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Abstract. Let M be a Fano compactification of a semisimple complex Lie group G and ω0 a

K ×K-invariant metric in 2πc1(M), where K is a maximal compact subgroup of G. Then we

prove that the solution of Kähler-Ricci flow with ω0 as an initial metric on M , is of type II, if M

admits no Kähler-Einstein metrics. As an application, we found two Fano compactifications of

SO4(C) and one Fano compactification of Sp4(C), on which the Kähler-Ricci flow will develop

singularities of type II. To the authors’ knowledge, these are the first examples of Ricci flow with

singularities of type II on Fano manifolds in the literature.

1. Introduction

Ricci flow was introduced by Hamilton in early 1980’s and preserves the Kählerian structure

[17]. The Kähler-Ricci flow is simply the Ricci flow restricted to Kähler metrics. If M is a Fano

manifold, that is, a compact Kähler manifold with positive first Chern class c1(M), we usually

consider the following normalized Kähler-Ricci flow,

∂ω(t)

∂t
= −Ric(ω(t)) + ω(t), ω(0) = ω0,(1.1)

where ω0 and ω(t) denote the Kähler forms of a given Kähler metric g0 and the solutions of Ricci

flow with initial metric g0, respectively (For simplicity, we will denote a Kähler metric by its Kähler

form thereafter). It is proved in [7] that (1.1) has a global solution ω(t) for all t ≥ 0 whenever ω0

represents 2πc1(M). A long-standing problem concerns the limiting behavior of ω(t) as t → ∞.

If M admits a Kähler-Einstein metric ωKE with Kähler class 2πc1(M), then ω(t) converges to

ωKE (cf. [35, 36]), but in general, ω(t) may not have a limit on M . A conjecture, referred as the

Hamilton-Tian conjecture, was stated in [30] that any sequence of (M,ω(t)) contains a subsequence

converging to a length space (M∞, ω∞) in the Gromov-Hausdorff topology and (M∞, ω∞) is a

smooth Kähler-Ricci soliton outside a closed subset S, called the singular set, of codimension at

least 4. Moreover, this subsequence of (M,ω(t)) converges locally to the regular part of (M∞, ω∞)

in the Cheeger-Gromov topology. Recall that a Kähler-Ricci soliton on a complex manifold M is

a pair (X,ω), where X is a holomorphic vector field on M and ω is a Kähler metric on M , such

that

Ric(ω) − ω = LX(ω),(1.2)

where LX is the Lie derivative along X. If X = 0, the Kähler-Ricci soliton becomes a Kähler-

Einstein metric. The uniqueness theorem in [33, 34] states that a Kähler-Ricci soliton on a compact

complex manifold, if it exists, must be unique modulo Aut(M) (In the case of Kähler-Einstein

metrics, this uniqueness theorem is due to Bando-Mabuchi [6]). Furthermore, X lies in the center

of the Lie algebra of a reductive part of Aut(M).

The Gromov-Hausdorff convergence part in the Hamilton-Tian conjecture follows from Perel-

man’s non-collapsing result and Zhang’s upper volume estimate [26, 42, 43]. More recently, there

were very significant progresses on this conjecture, first by Tian and Zhang in dimension less than
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4 [37], then by Chen-Wang [9] and Bamler [5] in higher dimensions. In fact, Bamler proved a

generalized version of the conjecture.

A natural problem is how regular the limit space (M∞, ω∞) is. Assuming that the Hamilton-

Tian conjecture is affirmed, Tian and Zhang proved in [37] that M∞ is a Q-Fano variety whose

singular set coincides with S. They proved this by establishing a parabolic version of the partial

C0-estimate. Is this the best regularity we can have? In fact, there was a folklore speculation that

(M∞, ω∞) is actually a smooth Ricci soliton, equivalently, S = ∅. We recall that a solution ω(t)

of (1.1) is called type I if the curvature of ω(t) is uniformly bounded, otherwise, we call ω(·, t) a

solution of type II. By using Perelman’s entropy [26], we see that in the case of type I solutions,

the limit (M∞, ω∞) has to be a Kähler-Ricci soliton. Then the above folklore speculation simply

means that (1.1) has no type II solutions. The second-named author believed that this speculation

can not be true and raised the problem of finding a Fano manifold whose Kähler-Ricci flow develops

type II singularity at ∞.

In this paper, we will show that the above folklore speculation does not hold. We will prove

Theorem 1.1. Let G be a complex semisimple Lie group and M be a Fano G-manifold which

admits no Kähler-Einstein metrics. Then any solution of Kähler-Ricci flow (1.1) on M with

a K × K-invariant initial metric ω0 ∈ 2πc1(M) is of type II, where K is a maximal compact

subgroup of G.

Here by a G-manifold, we mean a (bi-equivariant) compactification of G which admits a holomor-

phic G×G-action and has an open and dense orbit isomorphic to G as a G×G-homogeneous space.

There are examples of G-manifolds which admit neither Kähler-Einstein metrics nor Kähler-Ricci

solitons, more precisely, we will show

Theorem 1.2. There are two SO4(C)-manifolds and one Sp4(C)-manifold on which the Kähler-

Ricci flow (1.1) develops singularities of type II.

Since SO4(C) and Sp4(C) are both semisimple, Theorem 1.2 is deduced directly from Theorem

1.1. Theorem 1.2 provides the first example of Fano manifolds on which the Kähler-Ricci flow

develops singularity of type II and solved the problem raised by the second named author. We

would also like to thank the referee for telling us that Székelyhidi and Delcroix have a related

speculation on the limit behavior of Kähler-Ricci flow on those Fano manifolds (cf. [11, Page 79]).

We note that the Kähler metrics of flow (1.1) preserves K ×K-invariance if the initial metric

ω0 is K ×K-invariant. Then by the contradiction argument, the proof of Theorem 1.1 reduces to

studying the geometric deformation of G-manifolds with K×K-invariant metrics ωi in the smooth

topology (cf. Proposition 4.1 and Proposition 5.3). Although we shall assume the K×K-invariant

condition on those ωi in proofs of both of Proposition 4.1 and Proposition 5.3, the K×K-invariant

condition for ω0 in Theorem 1.1 can be removed by using a recent result for the uniqueness problem

of limits of Kähler-Ricci flow in [39, 18].(cf. Theorem 6.2).

There is a way to remove the semi-simplicity condition on G in Theorem 1.1 by examining all

possible Fano G-compactifications which admit Kähler-Einstein metrics or Kähler-Ricci solitons

with a underlying differential structure, since the Cheeger-Gromov limit is a Kähler-Ricci soliton

by Perelman’s result. For examples, this can be done for SO4(C)-manifolds and Sp4(C)-manifolds

in our case based on the computation of associated polytopes in [12] and [27] ( also see Section 6).

In fact, there are two ways to prove Theorem 1.2 by using only Proposition 4.1. The one is that the

volumes of G-manifolds of SO4(C) (Sp4(C)) are different by the volume formula (cf. [11, 21]) since

volumes of corresponding ploytopes are different. Thus these Fano manifolds can not be related by

jumping complex structures. The other is to check that these Fano manifolds are all K-unstable

(cf. Section 6). Then the limit in the flow can not be a Kähler-Einstein manifold, to see details in

the end of proof of Theorem 1.1. Hence, the flow must develop singularities of type II.

The proof of Theorem 1.1 contains two main steps: proofs of Proposition 4.1 and Proposition

5.3. In Proposition 4.1, we prove that the Cheeger-Gromov limit M∞ of ωi is still a G-manifold.
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Our idea is to study the deformation of holomorphic vector fields induced by the group G under

ωi (cf. Proposition 3.4) and to prove that the limit vector fields induce an open G-orbit Ô0
∞ (cf.

(4.14)). The K × K-invariant condition of ωi will play a crucial role so that the convergence of

toric vector fields can control other holomorphic vector fields (cf. Lemma 4.4). In the proof of

Lemma 4.4, we use a technique of partial C0-estimate from [29, 31] to compare the original metrics

ωi with the induced metrics by the Fubini-Study metric from the Kodaira embeddings (cf. Lemma

4.2). The advantage to use the Kodaira embeddings is: there is a natural G-action on the limit

space M∞ (cf. (4.7)), which generates holomorphic vector fields on CPN with a free torus action

on Ô0
∞ as well as the diffeomorphisms between the complex submanifolds of embedding images

can be controlled (cf. (4.1)).

Proposition 5.3 is a corollary of Theorem 5.2, where we prove a uniqueness result about complex

structures of G-manifolds when G is semisimple. Theorem 5.2 is an independent result on the

uniqueness of complex structures, even in the sense of G-equivariant deformation of G-manifolds

[25]. Our proof reduces to proving a uniqueness result of complex structures on a product of toric

manifolds (cf. Lemma 5.1).

The organization of this paper is as follows. In Section 2, we review an existence result of

Kähler-Einstein metrics on G-manifolds by Delcroix. In Section 3, we study the deformation of

holomorphic vector fields induced by the group G and prove Proposition 3.4. Theorem 1.1 is

proved in Section 5, while Proposition 4.1 and Theorem 5.2 are proved in Section 4 and Section 5,

respectively. At last, in Section 6, we give all Fano compactifications of SO4(C) and Sp4(C).

Note. The preprint of this paper was first posted in the summer of 2018 [22]. After that, we

find the assumption that G is semisimple can be removed in Theorem 1.1. In the appendix of

paper, we will give an analytic proof of Proposition 5.3 without this assumption and so we get the

improvement of Theorem 1.1 (cf. Theorem 7.3).

2. Preliminaries on G-manifolds

In this paper, we always assume that G is a reductive Lie group which is a complexification

of compact Lie group K. Let TC be an r-dimensional maximal complex torus of G with its Lie

algebra tC and M the group of characters of tC. Denote the root system of (G,TC) in M by Φ and

choose a set of positive roots by Φ+. Then each element in Φ can be regarded as the one of a∗,

where a∗ is the dual of the non-compact part a of tC.

2.1. Local holomorphic coordinates. In this subsection, we recall local holomorphic coordi-

nates on G used in [11]. By the standard Cartan decomposition, we can decompose g as

g = tC ⊕ (⊕α∈ΦVα) ,(2.1)

where Vα = {X ∈ g| adH(X) = α(H)X, ∀ H ∈ tC} is the eigenspace of complex dimension 1

with respect to the root α. By [19], one can choose Xα ∈ Vα such that X−α = −ι(Xα) and

[Xα, X−α] = α∨, where ι is the Cartan involution and α∨ is the dual of α by the Killing form. Let

Eα = Xα −X−α and E−α = J(Xα +X−α). Denote by kα, k−α the real line spanned by Eα, E−α,

respectively. Then we have the Cartan decomposition of Lie algebra k of K,

k = t⊕
(
⊕α∈Φ+

(kα ⊕ k−α)
)
,

where t = tC ∩ k is the compact part of Lie algebra of TC. Choose a real basis {E0
1 , ..., E

0
r} of

t. Then {E0
1 , ..., E

0
r} together with {Eα, E−α}α∈Φ+

form a real basis of k, which is indexed by

{E1, ..., En}. {E1, ..., En} can be also regarded as a complex basis of g.

For any g ∈ G, we define local coordinates {zi(g)}i=1,...,n on a neighborhood of g by

(zi(g))→ exp(zi(g)Ei)g.
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It is easy to see that θi|g = dzi(g)|g, where θi is the dual of Ei, which is a right-invariant holomorphic

1-form. Thus ∧ni=1

(
dzi(g) ∧ d ¯zi(g)

)
|g is also a right-invariant (n, n)-form, which defines a Haar

measure dVG.

For a smooth K ×K-invariant function Ψ on G, we define a Weyl-invariant convex function ψ

on a (called the associated function of Ψ [4]) by

Ψ(exp(·)) = ψ(·) : a→ R.(2.2)

The complex Hessian of the K ×K-invariant function Ψ in the above local coordinates was com-

puted by Delcroix as follows [11, Theorem 1.2].

Lemma 2.1. Let Ψ be a K ×K invariant function on G, and ψ the associated function on a. Let

Φ+ = {α(1), ..., α(n−r2 )}. Then for x ∈ a+ = {x′ ∈ a| α(x′) > 0, ∀ α ∈ Φ+}, the complex Hessian

matrix of Ψ in the above coordinates is diagonal by blocks, and equals to

(2.3) HessC(Ψ)(exp(x)) =



1
4HessR(ψ)(x) 0 0

0 Mα(1)
(x) 0

0 0
. . .

...
...

...
. . . 0

0 0 Mα
(n−r

2
)
(x)


,

where

Mα(i)
(x) =

1

2
〈α(i),∇ψ(x)〉

(
cothα(i)(x)

√
−1

−
√
−1 cothα(i)(x)

)
.

2.2. Kähler-Einstein metrics on G-manifolds. Let M be a G-manifold as a compactification

of G. We call (M,L) a polarized compactification of G if L is a G × G-linearized ample line

bundle on M . In this paper, we just consider L = K−1
M . Since M contains an r-dimensional

toric manifold Z, there is an associated polytope P of Z induced by (M,L), which is a lattice

polytope in the lattice M [1, 2]. Let P+ be the positive part of P defined by Φ+ such that

P+ = {y ∈ P | 〈α, y〉 > 0, ∀ α ∈ Φ+}. Here 〈·, ·〉 denotes the Cartan-Killing inner product on a∗.

We call Wα = {y ∈ a∗| 〈α, y〉 = 0} the Weyl wall associated to α ∈ Φ+.

Let ρ = 1
2

∑
α∈Φ+

α be as a character in a∗ and Ξ the relative interior of the cone generated by

Φ+. We set a function on a∗ by

π(y) =
∏
α∈Φ+

〈α, y〉2, y ∈ a∗.

Clearly, π(y) vanishes on Wα for each α ∈ Φ+. Denote by 2P+ a dilation of P+ by 2. We define

the barycentre of 2P+ with respect to the weighted measure π(y)dy by

bar(2P+) =

´
2P+

yπ(y) dy´
2P+

π(y) dy
.

In [11], Delcroix proved the following the existence result of Kähler-Einstein metrics on G-

manifolds.

Theorem 2.2. Let M be a Fano G-manifold. Then M admits a Kähler-Einstein metric if and

only if

bar(2P+) ∈ 4ρ+ Ξ.(2.4)

By extending the argument for toric Fano manifolds in [40], Delcroix obtained a prior C0-

estimate for a class of real Monge-Ampère equations on the cone a+ ⊂ a = Rr to prove Theorem

2.2, where a+ = {x ∈ a| α(x) > 0, ∀ α ∈ Φ+}. Another proof of Theorem 2.2 was latterly given in

[21] by verifying the properness of K-energy µ(φ) for K×K-invariant Kähler potentials φ modulo
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the center Z(G) of G. In fact, it was proved under (2.4) that there exist two positive constants

δ, Cδ such that

µ(φ) ≥ δ inf
σ∈Z(G)

I(φσ)− Cδ,

where I(φ) =
´
M
φ(ωn−ωnφ) with a K×K-invariant background Kähler metric ω ∈ 2πc1(M), and

φσ is an induced Kähler potential defined by

ωφσ = σ∗(ω +
√
−1∂∂̄φ) = ω +

√
−1∂∂̄φσ.

It was also showed in [21] that (2.4) is actually a K-stability condition in terms of [30] and

[13] by constructing a C∗-action through a Weyl-invariant piece-wise rationally linear function. In

particular, M is K-unstable if bar(2P+) 6∈ 4ρ+ Ξ. A more general construction of C∗-actions was

also discussed in [12].

3. Deformation of holomorphic vector fields

In this section, we give a description on the deformation of holomorphic vector fields generated

by G on a G-manifold M . We introduce

Definition 3.1. Let (M, gi) be a sequence of Riemannian metrics on a closed manifold M which

has a limit (M∞, g∞) in sense of Cheeger-Gromov topology. A sequence of tangent vector fields

(M,Xi, gi) is called convergent to (M∞, X∞, g∞) if there are diffeomorphisms Fi : M∞ →M such

that

F ∗i gi
C∞−→ g∞, (F−1

i )∗Xi
C∞−→ X∞, on M∞.

Remark 3.2. Let (M, g′i) be another convergent sequence of Riemannian metrics on M with a

Cheeger-Gromov limit (M∞, g
′
∞), which satisfies

F ∗i g
′
i
C∞−→ g′∞,

Then the tangent vector field (M,Xi, g
′
i) is also convergent to (M∞, X∞, g

′
∞) on M∞.

Let σi be a sequence of auto-diffeomorphisms of M and (M, gi) be a sequence of Riemannian

metrics in Definition 3.1. Then

(σ−1
i · Fi)

∗(σ∗i gi)
C∞−→ g∞,

but, the sequence of ((σ−1
i ·Fi)−1)∗Xi may converge to a different limit of tangent vector fields on

M∞. Thus Definition 3.1 is not intrinsic in general. However, there are some cases in which the

limit of tangent vector fields does not change after holomorphic transformations.

Example 3.3. Let M be an n-dimensional toric manifold and X =
∑
α aα

∂
∂zα be a torus vector

field in the affine coordinates (z1, ..., zn). Then any torus action σ on M is given by

z → z + z′0

for some z′0. Thus σ∗X = X. Let σi be a sequence of torus actions. We consider a sequence of

torus invariant Kähler metrics gi. Suppose that (M,X, gi) is convergent to (M∞, X∞, g∞) in sense

of Definition 3.1. Then we still get

(σ−1
i · Fi)

∗(σ∗i gi)
C∞−→ g∞, ((σ−1

i · Fi)
−1)∗X = (F−1

i )∗X
C∞−→ X∞.

Now we assume that X is a right-invariant holomorphic vector field on a G-manifold M as an

element of Lie algebra g of G with im(X) ∈ k, where k is the Lie algebra of K. We choose a

K × K-invariant metric ω ∈ 2πc1(M) as in Section 2. Then by the Hodge theorem, there is a

real-valued smooth function f (usually called a potential of X) on M such that

LXω =
√
−1∂∂̄f.

Set

M1
X = {x ∈M | f(x) = max

M
f}(3.1)
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and

M2
X = {x ∈M | f(x) = min

M
f}.(3.2)

The following is our main result in this section.

Proposition 3.4. Let G be a reductive Lie group and M a Fano G-manifold with an open dense

G-orbit O. Suppose that (M,ωi, J) is a sequence of K ×K-invariant metrics in 2πc1(M) which

converges to a smooth limit (M∞, ω∞, J∞) in the Cheeger-Gromov topology. Let M1
X ,M

2
X be two

sets as in (3.1) and (3.2), respectively. Then the following is true:

(a) There is a dense subset M̃1
X ⊂M1

X such that any integral curve exp{tre(X)} · y0 generated

by re(X) from y0 ∈ O converges to a point in M̃1
X . Similarly, exp{tre(−X)} · y0 converges

to a point in a dense subset M̃2
X ⊂M2

X .

(b) (M,X,ωi) converges to a non-trivial holomorphic vector field X∞ on M∞ such that

M1
∞,X ∪M2

∞,X ⊂MX∞ = {x ∈M∞| X∞(x) = 0},(3.3)

where M1
∞,X and M2

∞,X are the limits of M1
X and M2

X in M∞ in the Gromov-Hausdorff

topology, respectively, and both of them are non-empty and disjoint.

Proof. Clearly, MX ⊂ (M \ O) and it can be decomposed into a union of disjointed subsets

MX = {x ∈M | X(x) = 0} = M1
X ∪M2

X ∪M3
X ,(3.4)

where

M3
X = {x ∈M | f(x) = c is a critical value of f, c 6= max

M
f or min

M
f}.

We need to show that any exp{tre(X)}-orbit in O converges to a point in M1
X .

For any c above, define a level set of f in M3
X by

Mc = {x ∈M3
X | f(x) = c}.(3.5)

Then there is a finite set of such c such that Mc 6= ∅ since each Mc ⊂MX is an analytic subvariety

of M . Suppose that Mc0 6= ∅ for some c0 and x ∈ Mc0 and assume that there is a base point

y0 ∈ O such that

lim
t→∞

exp{tre(X)} · y0 = x.

Since f is increasing along the integral curve exp{tre(X)} · y0 by the relation

df

dt
(exp{tre(X)} · y0) = |∇f |2(exp{tre(X)} · y0) > 0,(3.6)

the limit

c0 = lim
t→∞

f(exp{tre(X)} · y0)(3.7)

is well defined. On the other hand, there is an integral curve from another base point y′ ∈ O such

that

lim
t→∞

exp{tre(X)} · y′ = x′ ∈M1
X

and

f(x′) = max
M

f = lim
t→∞

f(exp{tre(X)} · y′).

Thus we can define a class of subsets in O associated to numbers c ∈ [c0,maxM f ] by

Oc = {y ∈ O| lim
t→∞

f(exp{tre(X)} · y) = c}.(3.8)

Note that the number c in (3.8) must be a critical value of the function f . Hence, there are finitely

many such numbers c as in (3.5).

Claim 1: Each Oc is an open set.
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Let y0 = g0 ∈ Oc and x0 ∈ M \ O be the limit of exp{tre(X)} · y0 as t → ∞. Then there

are two neighborhood Ux0
and Vx0

with Vx0
⊂ Ux0

of x0 such that |f − c| ≤ ε on Ux0
and

exp{tre(X)} · y0 ⊂ Vx0 for any t ≥ t0, where ε is a small number and t0 is a large number. Since

exp{tre(X)} · y = [exp{tre(X)} · g0] · (g−1
0 · g), ∀ y = g ∈ O,

and g−1
0 · g is a smooth map on M , we see that

exp{tre(X)} · y ∈ Ux0
, ∀ t ≥ t0,(3.9)

as long as dist(g−1
0 · g, Id) << 1. It follows that

c− ε ≤ lim
t→∞

f(exp{tre(X)} · y) ≤ c+ ε.

Thus limt→∞ f(exp{tre(X)} · y) must be c since there is no other critical value of f near c. Claim

1 is proved.

By Claim 1, there are finitely many disjoint open subsets Ocj such that

O = ∪jOcj .

On the other hand, from (3.9), one can show that each Ω ∩ Ocj is a closed set for any closed set

Ω ⊂ O. It follows that there is only one Ocj through Ω ∩ O, and as a consequence, it must be

OmaxM f if Ocj ∩Ω 6= ∅. Thus c0 = maxM f and Mc in (3.5) with c defined by (3.7) must be empty.

In another word, any curve exp{tre(X)} · y0 with y0 ∈ O converges to a point in M1
X .

Next, we show that the set

M̃1
X = {x ∈M1

X | x = lim
t→∞

exp{tre(X)} · y, for some y ∈ O}(3.10)

is dense in M1
X . On contrary, if

E1 = M̃1
X 6= M1

X ,(3.11)

then there is another closed subset E2, which is disjointed with E1, such that

E1 ∪ E2 ⊂M1
X .

Note that

M1
X = ∩ε>0Mε,

where

Mε = {x|max
M

f − ε < f(x) ≤ max
M

f}.

Thus for sufficiently small ε, there are two disjoint open sets Uε1 ,Uε2 such that

Uε1 ∪ Uε2 ⊂Mε and Ei ⊂ Uεi (i = 1, 2)

with the property

f ≥ max
M

f − ε, ∀ x ∈ Uεi and f ≡ max
M

f − ε, ∀ x ∈ ∂Uεi , i = 1, 2.

On the other hand, by the monotonicity (3.6) and the definition (3.10), any integral curve generated

by re(X) starting in each Ui can not leave it. Since U2 ∩O 6= ∅, there is a point y0 ∈ U2 such that

z0 = lim
t→∞

exp{tre(X)} · y0 ∈ E2 ⊂M1
X ,

which contradicts to the fact z0 ∈ E1 by (3.10) and (3.11)! Hence, M̃1
X is a dense set of M1

X .

Similarly, we can show that

M̃2
X = {x ∈M2

X | x = lim
t→∞

exp(tre(−X)) · y, for some y ∈ O}

is a dense set of M2
X . Part (a) of the proposition is proved.

To prove Part (b) in the proposition, we write ωi as ωi = ω +
√
−1∂∂̄ϕi for some ϕi. Then

LX(ωi) =
√
−1∂∂̄fi,
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where fi = f +X(ϕi). It follows that

X = gkl̄(ωi)(f +X(ϕi))l̄
∂

∂zk
.(3.12)

Thus

MX = {x ∈M | ∇f(x) = 0} = {x ∈M | ∇fi(x) = 0}.
Hence, maxM fi = maxM f and minM fi = minM f by (3.12). In particular,

oscMfi = oscMf.(3.13)

Let hi be the Ricci potential of ωi which is normalized byˆ
M

ehiωni = (2πc1(M))n.(3.14)

Note that ωi is K×K-invariant. Then by adding a constant fi satisfies the following equation (cf.

[16, 34]),

∆ifi + fi + 〈∂fi, ∂hi〉 = ∆ifi + fi +
1

2
〈∇fi,∇hi〉 = 0,(3.15)

where 4i is the Laplace operator associated to ωi. Since hi satisfies equation ∆ihi = Ri−n, where

Ri is the scalar curvature of ωi, hi is Ck-uniformly bounded for any k. Thus fi is Ck-uniformly

bounded associated to the metric ωi for any k, and so fi converges subsequently to a smooth

function f∞ on M∞. We need to show that

oscM∞f∞ = oscMf.(3.16)

Case 1): There is a uniform constant δ0 such that

distωi(M
1
X ,M

2
X) ≥ δ0, ∀ i.

Then there are Gromov-Hausdorff limits M1
∞,X and M2

∞,X of M1
X and M2

X in M∞, respectively,

such that M1
∞,X ∩M2

∞,X = ∅. Thus there are neighborhoods B1 and B2 of M1
∞,X and M2

∞,X in

M∞, respectively, such that B1 ∩B2 = ∅. By the convergence of fi, we have

max
M∞

f∞ = sup
B1

f∞ = max
M

f = f∞(x), ∀ x ∈M1
∞,X ,(3.17)

and

min
M∞

f∞ = inf
B2

f∞ = min
M

f = f∞(x), ∀ x ∈M2
∞,X .(3.18)

Hence, we get (3.16).

Case 2):

distωi(M
1
X ,M

2
X)→ 0, as i→ +∞.

This means that

M1
∞,X ∩M2

∞,X 6= ∅.
Thus there is a point p ∈ M1

∞,X ∩M2
∞,X and two sequences of points {pi} and {qi} in M1

X and

M2
X , respectively, such that

pi → p and qi → p.

As a consequence, there is an open set Up around p in M∞ and two sequences of open sets Upi and

Uqi around pi and qi in M , respectively, such that

Upi → Up and Uqi → Up

in the topology of Gromov-Hausdorff. By the convergence of fi, we get

f∞(p) ≡ min
M

f and f∞(p) ≡ max
M

f.

This is impossible! Hence, Case 2) is impossible and we prove (3.16) by Case 1).

By (3.16), we see that ∇f∞ 6= 0. Moreover, by (3.15), f∞ satisfies

∆∞f∞ + f∞ + 〈∂f∞, ∂h∞〉 = 0,(3.19)
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where ∆∞ is the Laplace operator associated to ω∞. Thus gkl̄(ω∞)(f∞)l̄
∂
∂zk

defines a holomorphic

vector field X∞ on M∞. On the other hand, by the convergence of ωi, there are diffeomorphisms

Fi : M∞ →M such that

F ∗i ωi
C∞−→ ω∞, on M∞.

Since ∇fi is Ck-uniformly bounded associated to ωi, we also get

(F−1
i )∗(g

kl̄(ωi)(fi)l̄
∂

∂zk
)
C∞−→ gkl̄(ω∞)(f∞)l̄

∂

∂zk
, on M∞,(3.20)

which is the limit of (M,X,ωi) in the sense of Definition 3.1.

By Case 1), it is clear that M1
∞,X ∩M2

∞,X = ∅. Furthermore,

∇f∞ ≡ 0, ∀x ∈M∞,X = M1
∞,X ∪M2

∞,X .

As a consequence,

M∞,X ⊂MX∞ .

Part (b) of Proposition 3.4 is proved.

�

4. Deformation of G-structures

In this section, we prove the following proposition on preservation of G-structures on limits in

the Cheeger-Gromov topology.

Proposition 4.1. Let (M∞, ω∞, J∞) be a smooth limit of K ×K-invariant metrics (M,ωi, J) in

2πc1(M) on a Fano G-manifold M in the Cheeger-Gromov topology as in Proposition 3.4. Then

(M∞, ω∞) is also a Fano G-manifold.

We use the Kodaira embedding to prove the proposition. This means that there exists an integer

m such that M can be embedded into CPN by a unitary orthogonal basis {siA, i = 1, ..., N + 1}
of holomorphic sections of K−mM with L2-norm induced by ωi. Note that M∞ is diffeomorphic to

M . Thus by the convergence of ωi, we see that there is a uniform integer N independent of i such

that the following properties are satisfied:

1) There is a holomorphic embedding Φi from M to CPN for each (M,ωi).

2) There is a holomorphic embedding Φ∞ from M∞ to CPN for the Kähler manifold (M∞, ω∞).

3) The image Φi(M) = M̂i converges to the image Φ∞(M∞) = M̂∞ according to the topology

of complex submanifolds.

The above properties 1)-3) come from the partial C0-estimate as in [14, 32, 31] (or simply a

variant of Tian’s almost isometry theorem [28]) for a sequence of Kähler-Einstein metrics or conical

Kähler-Einstein metrics. We note that the curvature of ωi in Proposition 4.1 is uniformly bounded

and the sequence {ωi} can be regarded as a special case in their papers. As a consequence, the

norm of sections siA with respect to ωi as functions on M∞ is uniformly C∞-bounded and so the

basis {siA} is C∞-convergent to a basis of {s∞A } on H0(M∞,K
−m
M∞

). Thus by 3), we can choose

a covering {Uα} of M̂∞ with local holomorphic coordinates and diffeomorphisms Fi : M̂∞ → M̂i

such that for each M̂i there is a covering {U iα ⊂ Fi(Uα)} with local holomorphic coordinates and

uniform norms of transformation functions. Moreover,

F ∗i ω̂i
C∞−→ ω̂∞,(4.1)

where ω̂i = 1
mωFS |M̂i

and ω̂∞ = 1
mωFS |M̂∞ .

In the following, we compare ωi with the induced metric ω̂i. Write

(Φ−1
i )∗ωi = ω̂i +

√
−1∂∂̄ϕi

for some Kähler potential ϕi in M̂i. Then by using the regularity theory of complex Monge-Ampère

equation, we prove
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Lemma 4.2. There is a uniform constant A > 0 such that

A−1(Φ−1
i )∗ωi ≤ ω̂i ≤ A(Φ−1

i )∗ωi, on M̂i.(4.2)

Moreover, for any integer k > 0 it holds

‖ϕi‖Ck(M̂i)
≤ Ak,(4.3)

where Ak is a uniform constant independent of i.

Proof. Let hi and ĥi be the Ricci potentials of ωi and ω̃i, respectively. Then by the convergence of

ωi and ω̂i, both of hi and h̃i are uniformly bounded. Moreover, ϕi (maybe different by a constant)

satisfies the following complex Monge-Ampère equation,

(ω̂i +
√
−1∂∂̄ϕi)

n = e−ϕi+ĥi−hi ω̂ni , in M̂i.(4.4)

By the partial C0-estimate and gradient estimate of {siα} (cf. [31]), we know that

|ϕi| ≤ C and ω̂i ≤ A(Φ−1
i )∗ωi.

Thus by (4.4) we also get

A−1(Φ−1
i )∗ωi ≤ ω̂i

possibly by choosing a bigger A. Hence, (4.2) is true.

Note that

∆ωihi = Ri − n, in M,

where Ri is the scalar curvature of ωi, which is uniformly bounded. By (4.2), we have

|∆ω̂ihi| ≤ C, in M̂i.

It follows that

‖hi‖C1,α(M̂i)
≤ C1.

Hence, the regularity theory of (4.4) (cf. [41]) implies that

‖ϕi‖C3,α(M̂i)
≤ C3.

Repeating the above argument, we will get (4.3).

�

By (4.1) together with Lemma 4.2, we get

F ∗i ((Φ−1
i )∗ωi)

C∞−→ (Φ−1
∞ )∗ω∞.(4.5)

Let {E1, ..., En} be a basis of the Lie algebra g. Then the left (right) action of G induces a space

span{e1, ..., en} of holomorphic vector fields with im(ea) ∈ k on M , and so the holomorphism

Φi induces a space span{êi1, ..., êin} of holomorphic vector fields on M̂i. Since by the Part (b)

of Proposition 3.4, for each a, (ea, ωi) converges to a holomorphic vector field (e∞a , ω∞) on M∞,

(êia, (Φ
−1
i )∗ωi) converges to a holomorphic vector field (ê∞a , (Φ

−1
∞ )∗ω∞) on M̂∞. In fact, by (4.5),

(F−1
i )∗êa

C∞−→ ê∞a = (Φ∞)∗e
∞
a , ∀ a = 1, ..., n.(4.6)

Hence, by Remark 3.2, it follows that (êia, ω̂i) converges to a holomorphic vector field (ê∞α , ω̂∞)

on M̂∞. As a consequence, for each êia, the holomorphic coefficients of êia are uniformly bounded

under local holomorphic coordinates on U iα.

For any g ∈ G, the map Φi induces a left (right) action on

H0(M,K−mM ) = span{siA, i = 1, ..., N + 1},

thus G can be regarded as a subgroup of PGL(N + 1,C) induced by the map Φi. Those subgroups

induced by different φi are conjugate to each other by automorphisms induced by σ−1
ij · G · σij ,

where σij ∈ PGL(N +1,C) induced by the Kodaira embeddings φi and φj . Without confusion, we

still denote by G each of such subgroups which may vary on φi. Furthermore, any one-parameter
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subgroup σt generated by Im(eia) induces a family of isomorphisms on H0(M,K−mM ). Taking the

derivative on t, we get a lifting holomorphic vector field of êia on CPN .

For any x̂∞ ∈ M̂∞ and any sequence {x̂i} such that

x̂i ∈ M̂i and x̂i → x̂∞,

we define

g(x̂∞) = lim
i→∞

g(x̂i) ∈ M̂∞, ∀ g ∈ G.(4.7)

Using the convergence of holomorphic vector fields (êia, ω̂i) on M , one can easily show that the

limit g(x̂∞) is independent of the choice of {x̂i}. Moreover, we have

g′(g(x̂∞)) = (g′ · g)(x̂∞), ∀ g, g′ ∈ G.(4.8)

Thus, by (4.7) we define a left G-action on M̂∞, which induces the one on M∞ by the relation

Φ∞ · g = g ·Φ∞ through the holomorphism Φ∞. Similarly, we can define a right G-action on M∞
and so get a G×G-action on M∞.

The following lemma shows that G acts on M̂∞ effectively. Namely, {ê∞1 , ..., ê∞n } becomes a

basis of Lie algebra of G acting on M̂∞.

Lemma 4.3. ê∞1 , ..., ê
∞
n are all linearly independent on M̂∞.

Proof. It suffices to prove that e∞1 , ..., e
∞
n are all linearly independent M∞. In fact, if∑

α

aαe
∞
α ≡ 0, for some aα 6= 0,(4.9)

then, by the Part (b) of Proposition 3.4, the vector field
∑
α aαe

i
α converges to a nontrivial holo-

morphic vector field, which should be
∑
α aαe

∞
α on M∞. This is a contradiction with (4.9).

�

Let O be an open dense G-orbit in M . Since M has finitely many G×G-orbits [1, 2], there are

basis points xδ ∈M\O, δ = 1, ..., k, such that

M = O ∪δ (G×G)xδ.(4.10)

Note that the closure of each G×G-orbit (G×G)xδ is a smooth algebraic variety whose dimension

is less than n. Then up to a subsequence, the closure of Φi((G×G)xδ) converges to an algebraic

limit in CPN . As a consequence, Φi(M\O) has an algebraic limit DM̂∞ in M̂∞ ⊂ CPN .

For any i and g ∈ G×G, we have

g ◦ Φi = Φi ◦ g.(4.11)

Then by (4.7) and (4.10), for any x̂∞ ∈ M̂∞ there is a sequence of gi ∈ G×G such that

x̂∞ = lim
i
gi · Φi(x0), or x̂∞ = lim

i
gi · Φi(xδ), for some δ ∈ {1, ..., k},(4.12)

where x0 ∈ O. We define an open set in M̂∞ by Ô∞ = M̂∞ \DM̂∞. Thus for any x̂0,∞ ∈ Ô∞,

there exists a δ0 > 0 such that

dist(x̂0,∞, DM̂∞) ≥ 2δ0 > 0.

It follows that there are x̂0,i ∈ M̂i such that dist(x̂0,i,Φi(M\O)) ≥ δ0 > 0.

Since G induces an action on H0(M,K−mM ) for each i through an orthonormal basis correspond-

ing to φi, by taking limit as in (4.7), G induces an action on H0(M∞,K
−m
M∞

) = span{s∞1 , ..., s∞N+1}.
It follows that each holomorphic vector field ê∞a , where a = 1, · · · , n, can be lifted to a vector field

on CPN as êia does. Namely, {ê∞1 , .., ê∞n } can be induced by a basis of the Lie algebra of G

which acts on M̂∞. In particular, a maximal r-dimensional torus subgroup TC of G acting on

M̂∞, which generated by a basis {X1, ..., Xr} of a, induces an r-dimensional torus subgroup T̃C of

PSL(N + 1,C) generated by an r-dimensional torus vector fields on CPN .
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Let W̃1, ..., W̃N+1 be the (N + 1) hyperplanes in CPN where T̃C does not act freely. Then for

any induced holomorphic vector field X̃ of X in tC on M̂∞, it holds

{x̂ ∈ M̂∞| X̃(x̂) = 0} ⊂ ∪αW̃α.(4.13)

Set

Ô0
∞ = Ô∞\(∪αW̃α).(4.14)

To prove that (M∞, J∞) is a G-manifold, it suffices to show that Ô0
∞ is isomorphic to G. Without

loss of generality, we may assume that x̂0,∞ ∈ Ô0
∞ above. Thus it reduces to proving that G acts

on x̂0,∞ freely and G · x̂0,∞ = Ô0
∞.

The following key lemma shows that any holomorphic vector field induced byG is non-degenerate

on Ô0
∞.

Lemma 4.4. For any induced holomorphic vector field X̃ of X ∈ g on M̂∞, it holds

X̃(x̂∞) 6= 0, ∀ x̂∞ ∈ Ô0
∞.(4.15)

Proof. Let {E1, ..., En} be a basis of g such that X1 = JE1, ..., Xr = JEr ∈ a, and Ea′ = Eα and

Ea′+n−r
2

= E−α, a′ = r + 1, ..., n+r
2 , which satisfy Vα ⊕ V−α = span{Eα, E−α} as in (2.1), where

Vα are eigenvectors associated to the positive roots α ∈ Φ+. Let {e1, ..., en} be holomorphic vector

fields with im(ea) ∈ k on M induced by {E1, ..., En}. Then the induced holomorphic vector fields

{êi1, ..., êin} on M̂i by Φi converge to a basis {ê∞1 , ..., ê∞n } of holomorphic vector fields on M̂∞ as in

(4.6).

Let

O0
∞ = Φ−1

∞ (Ô0
∞) ⊂M∞.

Note that

e∞a = (Φ−1
∞ )∗ê

∞
a , a = 1, ..., n.

Then (4.15) is equivalent to

X̄(x∞) 6= 0, ∀ x∞ ∈ O0
∞,(4.16)

where X̄ ∈ span{e∞1 , ..., e∞n } is any nontrivial vector field. By (4.13), we have already known that

(4.16) holds for any non-trivial X̄ ∈ span{e∞1 , ..., e∞r }. More precisely, we have

ω∞(X̄, X̄)(x∞) = (Φ−1
∞ )∗ω∞(X̃, X̃)(x̂∞)

≥ cω̂∞(X̃, X̃)(x̂∞) 6= 0,(4.17)

where X̃ = (Φ∞)∗X̄ ∈ span{ê∞1 , ..., ê∞r }. In the following, we want to show that (4.17) implies

(4.16).

By (4.6) and (4.17), there are a constant c′ > 0 and a small ball Bδ(x̂∞) ⊂ CPN near x̂∞ such

that

(ω̂i(ê
i
a, ê

i
b))r×r ≥

1

2
(ω̂∞(ê∞a , ê

∞
b ))r×r ≥ c′Id, in Bδ(x̂∞) ∩ M̂i.

Write

ωi =
√
−1∂∂̄ψi =

√
−1∂∂̄Ψi

for some convex function ψi on a as in (2.2). Then by Lemma 4.2, we get

(ψiab) = (ωi(ea, eb))

= ((Φ−1
i )∗ωi(ê

i
a, ê

i
b))

≥ A−1(ω̂i(ê
i
a, ê

i
b)) ≥ δ0Id, in Φ−1

i (Bδ(x̂∞) ∩ M̂i),(4.18)

where δ0 > 0 is a uniform constant. Note that |ea|ωi is uniformly bounded as in the proof of (3.20).

Hence, we derive

δ0Id ≤ (ψiab) ≤
1

δ0
Id, in Φ−1

i (Bδ(x̂∞) ∩ M̂i),
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as long as δ0 is small enough. Choose x̂i ∈ M̂i → x̂∞ = Φ∞(x∞) ∈ M̂∞ and let xi = Φ−1
i (x̂i) ∈M .

Then xi → x∞ ∈ M∞ in the Gromov-Hausdroff topology. Note that Bδ(x̂∞) ∩ M̂i contains a

uniform small geodesic ball centered at x̂i associated to the metric ω̂i. Therefore, again by Lemma

4.2, it is easy to see that there is a sequence of open sets Uxi ⊂ O, each of which contains an

ε-geodesic ball (Bε(xi), ωi) centered at xi associated to ωi, where the radius ε is a uniform small

constant, such that

δ0Id ≤ (ψiab) ≤
1

δ0
Id, in Uxi .(4.19)

Claim 1: There is a uniform small constant ε0 such that ∆2ε0 ⊂ (Bε(xi), ωi) ⊂ Uxi , where

∆2ε0 = {z = (z1, ..., zn)| |zl−xli| < 2ε0} is an 2ε0-square of dimension n centered at xi in the local

coordinates {zl(g)}l=1,...,n on O introduced in Section 2.1.

In fact, as in the proof of (3.20), we see that each of

|ea|2ωi = ωi(
∂

∂za
,
∂

∂za
) (a = 1, ..., n)(4.20)

is uniformly bounded. In particular, ωi as a metric tensor is uniformly bounded under the local

coordinates {zl(g)}l=1,...,n in (Bε(xi), ωi). Then Claim 1 follows immediately.

Claim 2: There is a uniform constant c0 > 0 such that

c0 ≤ 〈α,∇ψi(x)〉 cothα(x) ≤ 1

c0
, ∀ x ∈ ∆ε0 .(4.21)

By (2.3) and (4.20), we have

|eα|2ωi = 〈α,∇ψi(x)〉 cothα(x).(4.22)

Then the upper bound of (4.21) is true. Thus it suffices to get the lower bound.

Case 1: α(x) << 1. Then there exists x′ ∈ Wα on a Weyl wall Wα such that x = x′ + tα∗ for

some small t ≥ 0, where α∗ = (α1, ..., αr) ∈ a is the dual point of α associated to the Killing inner

product. By the fact 〈α,∇ψi(x′)〉 = 0, it follows that

〈α,∇ψi(x)〉 = αaαbψiab((x
′ + t′α∗))t,

where t′ ≤ t. Since ψiab((x
′ + t′α)) satisfies (4.19), by Claim 1, we get

〈α,∇ψi(x)〉 cothα(x) = αaαbψiab((x
′ + t′α∗))t coth(|α|2t) ≥ c0.

Case 2: there exists a δ′0 > 0 such that α(x) ≥ δ′0 for any x ∈ ∆2ε0 (ε0 may be replaced by a

smaller number if necessary). We need to prove

〈α,∇ψi(x)〉 ≥ c′0, ∀ x ∈ ∆ε0 ,(4.23)

where c′0 > 0 is a small uniform constant. On contrary, there is a sequence of yi ∈ ∆ε0 such that

〈α,∇ψi(yi)〉 → 0.

Then we choose zi = yi − t0α ∈ ∆2ε0 such that

α(zi) ≥
δ′0
2
.

Thus zi ∈ a+. On the other hand, we have

〈α,∇ψi(zi)〉 = 〈α,∇ψi(yi)〉 − αaαbψiab(yi − t′α∗)t0,

where t′ ≤ t0. By Claim 1 and (4.19), we get

〈α,∇ψi(zi)〉 < 0, i >> 1.

This is impossible since zi ∈ a+! Thus (4.23) is true and we also get the lower bound of (4.21)

since cothα(x) > 1. Claim 2 is proved.
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Now we can complete the proof of Lemma 4.4. By Lemma 2.1, we have

〈ea′ , eb′〉ωi ≡ 0, a′ 6= b′, a′, b′ = r + 1, ...,
n+ r

2
,

〈ea′ , ea〉ωi ≡ 0, a = 1, ..., r, a′ = r + 1, ..., n.(4.24)

Thus it remains to check that for each α it holds

X̄(x∞) 6= 0, ∀ X̄ ∈ span{e∞α , e∞−α}.(4.25)

By (4.22) and Claim 2, we see that

e∞α (x∞) 6= 0 and e∞−α(x∞) 6= 0.(4.26)

Hence, we need to show that e∞α and e∞−α are independent.

Case 1: α(xi)→∞. Then

α(x)→∞, ∀ x ∈ ∆2ε0 .

Moveover, by (4.23), there exists a c′0 > 0 such that

〈α,∇ψi(x)〉 ≥ c′0, ∀ x ∈ ∆ε0 .

Thus the matrix block M i
α(x) of ωi on ∆ε0 in (2.3) uniformly converges to

h(x)

(
1

√
−1

−
√
−1 1

)
,

where h(x) is a smooth positive function ∆ε0 . Note that the above matrix is degenerate and both

of e∞α and e∞−α do not vanish in (Bε(x∞), ω∞) by (4.26). Hence, e∞α and e∞−α must be linearly

dependent at x∞ ∈ (Bε(x∞), ω∞). In fact, we have

|eiα −
√
−1ei−α|(xi)→ 0, as i→∞,

and we get

e∞α (x∞) =
√
−1e∞−α(x∞).

Let

U = {z = (z1, ..., zn)| |za − xai | ≤ ε0, a = 1, ..., r} ⊂M
be a subset in M and

π : U → U ′ = {z′ = (z1, ..., zr)| |za − xai | < ε0, a = 1, ..., r} ⊂ a

be the projection. Then for any curve γ starting from xi such that π(γ) ∩ ∂U ′ 6= ∅, it is easy to

see by (4.19) and (4.24) that there is a uniform small constant ε′ such that

length(γ) ≥ ε′.

On the other hand, for any minimal geodesic ray γ starting from xi such that π(γ) ∩ ∂U ′ = ∅ its

length is bigger than rinj(xi) which has a uniform lower bound by the convergence of ωi. Thus

there is a uniform constant ε′ such that the ε′-geodesic ball (Bε′(xi), ωi) is contained in U . Since

the convergence of M i
α(x) is independent of the coordinate variables of za

′
(a′ = r + 1, ..., n), we

can actually prove that e∞α and e∞−α are globally linearly dependent in (Bε′(x∞), ω∞). But this

is impossible by Lemma 4.3. In the other words, Case 1 will not happen. Therefore, we need to

consider the following case.

Case 2: α(xi) ≤ A for some uniform constant A. Then

ẽiα =

√
2eα√

〈α,∇ψi(xi)〉 cothα(xi)
,

ẽi−α =

√
2(e−α −

√
−1

cothα(xi)
eα)√

〈α,∇ψi(xi)〉
(
cothα(xi)− coth−1 α(xi)

)(4.27)
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form a unitary orthogonal basis on span{ẽα, ẽ−α}(xi) ⊂ (TM |xi , ωi). As in the proof of (4.21),

there is a uniform constant a0 > 0 such that

a0 ≤ 〈α,∇ψi(xi)〉
(
cothα(xi)− coth−1 α(xi)

)
≤ a−1

0 .

Thus the potentials f̃ iα ( f̃ i−α) of ẽiα associated to ωi are uniformly bounded by (4.27). Hence, as

in the proof of Part (b) in Proposition (3.4), {ẽiα, ẽi−α} converges to a subbasis {ẽ∞α , ẽ∞−α}, which

is orthogonal and unitary at x∞ with respect to ω∞. Moreover, again by (4.27), we see that there

are constants a 6= 0, d 6= 0, c such that

ẽ∞α = ae∞α , ẽ
∞
−α = d(e∞−α − ce∞α ).(4.28)

Therefore, e∞α and e∞−α must be independent. The proof of lemma is finished.

�

Let Γ be the set of stabilizers of x̂0,∞

Γ = {g ∈ G| g · x̂0,∞ = x̂0,∞}.(4.29)

Then it is a closed subgroup of G. Moreover, by Lemma 4.4, we have

Corollary 4.5. Suppose that x̂0,∞ ∈ Ô0
∞. Then there is a small neighborhood UId of Id in G such

that

Γ ∩ UId = {Id}.

Proof. Let {E1, ..., En} be a basis of g chosen as in Lemma 4.4. Then there exists a small ε > 0

such that

(exp{z1E1}...... exp{znEn})x̂0,∞ ⊂ Ô0
∞, ∀ |zl| ≤ ε.

Since the set {exp{z1E1}...... exp{znEn}||zi| ≤ ε} ⊂ G covers an open set of Id, there exists

UId ⊂ G such that

UId ⊂ {exp{z1E1}...... exp{znEn}||zi| ≤ ε}.
Note that for any g ∈ UId, there is a |t0| ≤ ε and X ∈ g such that g = exp{t0X}. By (4.15),

X(x̂) 6= 0, ∀ x̂ = exp{sX} · x̂0,∞, |s| ≤ |t0|.

It follows that

g · x̂0,∞ 6= x̂0,∞, ∀ g 6= Id ∈ UId.

Thus g ∈ Γ ∩ UId if and only if g = Id. The corollary is proved.

�

By Corollary 4.5, Γ is a discrete set. Next we show that

#Γ = N0 <∞.(4.30)

We use the contradiction argument to prove (4.30) and suppose that #Γ =∞. Then by Corollary

4.5, there is an infinite sequence of {gl ∈ Γ| l ∈ Z} such that dist(gl, Id) → ∞ as l → ∞. On the

other hand, by the KAK decomposition of G [20], we see that there are kl, k
′
l ∈ K and al ∈ T such

that gl = k′l · al · kl and dist(al, Id)→∞ as l→∞. It follows that there exists a δ1 > 0 such that

dist(kl · x̂0,∞, DM̂∞) ≥ δ1, ∀ l.(4.31)

In fact, if (4.31) is not true, there is a subsequence {kαl} which converges to k0 ∈ K and k0 · x̂0,∞ ∈
DM̂∞. Note that any g ∈ G fixes the set DM̂∞. Then

x̂0,∞ = k−1
0 (k0 · x̂0,∞) ∈ DM̂∞,

which contradicts to the fact that x̂0,∞ ∈ Ô∞.

By (4.31), there is a compact set V̄ ⊂ Ô∞ such that kl · x̂0,∞ ⊂ V̄ for all kl. Furthermore, we

have

Claim 2: For any small δ > 0, there is a large number cδ such that

dist(a · ŷ, DM̂∞) ≤ δ, ∀ ŷ ∈ V̄ ,(4.32)
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as long as dist(a, Id) ≥ cδ, where a ∈ T .

By (4.32), we see that there is a subsequence of integers αl such that

aαl(kαl · x̂0,∞)→ ẑ ∈ DM̂∞, as αl →∞.

It follows that

dist(k′αl [aαl(kαl · x̂0,∞)], DM̂∞)→ 0, as αl →∞.

But this is impossible since gl · x̂0,∞ = x̂0.∞ ∈ Ô∞. Hence, (4.30) is true.

To prove Claim 2, we consider any element X ∈ g with im(X) ∈ k and its potential function

fX associated to the Fubini-Study metric 1
mωFS as in Proposition 3.4 for the torus manifold CPN .

Let M1
X be a subset in CPN defined by

M1
X = {x ∈ CPN | fX(x) = max

CPN
fX}.

Then

WX = {x ∈ CPN | x = lim
t→∞

exp(tre(X)) · y, for some y ∈ Ô0
∞} ⊂M1

X .(4.33)

Moreover, if X ∈ a is a torus vector field, it can be shown that M1
X is a subplane in CPN .

Lemma 4.6. WX ∩ Ô∞ = ∅ for any torus vector field X ∈ a.

Proof. On the contrary, we suppose that there is a point x̂ ∈ WX ∩ Ô∞. Then there is a point

ŷ∞ ∈ Ô0
∞ such that

x̂ = lim
t→∞

exp{tre(X)} · ŷ∞.

Let Xi be a sequence of holomorphic vector fields on M̂ i which converges to X with respect to

K × K-invariant metric (Φ−1
i )∗ωi. Take a sequence of ŷi ∈ Ôi such that ŷi → ŷ∞. Then by

Proposition 3.4, there is a point x̂i ∈ M̂1
Xi for each ŷi such that

x̂i = lim
t→∞

exp{tre(Xi)} · ŷi,

where

M̂1
Xi = {x ∈ M̂i| fXi(x) = max

M̂i

fXi} ⊂ (M̂i \ Ôi) = DM̂i,

and fXi is a potential of Xi with respect to the metric (Φ−1
i )∗ωi on M̂i, which converges to a

potential f∞X with respect to the metric (Φ−1
∞ )∗ω∞ on M̂∞. Thus there is a limit x̂∞ ∈ DM̂∞ ∩

M̂1
∞,X of x̂i in Gromov-Hausdorff topology, where (M̂1

∞,X , (Φ
−1
∞ )∗ω∞) is the Gromov-Hausdorff

topology limit of (M̂1
Xi , (Φ

−1
i )∗ωi) as in Proposition 3.4. Note that

max
CPN

fX = max
M̂∞

f∞X

since (Φ−1
∞ )∗ω∞ and 1

mωFS |M̂∞ are both invariant under the S1-group generated by im(X) [44].

Hence, we get

M̂1
∞,X = M̂∞ ∩M1

X .

Moreover, by Proposition 3.4 and the above relation, we have

max
M̂i

fXi = max
CPN

fX = A0.

Choose a small neighborhood Tδ around the set M̂1
∞,X in CPN such that

1) f∞X (x) ≥ A0 − δ, ∀x ∈ M̂∞ ∩ Tδ;

2) f∞X (x) = A0 − δ, ∀x ∈ M̂∞ ∩ ∂Tδ;

3) fXi(x) ≥ A0 − 2δ, ∀x ∈ M̂i ∩ Tδ, ∀i ≥ i0;

4) x̂ 6∈ Tδ.(4.34)
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3) can be guaranteed since fXi converges to f∞X smoothly and M̂1
Xi converges to M̂1

∞,X in Gromov-

Hausdorff topology, and 4) comes from the assumption that x̂ ∈WX ∩ Ô∞ so that dist(x̂, DM̂i) ≥
δ0 >> δ as i >> 1.

Note that fXi is monotone along the integral curve exp{tre(Xi)} · ŷi. Then there is a uniform

constant TN > 0 such that

exp{tre(Xi)} · ŷi ⊂ Tδ, ∀ t ≥ TN , i ≥ i0.

Thus we can choose a sequence of zi = exp{tire(Xi)} · ŷi ∈ M̂i ∩ (Tδ \ T2δ) which converges to a

point z∞ ∈ M̂∞ ∩ Tδ, where T2δ ⊂ Tδ is another small neighborhood around M̂1
∞,X in CPN such

that

dist(M̂1
Xi , M̂i ∩ ∂T2δ) ≥ δ′

for some sufficiently small δ′. It follows that ti converges subsequently to some T0 <∞ as i→∞.

On the other hand, by the convergence of Xi, we see that

lim
i

exp{tre(Xi)} · ŷi = exp{tre(X)} · ŷ∞, ∀t ≤ 2T0.

Hence we derive

z∞ = exp{T0re(X)} · ŷ∞.
By the monotonicity of fX along the integral curve exp{tre(X)} · ŷ∞, we conclude that

exp{tre(X)} · ŷ∞ ∈ M̂∞ ∩ Tδ, ∀t > T0

and consequently, x̂ ∈ M̂∞ ∩ Tδ. Therefore, we get a contradiction with 4) in (4.34). The lemma

is proved.

�

Proof of Claim 2. Suppose that Claim 2 is not true. Then there exist a δ0, a sequence of al ∈ T
and a sequence of ŷl ∈ V̄ such that

dist(al · ŷl, DM̂∞) ≥ δ0,(4.35)

where dist(al, Id) → ∞ as l → ∞. Write each al as al = exp{
∑
bilXi} for some real numbers

b1l , ..., b
r
l , where {X1, ..., Xr} is a basis of a. Then

∑
i |bil| → ∞ as l → ∞. Without loss of

generality, we may assume that ∑
bilXi = b1l (X1 + Yl),

where b1l →∞ and |Yl| → 0 as l→∞. Then by Lemma 4.6, for any fixed ŷ ∈ V̄ it holds

dist(exp{b1l (X1 + Yl)} · ŷ, DM̂∞ ∩ (∪αW̃α))→ 0, as b1l →∞,

where W̃1, ..., W̃N+1 are the (N + 1) hyperplanes in CPN as in (4.13). Since V̄ is a compact set

away from ∪αW̃α, as in the proof of Claim 1 in Section 3, the above convergence is uniform. It

follows that

dist(al · ŷl, DM̂∞)→ 0, as al →∞,
which contradicts to (4.35). Claim 2 is proved.

�

By (4.30), we can finish the proof of Proposition 4.1.

Completion of proof of Proposition 4.1. For any x̂ = h · x̂0,∞, we have

(hgh−1) · x̂ = (hgh−1)(h · x̂0,∞) = x̂, ∀ g ∈ Γ.

It follows that hΓh−1 is the set of stabilizers of x̂∞. By (4.30), G · x̂0,∞ is a finite quotient

space. Since the above argument works for any x̂∞ ∈ Ô0
∞, in particular, both Corollary 4.5 and

(4.30) hold. Thus, each orbit G · x̂∞ is isomorphic to G/Γx̂∞ , where Γx̂∞ is a finite subgroup of

PU(N + 1,C). Moreover G · x̂∞ ∩G · x̂′∞ = ∅ for any x̂∞, x̂
′
∞ ∈ Ô0

∞. Otherwise G · x̂∞ = G · x̂′∞.
This means that any two different orbits are disjoint. Note that

Ô0
∞ = ∪x̂∞∈Ô0

∞
G · x̂∞.
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It is easy to see that for any bounded set U in Ô0
∞ there are finitely many different orbits passing

through U . Since O∞ \ Ô0
∞ consists of finitely many subvarieties of codimension at least 1 in O∞,

Ô0
∞ is connected. As a consequence, there is only one orbit G · x̂0,∞ through U . Otherwise U will

be disconnected. Therefore, we prove that Ô0
∞ = G · x̂0,∞.

It remains to show that Γ = {Id} in (4.30). For any compact set Kε
∞ ⊂ Ô0

∞ with

volω̂∞(M̂∞\Kε
∞) < ε,(4.36)

where ω̂∞ = 1
mωFS |M̂∞ , we choose a family of disjointed geodesic balls B̂rl in Ô0

∞ such that the

following holds:

1)
∑
l volω̂∞(B̂rl) ≥ volω̂∞(Kε

∞)− ε.
2) For each B̂rl , there are disjointed geodesic open sets Bαrl ⊂ O, α = 1, ..., N0, such that

π−1(B̂rl) = ∪αBαrl , where π : O → Ô0
∞ is the projection by limi Φi(Γ · x) = Φ∞(Γ · x∞) = x̂∞.

3) (Φi(B
α
rl

), ω̂i) is isometric to (Φi(B
β
rl

), ω̂i) for any α, β.

By Lemma 4.4 (also see (4.18)), we see that (Φi(B
α
rl

), ω̂i) converges to (B̂rl , ω̂∞) uniformly as open

submanifolds when i→∞. In particular, it holds that for each α,

lim
i

∑
l

volω̂i(Φi(B
α
rl

)) =
∑
l

volω̂∞(B̂rl).

Note that Bαrl are disjointed for each l, α. Thus

volω̂i(Φi(M)) ≥
∑
l,α

volω̂i(Φi(B
α
ri))

≥ N0

∑
l

volω̂∞(B̂rl)−N0ε

as long as i is large enough. By (4.36), it follows that

volω̂i(Φi(M)) ≥ N0volω̂∞(M̂∞)− (2N0 + 2)ε.

But this is impossible if N0 ≥ 2 since

volω̂i(Φi(M)) = volω̂∞(M̂∞) = c1(M)n.(4.37)

Thus Γ = {Id}, and so G acts on x̂0,∞ freely. Hence, we prove that (M∞, J∞) is a G-manifold.

�

5. Uniqueness of complex structures on semisimple G-compactifications

In this section, we first prove a uniqueness result about complex structures on G-manifolds when

G is semisimple. Then we complete the proof of Theorem 1.1.

We begin with following elemental lemma.

Lemma 5.1. Let (Z, J) be an r-dimensional toric manifold with an r-dimensional torus T r-action.

Let T r = Tm×T r−m and J ′ = diag(−J |Tm , J |T r−m) be an integral almost complex structure on the

open T r-orbit O of Z. Suppose that J ′ can be extended to a smooth complex structure on Z. Then

Z must be a product of m-dimensional toric manifold and (r − m)-dimensional toric manifold.

Furthermore, (Z, J) and (Z, J ′) are bi-holomorphic.

Proof. On the open T r-orbit O, we choose log-affine coordinates w1, ..., wr. Let Σ be the fan of

Z and σa an r-dimensional cone in it. Then on the corresponding chart Ua ⊂ Z, we have local

coordinates z1, ..., zr ∈ C such that on Ua ∩ O,
zi = exp(

∑
j

wjαij +
∑
β

wβaiβ)

zα = exp(
∑
j

wjaαj +
∑
β

wβaαβ)
, 1 ≤ i, j ≤ m < α, β ≤ r,(5.1)
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where

A =

(
(aji )m×m (ajα)m×(r−m)

(aβi )(r−m)×m (aβα)(r−m)×(r−m)

)
∈ GLr(Z).(5.2)

On the open orbit O, we have

J ′ =
√
−1

[
−
∑
i

(dwi ⊗ ∂

∂wi
− dw̄i ⊗ ∂

∂w̄i
)

+
∑
α

(dwα ⊗ ∂

∂wα
− dw̄α ⊗ ∂

∂w̄α
)

]
.

(5.3)

By (5.2), it follows that

J ′|Ua∩O =
√
−1

[
−
∑
i

(dzi ⊗ ∂

∂zi
− dz̄i ⊗ ∂

∂z̄i
) +

∑
α

(dzα ⊗ ∂

∂zα
− dz̄α ⊗ ∂

∂z̄α
)

]

− 4Im

∑
k,j

(A−1)αka
j
α

zj

zk
dzk ⊗ ∂

∂zj
+
∑
i,γ

(A−1)αi a
γ
α

zγ

zi
dzi ⊗ ∂

∂zγ

−
∑
β,i

(A−1)jβa
i
j

zi

zβ
dzi ⊗ ∂

∂zβ
+
∑
β,γ

(A−1)jβa
γ
j

zγ

zβ
dzβ ⊗ ∂

∂zγ

 ,
(5.4)

where A−1 = ((A−1)pq) is the inverse matrix of A with elements (A−1)pq . Note that J ′ can be

smoothly extended on whole Ua. By taking any variable zl of {z1, ..., zr} to 0, it is easy to see that{
(A−1)αj a

k
α = 0, j 6= k

(A−1)αj a
γ
α = 0

and

{
(A−1)jαa

k
j = 0

(A−1)jαa
β
j = 0, α 6= β

.(5.5)

Thus, by the fact J ′2 = −1, we get

J ′|Ua =
√
−1

[∑
i

εi(dz
i ⊗ ∂

∂zi
− dz̄i ⊗ ∂

∂z̄i
)

+
∑
α

εα(dzα ⊗ ∂

∂zα
− dz̄α ⊗ ∂

∂z̄α
)

]
,

(5.6)

where each of εi and εα is 1 or −1.

By (5.3) and (5.6), there must be m numbers of −1 and (r −m) numbers of 1 in {ε1, ..., εr}.
Without of loss of generality, we may assume that

εi = −1, εα = 1.

Then by (5.4), we get{
(A−1)αj a

k
α = 0,

(A−1)αj a
γ
α = 0

and

{
(A−1)jαa

k
j = 0

(A−1)jαa
β
j = 0,

∀ i, j, α, β.(5.7)

On the other hand, the matrices(
(ajα)m×(r−m)

(aβα)(r−m)×(r−m)

)
and

(
(aji )m×m

(aβi )(r−m)×m

)
are both of full ranks. Thus by (5.7), we have

(A−1)αj = 0, (A−1)jα = 0,

i.e.,

aαj = 0, ajα = 0.
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As a consequence, by (5.1), it follows that
zi = exp(

∑
j

wjaij)

zα = exp(
∑
β

wβaαβ)
, on Ua ∩ O.(5.8)

Hence, the first equation in (5.8) defines a toric manifold Z1 with Tm-action, while the second

equation in (5.8) defines a toric manifold Z2 with T r−m-action. This proves that Z = Z1 × Z2.

By (5.8) the map

Φ(zi, zα) = (z̄i, zα)(5.9)

is well-defined on Z, which satisfies Φ∗J ′ = J . Thus (Z, J) and (Z, J ′) are bi-holomorphic.

�

Theorem 5.2. Let G be a semisimple reductive Lie group. Let (M,K−1
M , J) and (M̃,K−1

M̃
, J̃)

be two Fano compactifications of G. Suppose that M̃ is diffeomorphic to M . Then (M̃, J̃) is

bi-holomorphic to (M,J).

Proof. Let F : M̃ → M be a diffeomorphism. Then it suffices to show that there is an automor-

phism Ψ on M such that

(F−1)∗J̃ = Ψ∗J, on M.(5.10)

Consider the G ×G-action on M , which is induced by the one on M̃ . Namely, for any x ∈ M̃ , it

holds

g · F (x) = F (g · x), ∀ g ∈ G×G.(5.11)

Thus J ′ = (F−1)∗J̃ is also a G×G-invariant integral almost complex structure on M and it induces

another complex structure on G.

Choose a base point x0 ∈ O. Since G is a 2n-dimensional real Lie group (denoted by GR) with

an adjoint representation adgR(·) of gR on itself, we have

J ′(x0) ∈ End′(gR) = {σ| σ ∈ End(gR) and σ(adXY ) = adX(σ(Y )), ∀ X,Y ∈ gR}.

On the other hand, the semisimple complex Lie algebra g of (G, J) can be decomposed into irre-

ducible ideals si of g, i = 1, ..., l, such that

g = ⊕isi,

with [si, sj ] = δijsi. Then it is easy to see that

End′(gR) = ⊕iEnd′i(siR),

where

End′i(siR) = {σ| σ ∈ End(siR) and σ(adXY ) = adX(σ(Y )), ∀ X,Y ∈ siR}.
Note that each si is a complex irreducible representation by adsi(·) on si. Thus

dimC End′i(si) = 1.

As a consequence, dimR End′(siR) = 2, which can be spanned by Id and J |siR . Hence, J ′|siR =

λiId + µiJ |siR for some λi, µi ∈ R, and

J ′|2siR = (λ2
i − µ2

i )Id + 2λiµiJ |siR .

By the fact J ′2 = −Id, it follows that that λi = 0, µi = ±1. Therefore, we prove that

J ′(x0) = ⊕µiJ |siR(x0),(5.12)

where µi = 1, or − 1.

By [1, 2], for the G-manifold (M,J) there is an r-dimensional toric complex submanifold (Z, J |Z)

through x0 associated to a maximal torus TC of G. Similarly, there is another r-dimensional toric
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complex submanifold (Z ′, J ′|Z′) through x0 associated to a maximal torus of the induced G-action

by (5.11). Moveover, by (5.12), we have

J ′|TZ′(x0) = ⊕µiJ |tiR ,

where tiR = siR ∩ tR which is non-empty for each i. Thus there is a decomposition of tR such that

J ′|TZ′(x0) = (⊕r1i=1(−J)|tiR)⊕ (⊕r2i=1J |tiR)

= (−J)|tmR ⊕ J |tr−mR
,

(5.13)

where tmR and tr−mR are two Lie subalgebras of tR with dimensions m and (r − m), respectively.

Note that Z|TCx0
= Z ′|TCx0

. Hence, by the completeness in the same ambient space M , we get

Z = Z|TCz0 = Z ′|TCz0 = Z ′ ⊂M.(5.14)

By Lemma 5.1, we prove that (Z, J |Z) and(Z, J ′|Z) are bi-holomorphic.

Let P and P ′ be two associated polytopes of (Z,K−1
M |Z , J |Z) and (Z,K−1

M |Z , J ′|Z) as in Sub-

section 2.2, respectively. Since both of m-multiple bundles of K−1
M and K−1

M̃
can be regarded as a

restricted line bundle of K−1
CPN by the Kodaira embedding as in Section 4 for Mi and M∞,

(Z,K−mM |Z , J |Z) = (Z,K−1
CPN |Z), (Z,K−mM |Z , J ′|Z) = (F−1(Z),K−1

CPN |F−1(Z)).

It follows that the curvatures of (Z,K−1
M |Z , J |Z) and (Z,K−1

M |Z , J ′|Z) can be induced by the

Fubuni-Study of CPN and so their cohomology classes on Z are same. Thus P and P ′ as the mo-

ment images of curvature forms of the above line bundles are isomorphic. Hence, by the equivariant

classification theory [3, Section 2], two polarized compactifications (M,K−1
M , J) and (M,K−1

M , J ′)

are different from a G × G-equivariant morphism. Therefore, (M,J ′) must be bi-holomorphic to

(M,J). Namely there is an automorphism Ψ on M such that (5.10) holds. The theorem is proved.

�

Theorem 5.2 can be also proved without using the equivariant classification theory [3, Section

2]. In fact, we can give a direct construction of automorphism Ψ by Lemma 5.1 and the Cartan

involution in the following.

Let Si be the subgroup of G with Lie algebra si. Then each Si is semisimple and

G =

l∏
i=1

Si/diag(∩iSi),(5.15)

where ∩iSi is a finite group (cf. [47, Section 3.2]). Fix a maximal compact subgroup Ki in each

Si and let Θi be the Cartan involution on Si which acts trivially on Ki and inverses the complex

structure of Si. We may choose Ki so that ∩iKi contains the finite group ∩iSi. Note that there

are si ∈ Si for any g ∈ G such that g = s1 · ... · sl by (5.15). Thus we can define an automorphism

on G by

Θ(g) = Θε1
1 (s1) · ... ·Θεl

l (sl),(5.16)

where εi = 1 if µi = −1, and εi = 0 if µi = 1. Since each si is uniquely determined up to

multiplying an element of ∩iSi, which is fixed under Θi, Θ is well-defined. Moreover, we have

Θ∗J = J ′.(5.17)

It suffices to show that Θ can be extended to a diffeomorphism on M . By Lemma 5.1, we know

that (Z, J |Z) and (Z, J ′|Z) are bi-holomorphic. Note that the restriction of Θ on TC is just Φ

by(5.9). Thus Θ can be extended to a diffemorphism on Z by

Θ(z) = Φ(z), ∀z ∈ Z.(5.18)

Moreover, Θ|Z commutes with the W -action.

On the other hand, by a generalized KAK-decomposition of G-compactification (cf. [45, Section

3.4] or [46, Section 9]), for any x ∈ M , there are k1, k2 ∈ K and z ∈ Z so that x = (k1, k2)z.



22 YAN LI∗, GANG TIAN† AND XIAOHUA ZHU‡

Moreover, z is uniquely determined up to a W -action. Since Θ commutes with the W -action and

Θ|K is trivial, the following

Θ(x) = (k1, k2)Θ(z)

is well-defined by (5.18). Thus we can extend Θ to a diffeomorphism Ψ on M so that (5.10) holds

by (5.17). Hence, we also prove Theorem 5.2.

As a corollary of Theorem 5.2, we immediately get

Proposition 5.3. The limit (M∞, J∞) in Proposition 4.1 is bi-holomorphic to (M,J) whenever

G is semisimple.

By Proposition 4.1 and Proposition 5.3, we are able to finish the proof of Theorem 1.1.

Proof of Theorem 1.1. By the definition, if the solution of Kähler-Ricci flow (1.1) has only type I

singularities, then the curvature of ω(t) is uniformly bounded. Thus there is a subsequence {ω(ti)}
which converges to a limit of Kähler-Ricci soliton (M∞, ω∞, J∞) in Cheeger-Gromov topology.

Note that the center of Lie algebra of the reductive part of Aut(M∞) is trivial by Proposition 4.1

since G is semisimple. Thus (M∞, ω∞, J∞) must be a Kähler-Einstein metric. On the other hand,

by Proposition 5.3, (M∞, J∞) is biholomorphic to (M,J), which admits no Kähler-Einstein metric

by the assumption in the theorem. Hence, we get a contradiction. As a consequence, the curvature

of ω(t) must blow-up as t→∞. Namely, the solution of flow is of type II.

There is another way to prove Theorem 1.1 without using Proposition 5.3 if in addition we know

that M is K-unstable. In fact, the limit (M∞, ω∞, J∞) is a Kähler-Einstein metric if the solution

of flow is of type I. Then by a result in [8] (also see [36, Lemma 7.1]), the K-energy is bounded

below on the space of Kähler potentials in 2πc1(M). This implies that (M,J) is K-semistable

[15, 24]. Thus we get a contradiction. Hence, the curvature of ω(t) must blow up as t→∞.

�

6. Examples of G-manifolds with rank 2

In this section, we describe Fano compactifications of SO4(C) and Sp4(C).

6.1. Fano SO4(C)-manifolds of dimension 6. In [12], Delcroix computed three polytopes P+

associated to Fano compactifications of SO4(C). In fact, by checking the Delzant condition of

polytope P and the Fano condition of compactified manifold, these three manifolds M are only

Fano compactifications of SO4(C). In the following, we write down the detailed data associated to

P+, in particular, the values of bar(P+).

• •
2ρ

P+

(1)

Figure 1.
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Choose a coordinate on a∗ such that the basis are the generator of M. Then the positive roots

are

α1 = (1,−1), α2 = (1, 1),

and

2ρ = (2, 0).

Thus

a∗+ = {x > y > −x},
2ρ+ Ξ = {−2 + x > y > 2− x},

and

π(x, y) = (x− y)2(x+ y)2.

(A)-Case (1). There is one smooth Fano compactification of SO4(C), which admits a Kähler-

Einstein metric. The polytope P+ is given by (See Figure 1),

P+ = {y > −x, x > y, 2− x > 0, 2 + y > 0}.(6.1)

A direct computation shows that vol(P+) = 648
5 and

bar(P+) =

(
18

7
, 0

)
.

Then

bar(P+) ∈ 2ρ+ Ξ

which implies (2.4). Thus by Theorem 2.2, the SO4(C)-manifold associated to P+ in (6.1) admits

a Kähler-Einstein metric.

(B) There are two smooth Fano compactifications of SO4(C) with no Kähler-Einstein metrics.

Both of P+ (see Figure 2) do not satisfy (2.4). Moreover, the Futaki invariant vanishes since the

center of automorphisms group are finite. Hence there are also no Kähler-Ricci solitons on the

compactifications.

• •
2ρ

P+

(2)

• •
2ρ

P+

(3)

Figure 2.

Case (2). The polytope is

P+ = {y > −x, x > y, 2− x > 0, 2 + y > 0, 3− x+ y > 0}.

Then vol(P+) = 1701
20 and the barycenter is

bar(P+) =

(
489

196
,

15

28

)
.
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Thus

bar(P+) 6∈ 2ρ+ Ξ

and consequently, there is no Kähler-Einstein metric in Case (2).

Case (3). The polytope is

P+ = {y > −x, x > y, 2− x > 0, 2 + y > 0, 3− x+ y > 0, 5− 2x+ y > 0}.

Then vol(P+) = 10751
180 and the barycenter is

bar(P+) =

(
102741

43004
,

16575

23156

)
.

Thus

bar(P+) 6∈ 2ρ+ Ξ

and consequently, there is no Kähler-Einstein metric in Case (3).

6.2. Fano Sp4(C)-manifolds of dimension 10. In [11] Delcroix computed two polytopes P+

associated to toroidal Fano compactifications of Sp4(C) (see Cases (1) and (3) below). By the

tables listed in [27], one can check that there are in total three smooth Fano compactifiactions.

We give the data in the following. The positive roots are

α1 = (1,−1), α2 = (2, 0), α3 = (1, 1), α4 = (0, 2).

Consequently, ρ = (2, 1),

2ρ+ Ξ = {y > 6− x, x > 4}
and π(x, y) = 16(x− y)2(x+ y)2x2y2.

(A) There are two smooth Fano compactifications which admit Kähler-Einstein metrics (see

Figure 3).

•

•2ρ

P+

(1)

•

•2ρ

P+

(2)

Figure 3.

Case (1). The polytope P+ is given by

P+ = {y > 0, x > y, 5− x > 0, 7 > x+ y}.

A direct computation shows that vol(P+) = 31702283
1400 and

bar(P+) =

(
456413622265

104829824704
,

186115662215

104829824704

)
∈ 2ρ+ Ξ,

which implies (2.4). Thus by Theorem 2.2, the Sp4(C)-manifold associated to P+ in Case (1)

admits a Kähler-Einstein metric.
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Case (2). The polytope P+ is given by

P+ = {y > 0, x > y, 5 > x}.

A direct computation shows that vol(P+) = 1562500
21 and

bar(P+) =

(
50

11
,

875

352

)
∈ 2ρ+ Ξ.

Hence there admits a Kähler-Einstein metric in Case (2).

(B)-Case (3). There is one smooth Fano compactification which does not admit Kähler-Einstein

metrics (see Figure 4).

•

•2ρ

P+

(3)

Figure 4.

The polytope P+ is given by

P+ = {y > 0, x > y, 5− x > 0, 7 > x+ y, 11 > 2x+ y}.

A direct computation shows that vol(P+) = 148906001
4200 and

bar(P+) =

(
278037566905

66955221696
,

111498923355

66955221696

)
6∈ 2ρ+ Ξ.

Hence there does not admit a Kähler-Einstein metric in Case (3).

Two SO4(C)-manifolds in Section 6.1 (B-Cases (2), (3)) and one Sp4(C)-manifold in Section

6.2 (B-Case (3)) are those examples described as in Theorem 1.2. Moreover, these three Fano

manifolds are all K-unstable.

6.3. Remarks on Theorem 1.1 and Theorem 1.2. By Theorem 1.1 and the Hamilton-Tian

conjecture [30, 37, 5, 9, 38], the Kähler-Ricci flow (1.1) will converge to a Q-Fano variety M̃∞ with

a singular Kähler-Ricci soliton. One may expect that M̃∞ is a Q-Fano compactification of G by

extending the argument in the proof of Proposition 4.1. Unfortunately, it is not true in general.

In fact, in a sequel of paper [23], we prove

Theorem 6.1. There is no Q-Fano compactification of SO4(C) which admits a singular Kähler-

Einstein metric with the same volume as in Section 6.1 (B-Cases (2), (3)).

By the Hamilton-Tian conjecture, the limit M∞ of (1.1) will preserve the volume (also see [38,

Theorem 1.1]). Thus if M∞ is a Q-Fano compactification of SO4(C) in case of G = SO4(C), there

will be a contradiction with Theorem 6.1. Theorem 6.1 implies that the limit soliton will has less

symmetry than the original one, which is totally different to the situation of smooth convergence

as in Proposition 4.1. However, it is still interesting in understanding the Q-Fano structure of M∞.
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Although we shall assume that metrics (M,ωi, J) are all K ×K-invariant in the proofs of both

of Proposition 4.1 and Proposition 5.3, the K ×K-invariant condition for the initial metric ω0 in

Theorem 1.1 can be removed by using a recent result for the uniqueness of limits of Kähler-Ricci

flow with varied initial metrics in [39, 18]. In fact, we have

Theorem 6.2. Let G be a complex semisimple Lie group and M a Fano G-manifold which admits

no Kähler-Einstein metrics. Then any solution of Kähler-Ricci flow (1.1) on M with an initial

metric ω0 ∈ 2πc1(M) is of type II.

Proof. By Theorem 1.1, we claim that the Q-Fano variety limit M̃∞ of flow (M,ω(t)) with a

K ×K-invariant initial metric in the Hamilton-Tian conjecture is a singular variety. In fact, on

contrary, by the partial C0-estimate in [39], the Kodaira images M̃t in CPN associated to ω(t)

will smoothly converge to M̃∞. Then we get the estimates (4.2) and (4.3) for metrics ω(t) as in

Lemma 4.2. In particular, the curvature of ω(t) is uniformly bounded, which is contradict with

Theorem 1.1!

On the other hand, by [39, 18], the singular Q-Fano variety limit M̃∞ of (1.1) is independent

of the choice of initial metric ω0. Then by a result [39, Lemma 6.2], the Gromov-Hausdroff limit

(M∞, ω∞) of any sequence of flow (M,ω(t)) with any initial metric ω0 could not be a smooth

Riemannian manifold since M̃∞ is a singular variety. This implies that (M,ω(t)) is of type II.

�

7. Appendix: An analytic proof of Proposition 5.3 by Gang Tian and Xiaohua Zhu

Fix a point x̂∞ ∈ Ô0
∞ as in Lemma 4.4 and choose a sequence of xi ∈ O ⊂ M such that

x̂i = Φi(xi) ∈ M̂i → x̂∞. Then by the relation (4.19), ψi converges to a convex function ψ∞ on

Dε ⊂ a with the property

∇ψ∞(0) = lim
i
∇ψi(xi),(7.1)

where Dε is a small ε ball centered at the original with coordinates (y1, ..., yr) in a. By the regularity

in Lemma 4.2, ψ∞ is smooth and it satisfies that

∇2ψ∞(
∂

∂ya
,
∂

∂yb
) = ω∞(e∞a , e

∞
b ) = lim

i
ψiab.

On the other hand, by the relation (4.7), it is easy to see that the limit metric ω∞ is also K ×K-

invariant. Thus by the uniqueness of K × K-invariant functions associated to ω∞, ψ∞ (modulo

a constant) can be uniquely extended to a Weyl-invariant convex function on a such that its

associated K ×K-invariant function Ψ∞ on G satisfies

ω∞ =
√
−1∂∂̄Ψ∞, on G.

Recall the associated polytope P ⊂ a∗ of r-dimensional toric complex submanifold Z in M in

Section 2.2. Then

Im(∇ψi) = 2P,

which is independent of i. We shall prove

Lemma 7.1.

Im(∇ψ∞) = 2P.

Proof. 1) Im(∇ψ∞) ⊂ 2P. This is clear by (7.1). In fact, for any x̂∞ ∈ Ô0
∞ there is a sequence of

xi ∈M → x∞ = Φ−1
∞ (x̂∞) such that

∇ψ∞(x∞) = lim
i
∇ψi(xi) ∈ 2P.(7.2)

2) 2P ⊂ Im(∇ψ∞). On contrary, we suppose that there is a point v ∈ 2P \ Im(∇ψ∞). Then we

can choose a square set ∆ around v by

∆ = {v′ ∈ 2P | |(v′)a − va| ≤ δ, a = 1, ..., r} ⊂ 2P \ Im(∇ψ∞).
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Let

Ui = {x ∈ O| ∇ψi(x) ∈ ∆}.
By Lemma 2.1, we get

volωi(Ui) =C0

ˆ
Bi

∏
α∈Φ+

〈α,∇ψi〉2det(∇2ψi)dy

= C0

ˆ
∆

π(y′)dy′ ≥ δ0,(7.3)

where C0 and δ0 are constants, and Bi = {y ∈ a| ∇ψi(y) ∈ ∆}.
We claim that there are ε0 > 0 and a sequence of xi ∈ Ui such that

dist(xi,M \ O) ≥ ε0.(7.4)

In fact, if (7.4) is not true, then there is a subsequence of sets Ui (still denoted by the same sequence

of Ui for convenience) such that

dist(x′,M \ O)→ 0, ∀ x′ ∈ Ui.

Then we can choose a sequence of εi-tubular neighborhood Ti of M \ O with εi → 0 such that

Ui ⊂ Ti.

Since (Ti, ωi) converges to (DM∞, ω∞) in the Gromov-Hausdroff topology, where DM∞ = Φ−1
∞

(DM̂∞), volωi(Ti) goes to zero by the volume convergence theorem of Colding [10]. But this is

impossible by (7.3).

By (7.4), we see that

distωi(B ε0
2

(xi),M \ O) ≥ ε0
4
.

Let x∞ be the limit of xi. Then x̂∞ 6∈ DM̂∞. Since we already know that M∞ is a G-manifold,

x̂∞ ∈ Ô0
∞. Now we can use (7.2) in the above 1) to conclude that

lim
i
∇ψi(xi) ∈ Im(∇ψ∞).

However, this is impossible since each ∇ψi(xi) 6∈ Im(∇ψ∞).

�

By the equivariant classification theory [3, Section 2], the polarized G-compactification (M,

K−1
M , J) is determined by the associated polytope P of (Z,K−1

M |Z , J |Z) as in Subsection 2.2.

Let (Z ′, J∞|Z′) be an r-dimensional toric complex submanifold of M∞ generated by torus vec-

tor fields through a point x∞ ∈ O0
∞ ⊂ M∞. Then by Lemma 7.1, the associated polytope of

(Z ′,K−1
M∞
|Z′ , J∞|Z′) is same as P . Thus we prove

Proposition 7.2. The limit (M∞, J∞) in Proposition 4.1 is bi-holomorphic to (M,J).

Proposition 7.2 removes the assumption that G is semisimple in Proposition 5.3, so we can

improve Theorem 1.1 (also see Theorem 6.2) as follows.

Theorem 7.3. Let G be a complex reductive Lie group and M a Fano G-manifold which admits

no Kähler-Ricci soliton. Then any solution of Kähler-Ricci flow (1.1) on M with any initial metric

ω0 ∈ 2πc1(M) is of type II.
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