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Abstract. Motivated by the Lipschitz rigidity problem in scalar curvature
geometry, we prove that if a closed smooth spin manifold admits a distance
non-increasing continuous map of non-zero degree to a sphere, then either
the scalar curvature is strictly less than the sphere somewhere or the map
is a distance isometry. Moreover, the property also holds for continuous
metrics with scalar curvature lower bound in some weak sense. This extends
a result in the recent work of Cecchini-Hanke-Schick [6] and answers a
question of Gromov [17]. The method is based on studying the harmonic
map heat flow coupled with the Ricci flow from rough initial data to reduce
the case to smooth metrics and smooth maps so that results by Llarull
[23] can be applied. As a corollary, we obtain some comparison results on
metrics on domains in the standard sphere in terms of scalar curvature and
the mean curvature of the boundary.

1. introduction

In recent years, there have been many exciting developments in understand-
ing the scalar curvature of a Riemannian manifold. For a comprehensive
overview, we refer readers to Gromov’s lecture notes [17] on scalar curva-
ture. In [23], Llarull proved the following striking result which confirms one
of Gromov’s conjectures.

Theorem 1.1. [Llarull] Let Mn be a compact spin manifold with a smooth
metric g and n ≥ 2. If f : (M, g) → (Sn, gsphere) is a smooth distance non-
increasing map of non-zero degree into the unit sphere in Rn+1 with standard
metric and if the scalar curvature R(g) of g is greater than or equal to n(n−1),
then f must be an isometry.

In fact, Llarull proved a more general result when n ≥ 3. First recall that f
is said to be (1,∧k)-contracting map from M to N if for any x ∈M the norm

of the map
∧k f :

∧k(Tx(M)) →
∧k(Tf(x)(N) is not greater then 1. Hence a

distance non-increasing map is a (1,∧1)-contracting map, which implies that
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it is a (1,∧k)-contracting map for all k ≥ 1. Llarull proved that for n ≥ 3,
a (1,∧2)-contracting map from a spin manifold Mn with R ≥ n(n − 1) to
Sn with non-zero degree must be an isometry. If we only assume the map
is (1,∧k)-contracting for k ≥ 3, then the result is not true, as shown by an
example in [23].

Llarull’s theorem was later generalized by Goette-Semmelmann [14] to maps
into manifolds with non-zero Euler characteristic and non-negative curvature
operator, replacing the sphere. Their method is based on the study of twisted
Dirac operators. Gromov then posed the question of whether the rigidity still
holds if f is only a distance-decreasing continuous map, see [17, Section 4.5,
question (b)]. Since distance can be defined even if we only assume that the
metric g is C0 [6], one may ask whether Theorem 1.1 remains true when g is
C0 and f is Lipschitz and distance non-increasing. In this case, we need to
define a notion on the lower bound of scalar curvature for C0 metrics.

In this direction, Cecchini-Hanke-Schick [6] prove that Llarull’s theorem is
still true in the sense that f is a metric isometry, under the following as-
sumptions: (i) g is W 1,p for some p > n; (ii) the scalar curvature is bounded
below by n(n− 1) in the distribution sense as introduced by Lee-LeFloch [21];
(iii) f is a Lipschitz map that is distance non-increasing or more generally is
(1,Λ2)-contracting; (iv) n is even.

We note that assumption (i) implies that g is C0 by Sobolev embedding theo-
rem. Furthermore, the Lipschitz continuity of f ensures that df can be defined
almost everywhere, allowing us to discuss the (1,Λ2)-contracting property. As
in [23], Cecchini-Hanke-Schick employ Dirac operator under these weaker reg-
ularity conditions. They conjecture that the result should hold even if the
dimension of M is odd.

Motivated by Gromov’s question and the results of Cecchini-Hanke-Schick,
in this work we address the problem for general dimension n and metric g
with C0 regularity. With C0 metric structure, the Lipschitz constant of a
continuous map can be defined:

Definition 1.1. Let M and N be two smooth manifolds. Suppose g and h are
continuous metrics on M and N respectively. A continuous map f : (M,dg)→
(N, dh) is said to be Λ-Lipschitz if

Lipg,h(f) = sup

{
dh (f(x), f(y))

dg(x, y)
: x, y ∈M,x 6= y

}
≤ Λ.

We say that f is Lipschitz continuous if f is Λ-Lipschitz for some Λ > 0. Here
the Riemannian distance dĝ of a continuous metric ĝ is defined by minimizing
the length of smooth regular curve between points with respect to ĝ, see [6,
Reminder 1.2] and [4, (2.2)].

Remark 1.1. When both g, h and f are smooth, then the map f being Λ-
Lipschitz implies that

f ∗h ≤ Λ2 · g



Rigidity of Lipschitz map to sphere 3

on M by letting x → y. The converse holds trivially by integrating along
geodesics. In the non-smooth case, it still holds almost everywhere, for instance
see [6, Proposition 2.1], but we will not rely on this fact in this work.

The definition of Lipschitz continuity of a map with respect to a continuous
metric g can be defined naturally while the lower bound of scalar curvature is
very subtle. We adopt the following definition:

Definition 1.2. Let g0 be a C0 metric on a compact manifold M . We say that
the scalar curvature R(g0) of g0 satisfies R(g0) ≥ σ0 if there exists a sequence
of smooth metrics gi on M such that the scalar curvature R(gi) of gi satisfies
R(gi) ≥ σ0 on M for all i and gi → g0 in C0(M) as i→ +∞.

The definition can be rephrased as follows: Let Gσ0 be the subset of C2

metrics with scalar curvature bounded from below by σ0. A metric g ∈ C0(M)
is defined to have scalar curvature bounded below by σ0 if g ∈ Gσ0 , where the
closure is taken in terms of C0 norm. This definition is natural because Gromov
[16] proved that if g ∈ Gσ0 and if g is C2, then the scalar curvature of g is
bounded below by σ0 in the usual sense. See also the work of Bamler [2], which
is based on the Ricci flow.

Suppose g is a C0 metric. If g satisfies one of the following, then its scalar
curvature is bounded below by σ in the sense of Definition 1.2:

(a) g has scalar curvature bounded below by σ in the sense of Burkhardt-
Guim [3]. This can be proved using regularizing Ricci flow.

(b) g ∈ W 1,p, p > n with R ≥ σ in the sense of distribution as in [21]. This
follows from the work of Jiang-Sheng-Zhang [18].

(c) g is smooth away from singularity Σ of co-dimension at least three and
has R(g) ≥ σ outside Σ. This is a result by authors [22].

(d) There exist smooth metrics gi such that gi → g in C0 norm so that
some integral form of lower bound of R(gi) is satisfied. See the work
of Huang and the first named author [12].

Under this general notion on the lower bound of scalar curvature, we obtain
the following:

Theorem 1.2. Let Mn be a compact Riemannian spin manifold of dimension
n ≥ 2 and g0 is a C0 metric on M with R(g0) ≥ n(n − 1) in the sense of
Definition 1.2. Suppose there is 1-Lipschitz continuous map f : (M,dg0)→ Sn
with non-zero degree, then f is a distance isometry.

In particular, this provides a complete answer to the question posed in [17,
Section 4.5, question (b)] for all dimension n. We also confirm the conjecture
in [6] that their result holds for the odd dimensional cases, assuming the map
is 1-Lipschitz. However, we are unable to prove the result under the weaker
condition that the map is (1,Λ2)-contracting.

Our proof involves reducing the cases to smooth ones and then applying
Llarull’s theorem in the smooth case. Since in this case, the metric and the
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map are both non-smooth, we will employ Ricci-DeTurck flow and the results
of Simon [27] to regularize the metric and use the harmonic map heat flow to
regularize the Lipschitz map. To utilize Llarull’s result, the key is to establish
a new monotonicity for harmonic map heat flow coupled with the Ricci flow.
Furthermore, when adopting the geometric flow approach, if g0 has better
regularity as considered in [6], one can obtain a slightly stronger conclusion
regarding the regularity of g0, see Theorem 4.2 for details.

Llarull’s results have been generalized in another direction: namely, maps
between manifolds with boundary. It was previously explored by Lott [24]
using boundary value problems for Dirac operators. See also [1, 7] for related
works. For the case when n = 3 and the boundary is a spherical cap, Hu-
Liu-Shi [11] have considered this using µ-bubbles, which allows for a further
relaxation of boundary conditions compared to the method of Dirac operators.
In this context, by employing a gluing method with Theorem 1.2, we have a
relatively simple rigidity result for domains inside sphere which holds for all
dimensions:

Corollary 1.1. Suppose Ω be a domain inside the standard sphere (Sn, h) with
smooth boundary and n ≥ 2. If g0 is a smooth metric on Ω such that

(i) g0 ≥ h where h is the standard spherical metric;
(ii) R(g0) ≥ n(n− 1) on Ω;
(iii) H(g) ≥ H(h) on ∂Ω, where H(g), H(h) are the mean curvatures with

respect to the unit outward normals and with respect to g, h;
(iv) g0 = h on ∂Ω,

then g0 = h on Ω. Moreover, if Ω is the hemisphere, then the same conclusion
holds without assumption (iv).

Corollary 1.1 in particular gives an affirmative answer to [11, Conjecture
1.3]. When n is even, it was already known to be true by the work of Lott
[24]. Hence the only new results in the corollary are for odd dimensions. One
may indeed obtain an analogous statement of [6, Theorem B] using the same
strategy for all n ≥ 2. We work on the sphere only to illustrate the application
of Theorem 1.2.

The paper is organized as follows. In Section 2, we review some basic defi-
nitions of harmonic map heat flow coupled with the Ricci flow and establish a
new monotonicity formula. In Section 3, we construct the harmonic map heat
flow coupled with a smooth Ricci flow starting from Lipschitz initial data and
obtain estimates under scaling invariant curvature control. In Section 4, we
provide proofs of the main results.

2. Monotonicity along harmonic heat flow

In this section, we will prove that some quantities will be monotone along
the harmonic heat flow coupled with the Ricci flow on compact manifolds.
Using these, we can regularize the Lipschitz map and metric while preserving
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the rigidity structure. Let us first recall the definition of harmonic map heat
flow.

Suppose f : (M, g) → (N, h) is a smooth map, then df is a section of
T ∗(M) ⊗ f−1(T (N)) where f−1(T (N)) is the pull-back of T (N) by f . Here
T (X), T ∗(X) are the tangent bundle and cotangent bundle of a manifold X
respectively. Let D be the covariant derivative induced by the Riemannian
connections of g and h. Then the second fundamental form Ddf is a section
of T ∗(M) ⊗ T ∗(M) ⊗ f−1(T (N)). The trace τ(f) of Ddf with respect to g
is called the tension field which is a vector field along f . The energy density
e(f) of the map is |df |2 where the inner product is taken with respect to the
metric in T ∗(M) ⊗ f−1(T (N)) induced by g and h. Equivalently, we have
e(f) = trg f

∗(h).
If g(t) is a smooth family of metrics on M , then the harmonic map heat

flow is given by

(2.1)
∂

∂t
F = τ(F )

where F : M × [0, T ] → N and τ(F ) at time t is the tension field of F (·, t)
with respect to the metric g(t) in the domain and metric h on N . Note that
∂
∂t
F is indeed F∗(

∂
∂t

). We want to discuss the behaviours of the eigenvalues of
(F (t))∗(h) with respect to g(t).

Theorem 2.1. Let (Mn, g0) and (Nn, h) be two compact manifolds such that
f ∗h ≤ Λ2g0 on M for some Λ > 0. Suppose g(t) is a smooth family of metrics
on M × [0, T ] satisfying

∂tgij = 2kij

such that k + Ric(g) ≥ 0. Let F (t) : (M, g(t))→ (N, h) be a family of smooth
map satisfying the harmonic map heat flow:

(2.2) ∂tF = τ(F ), F (0) = f.

If either one of the followings hold:

(i) the sectional curvature of h satisfies K(h) ≤ κ for some κ ≥ 0 or;
(ii) the sectional curvature of h is non-negative and Ric(h) ≤ (n− 1)κ,

then

(Λ−2 − 2(n− 1)κt)F ∗h ≤ g(t),

on M × [0, T ].

Proof. It is sufficient to prove the Theorem for those t with Λ−2−2(n−1)κt > 0.

Let H = F ∗(h) so that Hij(x) = Fα
i F

β
j hαβ(F (x)) for x ∈M . Then

(2.3) ∂tHij =
(
Fα
itF

β
j + Fα

i F
β
tj

)
hαβ,
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because the derivative of h is zero with respect to the connection on the pull-
back bundle F−1(T (N)). On the other hand,

∆tHij =gpq(Fα
i F

β
j hαβ);pq

=gpq
(

(Fα
i )|pqF

β
j + Fα

i (F β
j )|pq + 2(Fα

i )|p(F
β
j )|q

)
hαβ

where ∆t is the Laplacian with respect to g(t) and |p denotes the covariant
derivative of D. Using (Fα

i )|pq = (Fα
p )|iq, the Ricci identity, and the fact that

τ(F )α = gpqFα
p|q with g = g(t), we have

∆tHij =F β
j

(
(τ(F )α)|i +Rl

iF
α
l + gklR̃γσδ

αF δ
kF

γ
l F

σ
i

)
hαβ

+ Fα
i

(
(τ(F )β)|j +Rl

jF
β
l + gklR̃γσδ

βF δ
kF

γ
l F

σ
j

)
hαβ

+ 2gpq(Fα
i )|p(F

β
j )|qhαβ

=F β
j (τ(F )α)|ihαβ + Fα

i (τ(F )β)|jhαβ +Rl
iHlj +Rl

jHil

+ 2gklR̃(ul, ui, uk, uj) + 2gpq(Fα
i )|p(F

β
j )|qhαβ

where R̃m denotes the curvature of h and ui = F∗(∂i) in local coordinates xi

with ∂i = ∂xi . Hence(
∂

∂t
−∆t

)
Hij =

(
Fα
itF

β
j + Fα

i F
β
tj

)
hαβ

−
[
F β
j (τ(F )α)|ihαβ + Fα

i (τ(F )β)|jhαβ +Rl
iHlj +Rl

jHil

+ 2gklR̃(ul, ui, uk, uj) + 2gpq(Fα
i )|p(F

β
j )|qhαβ

]
=−

[
Rl
iHlj +Rl

jHil + 2gklR̃(ul, ui, uk, uj) + 2gpq(Fα
i )|p(F

β
j )|qhαβ

]
because Fα

it = Fα
ti and ∂tF

α = τ(F )α for all i, α.
If we define A(t) = λ(t)g − F ∗h = λ(t)g − H at time t for some function

λ(t), then whenever λ(t) > 0, we have(
∂

∂t
−∆t

)
Aij ≥λ′gij + 2λkij +Rl

iHlj +Rl
jHil + 2gklR̃(ul, ui, uk, uj)

+ 2gpq(Fα
i )|p(F

β
j )|qhαβ

= : Bij.

(2.4)

We want to find λ(t) > 0 so that Bij satisfies the null-eigenvector assumption
at every point (x, t), t > 0. Namely, suppose Aijw

iwj ≥ 0 for all w ∈ Tx(M),
and v is such that Aijv

j = 0 for all i. Then we want to prove that Bijv
ivj ≥ 0.

Let v be such a vector. If v = 0, obviously, Bijv
ivj = 0. So we may assume

that v is a unit vector by scaling. At x, we choose a local coordinates xi so
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that ∂i = ∂xi are orthonormal and (F (t))∗h is diagonalized with respect to
g(t) at x. Since A(w,w) ≥ 0 for all w and A(v, v) = 0, v is an eigenvector
of A. We may assume that v = ∂1. A(∂i, ∂i) ≥ 0 is equivalent to say that
||F∗(∂i)||2h ≤ λ for all i. Also Aijv

j = 0 implies Hijv
j = λgijv

j. Hence

Bijv
ivj =λ′gijv

ivj + 2λkijv
ivj +Rl

iHljv
ivj +Rl

jHilv
ivj + 2gklR̃(ul, ui, uk, uj)v

ivj

+ 2gpq(Fα
i )|p(F

β
j )|qhαβv

ivj

≥λ′ + 2λ(kij +Rij)v
ivj − 2

n∑
i=1

R̃(F∗(∂1), F∗(∂i), F∗(∂i), F∗(∂1)

≥λ′ − 2
n∑
i=1

R̃(F∗(∂1), F∗(∂i), F∗(∂i), F∗(∂1),

(2.5)

because k + Ric ≥ 0. Here F refers to F (t). Since h(F∗(∂i), F∗(∂j)) = βiδij
for some βi ≥ 0, one can find ûi which are orthonormal at F (x) so that

F∗(ei) = β
1
2
i ûi. Note that βi ≤ λ.

Hence if the sectional curvature of h is bounded above by κ, then
n∑
i=1

R̃(F∗(∂1), F∗(∂i), F∗(∂i), F∗(∂1) =
n∑
i=1

R̃(β
1
2
1 û1, β

1
2
i ûi, β

1
2
i ûi, β

1
2
1 û1) ≤ (n−1)κλ2.

If the sectional curvature of h is non-negative and Ric(h) ≤ (n− 1)κ, then

n∑
i=1

R̃(F∗(∂1), F∗(∂i), F∗(∂i), F∗(∂1) ≤ λ2

n∑
i=1

R̃(û1, ûi, ûi, û1) ≤ (n− 1)κλ2.

Putting this back to (2.5), we have

Bijv
ivj ≥ λ′ − 2(n− 1)κλ2.

In either cases, if we let

λ(t) =
(
Λ−2 − 2(n− 1)κt

)−1
.

Then λ(t) > 0 as long as Λ−2 − 2(n − 1)κt > 0 and B satisfies the null
eigenvector assumption. Moreover, λ(0) = Λ−2. By assumption we have
A(0) ≥ 0. By the weak maximum principle for tensor [9, Theorem A.21], we
conclude that the Theorem holds. �

Remark 2.1. (i) In Theorem 2.1, if g(t) is the Ricci flow, then k = −Ric(g)
and k + Ric(g) = 0. If g(t) is a fixed metric, then k = 0. If g has non-
negative Ricci curvature, then we also have k + Ric(g) ≥ 0. Hence the
theorem can be applied to these cases. We may have corresponding
results under the assumption that k + Ric ≥ −K, for K ≥ 0.

(ii) If the sectional curvature of h is non-positive, then we have (F (t))∗(h) ≤
Λ2g(t) for all t > 0.
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(iii) If f is a Λ-Lipschitz map, then trg(f
∗(h)) = e(f) ≤ nΛ2. We may

instead assume trg(f
∗(h)) ≤ nΛ2 and study the behaviour under the

flow. The bound of trg(t)(F
∗(h)) is well-known. However, one may get

the following sharp bound too. Namely, if the sectional curvature of h
is bounded above by κ, then (Λ−2− 2(n− 1)κt) trg(t)(F

∗(h)) ≤ n. One
may wonder if there are similar relations of other symmetric functions
of eigenvalues of F ∗(h).

In the case of Ricci flow (i.e. k = −Ric), Theorem 2.1 is sharp when
comparing with the following well-known scalar curvature estimate.

Theorem 2.2. Suppose M is a compact manifold and g(t) is a smooth solution
to the Ricci flow on M × [0, T ] with initial metric g(0) = g0. If R(g0) ≥ σ0 on
M for some σ0 > 0, then we have

(2.6) R(g(t)) ≥ nσ0

n− 2σ0t
.

In particular, we must have T < n(2σ0)−1.

Proof. It is well-known that the scalar curvature evolves by

(2.7)

(
∂

∂t
−∆t

)
R = 2|Ric|2 ≥ 2

n
R2.

The desired estimate of R(g(t)) follows from the maximum principle. �

3. harmonic map heat flow from Lipschitz initial data

In Theorem 1.2, we want to study continuous metric g0 in the domain and
Lipschitz continuous map f from the domain manifold into the a compact
manifold with smooth metric. We want to use the results in the previous
section. We want to construct Ricci flow with initial data g0 and harmonic
map heat flow with initial map f . We will do this by approximation. In this
section, we will first construct harmonic heat flow coupled with Ricci flow
assuming that g0 is smooth and f is Lipschitz continuous. To be precise, let
g(t) be a smooth solution of Ricci flow on M × [0, T ]:

(3.1)

{
∂tg(t) = −2Ric(g(t));
g(0) = g0.

Let (N, h) be another compact manifold with smooth metric, and let f :
(M, g0)→ (N, h) be a Lipschitz continuous map.

Theorem 3.1. Let (M, g0) and (N, h) be two smooth compact Riemannian
manifolds. Suppose the sectional curvature of h is bounded from above by 1
and g(t) is a solution to (3.1) on M × [0, T ] such that

|Rm(g(t))| ≤ at−1
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for some a > 0 on (0, T ]. If f : (M, g0) → (N, h) is a Λ-Lipschitz map, then
there exist T0(n,Λ), C0(n, a,Λ, h) > 0 and F (t) ∈ C∞(M,N), t ∈ (0,min{T, T0}]
satisfying the harmonic map heat flow

∂tF = τ(F )

where τ(F ) is the tensor field of the map F (·, t) with respect to the metrics
g(t), h such that

(3.2)

{
(Λ−2 − 2(n− 1)t) (F (t))∗h ≤ g(t);
supx∈M dh (F (x, t), f(x)) ≤ C0

√
t

Moreover, for any integer ` ≥ 0, there exists C(n, `, a, h,Λ) > 0 such that for
all t ∈ (0,min{T, T0}],

|D`dF |2 ≤ C(n, `, a, h,Λ)

t`
.

We should remark that the existence time and the estimates of F do not
depend on the curvature of the initial metric g0, as long as |Rm(g(t))| ≤ at−1

holds. This is important for the application.
The theorem will follow from the results for smooth f by approximation.

First we have the following:

Lemma 3.1. Suppose (M, g) and (N, h) are smooth compact Riemannian
manifolds and f : (M, g) → (N, h) is a continuous map such that f is Lips-
chitz continuous. Then for any ε > 0, there exists a smooth map fε : (M, g)→
(N, h) such that

Lipg,h(fε) ≤ (1 + ε)Lipg,h(f) and sup
x∈M

dh (fε(x), f(x)) < ε.

Proof. This follows from the method in a well-known result by Greene-Wu
[15], see also [20, Theorem 1.3]. For the sake of completeness, we give a proof
as follows. First we isometrically embed N to RK for some large K > 0.
In this setting, the map f can be expressed as a vector valued function u :
M → N ⊂ RK . It is easy to see that u is Lipschitz with Lipschitz constant
L =: Lipg,h(f). Suppose for any η > 0, we can find a smooth function v such
that supx∈M |u(x) − v(x)| ≤ η and |Du(w)| ≤ (L + η)|w|g for all w ∈ T (M),
then the result follows. In fact, if this is true, then v(x) will be in the η
neighbourhood of N in RK . Then π ◦ v will be the required map if η is small
enough, where π is the nearest point projection from RK to N .

To find v, we follow the idea in [15]. Let ρ : R → R be a non-negative
smooth function with support contained in [−1, 1], so thatˆ

Rn
ρ(|x|)dx = 1.

Define

(3.3) uε(p) = ε−n
ˆ
v∈Tp(M)

u(expp(v)) · ρ
(
|v|
ε

)
dVp.
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dVp is the volume form with respect to g|Tp(M). For ε small enough, uε is
smooth and uε → u uniformly as ε→ 0. Let p ∈ M and let w ∈ Tp(M) with
||w|| = 1. Let γ(t) be the unique minimal geodesic with γ(0) = p, γ′(0) = w,
0 ≤ t ≤ a. We may fix a so that Bx(2a) is convex for all x ∈M . Then

Duε(w) = lim
t→0

1

t
(uε(γ(t))− uε(γ(0)) .

Now,

uε(γ(t))− uε(γ(0))

=ε−n
ˆ
v∈Tγ(t)(M)

u(expγ(t)(v)) · ρ
(
|v|
ε

)
dVγ(t) − ε−n

ˆ
v∈Tp(M)

u(expp(v)) · ρ
(
|v|
ε

)
dVp

=ε−n
ˆ
v∈Tp(M),|v|≤ε

(
u(expγ(t)(Pt(v)))− u(expp(v))

)
ρ

(
|v|
ε

)
dVp

where Pt is the parallel translation along γ from γ(0) to γ(t). Hence by
Minkowski integral inequality [10, Theorem 202], we have

|uε(γ(t))− uε(γ(0)|

≤ε−n
ˆ
v∈Tp(M),|v|≤ε

|
(
u(expγ(t)(Pt(v))− u(expp(v))

)
|ρ
(
|v|
ε

)
dVp

≤ sup
v∈Tp(M),|v|≤ε

|
(
u(expγ(t)(Pt(v))− u(expp(v))

)
|

≤L sup
v∈Tp(M),|v|≤ε

|dg
(
u(expγ(t)(Pt(v)),u(expp(v))

)
|.

For each t, let γ(t, s) be the geodesic from γ(t) with tangent vector Pt(v),
0 ≤ s ≤ 1. Then |∂tγ|s=0 = 1. Hence for any η > 0, there is ε > 0 such that if
|v| ≤ ε, then |∂tγ| ≤ 1 + ε for all 0 ≤ s ≤ 1. By compactness and the fact that
exp is smooth, and solutions of ODE depends smoothly on initial data, one
can see that ε > 0 can be chosen so that for all p, w ∈ Tp(M) with |w| = 1 and
v ∈ T (M) with |v| ≤ ε, we have |∂tγ| ≤ 1 + ε. This implies that the length of
the curve γ(1, t), 0 ≤ t ≤ t0 is less than or equal to (1 + Cε2)t0. So

dg
(
u(expγ(t)(Pt(v)),u(expp(v))

)
≤ (1 + ε)t.

From this we conclude that |Duε(w)| ≤ L(1 + ε) and the result follows. �

Proof of Theorem 3.1. Let L = Lipg0,h(f) so that L ≤ Λ. By Lemma 3.1,
there exist sequence of smooth maps fi from M to N so that

Lipg0,h(fi) ≤ (1 + εi)L and sup
x∈M

dh (fi(x), f(x)) < εi

with εi → 0 as i → ∞. In particular, the energy density of the maps fi are
uniformly bounded by (n+ 1)L2, say if i is sufficiently large. By [13, Theorem
1.1], for each i there is a solution Fi to the harmonic heat flow coupled with
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g(t) on M × [0,min{T, T0}] for some T0(n,Λ) so that for any integer ` ≥ 0,
there exists C(n, `, a, h,Λ) > 0 such that for all t ∈ (0,min{T, T0}],

(3.4) |D`dFi|2 ≤
C(n, `, a, h,Λ)

t`
.

In [13], only the energy density and the tension field have been estimated.
But the higher order estimates of |D`dFi|2 can be done similarly using Bernstein-
Shi trick as in [8]. The only difference is that in [8], |Rm(g(t)| is uniformly
bounded and in our case, |Rm(g(t))| ≤ at−1. In fact, by the estimates of Shi

[25], |∇kRm(g(t))| ≤ Ct−(1+ k
2

) for any integer k ≥ 0, where C depends only
on a, n, k. Denote |D`dFi|2 by P`, where P0 is just the energy density. So
(3.4) is true for ` = 0. Suppose the estimates are true up to ` − 1. We will
use Ci to denote any constants depending only on n, T, a,Λ, h, `. By a direct
computation [8, Lemma 2.10 and p.141], we have(

∂

∂t
−∆t

)
P` ≤ −2P`+1 + C1

(
t−1P` + t−1− `

2P
1
2
`

)
.

Hence whenever P` > 0, we have(
∂

∂t
−∆t

)
(t

1+`
2 P

1
2
` ) ≤ C3(t

`−1
2 P

1
2
` + t−

1
2 )

On the other hand, (
∂

∂t
−∆t

)
P`−1 ≤− 2P` + C4t

−`

and so (
∂

∂t
−∆t

)
(t`−

1
2P`−1) ≤ −2t`−

1
2P` + C5t

− 1
2 .

Let G = t
1+`
2 P

1
2 + t`−

1
2P`−1 − αt

1
2 , for α > 0, we have:(

∂

∂t
−∆t

)
G ≤C3(t

`−1
2 P

1
2
` + t−

1
2 )− 2t`−

1
2P` + C5t

− 1
2 − 1

2
αt−

1
2

≤C6t
− 1

2 − 1

2
αt−

1
2 .

Let α be such that 1
2
α = C1 + 1. We have(

∂

∂t
−∆t

)
G < 0

at the points where P` > 0. Since G = 0 at t = 0, we conclude that G ≤ 0.
Hence

t
`
2P

1
2
` ≤ C7.

By induction, one can conclude that the estimates (3.4) are true.
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Since |τ(Fi)| ≤ |DdFi| ≤ Ct−
1
2 , we conclude that

dh(Fi(x, t), f(x)) ≤ C8t
1
2 .

Since N is compact, we can find a subsequence of Fi which converges uniformly
in C∞ to a map F in compact subsets of M×(0,min{T, T0}]. Hence F satisfies
the harmonic heat flow with estimates of |D`dF | in the theorem. Moreover,

dh(F (x, t), f(x)) ≤ C8t
1
2 .

Finally, apply Theorem 2.1 to Fi and let i→∞, we have

(Λ−2 − 2(n− 1)t)(F (t))∗h ≤ g(t).

This completes the proof of the theorem.
�

4. Proof of Theorem 1.2

In this section, we will construct a solution to the harmonic map heat flow
coupled with the Ricci flow where both f and g0 are allowed to be non-smooth.
Due to the weak parabolicity of the Ricci flow, there will be some technical
issue when discussing the time zero regularity of the Ricci flow if the initial
data is only C0. To avoid this, we will work on the Ricci-DeTurck G-flow
instead, where G is a smooth background metric. Recall that a smooth family
of metrics g(t) on M × (0, T ] is said to be a solution to the Ricci-DeTurck
G-flow if it satisfies

(4.1)

{
∂tgij = −2Rij +∇iWj +∇jWi;

W k = gpq
(

Γkpq − Γ̃kpq

)
where Γ and Γ̃ denote the connections of g(t) and G respectively. If the initial
metric g0 is smooth, it is well-known that the Ricci flow is equivalent to the
Ricci-DeTurck G-flow in the following sense. Let Φt be the diffeomorphism
given by

(4.2)

{
∂tΦt(x) = −W (Φt(x), t) ;

Φ0(x) = x.

Then the pull-back of the Ricci-DeTurck flow ĝ(t) = Φ∗tg(t) is a Ricci flow
solution with ĝ(0) = g(0) = g0. We also need the following smoothing result
of M. Simon [27] which allows us to regularize a C0 metric on a compact
manifold using the Ricci-DeTurck flow, see also the work of Koch-Lamm [19]
on Rn.

Theorem 4.1. [M. Simon] There exists a sufficiently small εn > 0 depending
only on n such that if Mn is a compact manifold with a smooth metric h on
M and g0 is a continuous metric on M so that (1− εn)h ≤ g0 ≤ (1 + εn)h on
M , then there exists T (n, h) > 0 and a solution to the h-flow on M × (0, T ]
such that the following holds on M × (0, T ]:
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(i) (1− 2εn)h ≤ g(t) ≤ (1 + 2εn)h;
(ii) for all k ∈ N, there exists C(n, k, h) > 0 such that

sup
M
|∇̃kg(t)| ≤ C(n, k, h)

tk/2
;

(iii) limt→0 ||g(t)− g0||L∞(M),h = 0.

Proof. This follows from [27, Theorem 5.2] since M is compact. �

Now we are ready to prove our main Theorem.

Proof of Theorem 1.2. Let g0 be a C0 metric on M with scalar curvature at
least n(n−1) in the sense of Definition 1.2 and let (N, h) be the standard unit
n-sphere. Then there exist a sequence of smooth metrics gi,0 with R(gi,0) ≥
n(n− 1) so that gi,0 → g0 in C0-norm. We may assume that

(4.3)

(
1 +

1

i

)−1

gi,0 ≤ g0 ≤
(

1 +
1

i

)
gi,0.

Fix i0 large enough depending only on n and letG =: gi0 so that we can apply
the results Theorem 4.1 by M. Simon to obtain a constant T > 0 depending
only on n and G =: gi0 such that the Ricci-DeTurck G-flow (4.1) with initial
data gi,0 has a solution defined on M × [0, T ] which is smooth up to t = 0.
Denote this solution by gi(t). Moreover, for any ` ∈ N, there is C` > 0
depending only on n, k0, ..., k`+1 so that

(4.4)

{ 1
2
(1 + 1

i0
)−1gi ≤ G ≤ 2(1 + 1

i0
)gi;

supM |∇̃`gi(t)| ≤
C`
t`/2

,

where ∇̃ is the covariant derivative with respect to G and km is the bound of
the norm of the m-th derivative of the curvature tensor of G. Passing to some
subsequence, we may assume that gi(t) will converge to a solution g(t) to the
Ricci-DeTurck G-flow on M × (0, T ]. Moreover, by Theorem 4.1 again, g(t)
converges to g0 in C0 norm as t → 0. Since R(gi,0) ≥ n(n − 1), Theorem 2.2
implies

(4.5) R
(
λ−1(t)g(t)

)
≥ n(n− 1).

where λ(t) = 1 − 2(n − 1)t as long as λ(t) > 0. We may assume that this is
true for 0 < t ≤ T by choosing a smaller T > 0.

Next we want to construct “harmonic” map heat flow coupled with g(t).
For each i, let W (i) be the vector field given by (4.1) with Γ = Γ(i) to be

the connection of gi(t) and let Φ
(i)
t be as in (4.2) with respect to W (i). Let

ĝi(t) = (Φ
(i)
t )∗(gi(t)). Then ĝi(t) is a smooth solution of the Ricci flow in [0, T ]

such that ĝi(0) = gi,0. By (4.3) and the assumption that f is a 1-Lipschitz map
from (M, g0) to (N, h), we conclude that f is a (1 + 1

i
)-Lipschitz maps from

(M, gi,0) to (N, h). By (4.4) and the fact that ĝi(t) is isometric to gi(t), we
conclude that |Rm(ĝi(t)| ≤ at−1 on M × (0, T ] for some a > 0, independent of
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i. By Theorem 3.1, we can solve the harmonic heat flow F̂ (i)(t) coupled with
the Ricci flow ĝi(t) in M × [0, T ] (with a possibly smaller T but independent
of i) with the following properties:

(i) F̂ (i)(t) is a L(i)(t)-Lipschitz map from (M, ĝi(t)) to (N, h), with

L(i)(t) =
(1 + 1

i
)2

1− 2(n− 1)(1 + 1
i
)2t
.

(ii) For each ` ≥ 0, |D`dF̂ (i)(t)|2 ≤ C`t
−`.

(iii) F̂ (i)(0) = f .

Let F (i)(x, t) = F̂ (i)

((
Φ

(i)
t

)−1

(x), t

)
. Then using (4.2), F (i) satisfies:

∂tF
(i)(x, t) = ∂t

(
F̂ (i)((Φ

(i)
t )−1(x)

)
= τ(F̂ (i)) + dF̂ (i)

(
∂t(Φ

(i)
t )−1(x)

)
= τ(F̂ (i)) + dF̂i(W

(i))|
(
Φ−1
i,t (x)

)
= τ(F (i)) + dF (i)(W (i)).

(4.6)

Moreover, since Φ
(i)
t is an isometry between ĝi(t) and gi(t), we know that

(i) F (i)(t) is a L(i)(t)-Lipschitz map from (M, gi(t)) to (N, h).
(ii) For each ` ≥ 0, |D`dF (i)(t)|2 ≤ C`t

−` where D is the covariant deriva-
tive with respect to gi(t) and h on the pull-back bundle (F (i))−1(T (N)).

(iii) F (i)(0) = f because Φ
(i)
0 (x) = x.

By (4.6), |τ(F (i))|h is bounded by Ct−
1
2 , |dF (i)|gi(t),h is bounded uniformly and

|Wi|gi(t) ≤ Ct−1/2, for some C independent of i, x, t using (4.4). By computing
the length of the curve from Fi(x, t) to Fi(x, 0) = f(x) in N , we conclude that
for all x ∈M ,

(4.7) dh (Fi(x, t), f(x)) ≤ C(n, h,G)
√
t.

On the other hand, by (ii) above, (4.4) and passing to a subsequence, Fi
will converges to a smooth map F (x, t) from M × (0, T1) to (N, h) for some
T1 > 0. Let ğ(t) = λ(t)−1g(t). Then F (t) is a smooth 1-Lipschitz map
from (M, ğ(t)) to (N, h) for each t ∈ (0, T1). By (4.5), the scalar curvature
of ğ(t) is at least n(n − 1). On the other hand, by (4.7), we conclude that
supM dh(F (x, t), f(x))→ 0 as t→ 0. Hence F (x, t) will be homotopy to f(x)
if t is small enough. This implies F (x, t) has non-zero degree. Now the result
of Llarull [23] applies to show that F (t) is a metric isometry and ğ(t) is the
standard sphere via F (t) so that for all x, y ∈M and t ∈ (0, T ],

dh (Ft(x), Ft(y)) = dğ(t)(x, y).

By letting t → 0 using the fact that g(t) converges uniformly to g0 as t → 0,
we conclude that f is a distance isometry. This completes the proof. �
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With the Ricci flow smoothing, we can slightly improve the result in [6]
when g0 is of slightly better regularity with scalar curvature bounded below
by n(n− 1) in the sense of distribution defined by Lee-LeFloch [21]. Namely:

Definition 4.1 ([21]). Let M be a smooth manifold with background metric
h. A W 1,2

loc ∩ L∞ Riemannian metric g is said to have R(g) ≥ σ for σ ∈ R in
the sense of distribution if 〈R(g), ϕ〉 ≥ σ

´
M
ϕ dvolh for all non-negative test

function ϕ ∈ C∞loc(M) where

〈R(g), ϕ〉 =

ˆ
M

{
−

〈
V, ∇̃(ϕ ·

√
det g

deth
)

〉
h

+ Fϕ ·
√

det g

deth

}
dvolh(4.8)

with

(4.9)


Ψk
ij = 1

2
gkl
(
∇̃igkl + ∇̃jgil − ∇̃lgij

)
;

V k = gijΨk
ij − gikΨ

j
ji;

F = trg R̃ic−Ψk
ij ĩlde∇kg

ij + Ψi
jl∇̃kg

ik + gij
(
Ψk
klΨ

l
ij −Ψk

jlΨ
l
ik

)
Here ∇̃ denotes the connection with respect to the background metric h.

With the slightly stronger assumption, we might conclude a slightly better
regularity of g0.

Theorem 4.2. Under the assumption in Theorem 1.2, if in addition g0 ∈
W 1,p(M), p > n satisfies R(g0) ≥ n(n − 1) in the sense of distribution, then
there exists a C1,α diffeomorphism Ψ of M for some α > 0 so that Ψ∗g0 is the
standard spherical metric on Sn.

Proof. The main result follows from refining the proof of Theorem 1.2. The
idea is similar to that in [22]. Since g0 ∈ W 1,p for p > n, the works in
[18, 26] infers that the constructed Ricci-DeTurck G-flow g(t) satisfies a better
estimate on M × (0, T ]:

(4.10)

ˆ
M

|∇̃g(t)|p ≤ C.

Moreover, it is known that each ğ(t) = λ−1(t)g(t), t ∈ (0, T ] is isometric to
the standard sphere. We now construct the diffeomorphism to compensate the
singularity of (4.10) as t → 0. Using (4.1) and Ric(ǧ(t)) = n − 1, we deduce
that

(4.11)

{
∂tğij = ∇̆iW̆j + ∇̆jW̆i;

W̆j = λ(t)−1ğjǩ̆g
pq
(

Γ̆kpq − Γ̃kpq

)
Therefore, if we consider the ODE:

(4.12)

{
∂tΨt(x) = W̆ (Ψt(x), t) ;
ΨT (x) = x
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for (x, t) ∈M × (0, T ], then

∂t
[
(Ψ−1

t )∗ǧ(t)
]

= 0.

Hence, ğ(t) = Ψ∗t ğ(T ) where ğ(T ) is a standard spherical metric. By [5, (5.2)],

(4.13)
∂2Ψm

t

∂xi∂xj
= Γ̆kij

∂Ψm
t

∂xk
− Γ(ğ(T ))mkl

∂Ψl
t

∂xi
∂Ψk

t

∂xj

in local coordinate of M . Thanks to the improved estimate (4.10) and metrics
equivalence, the right hand side of (4.13) is bounded in Lp, p > n as t → 0.
Hence in local coordinates the W 2,p norm of Ψm

t are uniformly bounded at
t → 0. By standard Sobolev embedding, we may pass Ψt → Ψ0 for t → 0 in
C1,α for some α > 0 and a C1,α diffeomorphism Ψ0 of M . This completes the
proof because ğ(t)→ g0 as t→ 0. �

As an application of Theorem 1.2, we will prove Corollary 1.1, which is a
rigidity concerning domains inside sphere. To make our statement precise,
for a domain Ω in a Riemannian manifold, we shall adopt the convention
H = tr(∇ν) where ν is the outward unit normal along ∂Ω so that the mean
curvature of the boundary of unit ball in Rn is n − 1. Now we are ready to
prove Corollary 1.1.

Proof of Corollary 1.1. The strategy is similar to that in [6, Theorem B]. We
first consider the general case. Consider the metric g on Sn defined by

(4.14) g =

{
g0 on Ω;
h on Sn \ Ω.

where h is the standard metric on Sn. With this identification, the metric g is
Lipschitz on M and [21, Proposition 5.1] applies to show that R(g) ≥ n(n−1)
in the sense of distribution. Hence g satisfies the assumptions of Theorem 1.2
by [18, Corollary 1.2] with f being the identity map. Hence, g = h and so
g0 = h on Ω.

If Ω is the hemisphere, then we have H(g) ≥ 0. Now we instead define g
by taking the reflected metric on Sn \ Ω. In this case, g is also Lipschitz and
satisfies R(g) ≥ n(n− 1) in the sense of distribution by [21, Proposition 5.1].
The conclusion follows using Theorem 1.2. �
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