
[ ]

E(Qp)lp] =0, and

all the Tamagawa factors are prime to p.

Then the following statements are equivalent.

(1) 54Y # 0 in F,, for some n € Ny with v(n) = ord(g(l)).

Kato

(2) The mod p Kato’s Kolyvagin system K (1) is non-trivial.

(3) The Iwasawa main conjecture holds.

In this case, the canonical homomorphism

Sel(Q, Elp]) - @(E(Q) ® Z/pZ) ~ @ (E(F,) © Z/pZ)
Ln Ln
is an isomorphism, and Conjecture 1.9 follows with value zero. If we further assume that
HI(E/Q)[p] is trivial, then we have a mod p exact rank formula

Tk E(Q) = ord3™) = v(n).

Proof. See §6. (]

The implication (1) = (2) = (3) is the main result of [KKS20]. The implication (3) =
(1) is proved by Kurihara [Kurl4a] (under the assumption on the non-degeneracy of p-adic
height pairings) and Sakamoto [Sak22] when E has good ordinary reduction at p via Kolyvagin
systems of Gauss sum type and Kolyvagin systems of rank zero, respectively. In particular,
Theorem 1.10 recovers the main result of [Sak22]. See also [Kurldb, Kur24].

1.7. Applications to Birch and Swinnerton-Dyer conjecture. We discuss some conse-
quences of Theorem 1.8 towards Birch and Swinnerton-Dyer conjecture.

1.7.1. If & does not vanish, then the rank zero p-converse to a theorem of Gross—Zagier—
Kolyvagin follows.

Corollary 1.11. Let E be an elliptic curve over Q and p > 5 a prime. We assume that p is
surjective, the Manin constant is prime to p, and ord(d) < co. Then Sel(Q, E[p*]) is finite if
and only if L(E,1) # 0. In particular, Theorem 1.2 follows.

Proof. It immediately follows from Theorem 1.8 except the ‘In particular’ part. For CM
elliptic curves, See [Rub91, Thm. 11.1]. See also [BT22,BT]. For non-CM elliptic curves, we
are always possible to choose a good ordinary prime p such that p is surjective. By Theorem 1.4
and Proposition 3.13, the Iwasawa main conjecture inverting p [Kat04,SU14, Wan15] implies
~ ~ L(E,1
ord(d) < oco. By Theorem 1.8, Sel(Q, E[p*°]) is finite if and only if 6; = (Q‘;‘ ) # 0. It is
E
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known that L(E, 1) # 0 implies the finiteness of both F(Q) and III(£/Q) thanks to the work
of Kato [Rub00, Thm. 3.5.4], [Kat04, Cor. 14.3]. Thus, Theorem 1.2 follows. O

The reader is invited to compare Corollary 1.11 with [SU14, Thm. 2], [Wanl5, Thm. 7],
and [Ski20, Thm. E in §4], which use the control theorem and the interpolation formula of
p-adic L-functions instead of Theorem 1.8.

1.7.2. By using the functional equation for 5, discussed in (3.5), we immediately obtain the
p-parity conjecture from Theorem 1.8. Our approach is completely independent of others.

Corollary 1.12. Let E be an elliptic curve over Q and p > 5 a prime such that p is surjective
and the Manin constant is prime to p. If ord(d) < oo, then we have

corkz, Sel(Q, E[p™]) = ords=1 L(E,s) (mod 2).

In particular, the p-parity conjecture holds for elliptic curves with good ordinary reduction at
p.

1.7.3. We obtain the following “easy and practical” upper bound of the ranks of elliptic
curves.

Corollary 1.13. Let E be an elliptic curve over Q and p > 5 a prime such that p is surjective
and the Manin constant is prime to p. If 6, # 0 for some n € N, then

rkzE(Q) < v(n).
1.8. Iwasawa modules and a p-adic Birch and Swinnerton-Dyer conjecture.

1.8.1. Compared with the p-adic BSD conjecture for elliptic curves [MTT86], we consider
the following variant, namely the p-adic BSD conjecture for Kato’s zeta elements.

Conjecture 1.14 (p-adic BSD for Kato’s zeta elements).

H! T
corkyz, Selo(Q, E[p™]) = ordxa (CharA (%)) :
R b

1

This type of p-adic BSD conjecture can be found in [BKS24, Conj. 4.16]. Indeed, it turns
out that Conjecture 1.14 implies the usual p-adic BSD conjecture [BKS24, Cor. 6.6].

1.8.2. The interesting feature we observed is that Conjecture 1.14 has an application to the
Iwasawa module structure of fine Selmer groups. In particular, Conjecture 1.14 is slightly
more refined than IMC localized at % = XA (1.2) from the viewpoint of Iwasawa modules.
Fix a pseudo-isomorphism

(1.3) Selo(Quo, E[p™))Y = P A/X™ A& @D A/ f3A
i J

where each f; is prime to XA.
Theorem 1.15. Conjecture 1.1/ implies m; = 1 for every i in (1.3).
Proof. See §7. (]

1.9. Comparison with related conjectures and results.
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1.9.1. BSD. The rank part of BSD conjecture is completely open when rkyz E(Q) or ords—1 L(E, s)
is larger than 1. Thanks to the work of Coates—Wiles, Rubin, Gross—Zagier, Kolyvagin, and
Kato [CWT77, Rub87, GZ86,Kol90, Kat04] based on the method of Euler systems, it is known
that if ords—1 L(E, s) < 1, then the rank part is true and III(£/Q) is finite. Also, its p-converse
is recently developed enormously; see [SU14,Ski20,Zhal4b, BT20,Kim23,BSTW] for example.

Furthermore, when ord;—1 L(E,s) < 1, a large amount of the p-part of the BSD formula is
resolved through the establishment of various Iwasawa main conjectures and complex and p-
adic Gross—Zagier formulas thanks to the work of Skinner—Urban, Kobayashi, W. Zhang,
X. Wan, Berti—Bertolini—Venerucci, Jetchev—Skinner—Wan, Castella, Castella—Grossi—Lee—
Skinner, Biiyiikboduk—Pollack—Sasaki, Burungale—Castella—Skinner , and Burungale—Skinner—
Tian—Wan [SU14,Kob13,Zhal4b, Wan15, Wan20,BBV16,JSW17,Cas18,CGLS22,BPS,BCS25,
BSTW]. See also [BST21] for a survey on this topic.

Corollary 1.6 provides us with the structural information of III(E/Q)[p*] for semi-stable
elliptic curve F of analytic rank < 1 and every prime p > 5 with the surjectivity condition on
P but with no use of the Iwasawa main conjecture (cf. [JSW17, Cas18]).

1.9.2. p-adic BSD. We focus only on the good ordinary reduction case here and do not discuss
the exceptional zero case or the supersingular variant. We refer to [MTT86, SW13, BMS16]
for details.

Regarding the rank part of the p-adic BSD conjecture a la Mazur—Tate—Teitelbaum, Kato
proved corkz,Sel(Q, E[p™]) < ordx—oL,(E) based on the one-sided divisibility of the Iwasawa
main conjecture where L,(E) is the p-adic L-function of E' [Rub91, Kat04]. In order to prove
the equality of the rank part, we need the Iwasawa main conjecture, the non-degeneracy of
the p-adic height pairing on F, and the finiteness of III(E/Q)[p>]. The leading term part also
follows from the combination of these conjectures. See [Sch85, Thm. 2’], [PR93, Prop. 3.4.6],
and [BMS16, Thm. 1.7].

Our structural refinement (Theorem 1.8) works for elliptic curves of arbitrary rank and
depends only on Conjecture 1.7, which is strictly weaker than the Iwasawa main conjecture.
Also, no regulator is involved in our approach. Furthermore, we may ask the following naive
questions.

Question 1.16. Let r = rkzE(Q) and assume that III(E/Q) is finite. Denote by s the
number of generators of III(E/Q), and by s, the number of generators of III(E/Q)[p>].

(1) Can the structure of III(E/Q) be determined by the values L") (E, 1),--- , LU+ (E,1)?
(2) Can the structure of III(£/Q)[p>°] be determined by the values L;S,T) (E),---, LI(,HSP) (E)?

1.9.3. Refined BSD type conjectures. In [MT87], Mazur and Tate proposed several conjectures
on equivariant refinements of the BSD conjecture. Theorem 1.8 refines their weak vanishing
conjecture [MT87, Conj. 1] by making their inequality into the equality when the character is
trivial and also refines their weak main conjecture [MT87, Conj. 3] and a “Birch-Swinnerton-
Dyer type” conjecture [MT87, Conj. 4] by considering all the higher Fitting ideals (but with
no equivariant variation).

1.9.4. Refined Iwasawa theory. In a series of his papers [Kur03a, Kur03b, Kurl2, Kurl4b,
Kurl4a], Kurihara developed refined Iwasawa theory and the theory of Kolyvagin systems
of Gauss sum type to study the structure of Selmer groups. Iwasawa himself was also inter-
ested in Kurihara’s refinement of the Iwasawa main conjecture [Kat17].

In [Kurl4a, Thm. B], Kurihara obtained Theorem 1.8 for elliptic curves with good ordinary
reduction via the theory of Kolyvagin systems of Gauss sum type under various assumptions
including p = 0 for p-adic L-functions and the non-degeneracy of the p-adic height pairing.

His argument is completely different from ours, and this difference can be compared with
the difference between cyclotomic unit Kolyvagin systems and Kolyvagin systems of Gauss
sums in classical Iwasawa theory. In [Kurl4a], Kurihara explicitly constructed a certain
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skew-Hermitian relation matrix to present the structure of Selmer groups and the matrix
is essentially equivalent to the organizing matrix constructed by Mazur—Rubin [MR05]. In
our approach, we do not construct such matrices, and no p-adic height pairing is involved.
Recently, Kurihara also obtained the same result for the supersingular reduction case with
ap(E) = 0 under similar assumptions [Kur24]. In this sense, Theorem 1.8 generalizes Kuri-
hara’s results by removing all the serious Iwasawa-theoretic assumptions.

2. KOLYVAGIN SYSTEMS FOR ELLIPTIC CURVES

We summarize some materials in [MR04] with an emphasis on the structure of fine Selmer
groups of elliptic curves.

Let E be an elliptic curve over Q and p > 5 a prime such that p is surjective. Let T be the
p-adic Tate module of F.

2.1. Selmer structures and Selmer groups.

2.1.1. Following [MRO04, §1], we recall the standard local conditions for Selmer groups of

T/p*T (with k > 1) and review their properties. Since p is odd, we ignore the infinite place.
Let K be a non-archimedean local field. We recall the local conditions we use.

the finite condition: H}C(K7 T/p*T) = E(K) ® Z/p*Z via the Kummer map.

the relaxed condition: H! (K, T/p*T) = HY(K,T/p*T).

the strict condition: HL (K, T/pFT) = 0.

the unramified condition: H} (K, T/p*T) = HY (K™ /K, HO(K™, T /pT)).

the transverse condition (when K = Q; and £ =1 (mod p*)):

Hi, (Qe, T/pT) = BH(Qe(Ge) / Qe B (Qe(Ge), T/9T)).

If

H'(—
The first four local conditions are also defined on T and E[p™>]. We write H} (=)= H1E ; .
(-

T/p*T is unramified as a representation of G, then we have H}(K, T/p*T) = HL.(K,T/p*T).

2.1.2.  The Selmer structure F on T/p*T consists of

e a finite set X of places of Q containing the primes where E has bad reduction, p, and
the infinite place, and
e the choices of local conditions H}_—(Qg, T/p*T) at primes in .

For a prime ¢ ¢ ¥, we fix H-(Qy, T/p*T) = H}(Qq,T/ka).

For ¢ € N}, we have isomorphism gzbgs : H}(Q@,T/ka) ~ H}f(Qg,T/ka) and we choose a
generator of Gal(Q(¢,)Q) for this isomorphism. We also identify H}f((@g, T/p*T) = HL(Qq, T/p*T).
See [MR04, §1.2] for details.

2.1.3. For a given Selmer structure F on T/p*T and n € N}, the Selmer structure F(n) is
defined by

. H}:(n)(Qg,T/ka) = HL(Q,, T/p*T) for ¢ not dividing n, and
. H}_-(n) (Qq, T/p*T) = HL.(Qp, T/p*T) for ¢ dividing n.

2.1.4. The Selmer group Selr(Q,T/p*T) of T/p*T with respect to F is defined by the
exact sequence

H'(Qe, T/p*T)
Hix(Qe, T/pFT)

where Qy is the maximal extension of (Q unramified outside X. This definition is independent
of the choice of X.

0 — Sel(Q, T/p*T) — H'(Qs/Q. T/p*T) —
lex
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2.1.5. Let (—)* = Hom(—, ytp=) be the Cartier dual and then we have (T/p*T)* ~ E[p*] ~
T/p*T via the Weil pairing. The corresponding dual Selmer structure F* on (T/p*FT)* is
defined by the choices of local conditions HL. (Qp, (T/p*T)*) = H%:(Qp, T/p*T)* under the

local Tate pairing with the same Y. The Selmer group Selr«(Q, E[p*]) with respect to F* is
defined in a similar way.

2.1.6.  We recall two natural Selmer structures on T'/p*T.
The classical Selmer structure F is defined by H-17:c1 (Qu, T/p*T) = H}(@g, T/p*T), the

image of of E(Q)/p"E(Q) under the Kummer map for every prime £ so that we have
Thus, the classical Selmer structure recovers classical Selmer groups.

The canonical Selmer structure Feo, is defined by HYy. (Qp, T/p*T) = H}(Qg, T/p*T)
for every prime £ # p and Hlfcan (Qp, T/p*T) = HY(Q,, T/p*T). We write

Selrel(@,T/ka) = Selr,.,, (Q,T/ka), Selp(Q, E[pk]) = Selr: (Q, E[pk])

In other words, the canonical Selmer structure defines the p-relaxed Selmer group and the
dual canonical Selmer structure defines the p-strict Selmer group.

For n € N, we write Selel, = Selr,, ), Seln = Selz, (), and Sely, = Selrx (n) for
convenience.

When n = 1, the compact Selmer groups of T' are defined by the projective limits of Selmer
groups of T/pFT, and the discrete Selmer groups of E[p*] are defined by the direct limits of
Selmer groups of E[p*].

2.2. Euler and Kolyvagin systems.

2.2.1.  We recall the notion of Euler systems following [MRO04, Def. 3.2.2]. Let P = P; be
the set of primes defined in §1.2.2 and K a possibly infinite abelian extension of Q. An Euler
system z for (7, /C,P) is a collection of cohomology classes

z={zp € HY(F,T) : F/Q finite, F C K}

such that whenever F’/F are finite subextenions of Q in K, satisfying the norm relation

Nmp/p(zp) = <H P@(Fr;1)> CZF
‘

where Nmp//p is the corestriction map from F' to F, the product runs over primes in P
which are ramified in F'/Q but not in F/Q, Py(X) = det(l — Fry - X|T'), and Fry is the
arithmetic Froenius at ¢. Let ES(T) = ES(T, K, P) denote the module of Euler systems over

Z[Gal(Q/Q)].

2.2.2. A Kolyvagin system k for (T, F,P) is a collection of cohomology classes
k= {kn € Selr,)(Q, T/I,T) : n € N1}

such that

(2.1) 10¢j (Fne) = ¢F ©locy(rn) € Hy(Qp, T/ IneT)

for ¢ € N1 with (n,¢) = 1 where loc, : HY(Q,T/I,T) — HY(Qy, T/1,,T), and loc§ : HY(Q, T/I,, T) —
H}f(Q,T/InT). Let KS(T) = KS(T,F,P) denote the module of Kolyvagin systems and
KS(T) = KS(T, F,P) denote the generalized module of Kolyvagin systems defined by the

completion. See [MRO04, §3.1] for details.
12



Our convention of Kolyvagin systems depends on the choice of generators of Gal(Q(¢,)/Q)
for each prime ¢ dividing n, and it corresponds to the choice of the primitive roots in the
definition of Kurihara numbers.

The natural map KS(T) — KS(T') is an isomorphism when the core rank is one (§2.4.2
and Theorem 2.5). See [MR04, Cor. 4.5.3, Prop. 5.2.9, and Prop. 6.2.2] for details.

2.2.3.  Under our working hypotheses, all the conditions in Theorem 2.1 below are satisfied.
Theorem 2.1 (Mazur—Rubin). Suppose that K contains the mazimal abelian p-extension of
Q which is unramified outside p and P, and

(1) T/(Fry — 1)T is a cyclic Zy-module for every ¢ € P,

(2) Fr?k — 1 is injective on T for every £ € P and every k > 0.

Then there exists a canonical homomorphism ES(T, K, P) — KS(T, Fean, P) sending z to k
such that k1 = zg. If we further assume that H*(Q,, E[p™]) is a divisible Z,-module, then
KS(T, Fean, P) can be replaced by KS(T, Fean, P).

Proof. See [MR04, Thm. 3.2.4 and §6.2]. O
2.3. Kato’s Euler systems and Kato’s Kolyvagin systems.

2.3.1. Let zXato = (;Rato) . he Kato’s Euler system for E associated to the real Néron
period Qf, where zKa© € HY(F,T) and F runs over abelian extensions of Q following the
convention of [Kat21, Thm. 6.1]. More explicitly, each zK&° € H(F,T) is characterized by

the interpolation formula

Z o (exp*o loc;(zgato)) x(o) =

oeGal(F/Q)

L(Sp) (Ea X5 1)
Tap e

E
where y is any even character of Gal(F/Q), S is the product of the ramified primes of F//Q,
Lisp)(E, x,1) is the Sp-imprimitive y-twisted L-value of E at s = 1, and wg is the Néron dif-
ferential. For odd characters of Gal(F'/Q), the interpolation formula is zero. Kato’s Kolyvagin
system kK2% is defined by the image of z%#° under the map in Theorem 2.1.

2.3.2. For each n € Nj, the Kolyvagin derivative operator at n is defined by Dq,) =
H£|n Zf;fi . Ufn where 7 is a primitive root mod £ € P;. Then each kX% is defined by the

image of DQ(Cn)ngLg:) € HY(Q(¢,),T) in HY(Q, T/, T). We do not need any modification of

the image of DQ(Cn)ZE&P,?) to obtain k5a% (cf. [MRO4, (33) in pp. 80]).

n

2.4. Properties of Kolyvagin systems.

2.4.1. When we work with Kolyvagin systems, we always assume that p > 5 and p is surjec-
tive. This is strong enough to satisfy all the working hypotheses for the theory of Kolyvagin
systems [MRO04, §3.5 and Lem. 6.2.3]. More precisely, the p > 5 condition is used only in
Proposition 2.2 below and its consequences. The p = 3 case is studied by Sakamoto re-
cently [Sak24].

Also, all the argument works when p is irreducible and there exists a prime £ exactly dividing
the conductor of E such that p is ramified at ¢ [Skil6, §2.5]. The absolute irreducibility and
the irreducibility of p are equivalent for the case of elliptic curves over Q [Rub97, Lem. 5].

Proposition 2.2 (Mazur—Rubin). Assume that p > 5 and p is surjective. Let ci,co €
HYQ,T/p*T) and c3,cqs € HY(Q, E[p¥]) be non-zero elements. For every k € Zsq, there
exists a set S C Py of positive density such that for every £ € S, the localizations locy(c;) are
all non-zero.

Proof. See [MR04, Prop. 3.6.1]. O
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Following [MR04, §3.6 and Thm. 4.4.1], a Kolyvagin prime ¢ € Py, is said to be useful for
(non-zero) k, with n € Ny if (¢,n) =1 and locy(ky) # 0.

Proposition 2.3. Assume that p > 5 and p is surjective. Then there are infinitely many
useful primes for a given non-zero ky. In particular, if K, # 0 and ¢ is a useful prime for k,,
then ke # 0.

Proof. This follows from Proposition 2.2 and (2.1). O
2.4.2. Following [MRO04, §4], we write
A(n, E[I,]) = lengthy, Selo »(Q, E[1,]),
An, T/I,T) = lengthy, Selien(Q, T/I1,T)

where n € N7. We say n € N7 is a core vertex if \(n, E[I,,]) or A(n, T/I,T) is zero [MR04,
Def. 4.1.8] and the core rank x(7') (with the canonical Selmer structure) is defined by
rkz, /1,2,5€leln(Q, T'/1,T) for any core vertex n [MR04, Def. 4.1.11 and Def. 5.2.4].

2.4.3. The following lemma is important for our proof of the main theorem.

Lemma 2.4. Let n € Ny and ¢ € Py with (n,f) = 1, and “-str’ denotes the strict local
condition at £. Let F = Fq or Fean. If the localization map Selx(,(Q, T/p"T) — E(Qp) ®

Zp|P* Ly is surjective, then we have Selzs (e (Q, E[pF]) = Selz(y o5t (Q, E[p"]).
Proof. See [MR04, Lem. 4.1.7]. O

2.4.4. The following theorem plays an important role to have the equivalence between the
non-triviality of KX and the non-vanishing of § (Proposition 3.13).

Theorem 2.5. Let E be an elliptic curve over Q and p > 5 a prime such that p is surjective.
Let T be the p-adic Tate module of E.

(1) KS(T, Fa,P) = 0.

(2) KS(T, Fean, P) is free of rank one over Z,.
Proof. See [MR04, Thm. 4.2.2, Thm. 5.2.10, and Prop. 6.2.2]. The first case lies in the core
rank zero case and the second case lies in the core rank one case. O

Theorem 2.5 explains why Kato’s Kolyvagin systems cannot control classical Selmer groups
directly.

2.4.5. We discuss the precise location of Kolyvagin system classes in n-transverse p-relaxed
Selmer groups.

Theorem 2.6. For every k > 1 and n € Ny, there exists a non-canonical isomorphism

(2.2) Selrel n(Q, T/1,T) =~ Zyp /17y & Selo n(Q, E1)]).
Proof. See [MR04, Thm. 4.1.13.(i)] and [MR04, Thm. 5.2.5]. O
For each n € Vi, write
H(n) = Sele1,n(Q, T/I1T), H'(n) = pAFUnSel g o (Q, T/LT),

and the latter is said to be the stub Selmer submodule at n.
Theorem 2.7. For every n € N1, k, € H'(n).
Proof. See [MR04, Thm. 4.4.1] with Theorem 2.5. O

Remark 2.8. Theorem 2.7 says that &, € Selye1n(Q, T/I,T) indeed lies in p*™FlnD7, /1,7, C
Zyp/ I Zy, the first factor in the decomposition (2.2).

The following proposition illustrates the precise location of ,, in Sel.e1,(Q,T/I,T).
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Proposition 2.9. Suppose that k, # 0 for some n € Ni. Let j > 0 such that k, generates
PH' (n). Then ky generates p'H'(n') = pI A B (n!) o prtAOELD 7, /T, 7, for all
n e Nl.

Proof. See [MR04, Cor. 4.5.2.(ii)]. O

We say that a Kolyvagin system & is primitive if the mod p Kolyvagin system w1 =
(kn (mod p)),cp; is non-zero. This is equivalent to j = 0 in Proposition 2.9. See [MR04, Cor.
4.5.4 and Def. 4.5.5].

2.5. Kolyvagin systems over Z,.

2.5.1. Let k®) be a Kolyvagin system over T/p*T. Suppose that mﬁf) # 0 for some n € Nj.

Following [MR04, Ex. 3.1.12], we have another Kolyvagin system &™) defined by /{Z{(k) =

(k)

Kn.m where m € Ny with (m,n) = 1. The following proposition is fundamental to investigate
the structure for p-strict Selmer groups.

Proposition 2.10. Suppose that ord(k®)) < oo, i.e Kﬁf) # 0 for some n € Ny. Write

Selo(Q, E[p") ~ P z/p" 2z

i>1

with non-negative integers dy > do > ---, and fix j > 0 such that nsl) generates p]H’( )
(Proposition 2.9). Then for every integer r > 0,

0 (k) = mm{kj—l—Zd}

Proof. See [MRO04, Prop. 4.5.8] O

2.5.2. Let k be a Kolyvagin system for 7. Define
80 (k) = max {j : k1 € p’Sel(Q,T)}
and we allow 0(°) (k) = co (when k; = 0).
Theorem 2.11. Let k be a Kolyvagin system for T. Then lengthy Selo(Q, E[p™]) < 00 (k).
In particular, if k1 # 0, then Selo(Q, E[p™>]) is finite.
Proof. See [MR04, Thm. 5.2.2]. O

Definition 2.12. (1) The vanishing order of a non-zero Kolyvagin system & = (£n)nen;
is defined by ord(k) = min {v(n) : n € N1, K, # 0}.
(2) For r € Z~, define

0" (k)
= min {max {]n C Ky € pin Selyen(Q, T/1,T) } n € N1 with v(n) = r}
= lim min {k;,max {jn k) e p’”Selrel,n(Q,T/ka)} in € Nk with v(n) = r}

k—o0
and the second equality follows from Theorem 2.13.(1) below.
(3) The sequence of elementary divisors is defined by e;(k) = 9 (k) — 90+ (k)
where i > ord(k).
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2.5.3. The following theorem illustrates how a non-trivial Kolyvagin system determines the
structure of p-strict Selmer groups.

Theorem 2.13. Let k be a non-trivial Kolyvagin system for T'. Then the following statements
hold.

1) For every s >0, 0 (k) = limy_,o 0 ().

The sequence 8(5)( ) is non-increasing, and finite for s > ord(k).

The sequence e;(K) is non-increasing, non-negative, and finite for i > ord(k).

)

|

) ord(k) and the e;(k) are independent of the choice of non-zero k € KS(T).
) corkz, Selo(Q, E[p™]) = ord(k).
) Z
)
) K

6) Selo(Q, E[p™]) /div = Dizord(s) m
p

7 lengthz SGIO(Q E[ ])/d v = 8(0rd(n))(ﬁ") — a(oo) (K;)
(8

Proof. See [MR04, Thm. 5.2.12]. O

(
(2
(3
(4
(5
(
(

is primitive if and only if 8 (k) = 0.

Corollary 2.14. Let k be a non-trivial Kolyvagin system for T.
(1) lengthy Selo(Q, E[p™]) is finite if and only if k1 # 0.
(2) lengthy Selo(Q, E[p*]) < 0O (), with equality if and only if Kk is primitive.

Proof. See [MR04, Cor. 5.2.13]. O

3. A REFINED EXPLICIT RECIPROCITY LAW AND KURIHARA NUMBERS

The goal of this section is to describe the precise connection between xX#° and 5. We
first investigate when the local torsion E(Qp)[p] is trivial. Then we compute the integral
image of the Bloch—Kato dual exponential map. Using this computation, we extend the the
Bloch—Kato dual exponential map to torsion coefficients. By using the compatibility between
the classical Bloch—Kato dual exponential map and the torsion Bloch—Kato dual exponential
map, we obtain the derivative of Kato’s explicit reciprocity law. It significantly refines the
computation in [KKS20].

3.1. Local torsions of elliptic curves: a digression.
3.1.1. Consider exact sequence
(3.1) 0 — E(pZp) — E(Q,) — E(F,) ——0

where E is the formal group associated to E and E is the mod p reduction of E. Since E (pZy)
is isomorphic to Z, as additive groups, E(Qp)[p] is non-trivial if and only if E(Fp)[p] is non-
trivial and (3.1) splits. Thus, if E has non-anomalous good reduction at p, then E(Qy)[p] is
trivial. N

Now we consider the case that E has anomalous good reduction at p, equivalently, E(IF,)[p]
is non-trivial. Indeed, ap(E) =1 (mod p) implies a,(E) = 1 if p > 7, and it is known that
the set {p : a,(E) = 1} has zero density [Gre99, Prop. 5.1].

Suppose that E(Qy)[p] is non-trivial, i.e. (3.1) splits. By applying Gross’ tameness criterion
[Gro90, Prop. 13.2], this is equivalent to that the image of ﬁ\Gal(@p Q) is diagonalizable.
See [Cai07] for the unchecked compatibility in [Gro90].

Recall that f =" -, an(E)¢"™ admits a mod p companion form if there exists a mod
p eigenform g = Y o, bng™ of weight p — 1 such that n? - b, = n - a,(E) (mod p) for all
n > 1. By [Gro90], the above diagonalizability is also equivalent to the existence of a mod p

companion form of f.
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3.1.2.  The following result is known.

Proposition 3.1. Let E be an elliptic curve over Q, with an odd prime p. Then E(Qp)[p] # 0
if and only if
(1) E has anomalous good ordinary reduction at p and admits a mod p companion form,
(2) E has split multiplicative reduction at p and the j-invariant satisfies p | ordy(j), or
(3) E has additive reduction at p with minimal Weierstrass equation

y2 + a1y +aszy = :U3 + ang + aqx + ag

where a; € pZy, for each i satisfying
(a) p=3 and a2 =6 (mod 9),

(b) p=>5 and ag = 10 (mod 25), or
(¢) p=7T and ag = 14 (mod 49).

Proof. The first two cases are well-known. For the additive reduction case, see [KN20, §2]

and [KP]. O

Remark 3.2. There are several results on the non-triviality of E(Qy)[p]. See [Gre99, Lem.
5.2], [DWO08, Prop. 2.1.(3)], and [Gha05, Prop. 6]. It is conjectured that there are only finitely
many primes p such that E(Q))[p] # 0 when E is a non-CM elliptic curve [DWO08, Conj. 1.1],
and its average version is proved in [DWO08, Thm. 1.2].

3.2. The computation of the integral image of Bloch—Kato’s dual exponential map.
We recall the computation of the integral image of Bloch—Kato’s dual exponential map follow-
ing [Rub00, Prop. 3.5.1], [Kat04, Lem. 14.18] and [KKS20, §6 and §7] with some refinement
in order to handle the E(Q,)[p™>] # 0 case.

3.2.1. Following [Rub00, §3.5], fix a minimal Weierstrass model of E over Q, and wg is
the corresponding holomorphic differential. Let wy, be the basis of the tangent space of the
minimal Weierstrass model such that the natural pairing (w},,wg) = 1. Write exp}, _(—) =
(w};, exp*(—)) where exp* is the Bloch-Kato dual exponential map. We write

0 if E has split multiplicative reduction at p,
| lengthy, (E(Qp)[p™]) otherwise.

3.2.2.  We first consider the good reduction case.

Lemma 3.3. If p > 2, we have

expy, . H(Qy, T) ~ #E(Fyp) . E'Z .
o E(Qp) ®Zy #HO(@puE[pOOD p ?
If E has good reduction at p > 2, then we have
oxn¥ - Hl(QpaT) N #E(Fp) T = p*ap(E)JFl .7
Pup - E(Qp) ®Zp - p1+t P p1+t p-
Proof. See [Rub00, Prop. 3.5.1] and [Kat04, Lem. 14.18]. O
—ay(F)+1
Note that }M =1—ay(E)p~t +p~!is the Euler factor at p.
p

Corollary 3.4. Suppose that E has good reduction at p > 5. Let K be a finite unramified
extension of Q, with residue field k. We assume either
(1) p does not divide #E(k), or
(2) the corresponding modular form does not admit a mod p companion form.
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Then we have E(K)[p] =0 and

HY(K,T) _ #E(k)

~ Ok
E(K) ® Z, P K

* .
exp,,, :

Proof. The first isomorphism in Lemma 3.3 works for any finite unramified extension K. The
first case is immediate. For the second case, we know the restriction of p to Gal(Q,/Q,) is
wildly ramified thanks to [Gro90, Prop. 13.7]. Since K/Q, is unramified, the restriction of 5
to Gal(K /K) is still wildly ramified. Thus, it cannot be a direct sum of two characters. Thus,
we have E(K)[p] = 0 even when E(k)[p] is non-trivial. O

Remark 3.5. In [Ots09, Otal8, Kat21], the E(K)[p] = 0 assumption is used seriously in the
construction of integral Mazur—Tate elements over tamely ramified abelian extensions K of

Qp.

3.2.3.  We move to the bad reduction cases. Consider the following exact sequences

0 — F1(Q,) — E(Q,) —— E(F,) ——0
0—— El Qp B— EO(@p) ns(Fp

where E (Fp ) is the mod p reduction of E(Q)) and E;(Q)) is the kernel of the mod p reduction
map. Also, EHS(IF ) is the non-singular locus of E(F ») and Ey(Q,) is the preimage of Eys(F )
in E(Qp). As in Lemma 3.3, if p > 2, we have

Ews(Fp) 1

Hl(QPvT) ~ E(Fp) 1 ~ . . R
BQ,) 02, ~ FEQ,, Ep) p = FE(Q, B @) B @)l D2y

Theorem 3.6. Let E be an elliptic curve over Q, (with minimal Weierstrass equation), and
A the discriminant of E.
(1) If E admits split multiplicative reduction at p, then [E(Qp) : Ep(Qp)] = ordy(A) =
—ordp(j).
(2) If E admits non-split multiplicative reduction at p, then [E(Q)) : Ep(Qp)] < 2
(3) Otherwise, [E(Q)) : En(Qp)] <4

Proof. 1t follows from Tate’s algorithm [Tat75]. See [Sil09, Thm. VIIL.6.1] and [Lorl1, §2.2]. O

* .
exp,,,,

Remark 3.7. When E has additive reduction at p with p < 3, then [E(Q)) : Eo(Q))] is not
divisible by p. See [Sil99, Table 4.1, Page 365]

Thus, when FE admits non-split multiplicative reduction at p > 3, we have
EHS (F;D)
#HO(Qy, E[p>])

Now we suppose that E admits split multiplicative reduction at a prime p > 2. Then the
p-adic uniformization by the Tate curve yields the following exact sequence of representations

of Gal(@p/@p)

expy,, (H'(Qy, T)) = [E(Qp) : Eo(Qp)] -

0 Ty T T 0

where T1 ~ Z,(1) and T, ~ Z,. By tensoring Q,, we also have

0 Vi Vv Va 0
18




where Vo, = T,®Q, and e € {0, 1, 2}. Following [Kob06, §4], we have the commutative diagram

*

exp* w
H'(Q), V) —= Quur —— Q,
Hl (Qpa VQ) ﬂ) prGm &} Qp

where 7 is induced from the quotient map V' — V3, exp}, is the dual exponential map for
E, expg, = is the dual exponential map for Gy, wg,, is the invariant differential of Gy, which

is on the formal multiplicative group @m, and wg ~is the dual basis for wg,, with

1+ X
wg,, (We,,) = 1. Write expf,, = wj; o exp}; and exp,, = wg, o expg . In order to compute

the lattice expf, (H'(Q,,T)) C Qp, it suffices to compute the lattice expf,. (H'(Qp,Z,)) C
Qp. Considering the local Tate duality, we compute the lattice log(G,,(Z,)) € Q, where

log : Gn(Zp) ® Qp — Qp is the linear extension of the formal logarithm map on Gy, (pZy).
Note that Z,(1) is the Tate module of the multiplicative group G,,. We have an exact sequence

0 —— G (pZy) — Gy (Zp) — Gy (F,) — 0.

By using the formal logarithm, @m(pr) maps to pZ, C Q. Also, @m(lﬁ'p) = [ has size
prime to p. Thus, we also have

epoE (Hl(Qp’T)) - esz)«;m (Hl (Qp, Zp)) = ;Zp'

To sum up, we have the following statement.

Lemma 3.8. If E has multiplicative reduction at p > 3, then
. 1
€XPug (HI(QP? T)) = I;ZP

It is remarkable that Lemma 3.8 does not involve t. When E has non-split multiplicative
reduction at p, we have t = 0. When E has split multiplicative reduction at p, #H°(Q,, E[p™])
and [E(Qp) : Eo(Qyp)] cancel each other. See [Sil99, Table 4.1, pp. 365].

Lemma 3.9. If E has additive reduction at p > 3, then

. 1
expy, (H'(Qy. 7)) = pl

Proof. It follows from Theorem 3.6 and Remark 3.7. (]

3.3. The extension of the dual exponential map to torsion coefficients.

3.3.1. Let n € N7. From the exact sequence

Hl (QP7 T) 1 2
0 I,H(Q,,T) HY(Qp, T/1,,T) —— H*(Qp, T)[I] —— 0,
we obtain the following exact sequence
H' (@, T) o  HYQy,T/I,T) )
(32) 0 L,HY(Q,, T) + HY(Q,, T) HH(Qy, T/1,T) H*(Qp, T)[In] —— 0

where the injectivity of ¢ follows from HY(Q,, T/I,,T) = M
7S T = TR, 1)

Proposition 3.10. The sequence (3.2) splits as Zy/1,Z,-modules.
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Hl (Qpa T)

Proof. We first recall the isomorphism exp/, _ : ~ expl, (H'(Qp,T)) (~ Zp). Then

T HHQ,. T)
its naive mod I,, reduction also induces an isomorphism
H(Q,, T) L ol QD)
LHYQ, T) + Hp(Qp, T) — Inexpy, (HNQ,, 7))~ 7777

HY (@, T)

In particular,
I,HY(Q,, T) + H}(Qp, T)

is free of rank one over Z,/I,Z,. Thus, (3.2) splits.

(]
We define the dual exponential map on H'(Q,,T/I,,T) by the composition
H'(Qy, T/1,T) HY(Q,, T) expy,, (H1(Qp, 7))

* 1
exp,,, + H (Qp,T/1,T) — H}(QP,T/InT) IL,H(Q,, T) + H}(QP,T) Lexpy, (HY(Q,,T))
where the first map is the natural quotient map, the second map comes from the splitting of
(3.2) (as proved in Proposition 3.10), and the third map is the naive mod I, reduction of the
integral dual exponential map again.

3.4. “Kolyvagin Derivatives” of Kato’s explicit reciprocity law.

#E0s(Fy),  #Ens(Fy)

3.4.1. Let n € N and fix an isomorphism ¢ : e Zy/ e

1,2y ~ 7,/ I, 7. Then

we have the map

s

oexpy, ,olocy,

Selrel,n(@a T/InT) Zp/Ian

(3.3) f‘”’s’ :Tg

H (@, T/InT) ¥y #Bus(Fy) ) #Fus(Fy)
EQp) ® Zp/1,Zy, = plt LA

1,7,

thanks to Lemma 3.3, Lemma 3.8, Lemma 3.9, and the extension of the dual exponential map
to torsion coefficients. Note that #FEys(Fp) is prime to p if £ has multiplicative reduction and
#E,s(Fp) = p if E has additive reduction.

Theorem 3.11. Let E be an elliptic curve over Q and p > 5 is a prime such that p is
surjective and the Manin constant is prime to p. Then we have formula

§oexp,, o loc;(/iffam) =u-pt-d, € Ly I 7y
where u € (Zy/1,Z,)" .
Proof. The following computation is essentially done in [KKS20, §6 and §7]

* S a a +
expl, o locy Dy i) = Bolow) - Daiey | 2. G |5 | € %@ QG
a€(Z/nZL)*

l—ap(E)-p’l-Up—i—p’l-ag ifpt N
where E,(0,) = ¢ 1—ay(E)-p~ ' o, if p|N  and o, € Gal(Q(¢,)/Q) is the
1 if p?|N
arithmetic Frobenius at p. We also have
alt ~
Doy | X G |57 = ezo/nz,

a€(Z/nZ)*

as in [KKS20, Thm. 7.5] and [Kurl4a, pp. 190].
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By the extension of the dual exponential map to torsion coefficients discussed in §3.3, we
have

Ens EHS
(3.4) eXp;;E;H}f(@p,T/InT):#pH(t p) p/# 1+(t )nzp.

Because x5 € Selye,(Q,T/I,T) € HYQ,T/I,T) comes from the mod I,, reduction of

ay+ - #Eus(Fy)
DQ(Cn) ( ) we regard Ej(0;) Do(c,) <Za6(Z/nZ)X ¢o- [ﬁ} > as an element in %Z#@
Z[Gn) € Qp ® Q(¢n) via (3.4) in order to compute expf, . o loc) (rkh%).
We record all the integral lattices in each step of the followmg computation to avoid con-
fusion.

* S ato #EHS( ) #EHS( )
XPup Olocp(’ifm{ ) € Pl Zy/ Pl InZy
* s Kato 7'£/'£E1’15(}F ) #EHS(F )
= exp,,, © 100p(D@(cn)Z@(fn) (mod I,)) € e L7,/ e L B/
o #-Ens(Fy )z, #Ens< »)
+\  #En(Fy) # Eys (F,)
=Bp(0p) Doy | 2. G- |5] | € B T 0 2l /P P 1n, 9 ZLG)
p p
a€(Z/nZ)*
N #EnS( ) #EHS( )
= Ep(0y) - 6y € S L7/ SES P 1.7,
N #EHS(FP) #EHS(FP)
=E, -0, € e Zyp/ PR 1,7,
l—ay(E)p~t+p~" ifptN
where E, = ¢ 1—a,(E)p™! if p|| N Due to the difference between the torsion dual
1 if p?|N.
exponential map and the naive mod I,, reduction of _the dual exponential map, the image
Ens(F :
of DQ(CH)Z(S(&?O) under expy, o loc, actually lies in MZP ® Z[¢n]. By using the fixed
" p

isomorphism &, the conclusion follows. O

Theorem 3.11 can be understood as Kolyvagin derivatives of (an equivariant refinement of)
Kato’s explicit reciprocity law [Kat04, Thm. 12.5], [Kat21, Thm. 6.1].

3.4.2.

Lemma 3.12. Let E be an elliptic curve over Q and p > 5 is a prime such that p is surjective
and the Manin constant is prime to p. Then the non-vanishing of p' - & and the non- vanishing
of & are equivalent. In particular, ord(p - 8) = ord(8).

Proof. This can be checked directly. (]

Proposition 3.13. Let E be an elliptic curve over Q and p > 5 is a prime such that p is
surjective and the Manin constant is prime to p. Then the non-triviality of kKo and the
non-vanishing of & are equivalent.

Proof. The pt ¥ £ 0 = kK2t £ ) direction follows from Theorem 3.11. The opposite direction
follows from Theorem 2.5 and Lemma 3.12. O

Proposition 3.13 does not mean that kX8 = 0 if and only if on # 0 for each n € V.
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3.5. Functional equations and vanishing of Kurihara numbers. Following [Kurl4b,
Lem. 4 (Page 347)] and [Kurl4a, Page 220], we have

(3.5) w(E) - (=1)""™ .8, = 6, € Zy/ 1,7y

where w(F) is the root number of E. Comparing with Proposition 2.3, the following statement
shows the fundamental difference between k¥2t° and §.

Proposition 3.14. If (—1)”(”) # w(E), then 6n=0. In particular, if on # 0, then S =0E€
Zp/In0Zy for all £ € Ny with (n,0) = 1.

4. A-ADIC KOLYVAGIN SYSTEMS FOR ELLIPTIC CURVES: PROOF OF THEOREM 1.4

Throughout this section, we assume that p is surjective.
4.1. The Iwasawa-theoretic set up.

4.1.1. Recall the notation in §1.2.3. Let Q be the cyclotomic Z,-extension of Q and Q,, C
Qoo the cyclic subextension of Q of degree p™ in Q. Let

A = Zp[Gal(Quo/Q)] = Lim Zy[Gal(Qrn/Q)]

be the Iwasawa algebra.

4.1.2. Fix a finite set ¥ of the places of Q containing p, oo, and the primes where T is
ramified. Denote by Qx the maximal extension of Q unramified outside X.

Lemma 4.1. (1) HY(Qx/Q, T ® A) ~ lim HY(Qx/Qum,T).
(3) HY(Qx/Q,T ® A) is independent of the choice of X.
Proof. See [MR04, Lem. 5.3.1]. O

The Selmer structure Fj on T'® A is defined by
H}:A(@Uv T® A) = Hl(@vv T® A)

for all v € ¥. Also, by Lemma 4.1.(2), we have H}(QU,T @A) =HY(Q,, T®A) for all v ¢ X.
Thus, this Selmer structure is independent of the choice of ¥, and

Selr, (Q,T®A) = H(Q, T ® A).
Theorem 4.2 (Mazur—Rubin). Suppose that K contains the mazimal abelian p-extension of
Q which is unramified outside p and P, and
(1) T/(Fry — 1)T is a cyclic Zy-module for every ¢ € P,
(2) Frfk — 1 is injective on T for every £ € P and every k > 0.
Then there exists a canonical homomorphism

ES(T,K,P) —— KS(T @ A, Fo, P)

Z | K>

_ — T 1
such that kY° = zq,, = lim  zq,, € H (Q,T®A).

Proof. See [MR04, Thm. 5.3.3]. Under our working hypotheses, all the assumptions are
satisfied. O
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4.1.3.

Lemma 4.3. For every i > 0, H(Qx/Q,T ® A) and H(Q,, T ® A) are finitely generated,
and HY(Qx/Q, (T ® A)*) is co-finitely generated. Furthermore, H?(Q,, T ® A) is a torsion
A-module.

Proof. See [MR04, Lem. 5.3.4]. O
Theorem 4.4 (Kato-Rohrlich). Kato’s zeta element /-ei{ato’oo = z(gjoto over Qo s non-trivial.

Proof. By using Kato’s explicit reciprocity law [Kat04, Thm. 12.5], the conclusion follows
from the generic non-vanishing of twisted L-values [Roh84, Roh88]. O

Theorem 4.5 (Kato). (1) If p is irreducible, then Selr, (Q,T®A) = HY(Q,T®A) is free
of rank one over A.
(2) Selr: (Q, (T'® A)*) = Selo(Qoo, E[p™]) is a co-finitely generated co-torsion A-module.

Proof. See [Kat04, Thm. 12.4]. See also [MR04, Lem. 5.3.5 and Thm. 5.3.6]. O

We recall the notion in §1.3.1. We say that k> is A-primitive if K (mod ) does not
vanish for every height one prime B of A [MR04, Def. 5.3.9].

Theorem 4.6 (Mazur-Rubin). Let k> € KS(T' ® A) be a A-adic Kolyvagin system.

1
(1) charp (W) C charp (Selp(Quo, E[p™])Y) .
it
(2) Suppose that k3° # 0. If P is not a blind spot of K>, then
H! T
ordsyp <charA (%)) = ordy (chary (Selo(Qoo, E[p™]))) .
k1
(3) Suppose that k3° # 0. If k is A-primitive, then

HL (Q,T
chary <IW(QH> = chary (Selg(Qoo,E[poo])v) )
ArKS®
Proof. See [MR04, Thm. 5.3.10]. O
Theorem 1.4 proves the converse to the second and the third statements of Theorem 4.6.
Thanks to [MR04, Rem. 5.3.11], both KS(7 ® A) and KS(T'® A) work for all the argument
below.

4.2. Specializations at height one primes. Let 3 be a height one prime ideal of A. Denote
by Sy the integral closure of A/B, which is a discrete valuation ring. Then [Sy : Z,] is finite
and T'® A ®@p Sy =T ®z, Sp. The canonical Selmer structure on T'®z, Sy is induced from
the A-adic Selmer structure on T'® A. Let

i = {P: H*(Qx/Q,T ® A)[P] is infinite} U {P : H*(Q,, T'® A)[P] is infinite} U {pA}
be the exceptional set of height one primes of ¥, and it is finite by Lemma 4.3.

Proposition 4.7. For every height one prime B of A, the composition map T @ A — T ®
A/B — T ® Sy induces maps

H(QT®A) m™
PHI(Q,T ® A) )
Selo(Q, (T ® Sp)*) —— Selo(Qoo, E[p™])[R].

For every B, the map my is injective. If P & X, then coker(my), ker(my), and coker(my) are
all finite with order bounded by a constant depending only on T and [Sy : A/B].

Proof. See [MR04, Prop. 5.3.14]. O
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Corollary 4.8. For every height one prime B of A, there is a natural map
KS(T & A,FA) — KS(T ® S‘,B; ]:can)
Proof. See [MR04, Cor. 5.3.15]. O

The core rank of the (A-adic) Kolyvagin system for 7T'® A is defined by the common value
of the core rank of the Kolyvagin system for T'® Sy for every B ¢ X5. It is well-defined and
it is one in our case.

Let k*° € KS(T' ® A, Fp) and P a height one prime ideal of A. Denote by ®) the image
of K% in KS(T ® Sy, Fean) under the natural map in Corollary 4.8.

Corollary 4.9. Let k*° € KS(T' ® A) with k3° # 0. Then for all but finitely many height one
primes B of A, the class Hgm) € H(Q,T ® Sy) is non-trivial.

Proof. See [MR04, Cor. 5.3.19]. O

Proposition 4.10. Let k*° € KS(T' ® A, Fp) and B a height one prime ideal of A. Then the
following statements are equivalent.

(1) kK> (mod P) € KS(T' @ A/P, Fean) is non-trivial, i.e. B is not a blind spot of k™.
(2) k¥ € KS(T ® Sy, Fean) is non-trivial.
Proof. See [MR04, Lem. 5.3.20]. O
4.3. Proof of Theorem 1.4. Recall that (—)* = Hom(—, y~) means the Cartier dual.
Let A be the Iwasawa algebra and identify it with Z,[X]. Let ‘B be a height one prime ideal

of A with P # pA. Write fi3(X) to be a distinguished polynomial such that P = (fp(X)) in
A. For an integer M > 1, let

P = (fp(X) +p™)A.
Fix a pseudo-isomorphism

(4.1) Selo(Qoo, E[p™]) — P A/F™ @ A/ fiA
( J

where each f; is prime to B. We write

ordy (char s (Selp(Qoo, E[p™])Y)) = Z m;.

For convenience, we also write T'® Sy, =T ®z, A @A Sp,,-

Lemma 4.11. If M is sufficiently large, By satisfies the following properties:
(1) Bas is a height one prime ideal of A and A/B ~ A/P,
(2) the image of /@'i{ato’oo in HY(Q, T @ Sy,,) is non-zero, i.e. ﬁ?aw’(mm #0,
(3) the cokernel of the injection
HY(Q,T® A)/BuH(Q, T ® A) = Sel,et(Q, T ® Sp,,)

1s finite with bounded order by a constant independent of M, and
(4) B is prime to each f; in (4.1), and Py € La.

Proof. See [MRO04, Proof of Thm. 5.3.10, pp. 66]. O
L X)b f ch H%W(Q’T) If a heigh i = X)) h
et f.(X) be a generator of chary L Katoe | a height one prime P = (f(X)) has no
1

Kato, Kato, . . .
ato,(B) Ky % (mod ) is non-zero, so there is nothing

common zero with f(X), then
to prove.
Now we assume that f.(X) and fi(X) have a common zero.
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By taking large M > 0, we have /@Ifato’(mM) # 0. In other words, f.(X) and fy,,(X) have
no common zero where fy,, (X) = fu(X) +p™. Then we have

ato y i ML,S
<’€i{ % ,(‘131\1)> _ mgM+ a q31‘4)8611«‘31(@777@) S‘ﬁM)

M

for some constant jg,, where A(1, Sy,,) = lengthg, Selo(Q, (T' ® Sy,,)*) as in Proposition
2.9. In particular, we have

(4'2) a(O)(HKato,(ﬁBM)) = j‘BM + )‘(17 S&BM)7 8(00)(RKato,(£]3M)) = ij

by [MR04, Thm 5.2.12], which is a slightly more general version of Theorem 2.13.
Let e(Sg,,/Zp) be the ramification degree of Sy, /Z,. Since

A/(mordm(fﬁ(X))’sI;M) — A/(pM'Ordfp(fn(X))7§BM)7
we obtain
(4.3) OO (kK3 F)y = M - e(Sy,, /) - ordep(f(X)) + O(1)

from the properties of M (Lemma 4.11.(2) and (3)) where O(1) means an integer bounded
independently of M. By a property of M (Lemma 4.11.(4)) again, we also have

(1) TS/
e( Sy /Zp)

Following the computation in [MR04, Page 67], we obtain

lengthy, Selo(Q, (T'® A)*)[B]

= M - r(Sy,,/Zy) - ordsg(chary (Selo(Quo, E[p™])")) + O(1).

We now use the Iwasawa main conjecture localized at 3. In other words, we assume

(4.6) ordsy(f (X)) = ordg(chary (Sely(Qoo, E[p™])Y)).

Combining all the computations, we obtain the following equalities up to some constants
bounded independently of M.

M - e(Spy, /Zp) - ordsp(fi(X)) + O(1)

. lengthSmM Selo(Q, (T ® Sy,,)") = lengthy Selo(Q, (T'® A)*)[Par] + O(1).

(4.5)

= 9O (gRato.(Far)y 1 O(1) (4.3)
= Jpar T AL Spy,) +0(1) (4.2)
— e + OB ) i Sely(Q, (T © A)) B + O(1) (1.9
M T(S‘ﬁM/Zp) i ’
= Jopr M - e(Syp,, /Zyp) - ordfp(charA(Selg(Qoo,E[poo])v)) +0(1) (4.5)
= Jpur + M - (S, [ Zp) - ordy(f(X)) + O(1) (4.6)
M-e(Sy,; /Zp)

This computation shows that jg,, is also a constant independent of M. Since M =m S
M

in Sg,, and jy,, is constant, we are able to choose a large M so that
Jopar < M- e(SmM/Zp)'

With this choice of M, kKato:(Far) (mod p™') does not vanish since 8<OO)(HKat07(mM)) e
Also, since
gKato(Bar) = Kato(B)  (od pM)

by definition, the mod p™ non-vanishing of rKato.(Far) {5 equivalent to the mod p™ non-
vanishing of x£X2%(¥) Thus, we obtain Theorem 1.4 for 8 # pA.
The same argument works for 8 = pA by taking Py = (XM + p)A.
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5. THE STRUCTURE OF SELMER GROUPS: PROOF OF THEOREM 1.8

The goal of this section is to give a complete proof of Theorem 1.8. In the Kolyvagin system
argument (Proposition 2.10), it is essential to change the local conditions of p-strict Selmer
groups at carefully chosen Kolyvagin primes in order to reduce the number of generators of
p-strict Selmer groups. We develop a similar reduction argument for classical Selmer groups
by using the comparison with the argument for p-strict Selmer groups.

We summarize the strategy of the proof before going through the details. We first measure
the difference between n-transverse Selmer groups and n-transverse p-strict Selmer groups
for every n € N7 by using the global Poitou-Tate duality as in (5.1). Then we measure the
difference between the valuations of kX#° and by for every n € N7 as in (5.3), and these two
differences match perfectly well. Thus, we would like to transplant the structure theorem of
p-strict Selmer groups (Theorem 2.13) to the case of classical Selmer groups. However, an
“half” of § are forced to vanish by functional equation (Proposition 3.14). Fortunately, by
using Flach’s generalized Cassels—Tate pairing (Theorem 5.1), it suffices to know the other
half of & in order to determine the structure of Selmer groups. In particular, the computation
shows that the vanishing half of d helps to deduce the non-vanishing of the other half of §. Of
course, the argument also contains careful choices of Kolyvagin primes based on Chebotarev
density theorem (Proposition 2.3).

This strategy can be viewed as a structural refinement of the four term exact sequence
argument comparing two different main conjectures in Iwasawa theory (e.g. [Kat04, §17.13]).

5.1. A generalized Cassels—Tate pairing. We use the following variant of the generalized
Cassels—Tate pairing [F1a90, How04].

Theorem 5.1 (Flach, Howard). (1) Let s,t be positive integers with s+t < k. Then there
exists a pairing

Sel7(Q, T/p°T) x Selz(Q, E[p!]) — Z/p*Z
whose kernels on the left and right are the image of
Selr(Q, T/p*™'T) — Sel#(Q,T/p°T),
Sel - (Q, Elp**]) —2 Sel - (Q, E[p'])-
(2) Let n € Ny. Then we have
Sel,(Q, E[I]) ~ (Zp/ 1, Zy)"™ & M, & M,

where ry, is a non-negative integer and M, is a finite abelian p-group. In particu-
lar, we can choose Ty is 0 or 1. If we further assume that lengthy Sel,(Q, E[l,]) <
lengthy, (Zy/InZyp), then r, = 0.

Proof. (1) See [How04, Prop. 1.4.1]. See also [F1a90] for the detailed construction.
(2) This is a simple variant of [How04, Thm. 1.4.2].

5.2. Kurihara numbers and Kato’s Kolyvagin systems. We write

H}(QpT) )
)]

locy (Selrern(Q, T

H) (Qp T/LT) "
locy, (Selre1 n(Q, T/1,T))
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for convenience. These modules are cyclic. By the global Poitou-Tate duality, we have the
exact sequences

(5.1) 0 — Selp(Q, E[p™]) — Sel(Q, E[p*]) loj; coker(loc; (Selye1)) — 0,
0 — Selp»(Q, E[I,]) — Sel,(Q, E|I, ]) . coker(loc (Selreln))¥ — 0.

Following (3.3), we have the map

loc S u.z
Selrel,n(@: T/InT) *} Hl (@pa T/I T) HEZP/I Z

—— pt - O,

(5.2)

Kato

Kato
—_—
Koy loc, ki,

We ignore u € (Zp/I,Z,)* in Theorem 3.11 since we focus only on the divisibilities of the
elements. For notational convenience, we write

ord, (kE™°) = min{j : kK™ € pISel,e1,(Q, T/I,T)},
ordy(locprp ) = min{j : locjr ™ € p'Hy(Qp, T/1,T)},
Ol"dp(5n) = min{j : 6, € V7 1,2,}.
Then (5.2) shows that

(5:3) ord, (ki850) 4 lengthy (coker(locs (Selrern)) ") = ordy(locy, K1) = ord, (01) + t,
' ord, (kXato) 4 lengthy (coker(locZ(Selrel’n))v) = ord,(loc, riatoy — ordp(gn) +t.

To sum up, we have the following statement.

Proposition 5.2. Assume that the Manin constant is prime to p. Let n € Nj,. The followings
are equivalent.

(1) pt- 6, = 0.

(2) wEate ¢ Sel, (Q, T/I1,T).

(3) ordy(r ) + lengthy (coker(locy(Selyern))Y) > lengthy, (Zy/1nZyp).

Proof. (1) < (2): It follows from that p’ - &, = 0 is equivalent to loc’ (K Kato) = .
(1) & (3): It follows from (5.3). O

Kato ;s non-trivial. Then

@(oo)(KIKatO) _ a(oo)(IOCZK,KatO)

Lemma 5.3. Assume that K

where 00 (loc5kX2t) = min {ord, (loc5kK®) : n € N7 }.

n

Proof. Suppose that 9(>)(kKato) < 8(00)(10C]SOHKatO). Let n € N satisfying ord,xXat =
() (kKat0) < 50, By Theorem 2.13, we have Sely,(Q, E[I,]) = 0. Thus, we obtain
Sel,(Q, E[I,]) ~ coker(loc,(Selrer,))" from (5.1). By (5.3) and the inequality, it is always
non-trivial. Therefore, Sel,, (Q, E[I,,])[p] ~ Sel,(Q, E[p]) is non-trivial for every n € N;. How-
ever, we can always find ng € Nj such that Sel,,(Q, F[p]) = 0 by applying Proposition 2.2
and Lemma 2.4. The conclusion follows. U

5.3. Proof of Theorem 1.8.(1): the corank part. In this subsection, we prove Theorem
1.8.(1), i.e. if p is surjective, the Manin constant is prime to p, and ord(d) < oo, then

ord(8) = corkz, (Sel(Q, E[p™))).
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5.3.1. When the corank is zero. One direction follows from the theorem of Gross—Zagier and
Kolyvagin and Kato [GZ86,Ko0l90, Kat04].

Theorem 5.4 (Gross—Zagier, Kolyvagin, Kato). If L(E,1) # 0, then Sel(Q, E[p™]) is finite.

We now assume that Sel(Q, E[p>]) is finite. Then both Sely(Q, E[p>°]) and coker(loc, (Selre1))"

are finite due to (5.1). Since & is non-zero, KX is also non-trivial (Proposition 3.13). There-

fore, we have ﬁfato # 0 by the finiteness of Sely(Q, E[p™]) and Corollary 2.14.
Suppose p! - §; = 0. Then Proposition 5.2 implies that

W € 8el(Q, T) = Ker(loc) : Selua(Q, T) = (@, 7))

Write /@Ifato (k) n?ato (mod p*) for an integer k > 0. We assume that k is large enough to
Kato, (k) # 0. Then we have

have r;
W e Sel(Q, T) /p*
C Sel(Q, T/p*T)
~ Sel(Q, E[p*])
~ Sel(Q, E[p™])[p"]
Kato

where the last isomorphism follows from [MR04, Lem. 3.5.3]. Since &
(Proposition 2.9), we have

") generates pH! (1)

<H§(ato,(k)> ~ Zp/pk—A(LE[Pk])_JZ

where \(1, E[p¥]) = lengthy Selp(Q, E[pF]). Since Selo(Q, E[p>]) is finite, A(1, E[p*]) stabi-

lizes as k — oo. Hence, the size of (k; Kato, (k)) can be arbitrarily large as k increases. This

shows that Sel(Q, E[p ]) must be mﬁmte so we get contradiction.
Since the non-vanishing properties of 51 and p' - 51 are equivalent, we are done.

5.3.2. When the corank is positive. Let k > 0 be a sufficiently large integer. Let n € N}, such
that

o I, =p"Z,,
e ord(kK*°) = v(n) = corky, Selo(Q, E[p*™]), and
o Kato 2 ()]
These conditions mean that our choice of n is compatible with that in the Kolyvagin system
argument [MRO04, Prop. 4.5.8]. By Proposition 2.9, we have
(rpete) = pr P Sel 0 (Q, T/InT) = Z, /p* P I,

Since k > 0, we may assume that Sely ,(Q, E[I5]) == Selo(Q, E[p™]) /qiv- Therefore, A(n, E[I,,])
is actually bounded independent of n as long as we choose n satisfying the above three con-
ditions. Also, j = 8(°) (kK2%) since k > 0; thus, j is also independent of n.

With our choice of n, we have exact sequence

0—— Seln str(@, [ ]) — SGI(Q, [ ]) — @ﬂn (QZ)/IHE(QE) —0
(54) Lem. 2.4

Sel, (Q, E[1,]).

Following Proposition 5.2, locjxk*® = 0 if and only if £ € Sel,(Q, E[I,,]). We consider
two possible cases separately

(1) locsrpte 2 0.
(2) locsrp = 0.
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5.3.3. Suppose that locj ks # 0. Then

lengthy (Sel,(Q, E[1,]))
= length(Selo, (Q, E[I,])) + lengthe (coker(loc; (Selrein)) ")
= ord,,(kKate) — (o) (Katoy 4 lengthy (coker(loc) (Selrern))")

= ordﬂ(locf,mgato) — 9> (loc;mKam) <k-—j.
This computation with (5.4) implies that corkz, Sel(Q, E[p>]) = v(n). Therefore, we have
ord(loc;mKato) = ord(kR%°) = v(n) = corkpSely(Q, E[p>]) = corkpSel(Q, E[p™]).

We also have p' - 8, # 0 since k > 0, so ord(loc;f-cKato) = ord(8) = v(n).

5.3.4. Suppose that locri®® = 0. Thus, we have k5™ € Sel,(Q, E[I,]). Proposition 2.9
implies

ord, kKo =k — j + \(n, E[1,])

5.5
) = k — 9 (k%) —length, Selo(Q, E[p™)) aiv-

Suppose that corkz, Sel(Q, E[p™]) = v(n). Then (5.4) implies that Sel,,(Q, E[I,,]) =~ Sel(Q, E[p]) /div,

so its length is bounded independently on n as long as we choose n satisfying the three con-
ditions in §5.3.2 as before. However, it is impossible because k& can be arbitrarily large in
(5.5).

Thus, we have corkz, Sel(Q, E[p™]) = v(n) +1 by (5.1). By (5.4) again, Sel,(Q, E[Iy,]) is of
rank one over Zy/I,Z;,. Since k > 0, we may assume that lengthy Selo»(Q, E[I,]) < k. We
also have

Selp n(Q, E[1,,]) C Sel,(Q, E[I,]) C Selye1n(Q, El,]) ~ Zy/ 1, Zy & Selp n(Q, E[1,])

due to Theorem 2.6 and the self-duality E[I,] ~ T/I,T, so the Z,/I,Z,-component in
Selrern (Q, E[I,]) is also contained in Sel, (Q, E[1,]).
By using Chebotarev density argument (Proposition 2.3), we choose a useful prime ¢ for

kKato guch that

o Ly=1I,= kapv

o rKato -£ 0 and

e the restriction map Sel,(Q, E[I,]) = E(Qy) ® Zy/I,Z,, is surjective.
The last condition implies that Sel,.,(Q, E[I,]) = Sel, ¢str(Q, E[I,,]) due to Lemma 2.4. Hence,
Selne(Q, E[I,]) is of rank zero over Z, /1,7y, and Sel(Q, E[I,]) € Sel(Q, E[p™]) /qiv- Here,
we regard Sel(Q, E[p™]) /gy as a submodule of Sel(Q, E[p™]). This shows that ria®
Sel,¢(Q, E[1,]), so 1OCZKZ5ZMO # 0. Therefore, we have

ord(locs k™) = ord(k¥*°)+1 = v(n)+1 = corkg,Sely(Q, E[p™])+1 = corkz, Sel(Q, E[p™)).
We also have p' - gng = 0 since k > 0; thus, we have

ord(8) = ord(p' - 8) = OI‘d(lOC]SJFLKatO) =v(n)+1.

5.4. Proof of Theorem 1.8.(2): the structure of “Tate—Shafarevich” groups. In this

subsection, we determine the structure of Sel(Q, E[p™]) giy in terms of 4.
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5.4.1. For k> 0, we fix n € N7 such that

Zp/ 1,2, = 7./D"Z

o # 0

v(n) = ord(8)

ord,d,, = ¥(M)(§)

Sel,(Q, E[I1]) = Selnst: (Q, E[I,]) = Sel(Q, E[poo])/div
lengthy, Sel(Q, E[p™]) aiv < k = lengthy, Z,,/1,,Z,

5.4.2. By Flach’s generalized Cassels—Tate pairing (Theorem 5.1) and the fifth condition of
n above, we have

Sel,(Q, E[I,,]) ~ M,, & M,

for a finite abelian p-group M,,. This determines the structure of Sel, (Q, E[I,]) uniquely due
to the following reasons:

e we know the structure of Sely ,,(Q, E[I,,]) by applying Proposition 2.10 to rKaton,(k) —
Kato,n, (k) . Kato,n,(k) _  Kato,(k) . o
{/@m } with K, = Knon where m € N7 with (m,n) = 1.
e as in (5.1), we have exact sequence
loc
0 —— Sely ,(Q, E[I,]) — Sel,(Q, E[I,,]) —— coker(loc, (Selrer ) — 0.

e coker(loc,(Sele )" is cyclic.

5.4.3. Following Proposition 2.10, we write
Selo.(Q, E[p*)) ~ P Z/p"Z

i>1

with non-negative integers dy > dy > --- > 0.
By Chebotarev density argument (Proposition 2.2), we are able to choose a useful Kolyvagin
prime ¢, € Nj for kK8 such that
In€1Zp = kazn
7I’L(Zto 7& 0
locy, : pk~ 1Selrel7n(Q,T/ka) — E(Qy,) ® Z/p*Z is non-zero, and
locy, :pdl_lSelo,n(Q, E[p¥]) = E(Qq,) ® Z/p*7Z is non-zero.

This choice of ¢; is compatible with that in the Kolyvagin system argument [MR04, Prop.
4.5.8], i.e

Selone, (Q, E[p*]) ~ P Z/p" 2.

1>2
The third condition implies that

locy, : Selien(Q. T/p*T) = E(Qe,) @ Z/p*Z
is surjective, so we have Selyel 5.¢,-str (Q, T/p*T) = Selrel ne, (Q, T/p*T) by Lemma 2.4.

5.4.4. Consider the inclusions

Selo ne, (Q, E[p*]) C Selr, (Q, E[p*]) C Selrer.ne, (Q, E[pF))
~ Selg ne, (Q, E[pk]) e Z/ka

where the last isomorphism follows from Theorem 2.6 and the self-duality E[p*] ~ T/p*T.

We explicitly characterize the “free component of Sel,, (Q, E[p*])”.
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We have p' - gngl = 0 due to Proposition 3.14 and p’ - gn 2 0. Thus, we have
Knit® € Selye, (Q, T/ I, T)
(5.6) ~ Selpe, (Q, E[Ine, )
= Selug, (Q, E[p")).
Proposition 2.9 implies that
(i) = M B DSl g, (Q, T/ g, T)

~ 7,/ph A0 Bl )=i 7,
Write
ko =k — AX(nly, E[Ine]) — j
for convenience. Then we have
MBI 4iSel, o (Q, T/ T, T) =~ 0B DFigel ) 0 (Q, B[, ))
(5.7) C Seliel, e, (Q, B[, ) [ Flinea 4]
= Selyelnr, (Q, E[p*2)).
By (5.6) and (5.7), we have
(Rne®) = Z/p"Z C Selyy, (Q, E[p™]).

Since k is sufficiently large, we may assume dy < ky = k — A(nfy, E[I,,]) — j without loss of
generality. Thus, Sel,¢, (Q, E[p*?]) is of rank one over Z/p*2Z.

5.4.5. By using Chebotarev density argument (Proposition 2.3) again, we are able to choose
a useful Kolyvagin prime /5 € N for ngalto such that

° Ine1£2Zp - pk22p7

o kKA 0,

e locy, : ka’lselremgl(Q, T/p*T) — E(Qy,) ® Z/p**Z, is non-zero, and
e locy, : de_ISGIOmgl (Q, E[p*?]) — E(Qy,) ® Z/p*Z is non-zero.

Since the Z/p*2Z-component of Selyel e, (Q, T/p*T) is contained in Sel,, (Q, E[p*2]) (with
self-duality E[p*2] ~ T/p*2T), the third condition on ¢5 implies that we have exact sequence

locy
0—— Seln&fz-str(@v E[pk2]) E— Selnﬁ (Q7 E[pkg]) — E(Qb) ® Zp/kaZP —0

and isomorphism

Selne, ¢y-str (Q, E[P*]) ~ Selne, 1, (Q, E[p™])
by Lemma 2.4. In particular, Sel,, s, (Q, E[p*?]) is of rank zero over Z,/p*?Z,. By Flach’s
generalized Cassels-Tate pairing (Theorem 5.1), we have

Selnf1f2 (Qv E[pkz]) = MMMQ S5 MnZIZZ
for a finite abelian p-group M, s,. As before, the structure of Sel,, ¢, (Q, E[p*?]) is uniquely
determined again due to the following reasons:
e we know the structure of Selg ¢, ¢, (Q, E[p’”]) by applying Proposition 2.10 to &
mﬁ“o’”“l@”(k”} with /ﬁﬁam’neléz’(kﬂ = ”SZ‘CZ.(E) where m € N7 with (m,nl1ls) = 1.
e asin (5.1), we have exact sequence

loc
0 —— Selp ey, (Q, E[p*2]) —— Sel,e,0,(Q, E[p*2]) —2 coker(locf,(SelreLngng))v —0.

e coker(loc,(Selrel neyr,)) " is cyclic.
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5.4.6.  We now compare Sel,¢, ¢, (Q, E[p*2]) ~ M0,0, ® Mgy, with Sel,(Q, E[p*]) ~ M, &M,
more explicitly. Write Selg ,(Q, E[p*]) ~ M, & M}, with M/, C M,, and then M, /M], is cyclic
since coker(locy (Selren))Y =~ My /M,
e Suppose that M, /M/ is not isomorphic to the largest cyclic factor of M,. Write
Selo ne, e, (Q, E[p*?]) ~ Myo,0, @ M;wlb. Then, by the Kolyvagin system argument for
Selo.n(Q, E[p*]), it is not difficult to see that M, /M, ¢, is isomorphic to the largest
cyclic factor of M,,.
e Suppose that M, /M) is isomorphic to the largest cyclic factor of M,,. Then we have
Selg ne . (Q, E[p*2]) — M! @M/ with cyclic cokernel. This implies that Sel, .z, ¢, (Q, E[p*?]) ~
M, & M),
Therefore, Sel ¢, s, (Q, E[p*2]) is (non-canonically) isomorphic to the quotient of Sel,, (Q, E[p*])
by the two copies of its largest cyclic factor.

5.4.7. Putting it all together, we have
lengthy, Sel, (Q, E[p*]) — lengthy Selns,e, (Q, E[p™])
- (lengchpSelom(Q, Ep")) + lengtthcoker(loc;(SelreLn))V)

- (lemgchpSelnglg2 (Q, E[p*2]) + lengchpcoker(locf,(Selrel,nglgz))V>

= (ordp(ﬁ,ffam) + lengtthcoker(locf)(SelreLn))V> - <0rdp(/<asztzo2) + lengchpcoker(locf)(Selrel,ngng))V>
= ordy(8,) — ordy (Gney, )-

By replacing n by nf1f2, we repeat the same process until we get Sel,(Q, E[I,,]) = 0. This
completes the proof of Theorem 1.8.(2).

6. THE CONJECTURE OF KURIHARA: PROOF OF THEOREM 1.10
We first recall the main result of [Biiyl1].

Theorem 6.1 (Biyiikboduk). Let E be an elliptic curve over Q and p > 5 a prime such that
p is surjective, E(Qp)[p] = 0, and all the Tamagawa factors are prime to p. Let KS(T @ A) be
the generalized module of A-adic Kolyvagin systems as in [MR04, §5.3] and KS(T') the module
of Kolyvagin systems. Then

(1) KS(T ® A) is free of rank one over A, and
(2) the natural map KS(T @ A) — KS(T) is surjective.

Proof. See [Biiyll, Thm. 3.23]. O

Remark 6.2. When p divides Tamagawa factors, the natural map in Theorem 6.1.(2) is not
surjective [Biiyll, Rem. 3.25]. In particular, there exists a Kolyvagin system which cannot lift
to a A-adic Kolyvagin system (e.g. the primitive Kolyvagin system). In this sense, Tamagawa
factors can be understood as an obstruction to the existence of the A-adic lift of Kolyvagin
systems. Since every Kolyvagin system arising from an Euler system lifts to a A-adic Kolyvagin
system, Kato’s Kolyvagin system cannot be primitive when p divides Tamagawa factors. Due
to Theorem 1.4, the primitivity of Kato’s Kolyvagin system is strictly stronger than the A-
primitivity of the A-adic Kato’s Kolyvagin system are not equivalent when p divides any
Tamagawa factor.

Corollary 6.3. Let E be an elliptic curve over Q and p > 5 a prime such that p is sur-
jective, E(Qp)[p] = 0, and all the Tamagawa factors are prime to p. Then kX&) ¢
KS(T/pT, Fean, P) is non-zero if and only if k53> is a generator of KS(T ® A, Fean, P)
over A.

Proof. Since KS(T') is free of rank one over Z,, (Theorem 2.5), it follows from Theorem 6.1.
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Proof of Theorem 1.10. If 5 7& 0, then xX#° (mod p) also does not vanish; thus, x5 is
primitive. By the argument in [Buyll Props. 4.1 and 4.2] (see also [KKS20 Prop. 4.19)),
the corresponding A-adic Kato’s Kolyvagin system X8> is A-primitive. Then the Iwasawa
main conjecture without p-adic L-functions follows [MR04, Thm. 5.3.10]. In other words,

Kato,oco
Ky

chary (/W) = chary (Selp(Quo, E[p™])Y).

Suppose that 57(11) = 0 for every n € Ni. Then each n%ato’(l) lies in the Selmer group whose

Selmer structure at p is the usual Selmer structure. However, the Kolyvagin system with the
classical Selmer structure has core rank zero, and so £X2%:(1) is trivial (Theorem 2.5).
By Corollary 6.3, kX#(1) is non-trivial if and only if £K2%:% is a A-generator of KS(T®A).
Let kP"™> be a A-generator of KS(T ® A). Then P> = f. gKatooo with f ¢ A. Since
KPTIM i A_primitive by definition, we have

chary (M) = char (Selo(Qoo, E[p™])").

k1
Since the Iwasawa main conjecture is equivalent to f € A*, the equivalence statement follows.

Now we suppose that IS 7é 0 with minimal n, i.e. v(n) = ord(g(l)). The kernel of the

canonical map

locy, : Sel(Q, E[p]) — P E(Qr) ® Z/pZ
Ln

is contained in Sel,, (Q, E[p]). Since ps 7& 0 implies piato,(1) # 0, we have Sely ,(Q, E[p]) =

H), (Q.T/pT) ))) — 0. Thus, Sel,(Q, E[p]) = 0 by

lOCs (Selrel,n (@7 T/pT

(5.1), so loc,, is injective under (5 7& 0.

Since (5 7é 0, we also have <

~(1
In order to prove the surjectivity, it suffices to show that dimp,Sel(Q, E[p]) = ord(é( )

).
By [MRO04, Thm. 5.1.1.(iii)], we have dimg, Selo(Q, E[p]) = ord(kX2:(1). Say rua) = 0
with v(n’) = ord(k¥**(M). Then Sely ,,(Q, E[p]) = 0 by [MR04, Thm. 5.1.1.(ii)]. Thus, we

have an isomorphism

1 \
loc (Q aT pT)
(6.1) Sel,, (Q, E[p]) — )y Q. T/ .
IOC (Selrel ;N0 (Qa T/pT))
Since mﬁ? to,( ;é 0, the following statements are equivalent.
(1) &4 #0.

@) /f (@pv T/pT) ! _
locy, (Selyer,n, (Q, T'/pT))

(3) (6.1) is the zero map between the zero spaces.
(4) Selo ny (Q, Elp]) = Sely, (Q, E[p]) = 0.

In this case, we have

ord(6") = ord (K=:(1)) = y(ng) = dimg, Sely(Q, Elp]) = dimg, Sel(Q, E[p]),

so we are done. _
Now we suppose (5%) = 0. Then we have

dimg, Sel(Q, E[p]) — v(no) = dimg, Sel,, (Q, E[p]) =
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By Proposition 2.3, we are able to choose a useful Kolyvagin prime £ for HE; () uch that the

localization map locy : Sel,, (Q, E[p]) — E(Qy) ® Z/pZ is surjective, so it is an isomorphism.

Furthermore, the kernel of locy is Sel,, r-st:(Q, E[p]) = Selpe(Q, E[p]) = 0. Since m?&to’(l) # 0,
~1

we have gy(lt)z # 0 with nol = ord(d )) due to the above equivalence. Thus, we have

ord(g(l)) = ord(kXeM) 41 = p(ng) +1 = dimg,Selp(Q, Efp]) + 1 = dimg,Sel(Q, E[p)]).

Regarding the rank formula, it immediately follows from dimg,Sel(Q, E[p]) = rkzE(Q) +
dimp, II(£/Q)[p] under the running hypotheses. O

7. IWASAWA MODULES AND p-ADIC BSD CONJECTURES: PROOF OF THEOREM 1.15

The goal of this section is to prove Theorem 1.15. The idea of proof is similar to that of
Theorem 1.4.

7.1. One-sided divisibility. We recall Kato’s result on Conjecture 1.14.

Proposition 7.1 (Kato). The following inequality is valid

corkz,Selp(Q, E[p™]) < ordxa (charA (Selo(@oo, E[poo])v))

H} T
< ordxa (charA (I‘%S%’OJ)) )
Ky

Proof. See [Kat04, Lem. 18.7]. The first statement basically follows from the control theorem
for fine Selmer groups and the second statement follows from the one-sided divisibility of the
Iwasawa main conjecture. (]

7.2. A general reduction. We adapt the notation in §4.3.
Let P = (fp(X)) be a hight one prime of A with P # pA. Recall the fixed pseudo-
isomorphism (1.3)

Selo(Qoo, E[p™])" — @A/‘I‘m”\ ® EBA/fjA

where each f; is prime to P and P = (fp(X) + pM) by choosing sufficiently large M as
explained in Lemma 4.11. Then

(Selo(Qoo; E[p™))[Bar))” = EB A/(Bar, B™)

(7.1)
=~ BN/ Par ™)

up to a finite abelian group whose size is independent of M. Thus, we have

Selo(@, (T X S‘ﬁM)*)v = @ S‘BM/pMmiS‘BM

up to a finite abelian group whose size is independent of M again. In terms of the sizes, we
have

lengthg, Selo(Q, (T ® Sy,,)*)" = M - > mi+0(1).
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On the other hand, by taking mod p™ reduction of (7.1), we obtain
(Selo(Quo, E[p™)) B, ™) = @D A/ (Bar, ™, p™)

~ DA Farp")
~ @A/(‘ﬁ,pM

up to a finite abelian group whose size is independent of M. This shows that

Selo(Q, (T/pMT @ Sy,,)*) EB Spar /0" S
~ EB S /™ S

~ Selo(Q, (T/pMT @ Sy)*)"

up to a finite abelian group whose size is independent of M. Thus, we have

Selo(Q, (T ® Syp)*) @ Sy

up to a finite abelian group whose size is independent of M again, so we have

corkg,, Selo(Q, (T'® Sg)*) Z 1.

We now put 8 = XA and assume Conjecture 1.14. Then by Proposition 7.1, we have
Z 1 = corkz, Selg(Q, E[p>])
i

= ordxa (charA (Selo((@oo, E[poo])v))
Thus, Theorem 1.15 follows.

Remark 7.2. It seems that the same argument works for the classical Selmer groups with
p-adic L-functions or signed p-adic L-functions when F has good ordinary reduction or good
supersingular reduction at p, respectively.

8. NUMERICAL EXAMPLES

We illustrate some numerical examples regarding Theorem 1.8 and Theorem 1.10 based
on [LMF21]. We fix p = 5.
(1) Let Esggar be the elliptic curve defined by minimal Weierstrass equation 32 + y =
23 + 22 — 22. Then we have 5:(111?61 (E389.a1) # 0 € F5. The following statements follow
from the Kurihara number computation.
o corkyz, Sel(Q, E389.41[5°°]) < 2. Since it is the elliptic curve of rank 2 with the
smallest conductor, the inequality becomes the equality.
e All the Tamagawa factors of Fs3g9.,1 are not divisible by 5
[ ]-_H(Eggg.al/@) [500] is trivial.
e There exists a canonical isomorphism

Sel(Q, E389.a115]) =~ E389.41(Qa1) ® Z/5Z & E389.21(Q61) ® Z/5Z.
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(2) Let Eso77.a1 be the elliptic curve defined by minimal Weierstrass equation y? + y =

23 — 7z + 6. Then we have 5%?401,631(135077,&1) # 0 € F5. The following statements
follow from the Kurihara number computation.
o corky, Sel(Q, E5077.21[5°°]) < 3. Since it is the elliptic curve of rank 3 with the
smallest conductor, the inequality becomes the equality.
e All the Tamagawa factors of Fsg77.a1 are not divisible by 5.
[ HI(E5077,31/Q) [500] is trivial.
e There exists a canonical isomorphism

Sel(Q, Eso77.a1[5))
~ E5077.a1(Q71) ® Z/5Z & E5077.01(Qao1) ® Z/5Z & Eso77.a1(Qe31) ® Z/5Z.

(3) Let E1ps8.e1 be the elliptic curve defined by minimal Weierstrass equation Y2+ oy =
2% — 2% — 3323112 — 73733731. Then we have

L(E1058.e1,1)
QJF

E1058.e1

o = = 25, 5%)1.151(E1058.e1) #0 € Fs.

It is not difficult to observe that all the Tamagawa factors of F1gs3.1 are not divisible

by 5. By Proposition 3.14, we have ord(g(l)) = 2 in this case. The following statements
follow from the above discussion.

[ ] corkz5 Sel((@, E1058.e1[500]) = 0, SO rkZE1058,e1 (Q) = 0.

o LI(Eps58.61/Q)[5>] ~ (Z/5Z)%2.

e There exists a canonical isomorphism

Sel(Q, E1058.e1[5]) =~ F1058.61(Q131) ® Z/5Z ® E1058.1(Q151) ® Z/5Z.

(4) Let Eigg794n1 be the elliptic curve defined by minimal Weierstrass equation 32 + zy =
23 — 2% — 672055191z — 6705708066275. Then we have

~ L(E 1 N
51 _ ( f6794.bf17 ) _ 0’ 55(;:;)251(E196794.bf1) — 52 = Z/532,

E196794.bf1
(1
5&1)-13~131(E196794.bf1) £0¢€TF;

where u € (Z/537)*. The following statements follow from the above computation.

corkz, Sel(Q, E196794.b11[5°°]) = 1; indeed, rkz E196794.011(Q) = 1.
All the Tamagawa factors of Figg794.br1 are not divisible by 5.

LI(E196794.b61/ Q) [5°°] ~ (Z/5Z)%2.

There exists a canonical isomorphism

Sel(Q, E196794.bf1[5])

~ Ei96794.bf1(Q11) ® Z/5Z ® Er96794.b11(Q13) ® Z/5Z & Erg6794.161(Q131) ® Z/57Z.

(5) Let E423801.ci1 be the elliptic curve defined by minimal Weierstrass equation y2 +y=
23 — 17034726259173z — 27061436852750306309. Then we have

L(E423801.ci1, 1)
Jr
E423801.cil

o1 = = 10000 = 2* - 54, 58?41(E423801.ci1) # 0 € Fs.

The following statements follow from the above computation.
e corkz, Sel(Q, E123801.¢i1[5>°]) = 0; indeed, rkzF423801.¢i1(Q) = 0.
e All the Tamagawa factors of F493801.ci1 are not divisible by 5.
o II(E423801.0i1/Q)[6>°] =~ (Z/25Z)%%(£ (Z/5Z)%4).
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e There exists a canonical isomorphism

Sel(Q, E423801.ci1[5])
~ E423801.ci1(Q11) ® Z/5Z © E423801.¢i1(Q41) ® Z/5Z.

It is remarkable that 58?41(17423801@11) # 0 implies IIT( E423801.ci1/Q)[5>°] ~ (Z/257)%2
and this structural information is not observed in Birch and Swinnerton-Dyer conjec-
ture. We took this example from [Kur24, Ex. 4], and the question was raised by D.
Prasad-Shekhar [PS21, Ex. 2].

See also [Gri05, §3.8], [Kurlda, §10.15], [Kurl4b, §5.3], [KKS20, §8], [Kim21, Appendix A], and

[Kur24] for various examples on the computations of d,,’s. Both the Iwasawa main conjecture
and the low analytic rank assumption in Theorem 1.1 are not essential at all when we compute
numerical examples in practice.
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