ALGEBRAIC TWISTS OF GL3 x GLy L-FUNCTIONS
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ABSTRACT. We prove that the coefficients of a GL3 x GL2 Rankin—Selberg L-function do not cor-
relate with a wide class of trace functions of small conductor modulo primes, generalizing the
corresponding result [FI<M15a] for GLg and [[KXLLMS20] for GLg. This result is inspired by a recent
work of P. Sharma who discussed the case of a Dirichlet character of prime modulus.
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1. INTRODUCTION
We begin by describing the content of a recent preprint of P. Sharma [Shal9] which is the starting

point of the present work.

Let (A(r, 1)), be the Hecke eigenvalues of a GL3 cusp form ¢ and (Af(m)),, be Hecke eigenvalues
of a GLy cusp form f (holomorphic or Maass); for simplicity we assume that both have level 1 (i.e.,
are SL3(Z) and SLga(Z)-invariant respectively). Their Rankin-Selberg L-function is the Dirichlet
series A\ p(n)

B r,n)Af(n
Lipx f,s)= Y T )
n,r>1
This has an Euler product of degree 6 admitting analytic continuation to C and a functional
equation relating L(p x f,s) to L(@ x f,1 —s).
Given ¢ a prime and x : (Z/qZ)* — C* a non-trivial Dirichlet character, the twisted L-function

is - o
Lipx fxx,8)= > ATy )(Ar{;?))sX( )
n,r>1

This again has an Euler product of degree 6 admitting analytic continuation to C and a functional
equation relating L(p x f X x,s) to L(p x f xXx,1—s).

, Res > 1.

, Res > 1.

Y. L. and Ph. M. were partially supported by a DFG-SNF lead agency program grant (grant 200020L_175755)
and the SNF (grant 200021-197045). W. S. served as a Clay Research Fellow while working on this paper. To appear
in American Journal of Math. Mon 18" Apr, 2022.
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The following bound, known as the convezity bound (in the g-aspect) is not too hard to establish:

for Res = 1/2, one has

L(SO X f XX, S) <<f,g9,s q3/2+o(1)‘
The subconvexity problem aims at improving the exponent 3/2. In | ], P. Sharma provided a
detailed description of a solution of this problem with the bound

L(QO > f X X, 8) Lfips q3/271/16+0(1)‘

Inspired by the previous works | , |, we follow Sharma’s strategy and generalise
this bound by replacing x by a generic trace function

K :(Z/qZ)* — C,

that is the (restriction to F of the) Frobenius trace function associated to some geometrically
irreducible middle extension sheaf ¥ on Pll_;q pure of weight 0 satisfying additional generic condition
(we call such a sheaf “good”).

Indeed (see §9), it follows from the (Mellin) expansion of K py into Dirichlet characters that the
series

K 2
Lipx fxK,s)= Z )\(r,n))\f(;%)s (nr ), Res > 1,
n,r>1 (TL’I“ )
(nr,g)=1

has analytic continuation to C and satisfies a functional equation relating L(p X f x K,s) to
L(p x f x K ,s) where K : Ff — C is a suitable “GLg" transform of K (see (9.2)). In most

~6

cases, K is essentially (the restriction to F of) a trace function. From this one can deduce a
“convexity” bound

(1.1) Lipx f x K,8) <fps ¢V Res =1/2.

Our goal is to improve the exponent 3/2.
Using approximate functional equation techniques, one sees that solving this “subconvexity prob-
lem” for L(p x f x K, s) is tantamount to bounding non-trivially sums of the shape

TLT’Q

SU(K,X) =) A(r, n))\f(n)K(nrz)V(Y)

for V' a (fixed) smooth function with compact support in [1,2[ and X > 1 a positive parameter of
size X = ¢* (the trivial bound being | St (K, X)| < X'T°W). Indeed when ¢, f and s are fixed, ¢
is approximately the square-root of the conductor of the degree 6 L-functions L(y¢ x f X x,s) for
the primitive Dirichlet characters x (mod q).

For this we introduce the following conditions on the sheaf F both of which are generic (i.e., hold
for a “typical” sheaf). Let [xA]: Al — Al denote the map which multiplies the coordinate by \.

— (MO) There is no any A € F such that the geometric monodromy group of J has some
quotient which is equal, as a representation of the geometric fundamental group 7 into
an algebraic group, to the geometric monodromy group of the Kloosterman sheaf [xA]*JK /o
modulo +1.

— (SL) The local monodromy representation of ¥ at oo has no summand with slope 1/2.

We will also need to assume that the sheaf F is Fourier, i.e., that it is not geometrically isomor-
phic to either the constant sheaf or any Artin—Schreier sheaf (whose trace functions are additive
characters).

We will say that F is good if F is Fourier and satisfies both of (MO) and (SL) and say that F is
bad otherwise.
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Our main result provides bounds for the sums St, (K, X) when K is the trace function of a good
sheaf, X is not too far from ¢ and when the smooth function V is allowed to vary and oscillate
mildly as ¢ varies.

Theorem 1.1. Let q be a prime and K be the trace function modulo q associated with a good sheaf
F. Let Z > 1 be some parameter and V € C2°(R) be a smooth function compactly supported in the
interval [1,2[ and satisfying for all i > 0

(1.2) vi(z) <; 2%

Let X >1 be such that Z*q"/* < X < Z4q%. We have

(1.3) SL(K, X) < ¢°Y (ZX3/4 1/16 | g5 x i gt = 4 Xq 1/8)

here the implicit constant depends on ¢, f, C(F) and the implicit constant in (1.2) and 63 = 5/14
is the best known bound towards the Ramanujan—Petersson conjecture on GLs. In particular for
X = ¢ (the convexity range) one obtains

St (K, q%) < Zg* 10+,
Remark 1.2. (1) This bound is non-trivial (i.e., is o(X)) as long as
X > @37 V4 ) for some n > 0.

The assumption X < Z%¢("9)/2 in the statement is non-essential and possibly can be removed.
We make this assumption only to simplify our treatment at one certain point; see (3.3).

(2) For k > 2 an integer, the hyper-Kloosterman sheaf K¢ whose attached trace function is
given by the k — 1-dimensional hyper—Kloosterman sums

Kl(nsg) = 5 S5 e u)

ml,~ mkGF

Ty L=
is good unless k£ = 2. In that case neither (SL) nor (MO) holds. We will explain in §9 how a duality
principle which gives the analytic continuation of L(p x f x K, s) allows for partial results for such
sums.

(3) As was pointed out to us by V. Blomer, when ¢ = Sym,(g) is the symmetric square lift
of a GLa-modular form ¢ and taking f to be a suitable Eisenstein series, one can obtain —by a
variation on | ], using the Petrow—Young variant of the Conrey—Iwaniec method | ) -
the stronger subconvex bound

|L(Symy(g) x x. ) < ¢*/271/4W) | Res =1/2

for any Dirichlet character x (mod ¢). Since this approach uses positivity of central values, it is not
yet clear whether this could be extended to general trace functions.

1.1. Principle of the proof. To illustrate the main idea of our approach, we provide a quick

sketch of the proof, focusing on just the “generic” case in various transformations. Therefore we

will assume X =< ¢% and r = 1, and we will suppress the smooth test functions from our notation.

We denote the GL3 Hecke eigenvalues by (A(1,n)), and the GLy Hecke eigenvalues by (A(n))n.
Let L > 1 be a parameter (a positive power of ¢) whose optimal size to be determined later,

and let £ € [L,2L[ be prime numbers. We use the Hecke relation to write A(1,n¢) ~ A(1,n)A(1,¥)

and then use the Kronecker symbol to separate oscillations of A(1,nf) and A(n)K (n). Our starting
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point is to follow | ] and write

S := Z A1, n)A(n)K (n)

TLNq

ZueZune K(n)

ZNL

:—ZA1€ Z)\anA )8(n, mb).

4~L n~gq3¢ m~g3

We first use a conductor-decreasing trick to write

é(n,ml) = 5q\n—m€ -0 (n _qmé, 0> .

n—ml)u

Expressing 6y(y,—m¢ = % Zu( g€ ((T) and using the delta symbol by Duke—Friedlander—Iwaniec

[ | to detect the second one:

()2 ()

CNC

we have the following approximation

5(n, mb) ~ Z Z < ”_m£)>.

CNC u(cq

Here C' is a large parameter which we will choose as
37\ /2
C= <g) = gL'
q

Now plugging this approximation for d(n, mf) in, we can write our original sum as

() 2w (557

We use Fourier inversion to separate the m-variable from K (m) and rewrite the m-sum above as

1/2 Z K Z \/7 < bc—;uf) >

b (mod q) mn~q3

u(cq) n~q3L

We now use Voronoi summation to dualize the n- and m-variables respectively, getting

A(1,n) [un < A(n, 1) in: ca):
Z \/ﬁ e(cq> Z \/ﬁ KIZ( ,q)a

n~g3L T~ <:§)L 31,1/2
Z )\(m)e(—(bc+u€)m> N Z A(m) (bc+u€m>
v\ o T a )
mrq me~ (ea) L
i
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Therefore, after applying the two Voronoi summations, we arrive at the following dual sum

cZ SN ”1 ) S )

c~C U~ L n~q3L1/2 m~qL
be + ulm
WZZKwa(q)
u( b (mod q)

By splitting the sum modulo cq into a product of sums modulo ¢ and g respectively, the second

line above can be written as
* o urlgm 1 be + ubem
Z Klo (7% un; c)e< 1cq ) 7 Z Z Kly (¢%1n; q)e < )
q b (mod q) q

nglm * a
Ce( c ) Z Kly(¢*un; q) Lz o (s ),

u(q)
where
1 ~ ab+ fu
Lap(uiq) = =7 Z K(b)e <T>
q b (mod q)
Hence
5/2 A
o q (n,1) 1 nqﬁm * 3 _
8 T L203/2 Z vn c Z)‘ (1,€) Z A(m Z Kly (e un; Q)LEZm,é(%(J)-
n~g3L1/2 c~C  U~L me~qL u(q)

We next apply Cauchy—Schwarz inequality to remove the GL3 coefficients while keeping the c-sum
“inside”:

1/2 1/2

5/2 An, 1 2 «
I SRDIDIDIDIN

n~g3L1/2 n~g3L1/2 e~Cie~Lme~qL u(q)

_ q5/2 0L/2
TOL/208/2 :

Remark 1.3. The n-variable has size ¢®L/? and was originally weighted by the GLs3 coefficients
A(n, 1) times a periodic arithmetic function of modulus gc. After applying Cauchy—Schwarz the
resulting periodic functions have moduli ge¢’ ~ ¢3L which is not much bigger than the size of n
which is now smooth and therefore one can expect to be able to analyse this sum further.

We continue to analyse the sum 2. Opening the square and switching the order of summations,
we arrive at

0= Z Z ZM@ZAM’ > Am) > A

c~C’ c~C b~L ' ~L mn~qL m/~qL
—3— glm —ngl'm’
Z L2y, o(us q Z L -y Lo, (u:q) Z Kly(3un; q) Klg(c’gu’n;q)e (nqcm> e( m‘i/ mn > .
w(q) n~g3L1/2
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We apply Poisson summation to the n-sum; after computing the resulting Fourier transform and
several manipulations we obtain

szé 3 éZ)\(l,K)Z)\(l,E’) S am) 3 am)

c~C o d~C o UL U~L m~qL m/~qL

371/2 —
¢ LY Z Z Z(v) Z'(0 = ned) - 8, prmer e (mod ec’)’
In|<L1/2 v(q)

where
1
Z(0) = Zapy(v) = —75 > Klp(Byz; q) K (vv) Klp(oaw; q)
4 zeF
with (a, 8,7) = (¢*m,£,¢®) and Z’(v) is defined likewise with (¢, 8',7) = (EQm’,E’,g3).
We consider the cases where n = 0 and n # 0 separately and denote their contribution to €2 by

Qo and € respectively.
For n = 0, one has ¢ = ¢/, and since the sheaf F is good, we have by Proposition 4.5,

Z Z(U)Z,(U) <q- 5€m’EZ’m (mod q) + ql/Q;

this gives

2 :ZC%ZA(LE) AL Y A 3 A

e~C I~L V' ~L m~qL m/~qL

X q3L1/2 (q ’ 6€m’5£’m (mod q) + q1/2)5ﬁm’5€’m (mod c)
P L5/ . q1/2L9/2
C c?

whose corresponding contribution to § is

<

3
q 11/471/2
Sy K m +q L=,
Remark 1.4. This bound is admissible is long as L is a (not too big) positive power of ¢ and
corresponds roughly to the contribution of the diagonal term (¢, ¢, m,u) = (¢/,¢',m/,;u') in Q:

q5/2 3r1/2 1 12 q3

This saving was the whole point of keeping the c-sum inside in the application of Cauchy—Schwarz.
This also shows how the additional parameter £ plays a role in this argument: without introducing
the f-sum at the very beginning we would have been failed to beat the convexity bound O(¢?) for
the diagonal contribution. This trick is reminiscent of the amplification technique which seems to
be used first by Munshi in [ | (see also [ , , ) D).

For the case n # 0, we use again Proposition 4.5,

ZZ(U)Z/(U —6) < ¢'%, § #0(modq),
v(g)

6



to obtain

Q, zzé 3 §Z—A<u> SALE S M) Y A

e~C o JI~C o U~LD {'~L mn~qL m/~qL
3r1/2 1/2
xq'L / Z q 2. 5n+mc’7Z’WcEO (mod cc’)
0#|n|<L1/2
<<q11/2L5 . /2L
C? c

Correspondingly, such terms contribute to 8
S, < g VAL,

Therefore we have the following estimate for the sum of interest

3
% qu/4 —|—q11/4L1/2—|—q11/4L3/4.

By choosing L appropriately, say L = ¢'/* we have

8 < 116,
beating the convexity bound 8 = O(¢g3+°()).
Key to this argument is the bound for the correlation sums

Z Z(’l})Z’(U - 5) < 55=05a/a’zﬁ'y/(ﬁ”y’) (mod q)4 + q1/2

which follows from Proposition 4.5. This proposition is proven by interpreting the functions
v Z(v), Z'(v)

as trace functions of f-adic sheaves Z,Z’ on the affine line A%q and by using methods from f-adic
cohomology. As the expression for Z suggests, the underlying sheaf Z is the geometric convolution
of the tensor product

K = (F @ [xa]*Kly) with £ = [y — Bv/y] Kl

(and likewise for Z'). First we verify that if (MO) is satisfied, then X and hence Z are geometrically
irreducible. It remains to show that if (SL) is also satisfied, Z and [—4]Z’ are not geometrically
isomorphic if either § # 0, or a/a’ # Bv/(8'y') (modq). To do this, we analyse carefully the
possible singularities of Z (at most at co, 0 and fv/a) and determine their nature (unipotent or
not) at 0, 5y/« using Deligne’s semi-continuity theorem and the theory of local convolution due to
Rojas-Leén. This last point is the most delicate part of the geometric argument.

This general approach is entirely different from the path taken by Sharma in the special case
K = x a multiplicative character | |: Sharma exploits the multiplicativity of x and reduces the
problem to checking the non-degeneracy criterion of Adolphson—Sperber for an explicit exponential
sum in 9 variables. For this special case, a third route is possible: the sheaf Z is an hypergeometric
sheaf whose local and global properties were studied in depth by Katz in | |; the estimation
of the correlation sums above can then be deduced from these properties and the general bounds
for correlations sums of trace functions like | ].
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2. BACKGROUND MATERIAL REGARDING AUTOMORPHIC FORMS

In the sequel we will denote by V' or W some smooth functions V, W € €2°(][1, 2[) satisfying for
alli >0

(2.1) VO(z) < 7
for some parameter Z satisfying 1 < Z < q.

2.1. Bounds for Hecke eigenvalues. We recall the Hecke relation for GL3 Hecke eigenvalues
implies that

A(rn) = > p(d)A(r/d, 1)A(1,n/d)

d|(r,n)
and
(2.2) ALm)A(r,n) = > Mrdy/dy,ndo/ds)
dodida=m
di|r,d2|n

and we have the following individual bounds
(2.3) A(r,n) < (rn)fteo®),

where 03 = 5/14 according to Kim—Sarnak (see | ).
We also have the following well-known Rankin—Selberg estimates for GLo and GL3 Hecke eigen-
values (see | , Sec. 12.1])

(2.4) > )P < X,

1<n<X
and

Z |)\(n,m)|2 <, X,

1<m2n<X
from which and the Hecke relation, one can also derive the bound (see | , Lemma 2])
(2.5) Z IA(n,m)|Pm <, X1
1<m2n<X

for any € > 0.

2.2. Summation formulas. Let f be a GLg cuspform of level 1 and of weight & (if f is holomor-
phic) or of Laplace eigenvalue 1/4 + TJQC (if f is Maass).
The GLy Voronoi summation formula states:

Proposition 2.1. Let V' be a test function as in (2.1). Let X > 0, c,u > 1 be integers such that
(u,c) =1. We have

S e ()7 () = 3 33 avtome (352) v ().



where

VE(y) = /0 "V ()8 (4r )

with
H}F(m) = 2mi* 1 (), d; (x) = 0 if f is holomorphic;
and
HOE ﬁ(bm () = Jair, (2)), 87 (x) = dey cosh(mrs) Ko, (x) if f is Maass.
We also recall the GLg Voronoi summation formula first proven by Miller and Schmid ([ D:

Proposition 2.2. Let W be a test function as in (2.1). Let X > 0, c¢,u,r > 1 be integers such
that (u,c) = 1. We have

S () (3) ey S SCEE) ity

n=1 + nylren=1

S(monie) = e <M>

z(c)

where

1s the Kloosterman sum and where

(2.6) We(x) = 2Lm /(1) TG (s + 1)( ;

+00 dy
—5
W(y)y m )dS-

For the precise definition of the kernel function §7(s) we refer the reader to [ , (4.6)].
We recall the following lemma (see | , Lemma 4.3])

Lemma 2.3. Let 0 € {—1,1}. For any j >0, any A > 1 and any € > 0, we have

3
WD () < min(Zj—Hxl—G:a—a’Zj+5/2+e<Z_)A)
T

for x > 0, where the implied constant depends on (j, A,e). Moreover, for x > 1, we have
WY (2) <« 2?3 min(Z7, 29/3)
where the implied constant depends on j.

The integral transform W, admits another representation as Hankel transform of some GL3-
Bessel functions as can be seen by switching the y and s integrals in (2.6) which we record here
(see [ , Lemma 3.2])

(2.7 Waa) = [ W)T,alen)iy

Here J, +(x) is some GL3-Bessel function satisfying the following properties.
Lemma 2.4. (1). Let 0 > max{—Re p, 1, —Re pip2, —Re puy3}. For o < 1, we have
(2.8) T IIL () g ripinog T

(2). Let K > 0 be a fized nonnegative integer. For x > 0, we may write

(29) Tousla®) = Dyt ) 1 B2 @),
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where Wj(:r) and Ef;(x) are real-analytic functions on (0,00) satisfying

* T) = Z Bi(‘ﬂ)ﬂ”_m T O g 1.410,2.110, (x_K) ’

and
Ej(j)(x) Lt 1:h,2:40,3: M’
Jor x>y, g5 1, where BZE () are constants depending on Pl o2 and fly 3.
Proof. See [ , Theorem 14.1]. O
Next we recall the Duke—Friedlander—Iwaniec delta symbol method | | in a version given

by Heath-Brown [ ].

Lemma 2.5. For any C > 1, there is a positive constant nc and a smooth function h(z,y) defined
n (0,00) X (—00,00) such that

"Cz SICOLICNI]

a(c
Here the constant no satisfies
ne =1+ 04(C™%)
for any A > 0, and h(x,y) is a smooth function vanishing unless x < max(1,2|y|) and whose

derivatives satisfy ,
.Ti 811;h(xa y) < 1 andaéyh(xa y) =0,

forx <1 and |y| < z/2, and
it

2.10
(2.10) Y Siaiy

Wz, y) <ij 1

for |y| > x/2.
3. FIRST TRANSFORMATIONS

From now on we will assume that Z satisfies
1<Z2<q

(otherwise the trivial bound is stronger that the bound claimed in Theorem 1.1). We have

nrQ
SL(K, X) Z)\ (r,n)A\f(n) K (nr?)V ()= > Sya(K, X/r?).

r>1

where
n
3.1 Sy, (K, X) A(r,n)A ¢ ( v .
(3.1) v Z A ) (0r)V ()
By applying the Rankin—Selberg estimates (2.4), (2.5) and the bound (2.3), we have
(3.2) > Sve(K X/r*) < "R X/R,
r>R
where 03 = 5/14; see, say | , (4.2)] for the details. It will suffice to bound Sy, (K, X) for
r < R = ¢? for some p > 0 to be chosen; see (7.7). In the sequel we assume that
r < R;
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moreover, as we will see, R < ¢, so that (r,q) = 1.
Let L > 1 be some parameter and let L be the set of primes in the interval [L,2L[. We first
write

n
Syr(K,X) = ZAMZAM (r,n)\f(n) K (nr )V(X)
el
where
=Y ALY~
teL, log L gL
by the prime number theorem for automorphic forms (| , Lemma 5.1]).
In the sequel we will assume that L satisfies
(3.3) R<L

so that it is guaranteed that any ¢ € [L,2L[ is coprime with 7.
By the Hecke relation (2.2) we have (since (¢,7) = 1 by the assumption L > R)

AL OA(r,n) = A(r,€n) + S A(rl,n/L).
The contribution to Sy, (K, X) of the second term is trivially bounded by
1 rfs 02 X
34) Y LR Y AC ) (M)A (O] + Sl Ar(n/0)]) [ K]l < ¢*
teL, n~X/t

where 03 = 5/14 and 02 = 7/64. Therefore we obtain

Sy, (K, X) = Z)\

1 r93L92X>
Lel,

0) i A(r,m€)A s (m)K (mr?)V (%) L0 <qo< -
m=1

Now we use the delta method to separate the coefficients A(r, mf) and A¢(m)K (mr?). To prepare
for later manipulations, we first introduce U, a smooth function supported in (1/100,100) and
satisfying U®(z) < 1 for i > 0 and U(z) = 1 for z € [1,2].

Let v = ¢°Z where € > 0 is fixed but to be chosen as small as we need. Then we can rewrite
Svr(K,X) as

S (K, X) = = SN0 Zmn ZAf () ()" Sucnell () V ()

el
03 10
L0 <qo<1>ﬂ> '
L

Using a Mellin transform on U we can replace — up to a factor ¢°) and up to changing the
definition of U- the expression U (%) by U (%)
Therefore from now on we will consider the sum

(35) Si,(K,X) ZA ) Z rn) f: A (m) K (mr?) (%) vt () V ()
m=1

Lel n=1

Remark 3.1. The introduction of the parameter v = ¢°Z will be useful later, when we try to
localize the range of some variables; see Lemma 3.3 and (4.5). See also | ] (and Remark 4.2
there) for a similar trick.
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We proceed as in | | and follow Holowinsky, Munshi and Qi | | to rewrite the 0,
in a more analytic form using the delta symbol method in Lemma 2.5: for any n € Z such that
|n| < 4X L we have

Oneo = Ogndnjqo = 72 (L D Z <a”/q) <C,CL2(1>+OA(C_A)

(] c<20

_ 1 “*“C>h(3 i)+0 (=4
_ aq+uc>h<£ L)
z ;z e(n
(cq)fl

o X w i () (@) o

c<2C’/q u(q ,a(cq)

Here we choose

o 0= (K1)

Observe that in the first sum of the last expression, as a varies over a set of representatives of
the residue classes modulo ¢ (prime to ¢) and w varies over a set of representatives of the residue
classes modulo q, aq + uc varies over a set of representatives of the residue classes modulo ¢q prime
to c.

Similarly in the second sum, the modulus ¢ is < 2(XL/q¢*)'/? < ¢ and is therefore coprime with
q. Tt follows that as a varies over a set of representatives of the residue classes modulo ¢q (prime
to cq) and u varies over a set of representatives of the residue classes modulo ¢, a + ucq varies over
a set of representatives of the residue classes modulo cg? prime to cg?.

We can therefore rewrite

1 1 * u c n
o = o 2 () (G em)

c<2 u(cq)
(e,9)=1
(3.7) + L 3 e *e<n9>h cn
’ C cq c C’ C?%q
c<2 a(e)
(e,9)=1
T N N C P L ot
C cq® ~ cq? C’ C?%q A '

c<2C/q u(cq?)

Remark 3.2. One reason for detecting the condition n — mf in two such steps is that since we
already have a trace function of period ¢, introducing an additive character modulo ¢ does not
significantly increase the complexity. Therefore, we can detect the condition n = mf (mod ¢) at a
reduced cost. After this, we can then detect (n — mf)/q = 0 using the delta symbol. So we are
choosing a delta symbol that is in harmony with the modulus of our trace function (we thank the
referee for pointing this out).

The outcome of such an operation is that the parameter C in (3.6) is reduced by a factor ¢'/2
from the most natural choice (XL)Y/2. A similar reduction trick was used by Munshi in [ ],
and more recently in [ ]
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We apply (3.7) to the difference n — m¢ in (3.5) and obtain
(3.8) St (K, X) = Main + Erry + Erry + O4(X %)

where

o0
Main _L*C’ Z Z)\ (1,0) v Z Z)\(r, n)e <nc—1;> n'U (%)

( ) (C<?C EGL u(cq n=1
3.9 c,q)=1

3 vmitmrte (S ) mmv (3)n (5 )
Erry = L*C’q Z Z)\lﬁé"vz Z)\rne< ) ZUU(XL)

( ) (c<?C’ €€L a(c) n=1
3.10 cq)=1

mi::l A (m) K (mr2)e (_aCM) m ()b <é né—zifg) ’

and
Erry = L*02 3 ZMM WZ Z)\rn ( ) nU (57)
c<2CY/q éGL
(3.11) (ca)=1

= 9 —aml\ i, (M cq n—ml
m=1
As for the first term Main, we may further restrict to the subsum satisfying (¢,¢) = 1 and will

bound the complementary subsum (corresponding to ¢|c) as an error term. That is, we further
write

Main = Maing + Errs,

where
Maino = L*Cq Z Z A M_wz ZM” < _> v (XL)
c<L2C ZGL u(cq) n=1
(3.12) (c)=1 (Lo)=
s —umb _ c n—mf
mz::l)\f(m)K(mrQ)e < o ) “’V( ) h (C 02 > )
and
Err b Zmﬁ_i“ Z 12 i A(r,n)e <n£> “’U( )
3 _L*Cq ‘ ) - : p XL
€L <20 u(cq) n=
(313) lc,(c,q)=1

ni:l)\f(m)K(mr2)e<_Z;n£> —wv( )h(é ”Cjzmg).

In the sequel, we focus our analysis on the term Maing which is the hardest and is responsible for
the final bound. The other three terms Erry, Errs and Errs are discussed briefly in §7.1.
13



3.1. Bounding Maing. To prepare for the application of Voronoi summation formula to the m-sum
we write

1 ~ —bmir? 1 ~ —ber’m
Kmt) =5 3 ROL) = o5 3 Ree(—or),
b (mod q) b (mod q)

where
(3.14) p /2 YK
a€F,

denote the normalized Fourier transform of K.
We find that the term in (3.12) can be rewritten as

Maing = A1, 00 A(r,n)e ( —> nU
o L*Cq ;:c Z; uzc;) nzl <XL)
(3.15) (eq)=1 (Lo)=
1 (ber® +ul)m\ c n—ml
7, X KO3 e (SO0 o () (67
mod ¢

We can further assume that (ber? +uf, cq) = 1, as otherwise we would have (ber? +ul, q) = q (since
we have already assumed (¢, #) = 1) and then by applying Proposition 2.1 to such terms above, we

have
[e'S) 7bcr2+u5m
4 —ivyy (M) g (€ n—mb
St (2 e ()0 (6 ")
x & ibcﬂq—‘rufm N mX
== VE =
- 3 AP ()
where
(3.16) P ) = [ V@)t (55 ) Uy
: R c 02 !

~ A
By integration by parts, one easily sees that V* (n,y) <4 (Z‘H’) , for any A > 0. On the other
hand with our choice of the C' in (3.6), we have

mX _—mX mg 9 2
— > 5 = "z
c? C? L 1

for some 1 > 0. Therefore VE (n, 7Z—2X) < (¢~™MA, of arbitrarily small size. That is, the contribution
from the terms with (ber? + uf, cq) > 1 in (3.15) is bounded above by O4(g~%).
Now assuming (ber? + uf, cq) = 1 and applying Proposition 2.1 to the m-sum in (3.15), we have

(3.17)

Maing = L*CQQZ Z Z AL e 1/2 ZZ K

<20 ZEL
(e,q)=1 (b,e)= (bcr(?uf(zzg
> :l:bcr2 +ber? 4 ubm > i Sa mX A

14



We further apply Proposition 2.2 to the n-sum above to obtain a sum of the form

(3.18) L*C Z > - Z AL, )™
c<L20 ZEL
(c Q=1 (Lo)=
) req m nin
X |Z Z)‘ G(manv n )W:t:t CQQZ/X, c3q37"/XL
ni|req mM,n
where _
rcq +ber? + ubm _ | req
G(m,n, ZZ < o S | ru, £n; -
b(q),u(cq)
(ber24ul,cq)=
and
Wiy, 2 /V ) (X)W, +(2)3 (47 y/zy)de
(3.19)

_Z/V )(Xx) “’/ W (&) Jp+ z{)df)ﬂf(47r\/7)
by (2.7). Here

Wa(©) 1= (XL V() (g ).

Lemma 3.3. Let v = ¢°Z, € > 0 be the parameter introduced above Remark 3.1. For any B > 1
the function

(ya Z) = Wi:t(ya Z)
is negligible for v,z > ¢~ B unless

(3.20) y =2 2=l
Here negligible means that for any A > 1, and for y,z > ¢~ P not satisfying (3.20), one has

Wes(y,2) <apeq "
Proof. We recall from (3.16) that

= i — Xl
P ) = [ V@0 n (G ) r e
for n a real variable satisfying n =< X L and that
Wesn2) = = | (XL UV (XL.9) Ty al:6)d€

We consider the cases where f is holomorphic (the case f is a Maass cusp form would be similar).
Then g (z) =0, and B}F(:c) = Ji—1(x) satisfies

(3.21) I () < 2
for x < 1, and while for > 1 we can write
(3.22) Jr—1( Z \/— (),

for some Wj_ 4 (z) satisfying leﬁli(m) < 1. We also have

(et
oxt \C’" (2% ’
15



which follows from (2.10). This together with (3.21) implies that if y < 1 then xlvl(’; (z) < Z°,
where

Vile) = VX (G ™) Jia ).

Therefore integration by parts implies that: if y < 1 we have

. ) 7 A 1 A
V+ (n,y) = / ‘/Ly(fl,‘)l'_wdl' < <;> < (E) 5

for any A > 0. That is, for y < 1, v+ (n,y) is always negligibly small.
We now assume that y > 1. We use (3.22) to write

o =3 [ XV (G ) e vae (<15 220 ) as

1 1
:—ZW/RVQ,y(x)e< Y Ogac:|:2\/_> dz,
+

where V5, (x) satisfies :E’V2(Zy) (r) < Z'. Again, integration by parts implies that

- 1 Z A
+

for any A > 0, which shows that V* (n, y) is negligibly small unless | — v/27 £ ,/y| < v. Therefore
we may assume that the y-variable satisfies

y = v?

(otherwise v+ (n,y) and W (y, z) have negligible size for n < XL and y,z > ¢~ 5.)
In this remaining range we evaluate Wiy (y, z). Recall from (3.19), we have

Wii(y,2) :/V(a:)(Xx)_iUH?(ZlW\/x_y)

R
szm@waU@m<g;§E%5§%>%¢@@%¢u

We consider the inner integral above. Recall here U(§) is a test function satisfying (2.1) with
Zy = 1. If z < 1, then by using (2.8) and (2.10) we have lefg(f) < 279, where

¢ XL¢E— Xal
e !

Hence using integration by parts, the inner integral satisfies

(3.23)

Wia(6) = (XL U(E)h (

/ Wi (6)EWde <« 27 A « ¢=4¢/2
R

by taking A sufficiently large. This implies that W (y, 2) is negligibly small when ¢~ % < z < 1.
Now we assume that z > 1 and use (2.9) to rewrite the inner integral over £ in (3.23) as

- i c — Xzt WE((zO)Y?) /vl
?/0 (XL)TU)R (amgqu e) w(iéf/)s )e< ngii’»(z&)l/?’) ag

—21/3/ W2 (€ (vlogf <§>1/3>d§

16




up to a negligible error term. Here
P ¢ XLE— Xat
Wau(§) = (XL)" € PUO 7 =g — | W (')
C C?%q
satisfies §ZW2(2(§ ) < 1. Applying integration by parts, the integral above is negligibly small unless

ZX’U3.

Remark 3.4. The above argument shows in fact that for z > ¢~2 and 3 > 0 one has

Wii(y,z) = 22/3/ V(:J;)(Xa:)*ngf(élﬂ\/@)
(3.24)

1
/ Wa . (€ (U 08¢ 3(z§)1/3> d¢ dz + “negligible error term”.

where the main term is also negligible unless possibly, when (3.20) is satisfied.

4. THE CASE ¢q fn;

For the sum in (3.18), we further split it into two subsums according to (ni,q) = 1 or not, and
write

Maing = Maingy + Errg + O(g~%),

where
(4.1) Maingg = L*C’ Z Z Z A1, 0) 0 Z Z)\f(m)
c<L2C KEL nilre MM
(ca)=1 (Lo)= (n1,9)=1
A(n,ny) req m nin
——=C W
T U W\ G XL

and Erry corresponds to the complementary sum where g|n;. In §6.3 we briefly analyse the contri-
bution from Erry (see (6.4) and (6.5)).

We have
+ber? + ubm +ber? + ulem . +ulgm
(Rl _ o e E
q q ¢
req o o
S(ru, £n; —) = S(eniu, £renin; q)S(qru, £qn; re/ny).
ny

Therefore, the (b,u) sum in ¢~ /2C(m, n; 1) splits into a product of two sums of respective moduli
re/ny and q.
The modulus rc sum is denoted by

+ulgm

(4.2) My, »(m,n, l;re) == Z* e( )S(gru, £qn;re/ny).

u(c)

c

17



The modulus ¢ sum is given by

2
Nzr(m,n, £; q) ZZ M)S(Enﬂ, +renin; q)
b(a) ) 1
(ber?+ul,q)=
* % :tc 72b + ulm
7 202 KT K ndni o) = 3 Lcapa, (i) Ko7 s
b(q), () u(q)
(b+ul,q)=
where
1 ~ ab+ fu
(43) Loslsn) =z 3 Rie(“H0)),
b(q)

(b+Bu,g)=1

We will sometime suppress the parameters a and 3, and abbreviate L, g(u;q) as L(u;q).
From these notations we find that the sum Maingg in (4.1) becomes

(4.4) Maingy = L*qu/ZZ d o= Z Lo S S A m) nm)

t+ <20 ZGL nilre NN
(ca)=1 (Leo)= (n1,q)=1
2 2/X A@Pr/XL
We break the c-sum into O(logq) dyadic intervals and for C’ < 2C we evaluate the truncated
version of Sy (K) where ¢ ~ C’. Here C” satisfies

XV < C' <20 = (XL/q)'2

Mn1,r(ma n, E; TC)Nﬁ(my n, e; Q)Wj:j:(

We set

Cl2q2+2s C'3q3+3€7“
4.5 M=+ =" —
(45) x

By Lemma 3.3 we have

m =< M,nn3 < N
which we abbreviate by

m~ M, nn} ~ N.

Remark 4.1. From this discussion we see that C’ cannot be too small: we have m/M < 1 and
since m > 1, then

C/ 2 X1/2/Zq1+€,
and this also implies that N is not too small
X112
> .
L
4.1. Cauchy—Schwarz. We will now apply Cauchy—Schwarz inequality with the n,n; variables

outside (to get rid of the factor A\(n,n1)) but we need some preparation.
We factor ¢ = ¢ico with

c1 <, nilrer, e1](nar)™ and (co,nir) = 1.

Then we apply Cauchy—Schwarz and (2.5) to remove the GL3 coefficients in (4.4). Using Lemma
3.3 the sum Maingg is bounded by four terms (for the various choices of &, +) of the shape
18



VX

1/2 p1/2
LCq/? C”NA B
with
A= ZZ IA(n,n1)|*n1 < ¢° DN = qo(l)Z3C’3q3r/XL
nn2a
B=> Y m| > MLOC™ > A(m)
c1,nn2aN teL m<M
(nig)=1  (ben)=l
Z My, r(m,n, l;re1c2) Negege(m, n, £ Q) Wi ( i nin )2U<n>
S e R TR G X /XL AN/t
(c2,q0)=1

Here U is a smooth function with compact support contained in (0, co) satisfying (2.1) with Zy = 1.
Hence we obtain that

qo(l)X3/2
7,1/2Z3/2Ll/QCC/5/2q2

After opening the square, the second factor B equals

(4.7) B=) Y mY Y > > x

(4.6) Maingg < 1/2

c1,n1 o0 €2,c5
m,m’
n
ZMnhr(m,n,ﬁ;rclcQ)MnM(m’,n,f’;rclc’z)Nclcﬂ(m n, l; q)N- e T(m n,l'; q)W (W) ,
n>1 1
where

—~

n n m nin —_— m/ nin
48) Wl —= | =U | —= | Wi+ ! Wit L
(48) (N/n%> <N/n?> 2 cic3q®/ X cedgPr/X L A2 /X ey’ 7“/XL)
Remark 4.2. At this point it may be useful to recall the typical size of the various quantities
involved: we should imagine that ¢ =ny =7 =1 and

X = ¢, L =q" with 7 > 0 as small as need be, C' = ¢qL/?
¢/2 < C' < gLV,
M =C"?¢" e1,qL], N =C"¢*/¢*L = C"° /L € [¢**/L,q°L'/?]
and
cachq = C?q € [¢*,*LY?), cach ~ Q/q € [q,¢°L'?).
In particular
N =C"/L > (ecachq)'/? = C'q"%;

therefore we are in the Polya—Vinogradov range where applying the Poisson summation formula to
(4.7) is beneficial.

We apply Poisson formula to the n-variable keeping in mind that

(4.9) n > My, r(m,n, l;reica) My, o (m!,n, Vs reich) Neregr(m, n, £ q) N-

19
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is periodic of period gk := greicach/n1, and see that (4.7) equals

(4.10) ZZmZZZZ 2 (k) 1/22FTnmm 0,05 qk)W (n/N*)

C1,n1 0,0 02,c2
mm
where
FT(n,m,m', £,0;qk) = ZZ Ly, o(u5 q)Liggﬁm,’K,(u’;q)x
u,u’ (mod q)
—~ Z Kly (£ 7 n3T; q) Klg(:l:g?’??’n%vﬂ';q)Mnl?T(m,U,E;rclcg)Mnm(m’,v,é’;rclc’z)e o
v (mod gk) qk
and
2
. 9 n1qrC”” XL
(4.11) N* :=gkni/N < P (< Z3010’q2+3€)'

Here we can truncate the dual n-sum in (4.10) at |n| < ¢** ZN*.

Remark 4.3. The truncation of the dual n-sum follows from the fact that W(n/N*) is negligibly
small when |n| > ¢?**ZN*, as can be seen from the expression in (3.24). Indeed, from (4.8) the

Fourier transform W(w) after Poisson summation equals

~ yN yN
412 W(w :/U Wt (= o Wt (- g
( ) (w) R (y) W (= e’ r/XL) (= c:fcégq r/XL

From (3.24), we see that the factor in the integral that depends on y is of the form

Je(—wy)dy.

yNXL NXL
/U(y)e(—3< €)Y 3 )P — wy)dy
R ciesqir cich g3

where &1,& < 1, and for w # 0 by applying integration by parts, this is

e\ A
< (%)
|wl
upon noting that é\ggfr = ¢* 73 by (4.5). Hence W(w) is negligibly small when |w| > ¢**Z.

4.2. Computation of FT. Recall k = rcicacy/ni. We have (g, k) = 1 and we split the above sum
FT(n,m,m’ £,0';qk) as a product of sums FT(n;q) and FT(n; k) of respective moduli ¢ and & (to
simplify notations we do not display the dependency in m,m/, ¢, ¢’ in these expressions).

4.2.1. The k-sum. The k-sum equals

nvq
FT(n; k) := \/,E(I;Mm m, v, by reica) My, »(m! v, 05 reicy) e ( k: )

Lemma 4.4. We have the following bounds

FT(0; k) < Vkreiea Z Z (d,d"),

dlcice d'|ciee
(ded")|(me'—m!f)

T(nik) < VEY & Y d) Y SN

diler  di|er x1(re1/n) da|(c2,€n1ch+nm)
fnizi=Fm (moddi) dj|(ch,¢'n1ca+nm’)
20
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Proof. To see this, we recall

(4.13) My, »(m,n, 6;7¢) Zdu( ) 3 e<i‘7/7:j>

z(re/n1)
nix=Fm (mod d)

Then
C1C2 , ([ c1ch
PLk) = 3 dn (A2) 3 ()
d\clcz d'|c1cly
Z* Z Z ( +qzch F qalca + mj)v)
k

( )

(4.14) tnizmm (th Doy’ Y;ﬁ/(zllgd d’)

e T el T s

d|erea d'|cich z(reica/ny) ' (reich/ny)
Lniz=Fm (mod d)¢'nix'=Fm’ (mod d’)

zch—a'ca=Fn (mod k)

We calculate the case where n =0 (mod k) first.
For n = 0 (mod k), the congruence Zc, — x’cy = Fn (mod k) forces

(4.15) ey = c
and z = 2’ (mod rcice/ny). Therefore

Vi Z dy (0102) Z 'y (clcg) Z* L

dlcica d'|cie2 z(reiez/ny)
Iniz=Fm (mod d)
U'niz=Fm/ (mod d’)

Notice that since we have (¢, c) = (see (3.12)), for d|c we have (d,¢) = 1. The system of equations
lniz = Fm (modd) and ¢'nixz = Fm’ (mod d’) has a unique solution modulo [ﬁ, ﬁ]; more-
over it implies that (¢'d, ¢d’)|(mt" —m/f). The number of solutions for x (mod “{-) is therefore

given by

TClCQ/nl o rC1C2
d d’ - .
[ T [n1,d,d]

Hence

o0 TS a5 (5)
d|cica d'|ereo s Gy

(€' ded’)|(me —m/¢)

In particular,

FT(0; k) <Vkrepes Z Z (d,d).

dlcica d'|cica
(eded")|(ml' —m’ L)
21
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Next we consider the case where n # 0 in FT(n; k). In (4.14) we write d = dydy where di]cq,
da|ca and d' = ddi, where d}|c1, dj|c). Then the sum splits as

- () 40(3) Eo () £ 0 ()

di|er
(4.17) > > > >
’ z1(re1/n1) x| (re1/n1) x2(c2) xh(ch)

fnyz1=Fm (mod d1)¢'nyz) =Fm’ (mod d}) tniz2=Fm (mod d2)¢'nyzy=Fm' (mod d})

T1c) —x—’lcgE:Fn (modrci/n1) Tach —x_’chE:Fn (mod cach)

:=VEFT(n; k)FTo(n; k),

where
FT)(n; k) = Zd1u< )Zd’ < > Y Yo
dile1 z1(re1/n1) ) (re1/ny)
Lniz1=Fm (mod d1)¢'niz) =Fm’ (mod d})
ZT1ch—a co=Fn (modrei/ny)
and

FTa(nik) = Y d1u< ) 3 dhu <;—/,Z> S Y 1.

da|ca dj|ch, x2(c2) xh(cy)
tnizo=Fm (mod d2)¢/nizb,=Fm’ (mod d)

Tach —;’202 =Fn (mod cacf)
In FTy(n; k), the term 2 (modrec;/ny) is completely determined by x; (modrcy/ng). Therefore
estimating trivially, one sees that

FTimik) < > S Y 1

diler  d)|e z1(re1/n1)
niz=Fm (modd;)

For FTs(n; k), the congruence conditions there imply that da|lnic) + nm and d|¢'nica + nm'.

Therefore
FTQ(TL; k) < Z Z dgdé

da|(c2,fnich+nm)
dy|(ch 'nico+nm’)

4.2.2. The g-sum. The g-sum equals

(418) FT TL q - = ZZ L:I:c mf U Q)L 2?2m,76,(u’;q)><

,u’ (mod q)

- k
Z Kly (£ n20v; q) Klg(j:c’gfgn%vﬂ’;q)e <ﬂ> .
q
v (mod q)

It will be useful to transform it to make it amenable to a sheaf-theoretic treatment.
For o, B,7,0d/, 8,9 € F we recall (see (4.3))

(4.19)  L(u;q) = L, = —ZK (M> = Z K (a) Kly(aa; q)e(— @),

b(q 4 aEF q
the latter identity following from the expression of the Fourier transform (3.14). We also define

M(u) := Kla(yu; q)
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and define likewise L' (u;q), M'(u') with o/, 8',+'. The following choices of values of the parameters
correspond to our initial problem:

a =+ m, =14, o = +7°F ml, g =1

(4.20) v =472, 4 = o7 n?, 6 = kn,
we see (by switching the u,u’ sums and the v sum) that (4.18) equals
—_
Vi Y MxL)M % L({v)e(™)
q

v(modq)
where M x L denotes the normalized multiplicative convolution
M * L(v 1/2 > M(u)L(v/u) = 1/2 > M(vu)L(1/u).
uGF>< uEF><
To evaluate such sums further we will need to make a few elementary transformations.

By Plancherel formula we have

(4.21) > Mo L(v)M' % L (v)e( ZM*L V)M« L'(v— 6 ZZ )Z' (v —6)

q
say. Let us now compute Z ( ):
Z(v) = 1/2 1/2 Z ZM L(u/z)e(— 1/2 Z Mz

zeF; U q z€F

By (8.1) we have R
L(z) = K(x/B) Kla(er/ B3 q)

and
(4.22) Z(v) = 1/2 Z Klo(Bvyzx; q) K (xv) Kla(azv; q).
:I:EF><

In §8 we will prove the following
Proposition 4.5. Let T5(F,) be the subgroup of F defined by
T5(Fy) = {\ € F, [xA]"T is geometrically isomorphic to I}.
Assuming that the sheaf F is good, then for any o, B,o/,8',v,7,0 € FJ, we have

> Z()Z'(v - 6) = 0(¢g"?).

If 6 = 0 the above bound holds unless
a/a’ = By/B'y € Tx(Fy)

in which case

> 2(0)Z'(v) = cs(a/d)g+ O(q"/?)

for cg(a/a’) some complex number of modulus 1. Here the implicit constants depend only on C(F).

Returning to our original sum, we see that (4.18) is O(q) unless (observe that the 7 variable is
gone)
c’zm/CQm' = c'3£/c3€’ € Ty(Fy)
in which case (4.18) equals C(¢*m/c®m’)¢*/% + O(q) with |C(¢*m/Em/)| = 1.
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5. CONTRIBUTION OF THE n = 0 FREQUENCY

In this section we bound the contribution to (4.10) of the frequency n = 0. By (4.15), we then
have

(5.1) ca=ch c=c, k=reici/ny.

We use the case 6 = 0 of Proposition 4.5: by (5.1) and (4.20) we have that (4.18) is O(q) unless
we have the congruence modulo ¢

m/m’ =/l € Ty(F,)

in which case (4.18) equals C(m/m’)¢*? + O(q) with |C(m/m')| = 1.
The contribution of the n = 0 frequency to (4.10) is bounded by

7 2L i L MO0

ni,c=c1c2
XY S I (@ 260 pi— ey (7g) + DIFT(0; K)|
m,m’' <M
/
1/2 ZZ n1k1/2 ZZM 1, E
n1,C=C1C2 2.0
X ZZ |>‘f / 5m/m’ =L/0eT5(Fy) +Q)|FT(O k)|
m,m’<M

NC'
0 D IES D) BRI

ni,c e

X Z Z |Af 3/25m€’:€m’ (mod q) + Q) Z Z (d7 dl)

m,m/<M d,d'|c
(€'d,ed’)|(mt —m'e)

Writing b = (d,d’) the sum is bounded by
yriNc’
XY EX P it moa + )

ni b|c~C’ MNme<M

b\f’m —m/

o TNC 32 LM LM

<q 72 LM ) b (g% o +1) +a(=-+1)

ble~C!

12

<O /CLMC’( V2LM + C'¢%% + qLM + C'q) < D~ CI/LM(C' 3/2 4 qLM).
q' q
X3/2

we see that the con-

Taking the squareroot of this term and multiplying by SYEY EIETAVEToTaTIEReE

tribution of these terms to (4.6) and then to (4.1) is bounded by
I/ZXMI/Q

o))" 11/2 3/4 1/271/27,1/2
G TAEPET (C2a g 2L 2)

3/443/4

(5.2)
<@/ ( 7 X

2171/2~81/2 5/4
i1 +ZL/X/q/>.
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In particular for X = ¢ we obtain

01 1/2 q 271/2 3—1/4
(EOP /(ZL1/4+ZL/q /4y

which when 7 = 1 is non-trivial for 1 < L < ¢*/2.

6. CONTRIBUTION FROM THE n # 0 FREQUENCIES

Recall from (4.10) that
(6.1)

Byzo = I/QZZH STy A, e Z Y
1

c1,n1 Lel, el

m) > Apm)y >y
m/'<M

ca~C' /ey chy~C' ey

k1/2 > " FT(n; )FT(n; k)W(n/N*).
n#0

We consider two cases: n # 0 (mod ¢) and n = 0 (mod q).

6.1. n # 0 (mod g). By Proposition 4.5, we have
FT(n;q) < q.

Combining this with Lemma 4.4, gives

Bto (mod g) <q°W Ng'2y > — Z\A (LO]> 1AL 2) |Z|>\f |Z|Af MY
Cc2 c’2

c1,m1 ZEL el
' * ' *
S oYad Y XY agman
n<ZN* di,d|c1 z1(re1/n1) da|(c2 fnich+nm)
n#£0 (mod q) fniz1=Fm (moddi) dj|(ch,¢/n1ca+nm’)

By using (L, O)IACL )]s (m)|[As(m')] <€ AL €)X (m)]2 + [A(L, )As (m)]2, we have

n;éo(modq) <<qo(1)Nq1/2ZZ c1 ZZ (L K Z Z d

c1,m L yeL veL n<ZN* diler
n#0 (mod q)
N2 * /
> P Y Y ) > ey
m<M m/'<M CQNC//Cl C/2~C//Cl azl(rcl/n1) d2|(62,€n16/2+nm)

Lnyz1=Fm (moddy) dj|(ch,'nica+nm’)

The right hand side, when replacing ¢z by cads and ¢, by chd), is

RS I IED DD S ED DI ED DI DS

€1,m1 n<ZN* dilet  doC'/cr  dy<C'/er  ca~C'/crda
n#0 (mod q)
"2 N1 2 *
D > Astm)P > D ALOP 3 2 L
el m' <M ch~C' [erdl LEL z1(rei1/n1) m<M
#'nicoda+nm’=0 (mod d) Inichdy+nm=0 (mod dz)

Iniz1=Fm (mod dy)
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Bounding the number of solutions in m of the congruence equations ¢njchd, + nm = 0 (mod ds)
and fnyxr; = Fm (mod dy) we see that

—_— C'L M
> Y hLoP Z* > 1 < ¢°W(d, )Tcl a <1+ W)
ch~C' [erdl, LEL z1(re1/n1) m<M A 192
Inychdh+nm=0 (mod d2)

Iniz1=Fm (moddy)

C'L M
< ¢°D(dy,n)— == <1+—>
a4 ( 2 )77,1 d/2 d1d2

Averaging this bound over the remaining variables we obtain

C1
Bn;éo (mod q) K qO(l)Tqu/QC/L Z Z ? Z
ciymi L peZNE

n#0 (mod q)
> (m)(ad+M) 3 > ) > [As(m)l*.
d2<C'/cy dy<C' /ey ca~C' [erda U EL m'<M

'nycada+nm’=0 (mod dj)

— If {'nycady + nm’ # 0 we interpret the congruence ¢'nycads + nm’ (mod df) as d, being a divisor
of that integer so that the contribution of such terms is bounded by

o c . c’
< ¢*WrNg'2C'LY "N n—;ZN > (cdy+ M) LM
Cc1,n1 1 d2<C’/c1 192
c? M
*OrZNg 20 L2 M amae 14+ ——
" 1 Z Z 77, C1 N Z + Cldg
c1,n1 d2<C" /ey

— W2z 3/2L2MZZ Z ( cld2>

C1,M1 d2<C’/Cl
M
= ¢*Wp2z0 PRI M <1 + 0/) .
— On the other hand, the contribution of the terms satisfying ¢'niceds + nm’ = 0 is bounded

by (this follows from bounding the number of representations of m’n’ as a product of four factors,
where n' = n/(dz,n) and using the Rankin—Selberg bound (2.4))

¢ qul/QC'gLZZ z

C1,M1 nLZN*

n;éO(modq)
d M A |2
S wn(+2) Y Y Y )
d2kC' /1 ca~C'[e1de /€L m/' <M
U'nycado=—nm'
< ¢*VrNg2Cc”L (1 ( ) ZZ ZN* V2 zC” P PLM (1 + g) :

Cc1,m1

which is smaller than the previous term.
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6.2. qln, n # 0. In that case we write n = gn’ with n’ < qo(l)N*/q and have

FT(n'q; q) < ¢*/*.
We have there lost a factor ¢!/ by comparison with the previous section. On the other hand we
can run exactly the same argument as above with N* replaced by N*/q and all in all we find that

1),.2 5 3/9,9 M 1
Bq|n,n7é0<<qo( )’/“ zc! q/L M(l%—@) W

The non-zero frequencies contribution to (4.6) and hence to (4.1) is bounded by

qo(l) X372 )1/2

r1/273/2[1/20C15/2 g2 (Brto (modg) + Bajn,n0

X3/2 M 1/2
o(1) 215 3/272 M
sS4 r1/2Z3/2L1/2CC’5/2q2 (T 27T (1 * C’))

L'2x
(6.2) < ¢?Wpl/2 < v + ZL3/4X3/4q1/2> '

6.3. Bounding Maing: Conclusion. Let us recall that the sum Maing in (3.18) was split into
two subsums depending on whether (n1,q) =1 or not.
By (5.2) and (6.2) the first subsum (4.1) is bounded by

X3/443/4 1/2

LV2x
(6.3) < " (25— + 22U P X P Ay 2).

The complement sum (when g|nq) is given (rewriting n; into gny) by

(6.4) Erry = L*chz ; > %Z)\(l,_@g*iv S ST A m)

(cé?Cl LeL nilrc m,n
C7q =
A(n,n1q) re m nin
X ——=C(m,n; —)W
nny (m, ’nl) =\ 2¢2/X Aqr/XL

where

. P N s B
C(m,n; ;—‘p =) Ke (ﬂ> s <ﬁ tn; _>
b(q),

u(cq) “ "
1 ~ +ber? C +ubmgq
=15 ZZ* K(b)e <—bcr + uﬁmc) X Z* e < uimq) S (rﬂ, +n; %)
T @)@ 1 u (mod.c) :
* +ulmg _ e
= —K(0) (Zd)e< . )S(ru,in,n—l).

This last u-sum is very similar to the sum (4.2) discussed previously (the Kloosterman sum
S (qra, £qgn;rc/ny) has just been replaced by S (r@, +n;7c/n1)) and is bounded by (r¢)'to0) (cf.
(4.13)). Using this bound we obtain that (6.4) is bounded by
X 7°C* XL
O(l)+93 L q — 0(1)+93 Z2_
(6.5) <q g X rC =q r .
Combining this bound with (6.3) we obtain that
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XL X3/4q3/4
: o(1)+0: 2 o(1),.1/2
(66) Malno < q ( ) JTZ T +q ( )7" / (ZW
1/2
2LV Lii/le + ZL3/4X3/4q1/2>.
q

7. BOUNDING Sy (K, X): THE FINAL STEPS

7.1. Bounding Erry, Errys and Errs. Our treatment of the error terms Erri, Erry and Errs is
similar to that of Maing and in the end these terms yield smaller contributions. We will again start
by using Voronoi summation on the m and the n variables but, from this point on, the argument
becomes much simpler than that of §4.1. For instance for Err; it is sufficient to bound the resulting
sums trivially (no need to apply Cauchy—Schwarz to smooth the n variable). Since these arguments
have already been presented in full details and in a more complex form in §4.1, we will be brief and
pass over various technical points (for instance we will often assume the coprimality of different
variables).

7.1.1. Err;. We refer to (3.10) for the shape of this term. As before we apply Voronoi summation
formulas to the m and n sums. The chief difference is that the exponential

an
;_> RN
nese()

has modulus ¢ < C instead of ¢q. The dual sum has length
(CZ)3/XL < Z3x3/2L3/2/<Xq3/2L) — ZS<XL)1/2/q3/2

which is rather small (< L'? for X = ¢°) and the exponential is (essentially) transformed into
Kloosterman sums typically of the shape

(7.1) n — Klao(ran; rc).
For the m-sum, the function

m K(mrQ)e(_amé

)
has period cq, therefore the dual m-sum (after Voronoi) has length
(cqZ)*/X < Z*qL
and is weighted (essentially) by the function

alg®m

(7.2) m s K(£6272m)e(+

)

Cc

where

K(m) =~ 3 k<b>e<%m> = (R xe(2))(m).

1
Ve beF 7
The convolution K is a trace function unless F is geometrically isomorphic to [z +— az]*Kls, o € F
(whose Fourier transform is [z +— 271]*£,, for £, the Artin-Schreier sheaf attached to an additive
character depending on «), but such situation is excluded by both the MO and the SL assumptions.
Summing the product of (7.1) and (7.2) over a (mod ¢) the resulting sum is bounded by

< ||§”Cl/2+o(1)
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and therefore we obtain
¢ 1 XL (cZ)® X (cqZ)?
E EE 1/2
< LCq Z (292 XL cqZ X ©

(73) ol 5/2
( Z/ 2T 5 2 = g ) 75202 = o) g52 XL
c<C q

7.1.2. Erry. We refer to (3.11) for notations and the shape of this term; in particular ¢ < C/q.
This time the two functions
an 9, —alm
n—el—), m— K(mr)e(———
(). s K(mr®)e(—gt)
have modulus cg? < Cq. Under Voronoi, for (a,cq) = 1 the first function transforms (essentially)
into a Kloosterman sum of the shape

(7.4) Kly (xan; cq?)
while the second sum transforms into
afm

— albr’c —
(7.5) 1/2 Y OR® 2 cqu ) — K (+(al)2rm me(x" 7).

b(mod q)

The sum over a (mod c¢?), (a,cq) = 1 of the product of (7.4) and (7.5) equals

S K(d(al)? ><i“€—m>m2<ian 0?)

a (mod cg?)

* fq2 S * — ale
= ( Z e(:ta qcm)Klg(:lzaq‘ln;c))( Z K(ia€2r2m)e(ia an
a (mod c) a(mod ¢%) q
The first factor is (essentially)

) Kla(£ac?n; ¢%)).

) m
c”%(—@)
while the second factor equals

Z* K(+a?*r*m)e (:I:a;—m)Klg(:lzac%n ) =

a (mod ¢2)
cm 1 + 2 =
Z*K(ia2r2 e (i@) 3 e(ibC_m)_ Z* o (a—i—bq)g an+m)
o4 b(mod q) B q:l: (mod ¢2) q
+ac? T
= YR (Eame Y et
a<q ¢ z (mod ¢?) q

x=—cmfn (mod q)

+ac2lny — em?(n)2y

* acm acm cmin
=) T K(xdr’m)e(t—5 )e(F—)e(——5—) Y el )
o<e q q q (mod ) q
< Yy q
cndm

= K (m*¢r? )(_q2 )-

Hence the sum over a (mod cq?), (a,cq) = 1 of the product of (7.4) and (7.5) equals (essentially)
to
—ndm
Mg K(mP 3 _
q- K(m**r’n®)e( o ),
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and Erry is (essentially) transformed into

o(1) XTI X -y
4 —3,2 2 2 nem
LCq 2 1/2 ZA (¢,1) 22)3/2 Z An,1)—~ c?Z § : Ap(m) K (m>£rn”)e( cq? )

C<C/q el (cq2Z)3 <(cq2Z)2
0(1)X2 1 —nlm
302202
Z5/20q Z 3 Z A(n, 1) Z)‘ (4,1) Z Af(m £ n®)e( o )|
c<C/q n~Z3(XLg3)/? LeL m<KZ2qL

We just need to save a bit more than O(¢°L) from the trivial estimate Erry < ¢°M X L.

As in the treatment of the generic term Maing, we can then apply the Cauchy—Schwarz inequality
to smooth the n-sum, but now we can put the c-sum outside the square and the (m, £)-sums inside
the square. After this, applying Poisson summation to the n-variable leads to the following

—nlm. nl'm’ _
2 )6( 2 ):OA(q A)+

Z K(m3€27~2n2)K(WSZ’QT%?)@(

n~Z3(X Lq3)1/2 “ “

Z3(X Lg®)\/? — 32202\ 13 —(em — 'm/)Be —(tm — 'm) gy

— > KB K (m 22 52)e( - ) Yo e - ).
B (mod ¢%) v (mod ¢)

Here we have noticed that in the dual sum only the n = 0 zero-frequency contributes, since
g’ < ¢ "(XLg*)'/?

for some n > 0. Writing 8 = 8"+ qy, /' < ¢, y(mod q) we see that this is further equal to

1/2 _ 17
Z (XLq ZK _362 2/82) ( /36/27"2/82) ( (Em f )BC
¢ 3<q q
—(tm — O'm/
x Z ) ) ’ 5mZ/Em’Z (mod c)
y (mod q)
3 )1/2 - o}
= M ZK 302 2,32) (m ’35’27“2,32) ( —(fm f )ﬁc) S e 1y (modeg)-
q B<q q

Given (m,m’, £, ¢"), we consider two cases.
— If m¢’ = m'l , the B-sum above is < ¢. Such terms contribute to Erry

1/2

73 XLq3 1/2 .
> L (XLg}V STAEHPE > |Af(m)|2—( L7 ) <vxgg
c<C/q el m<KZ2qL 4

qo(l)X2
Z5/20q6

—If ml' # m'l, we can write mf’ = m/{+cqd with 6 # 0, then the 3-sum after Poisson summation
is

S Kt R erme(),
8 (mod q) 1
We distinguish two further cases.
— If ¥ is “non-exceptional” in the sense of | , p. 1686] (i.e., F is not geometrically iso-

morphic to the product of a Kummer and an Artin—Schreier sheaf or in other terms K is not

proportional to the product of an additive and a multiplicative character (modgq)) then for any

a € F the pull-back sheaf [z — az?]*F whose trace function is x +— K(ax?) is non-exceptional
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and by | , Theorem 6.3] the above sum is < ¢'/2 for every § (modq) unless ¢/¢' (mod q)
belongs to a subset B C F satisfying |B| = O(1). Then such terms contribute to Errs

1/2

Z3(XLq3>1/2
o(l) 1/4 E 1) (g2
q ( Z5/2Cq6 Z 03 XLq ) E : (q / +q5£/é'eB)

c<Cl/q £, m,m/ 1
ml'=m’f (mod cq)

< qo(l)Z(XL)3/4 +q0(1)ZX3/4L1/4q1/4.

— If F is exceptional then we may assume that K (x) = X(a:)e(%z) for k € Fy and x a (non-trivial)
Dirichlet character and the S-sum equals

km/6(' — 0)r2B? + B3

X(m'e)x(m'®) " e p ) < a"% + 0=y (mod q)-
B (mod q) 6=0 (mod q)
In either cases we obtain
(76) Erry < qo(l)X/ql/Q + qo(l)Z(XL)3/4 + qo(l)ZX3/4L1/4q1/4.

7.1.3. Errs. Recall from (3.13) Errs takes the following shape

Errs = ZMM‘“’ > Z >N me (‘) "V (x7)

fGL cL2C u(cq n=1
tle,(c,q)=1
1 Z f((b)i)‘ (m)e —(ber? /4 u)m _“’V< )h c n—ml
q1/2b( odg) 1 ! cq/t )
mod q m=

We treat exactly the same manner as what we did for the main term Maing in (3.15). The chief
difference occurs when we apply Proposition 2.1 to the m-sum, as now the modulus of the additive
character is cq /E rather than cq. Instead of getting (3.17), we obtain

Errg = L*Cq QZZ)\lgg*W Z 1/2ZZ*A

+ teL e<20 b(q),u(cq)
tle,(e,q)=
= j:bcrz/ﬁ + um o [ mX
)\ e v '\7 S
— e/l Z rinje ( > v <XL> ((0/6)2(12)

The extra factor £ in the summand of the c-sum will compensate with the congruence condition
{|c, as compared to Maing, but now the effective length of the dual m-sum is m =< M/L?, reduced
by a factor L? as compared to m =< M for the case of Maing; cf. (4.5).

Then we proceed as what we did for Maing, and the sum €(m,n; 1) in (3.18) will be changed
into C(me?, n; %) Correspondingly, the parameter m in §4.2 will have to be changed into m¢?

(and m/ — m/¢'*). The change of the parameter m — m¢? in the character sum has the effect of
swapping the parameters £ and ¢’ in the congruence conditions in §5, and everything else essentially
remains the same. Since the length of the m-sum is reduced from M to M/L?, by book-keeping
eventually we will save some factor O(L"),n > 0 for Errs, compared to the bound that we obtained

for Mainy.
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7.2. Conclusion. Collecting the bounds (6.6), (7.3) and (7.6) and (3.4) into (3.8) we obtain that
XL
q

+Z2L1/2X1/2q5/4+L1/2Xq~1/4+ ZL3/4X3/4q1/2>

X
SVJ(K’X) < qo(l)fr93L92 + q°(1)+93rZ2

)(3/4q3/4
o(1),.1/2

and on taking
L=q /4
to equate the first and fourth terms inside the parentheses we get

Sy (K, X) < qo(l)rl/2 (ZX3/4q11/16 4 ZQX1/2q11/8 +Xq—l/s; 4 q93r1/2Z2Xq_3/4) '
Replacing X by X/r? and averaging this bound over r» < R we obtain
ZSW(K, X/r ) < ey <ZX3/4q11/16 4 Z2RV2XV2G1/8 4 x84 Z2Xq03—3/4> .

r<R

Combining this with (3.2), we have

> Svp(E, X/r?) + > Sy (K, X/r?)
r<R r>R

< qa(1) (ZX3/4q11/16 + Z2R1/2X1/2q11/8 +Xq—1/8 + ZQXq63—3/4 +XR93_1) :

which upon choosing

1
X\ 32

to equate the second and the fifth terms gives

4(1—63) 2-0 11(1—63)
S{}(K,X) < qo(l) (ZX3/4 11/16+Z 3= 2@3 X 3= 2933q4(3 292) +Xq_1/8>

This completes the proof of Theorem 1.1.
Plugging (7.7) into our previous assumption R < L = ¢'/* in (3.3) we see the restriction

7—6
Zig < X < ZYq 2
8. SQUARE-ROOT CANCELLATION FOR CERTAIN EXPONENTIAL SUMS

In this section we establish Proposition 4.5. Let K be the trace function of an irreducible middle
extension sheaf F on P%?q of conductor C(F). For a, 8,0/, 3" € F we define

(8.1) = —Z (M) ZK ) Kly(aa; g)e(~22%),

b(q q q
and define L'(u;q) in the same Way with o/, 3’ instead. We also set
(8.2) Z(v) 1/2 E (zv) Klo(azv; q) Kla(Bz; q).

J:EF><

and define Z’(v) likewise using o/, #’. In this section we provide bounds for the sums
(8.3) Z Z(W)Z' (v —6)
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for 6 € F, with different methods depending on whether ¢ = 0 or not.
We recall the key assumptions:

— (MO) There is no A € F; such that the geometric monodromy group of J has some
quotient which is equal, as a representation of 71 into an algebraic group, to the geometric
monodromy representation of [xA]*K¢s modulo +1.

— (SL) The local monodromy representation of I at oo has no summand with slope 1/2.

8.1. The case § = 0.
Lemma 8.1. Assume F satisfies (MO). Then
L(u; q) = O(c(3)°M).

Proof. By Deligne’s theorem, because F and K/s(aa) ® Ly (Ba) are irreducible, this cancellation

holds unless J is geometrically isomorphic to K¢z (aa) ® Ly (Sa), which clearly violates assumption
(MO). O

Lemma 8.2. We have

< o(F)g2.

> L(u;q)

Proof.
S Lwa) = a2 30 3 K(o) Ka(aa ge(~22) = 2K (0) Kia(0) = K (0)g*?

and
K (0)] < ().

For the third Lemma we need to define the following group
(8.4) T5(F,) = {\ € F, [xA\]"T is geometrically isomorphic to J}.
Lemma 8.3. Suppose F satisfies (MO). Then
> L(u;q) L (u;.q) = O(c(F)°Wg'/?)

u(q)
unless

a/d = B/B € T5(Fy).
In that later case we have
> L(u;q)L'(u;q) = es(a/a’)q + O(c(F)7Wq'/?)
u(q)
for cg(a/a’) a complex number of modulus 1. In particular if Ty(Fy) = {1} we have
> L(u;q) L (u5q) = G g + O(c(F)°Wg'/?).
u(q) p=p
Proof. By Plancherel formula the sum equals

(85) Y K(B7'a)Kla((a/B)a; ) K (B 1a) Kly((o//5)a; q)

a (mod q)

Square-root cancellation now follows unless there is a nontrival map from [x 8~ *F@ [ x g/~ 1*FV
to [xa/B]*Kly ® [xa'/B')Kly. If a nontrivial map exists, then an irreducible component on the left
side must be isomorphic to an irreducible component on the right.
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If the irreducible component on the right is trivial, then there is a nontrivial map from [x 8~ *F®
[ x B'71*FV to the constant sheaf Qy, hence a nontrivial map from [xB7!]*F to [x3'~!]*F, which
must be an isomorphism because both sides are irreducible, giving 3/’ = A. Furthermore, be-
cause Qg appears on the other side and X/ is not geometrically isomorphic to any non-trivial
multiplicative twist of itself [ |, we must have o/ = o'/p' so a/a' =3/ = A

If the irreducible component on the right is nontrivial, then its monodromy must be a nontrivial
quotient of the monodromy of the product of two K/¢o, which is either SLs or SLy x .SLs depending
on whether the two copies are isomorphic or not (by the Goursat-Kolchin-Ribet criterion in the
later case). In either case, it has a further quotient equal to PG Ly, with 7; acting by its geometric
monodromy action on one of the Kloosterman sheaves, modulo 1. This quotient must also appear,
as a mp-representation, as a quotient of the monodromy on the left side. Because it is a simple
group, it must appears as a quotient of the monodromy of either [x3~!]*F or [xp'~!]*F. This
implies that assumption (MO) is violated. O

8.2. The case ¢ # 0.

Proposition 8.4. Assume that J satisfies both (MO) and (SL). Then for any «,3,a', 8,0 € F
we have

(8.6) > Z()Z'(v - 6) = 0(¢"?)

Here the implicit constants depend only on C(X).

We will prove this in several steps, using a series of lemmas. Let us first observe that by (8.2),
Z(v) is the trace function of the sheaf

(8.7) 2= (F @ [xa]*Kly) * [y — B/y]*Kls

where «x is multiplicative convolution. Our lemmas will focus mostly on understanding the geometry
of this sheaf convolution and to compare with the sheaf Z’ defined using the parameters o/, 3. We
denote
K=F[xa]*"Kbly, L =1[y— B/y]"Kls
and
XK' =F® [XO/]*JCEQ, L= [y — B’/y]*ﬂ(@

Lemma 8.5. If F satisfies (MO), then Z is geometrically irreducible

Proof. It follows from Goursat’s lemma that, if F satisfies (MO), the monodromy of F ® [xa]*K/ls
is the product of the monodromy group of F and the monodromy group of [x«a|*XK/ly. Because it
is a tensor product of irreducible representations, it is an irreducible representation of the product
group. Then because [y — /y]*XK¥s is an object of dimension 1 in the sheaf convolution Tannakian
category, convolving with it preserves irreducibility. (Alternately, we can view the convolution as a
Fourier transform, change of variables y — 3!, then another Fourier transform, and each of these
steps preserve irreducibility.) O

It follows immediately from Lemma 8.5 that, if F satisfies (MO), then the bound of (8.6) holds
unless Z' is geometrically isomorphic to [+]*Z. So this case is what we will focus on eliminating.

Lemma 8.6. If F satisfies (SL), then Z is lisse away from {0, 5/a, 00}

Proof. The middle convolution X x £ is equal to the compactly supported convolution K1 £ up to
a lisse sheaf, so it suffices to prove this for the compactly supported convolution. The compactly
supported convolution is
Rm((F @ [xa]"Kly) @ [(x,v) — Bz /v]*Kls)
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where 7 : G, X G, = Gy, is the projection from the torus with coordinates (x,v) to the torus
with coordinate v. To prove lisseness, we apply Deligne’s semicontinuity theorem and examine the
variation with v of the Euler characteristic of the sheaf (in the z-variable) (¥ ® [xa]*Kls) ® [z —
B /v]*Klo

Let V be an indecomposable summand of the local monodromy representation of F at co. By
assumption (SL), the slope of V' is not 1/2.

If the slope of V' is > 1/2, then V ® [xa]*XK /{2 has the same slope, and thus for any given v, the
sheaf in the z-variable, (V ® [xa]*Kly) ® [x — px/v]*Kls has the same slope, which in particular
is independent of v, so the contribution of this representation to the Swan conductor is constant.

If the slope of V' is < 1/2, then the slope of V[xa]*K/ly is exactly 1/2, and the slope of (V ®
[xa]*Kle) @ [x — Bz /v]*Kls is at most 1/2. The slope of (V & [xa|*Kly) @ [x — px/v]*Kly is
less than 1/2 if and only if [xa]*Kls ® [x — Bz /v]*Kl2 has a summand of slope < 1/2. By known
properties of the Kloosterman sheaf [ , 10.4.5], this happens if and only if a = Bv~".

Because the Swan conductor at co of (F ® [xa]*Kly) ® [z — Lx/v]*K{ly is constant away from
v = B/a, and its Swan conductor elsewhere is constant, by Deligne’s semicontinuity theorem its
cohomology is lisse (in the v variable) away from v = /a. O

Lemma 8.7. If F satisfies (SL), then X = £ has a nontrivial singularity at zero.

Proof. Let us first check that, if F satisfies (SL), at least one of the following four conditions must
be satisfied:

(1) ¥ is singular at some point on G,.

(2) The local monodromy representation of F at zero is not unipotent.

(3) The local monodromy representation of F at zero has a Jordan block of size > 3.
(4) The local monodromy representation of F at oo has a summand with slopes > 1/2.

This follows from an Euler characteristic calculation. Assume none of these happen. Because
F is a nontrivial irreducible middle extension sheaf on A!, its Euler characteristic is nonpositive.
Because JF is unipotent at 0, it is tamely ramified at 0. Because JF is lisse on G,, and tamely
ramified at 0, its Euler characteristic is its rank, minus its drop at 0, minus its Swan conductor at
0o. Because all the local monodromy at 0 is unipotent, with unipotent blocks of size at most 2, its
drop at 0 is at most half the rank. Because its slopes at co are < 1/2, its Swan conductor at oo is
less than half the rank. So the Euler characteristic is positive, giving a contradiction.

So at least one of (1) to (4) must happen. This imply corresponding conditions for X = F ®
[xa]*XKly. We must have either

(1) X is singular at some point on Gy,.

(2) The local monodromy representation of K at zero is not unipotent.

(3) The local monodromy representation of X at zero has a Jordan block of size > 4.
(4) The local monodromy representation of X at co has a summand with slopes > 1/2.

These follow by straightforward arguments. The most subtle are that, in case (2), we must check
that the tensor product of a non-unipotent representation with a nonzero unipotent representation
is non-unipotent, and in case (3), we must check that a Jordan block of size > 3 tensored with
a Jordan block of size > 2 produces a Jordan block of size > 4. Both follow from standard
representation theory.

We will now show, in each of these cases, that X x £ has nontrivial local monodromy at zero. In
fact, we will break case (2) into the cases (2w) where the local monodromy at 0 is wild and (2t)
where the local monodromy at 0 is tame but not unipotent. Rojas-Leén has shown [ , Theorem
16] that the wild part of the local monodromy at 0 of a sheaf convolution X x £ is given by a sum
of the values of certain functors applied to the local monodromy representations of X and £ at
different points. We will show, in cases (1), (2w), and (4), that one of those functors produces a
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nontrivial value on X and £ and thus the local monodromy representation of X £ at 0 is wild. In
cases (2t) and (3) we will show, using a different result of Rojas-Leén (encapsulating earlier work
of Katz), that the local monodromy at 0 of X x £ contains a nontrivial tame component. In every
case we will deduce it is nontrivial.

The functors appearing in | , Theorem 16] are defined by swapping 0 and oo in the functors
defined in | , Theorem 9], which is harmless as G, has a symmetry switching 0 and co. Thus
we will need to swap 0 and oo when citing results from | ).

(1) Fix s a singularity of X in G,. We must show that the function g, ) applied to (9(1(‘;), LE‘E}))
is non-trivial. This follows from | , Proposition 12], using the assumption that X has
a singularity at s, and the fact that £ has non-trivial wild local monodromy at 0.

(2w) In this case we must show that the functor g o) applied to (K%),LE‘(’))) (the wild parts of

the local monodromy representations of these two sheaves at 0) is non-trivial. This follows
from [ , Proposition 11] which shows that this functor applied to any two nontrivial wild
representations is nontrivial, our assumption that X has nontrivial wild local monodromy
at 0, and the fact that £ has nontrivial wild local monodromy at 0.

(2t) For each character x of the tame fundamental group of G,,,, and for U, a unipotent Jordan
block of size k, Rojas-Ledn defines | , §6] a polynomial Px ,(7T') associated to a middle
extension sheaf K, whose coefficient of T* is the multiplicity of L, ®@Uy, as a direct summand
of the local monodromy of X at oo if k& > 0 and the multiplicity of £, ® U_; as a direct
summand of the local monodromy of X at 0 if £ < 0, and such that Px (1) is minus the
Euler characteristic of K. He proves that Py,c (1) = Px(T) P (T) | , Proposition
28].

If the local monodromy representation of X at 0 is tame but not unipotent, then it
contains some £, ® Uy, for some k > 0 and nontrivial character x. Thus Px ,(T") contains
some term T~ %. Because Y is nontrivial, L, does not appear in the local monodromy of £
at 0 or oo, and so P, (T) = —x(Gy,,£) = 1. Thus Py (T)P; ,(T) contains some term
T—*, so the local monodromy representation of K x £ contains £, ® Uj and is nontrivial .

(3) Now taking y to be trivial, we see that Py 1(7T) contains some term of the form 7% for
k > 4. On the other hand, because the local monodromy of £ at oo is a unipotent block of
size 2, Pg 1(T) = T?. Thus Py, (T)P; (T) contains some term of the form T%* for k > 4,
and thus the local monodromy representation of K x £ contains Ug_o and is nontrivial.

(4) In this case we must show that the functor 0(c0,0) applied to (XK ),LE‘(’))), the wild parts

(o0
of the local monodromy representations of these two sheaves at co and 0 respectively, is
nontrivial. This follow from | , Proposition 13] which implies (swapping 0 and co) that

O(c0,0) 18 nontrivial as soon as some slope a of the first input is greater than some slope b
of the first input, our assumption that X has some slope > 1/2 at oo, and the fact that £
has slope 1/2 at 0.

O

Let us adopt some notation. Let Uy(F) be the number of unipotent blocks of size k in the local
monodromy representations of F at 0, let x,(F) be the drop plus the Swan conductor at the point
x, and let Ng(F) be the rank of the local monodromy representation of F at oo with slope s.

Lemma 8.8. The dimension of the monodromy invariant subspace of X x L at 0 is
S U() + Y Un(9)
k>2 k>4

Proof. The dimension of the monodromy invariants at 0 is the number of unipotent blocks in the
local monodromy representation at 0, which is the sum of all the coefficients of negative powers of
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T in Py, 1(T), which is the sum of all coefficients of powers < —2 of T" in Py ;(7T'), which is the
number of unipotent blocks of size at least 3 of K. A unipotent block of F of size k produces a
unipotent block of F ® [xa]*X/ly of size k + 1 and one of size k — 1, so it produces one unipotent
block of size 3 if £ > 2 and another if k£ > 4. O

Lemma 8.9. Assume F satisfies (SL). The dimension of the monodromy invariant subspace of
K*L at f/a is

4Swang(F)+4 Y Xo(P)+D_ No(F)(2s+2max(s, 1/2))— [ 2) " Uu(F) + D U(F) + D Uk(9)

2€Gm 5 k>1 k>2 k>4
Proof. The dimension of the monodromy invariants at 5/« is minus the Euler characteristic of
Koy — B/(ay)]"L =K [xa]"Kly =F @ [xa] Kly @ [xa]*Kls.
on G,,, minus the dimensions of the spaces of local monodromy invariants at 0 and oo of
Ky —=v/y]*L =F @ [xa]* Kby @ [x3/v]* Kl

for generic v. These extra terms come from taking the middle convolution and not the compactly-
supported convolution.

By combining the formula for the Euler characteristic of a middle extension sheaf with a cal-
culation of the invariants and Swan conductor of a tensor product monodromy representation at
each point, the Euler characteristic term is 4 times the sum of the drop plus Swan at all the finite
singularities of F, plus the sum over all local monodromy representations at oo of rank r and slope
s of r(2s + 2max(s, 1/2)), plus 4 times the Swan conductor of F at 0.

Because [xa|*K/ly and [x3/v]*Kly both have local monodromy representations at 0 unipotent
of rank 2, the dimension of the local monodromy invariants of F ® [xa]*Kly ® [xa]*Kly at 0 is 2
for each unipotent block of size 1 in the local monodromy of F at 0, 3 for each unipotent block of
size 2, and 4 for each unipotent block of greater size.

Because the local monodromy of [x3/v]*K/s at oo is irreducible and distinct for distinct v, for
only finitely many v can F ® [xa]*Kly @ [x5/v]*Kly have nonzero local monodromy invariants at
0o, meaning that for generic v there are no local monodromy invariants. O

Lemma 8.10. Assume F satisfies (SL). Suppose that the dimension of the monodromy invariants
subspace of Kx L at 0 is equal to the dimension of the monodromy invariant subspace of X' x L' at
B'/a!. Then T is lisse on Gy, with the local monodromy at 0 unipotent with all blocks of size 2,3,
and 4, all slopes of the local monodromy representation at oo at most 1/2, and x(A',F) = 0.

Proof. By Lemmas 8.8 and 8.9 our assumption implies that

D URE) + Y Uk(®)

k>2 k>4

= 4Swang(F)+4 Y Xa(F)+Y_ Nao(F)(2s+2max(s, 1/2))— [ 2D U(F) + > U(F) + > _ Uk(9)

z€Gm s k>1 k>2 k>4
This gives
2> Un(F)+2) Ue(d) + > Un(F) + > Ui(9)
k>1 k>2 k>3 k>4
=4Swang(F) +4 Y xo(F) + D No(F)(25 + 2max(s, 1/2))
zeG), s
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On the other hand, we have

0< =x(F) = Swang(F) + Y xa(F) + > No(F)s — > Up(9)

z€Gm s k>1

> kU(F) < rank(F) = Y No(F) <Y N.2max(s, 1/2)

k=1
Subtracting twice the first inequality plus the second inequality from our identity, we must have

and

~U(F) = Sk — DUL) > 28wang(F) +2 3 (T > 0
k>5 z€Gm
Thus, for the identity to hold, every inequality must be sharp. It follows that we must have
X(F) = 0, > g1 kUR(F) = rank(F) (meaning the local monodromy at 0 is unipotent), Ux(F) = 0
for k # 2,3,4, x2(F) = 0 for x € G, (meaning F is lisse on G, and 2max(s,1/2) = 0 for all s
with s < 0 (meaning all slopes at oo < 1/2). O

Lemma 8.11. Under the assumptions of Lemma 8.10, the local monodromy of X = £ at 0 is
unipotent.

Proof. We will calculate the wild part and the y-tensor unipotent part of the local monodromy at
0 for each nontrivial character y using | |’s local convolution theory, and show that they are
trivial, deducing that the local monodromy is unipotent.

By Lemma 8.10, ¥ is lisse on Gy, and tame at 0, so F(4) vanishes for all s € G, and 3"’&’)) = 0.

Similarly, £ is lisse on Gy, and tame at oo, so £, vanishes for all s € G, and L%”OO) = 0. So the

only term in | , Theorem 16] that could be nonvanishing is
200,0(F (00) £(0))-
But by Lemma 8.10, ?EUOO) has all slopes < 1/2, and LE‘(’)) has slope 1/2, so by [ , Proposition

13] we have
000,0(F(50): £{0)) = 0
as well.

For x, because JF is unipotent at 0, F ® [x«a]*Kls is unipotent at 0, and because F has no slope
exactly equal to 1/2 at oo, F® [xa]*K/l; is totally wild at infinity, so £, ® Uy does not appear
in the local monodromy of ¥ ® [xa]*K/¢; at 0 or oo for x nontrivial. Thus Py, (T) is a constant,
and by the same reasoning P, (7') is a constant, so their product is a constant, and thus by

[ , Proposition 28] £, ® Uy, does not appear in the local monodromy of X« £ at zero or infinity.
O

Lemma 8.12. Under the assumptions of Lemma 8.10, the local monodromy of X' x L' at 5’/ is
not unipotent.

Proof. Assume for contradiction that this representation is unipotent. We have
K =K' % ([y = B /y]*Kbs x [y — B'y]*Kly) = K' % L' % [xB]*Klo

Using this identity, we apply [ |’s local convolution theory to calculate the slope 1/2 part
of the local monodromy of X’ at co. Because [x/3']*K/ls is lisse away from 0 and co and tame at
0, the only functors that contribute to the wild part of X’ at oo are 0(0,00) Q(8 /o 100) s AN O(00,00)-
Because the unique slope at oo of [x3']*K/ls is 1/2, by | ] the image of ¢(g ) has slopes < 1/2
and by [ , Proposition 11], the image of 9(s o) has slopes < 1/2. So the slope 1/2 part only
arises from

(B’ /o ,00) ((fK/ * L ) (B /a’)> [XIB ] :K€2 ) .
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Because 0(s /ar,0) 18 exact and (K’ x L') g /sy is unipotent, this is an iterated extension of

Q(B//a/7oo) (1, [Xﬁ/]*KEQEUOO)> = [xa’]*ﬂ(ég(oo).

(This identity can be checked by applying local convolution functors to calculate the local mon-
odromy at 0o of dgr/qr * [X 3']*Klo, say. )

Then the slope 1/2 part of the local monodromy of (F® [xa/]*X{s) at oo is an iterated extension
of [xa/]*Kly, hence [xa']*X /s tensor a unipotent representation.

Let V be the local monodromy representation of F at co. By Lemma 8.10 and assumption (SL),
V has all slopes < 1/2, so V®[xa/]*K/5 has all slopes exactly 1/2. Thus V®|[xa/]*K/ly is [xa/]* Kl
tensored with a unipotent representation. Because V is a summand of

V ® ([xa']* Kb ® [xa']*Kls) = (V & [xa/]*Kls) @ [xa/]*Kla,

it is a summand of
(X T*Kly ® [xa/T Kty

tensored with a unipotent representation, and because it has slope < 1/2, it is a summand of the
slope < 1/2 part of [xa/]*Kly ®@ [xa/]*Kly tensored with a unipotent representation. The slope
< 1/2 part of [xo/*Kls @ [xa/]*Kly is the sum of a trivial representation and quadratic character,
so V is a summand of the sum of a unipotent representation and another unipotent representation
tensored with a quadratic character.

Hence V is a sum of unipotent representations and unipotent representations tensored with the
quadratic character. In particular, & is tamely ramified at co. So because it is irreducible and lisse
on G, tamely ramified at oo, and unipotent at 0, it must be the trivial sheaf, which contradicts
our assumption that F is nontrivial. U

Proof of Proposition 8.4. It is clear from their constructions that the conductors of Z and Z’ are
O(c(F)°M). By Lemma 8.5, Z’ is irreducible. So we get the bound of Proposition 8.4 unless 2/ is
geometrically isomorphic to [+40]*Z. Suppose this is the case.

By Lemma 8.7, [+§]*Z has a singularity at — which should be a singularity of Z'. Since § # 0, oo,
Lemma 8.6 (applied to Z’) imply that —0 = 8'/a’ and the dimension of the monodromy invariant
of Z and 2/ respectively at 0 and /o’ are equal. By Lemma 8.11, the local monodromy of [4+0]*Z
at —¢ is unipotent while by Lemma 8.12, the local monodromy of Z' at 3/’ is not unipotent, a
contradiction. O

9. SOME SPECIAL CASES

In this section we discuss three cases of functions K for which Theorem 1.1 does not apply
directly either because K is not a trace function or is a trace function associated to a “bad” sheaf
J.

9.1. A general duality principle. We start with the general duality principle hinted in the

introduction. Let K : F; — C be some function; we define the Dirichlet series

A(r,n)As(n) K (nr?)
(nr?)s

Liex fx K,s):= Z
n,r>1
(nr?,q)=1

, Res > 1.

We will show that L(¢p x f x K,s) admits analytic continuation to C and satisfies a functional
equation. We then use this functional equation to obtain non-trivial bounds for S}, (Klz, X') when
the sheaf F is XK/s.
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9.1.1. The functional equation for standard L-functions. Let ¢ and f be GL3 and GL2 cusp forms
of level one; to simplify the exposition and the shape of the functional equation we assume that
f is holomorphic of some weight k& > 2. The Rankin—Selberg L-function L(p X f,s) has analytic
continuation to C and satisfies the functional equation

A x f,s) =elpx /M@ x f,1—5)
where
elpx f) =ik =i =+1
is the root number;
A(p x f,8) = Loo( X f,8) L x [, 5)

is the L-function completed by the Archimedean local factor

Loo(p x fy8) = [ Tr(s — s = pey) Trls) =7 *°T(s/2)
i=1,2
j=1,2.3
with
k-1 _k
M1 = 9 s Hf2 = 2

and (fe j)j=12,3 being the Langlands parameters (of the principal series representation attached to
) which satisfy
Pp1 + pp2 + pp3 =0

(and belong to (iR)? under the Ramanujan—Petersson conjecture); @ denotes the automorphic
form dual to ¢ (attached to the contragredient automorphic representation of ¢) with parameters
(Ts,7)j=1,2,3 and Hecke eigenvalues (A(r,n))(, ). Under our assumption, Loo(p X f, 8) and Lo (P X
f,s) have no poles for Res > —1/2 + 05 = —%.

For x (mod ¢) a non-trivial Dirichlet character, the twisted L-function L(¢ X f X x, s) has analytic
continuation to C and satisfies the functional equation

(9.1) Ao x fxx,s)=clex fxx)A@x fxX,1-s)
where
Al x fxx,8) = q*Loo(e x f,5)L(¢ X f X X, 5),
and
elpx fxx)= 6§€(so x f)

_q1/22

:BGF><

with

being the normalized Gauss sum (notice that the Archimedean local factor does not depend on (the
parity of) y because f is holomorphic; this is the main reason why we have made the simplifying
assumption).

9.2. Functional equation for algebraically twisted L-functions. Let K : F — C be a
function on F (extended by 0 to Fy); we define the Mellin transform for x (mod ¢)

K(x) = q_lm > K

zeF
and we define for (n,q) =1 the “GLg—transform” of K as
(9.2) K (n)= 1/2 Z Klg(nz; q) K (x)

:EEF><
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where Klg is the hyper-Kloosterman sum in six variables

K16 € q EZ J)

Ty, ngFX
T1. . L=

Proposition 9.1. The completed series

Ao x fxK,s)=q*Los(¢ % f,5)L(p x f x K, 5)
has analytic continuation to C and satisfies the functional equation

Mo x fxKs) = elpx JAGxX fx K 11—s)+

3s ~
+ (QQWK(XO)A((Z)(W x f,s)
- A R £1 -9

where xo = 1|F; denotes the trivial character modulo q and A(q)(---) denotes the complete L-
function with the local factor at q being removed.

Proof. By the Mellin inversion formula

2
K(nre) = q_11/2 Z K

X (mod q)
we have
3s ~
A(@XfXK,S)Z(q_qWK(XO)A(q)(SOXf,S) TENE > KA x fxx.9)
X (mod q)
X#qu

and the result follows by applying the functional equations (9.1), the identity
~6 1

2y _ 2
K (nr ) = m Z 9 K( ) (m“ )
x (mod q)
and the value of the Ramanujan sum ¢,, = —q 12, d

By standard contour shifts we deduce the following.

Corollary 9.2. Let V' be a smooth compactly supported function satisfying (1.2); we have for any
X>1

S A(rn)A (K)o = Z N () () P
y f X - f q6/X
(nr,q)=1 (nrq

2K (x0)]
+ 0(Z 17203 )

where . . L@ % f.9)

et 7 oo\ P X J,8 —

Vv = — V(- °d

() 20w / ( S)Loo(gp X f,1— s)x y
(3/2)

and V fo de is the Mellin transform of V.. Here 05 = 5/14 is the best known bound

towards the Ramanu]an Petersson conjecture on GL3, B > 0 is an absolute constant (any B > 5/2
will do) and the implicit constant in the O(---) term depends on ¢, f and the implicit constants in
(1.2).
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Proof. We have

:Q;T/v(s)x :

(the integration is along the vertical line Re s = 1 + 1/14) so that

nr? 1 [Aex fxK,s)~, X,
3 MRV () = 5 | S Gy
—elox Py [ LEx S K6,1—5)Lozf(; i} ;)5)17(5)(%)%15

K 1 o
+ﬁ%/”q)(“’ X 1)V ()X ds

e(p x /)K(xo) 1 / oy Loo@x fi1—8)~, X
S X DRO0) L o g1 - sy
G-n2 2w ) PN ey VO
upon applying Proposition 9.1. In the first integral we make the change of variable s < 1 — s
getting

Loo(axfas)
OO((:DXfal_S)

~6
ox Nage | LExIxE 97
(=1/14)
and shifting the contour back to Re s = 3/2 without hitting any poles we obtain the first sum. For

the second and third integrals we shift the contour to fRe s = 0 and apply trivial bounds; the term
q% arise from the following bound for the inverse of the local factor

Ly(p x f,8)7 < g%, Res=0.

V(1— s)(f) *ds

In particular we deduce that

nr? o 6 _
(9:3) D A A (K )V (55) g p 27470 (K Jloo + 1K [loog™ ).

for some absolute constant B > 0 and the implicit constant depends on ¢, f and the implicit
constants in (1.2). This bound is stronger than the trivial bound O(X'+t°M) as long as

X>¢7, 6>0

and one can use it to prove the “convexity bound” (1.1) mentioned in the introduction.
Applying Theorem 1.1 to the sum
2

SN AN ()P ()
r,n)\f(n nr /X
(after a dyadic partition of unity), one deduces that

~6
Corollary 9.3. Notations being as in the above corollary; suppose that the transform K defined
in (9.2) is L'-close to the trace function K' of a good sheaf F', then we have

2-63 11(1—63

X
sM)«ZB“Q(“MW“W6<WM3%qw@+wm>”%

5 6
IR = K + 0.
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Here 05 = 5/14 is the best known bound towards the Ramanujan—Petersson conjecture on GLs;
B’ > 0 is an absolute constant,

1K~ Kl =) |K (z) - K'(2)],
z€Fy
and the implicit constant depends on ¢, f,|K(xo)|, C(F") and the implicit constants in (1.2).

Remark 9.4. Ignoring the Z parameter, the above bound is non-trivial as long as
X > V12 5
and for X = ¢3 we obtain
S{f/(q?)) < q3—1/16+o(1).
The typical situation to apply Corollary 9.3 is when K is the trace function attached to a
geometrically non-trivial and irreducible sheaf F of weight 0. Unless F is geometrically isomorphic
~6
to a sheaf of the shape [z — az~!]*X/ls for some a # 0, the function K is close to the trace
function, K’ say, of a geometrically irreducible sheaf of weight 0, namely the convolution sheaf
6
F =Kl * [z — ' *F
~ 6
(alternatively F is the sheaf obtained from J by applying 6 times the composition of [z ++ z~1]*
and the geometric Fourier transform). In such a case one has

~ ~6
[K(xo)l, K — K'll1 = Ocg)(1).
We discuss three explicit examples below.

9.3. Arithmetic progressions. One of the motivations for investigating algebraic twists of L-
functions is the level of distribution of their coefficients in arithmetic progressions of large modulus;
specifically let

Ap(m) = > A(r,n)As(n);

nr2=m
one would like to prove that for (a,q) = 1 and V satisfying (1.2), one has
m X
(9.4) Z )\F(m)V(y) = 0<p,f,V(E)

m=a (mod q)

for ¢ = XV and some ¥ > 0 (a level of distribution) as large as possible (since ¢ and f are cuspidal
there should be no main term).
Taking
K(n) = q1/25n5a (mod q)

we have for (m,q) =1

~6

K (m) = Klg(am; );
therefore applying Corollary 9.2 and bounding the resulting sums trivially (using Deligne’s bound
| Klg(am; q)| < 6) we obtain

2
nr
Do A MV() vy @20
nr2=a (mod q)
which gives (9.4) as long as
Y < g = 2/7.
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To go beyond J¢ = 2/7 we would need, at least, to be able to improve the trivial bound for the
sum

~6 nr?

Z A(r,n)A¢(n) K16((m7"2; qQV (y)

for X' = ¢%/X a bit less than ¢°/2. While Klg(an; q) is definitely “good” (its geometric monodromy
group is SLg and its slopes at co are equal to 1/6), Theorem 1.1 is non-trivial only for

XI > q5/2+1/4+5’ 5> 0.

This demonstrates the importance and difficulty of detecting cancellation for algebraically twisted
sums of shorter length.

Remark 9.5. This level of distribution ¥ = 2/7 corresponds to Selberg’s level of distribution
Y9 = 2/3 for the divisor function (or the Fourier coefficients of modular forms) or ¥3 = 1/2 for the
ternary divisor function (see [ , , | for improvements in this last case).

Remark 9.6. An Archimedean analog of this question is to improve the Landau’s type bound for
the sharp-cut sum

Z )\F<m) < X5/7+0(1)
m<X

(cf. [ , Prop. 1.1] for the degree m = 6 in the notations of that paper); under the Ramanujan—
Petersson conjecture, this amounts to non-trivial estimates for

> Ar(m) e(t(m/X")"°)

m<X/

when X' is a bit less than t>/2. This has recently been worked out by the first named author and Q.
Sun in [ | and this might suggest that if the modulus ¢ is a suitably factorable integer (either
a smooth number or a large power of a fixed prime number) other exponential sum methods might
allow to pass the 2/7 barrier for such a composite modulus.

9.4. Additive characters. We now discuss Theorem 1.1 when K is a trace function of a sheaf F
which is not Fourier: this implies that for ¢ large enough (depending on C(F)) K is proportional
to an additive character ¢ (o) = e(%").

In this case, a much more general bound is expected (cf. | ]): for any « € R, one should
have
2
(9:5) DA n)/\f(n)e(anTz)V(%) L pv X1

for some 1 > 0 (possibly 7 = 1/2) and this should hold uniformly for a € R. Such a bound would
be analogous to Wilton’s bound for Fourier coefficients of GL2 automorphic forms or Miller’s bound
for GL3 automorphic forms; however for ranks greater than 3 such bounds are still unknown.

As was pointed out in | | if o is a rational number the analytic properties of L(p X f X X, s)
for x a Dirichlet character of modulus dividing the denominator of « yield (9.5) at least if X is
large compared to ¢. For instance, for ¢ a prime number, (an,q) = 1 we have

(=) (n) = Kls(~an:q) — (1)

and Corollary 9.2 together with Deligne’s bound | Kls(an; q)| < 5 yield (9.5) as long as

X> 6>0.
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Now since the sheaf [z — —ax]*K/l5 is good (it is Fourier, its geometric monodromy group is SLs
and all its oo-slopes equal 1/5) we have

2 2
Z A(r, n))\f(n)e(a?zr )V(%) < g2 tosto(l) | 43-1/16+0(1)
rn

(the first term on the right is the contribution of the n’s divisible by ¢) so that (9.5) holds in the
slightly wider range
X > q371/16+6’ 5> 0.

9.5. Kloosterman sums. Finally we observe that the Kloosterman sheaf /¢y while being Fourier
is definitely not good: neither (SL) nor (MO) is satisfied. On the other hand,

~—6
Kl (n) = Kly(n; q) — ¢ %/% — ¢~ 7/?

and the Kloosterman sheaf X/, is good: its geometric monodromy group is SL4 and all its co-slopes
are 1/4. By Corollary 9.2 we have

2
DAl mAs () Ko (mr*s )V (") < g0

which again is non-trivial as long as
X > PV 550,

Remark 9.7. Further examples of geometrically irreducible sheaves satisfying neither (MO) nor
(SL) are the sheaves of the shape

T
® Symy,, o [x ;] Ky
i=1
where Sym,;, denotes the k-th symmetric power representation of SLy and A\;, ¢ = 1,--- ,r are
distinct elements of F . The underlying trace function is

K:zcF;— Hsymki(&w)
i=1
where 2 cos(0y,,) = Kla(A\iz) and sym(k€) = sin((k + 1)0)/sin(¢). In that case all the non-trivial
slopes of the monodromy at co are 1/2 and the set of A’s for which the condition in (MO) fails are

6
precisely the A;. It should be possible to check for most or all of these sheaves F that F is good.
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