AUTOMORPHIC DESCENT FOR SYMPLECTIC GROUPS: THE
BRANCHING PROBLEMS AND L-FUNCTIONS

BAIYING LIU AND BIN XU

ABSTRACT. We study certain automorphic descent constructions for symplectic groups, and ob-
tain results related to branching problems of automorphic representations. As a byproduct of the
construction, based on the knowledge of the global Vogan packets for Mp,(A), we give a new ap-
proach to prove the result that for an automorphic cuspidal representation of GLo(A) of symplectic
type, if there exists a quadratic twist with positive root number, then there exist quadratic twists
with non-zero central L-values.

1. INTRODUCTION

1.1. Background. The automorphic descent method, developed by Ginzburg, Rallis and Soudry
in their series of papers [29, 28, 27, 30, 31|, gives rise to an inverse map of the functorial lift
(see [8, 9, 10]) of automorphic representations of classical groups. More precisely, starting from
irreducible generic isobaric sum automorphic representations of general linear groups with certain
(symmetric) properties, this method constructs (generic) cuspidal automorphic representations of
quasi-split classical groups, by taking various Fourier coefficients on certain residual representations
obtained from Siegel Eisenstein series. A complete and detailed reference of this theory is [33].
With developments in related fields, automorphic descent method shows its importance in vast
aspects of the study of automorphic representations and automorphic L-functions. For one thing,
the representations constructed provide concrete generic members in the global (generic) Arthur
packets (see [4, 50, 57]). And for another, the construction is related to the global zeta integrals of
Rankin-Selberg type (or Shimura type), which represent Rankin-Selberg L-functions with respect
to classical groups and general linear groups (see, for example, [26, 33]). In addition, some related
subjects, such as irreducibility of the descent, are taken into account in [43, 24, 52, 58].

In the works [41, 47, 46, 40, 49], and also some early considerations in [25, 20, 21|, a twisted
version of automorphic descent is developed. In this case, not just starting from an irreducible
generic isobaric sum automorphic representation 7 of a general linear group, an irreducible cuspi-
dal automorphic representation o of a classical group is also involved in the initial data, and the
descent is constructed by taking Fourier coefficients on certain residual representations obtained
from Eisenstein series supported on maximal parabolic subgroups of non-Siegel type. The point
is, guided by the endoscopic classification theory (see [4, 50, 57]), the twisted automorphic descent
provides a systematic way to concretely construct more members (e.g. the non-generic ones) in the
global Arthur packets of classical groups parametrized by generic global parameters. Moreover,
the twisted automorphic descent method is capable of constructing representations of pure inner
forms of classical groups, hence has potential to recover the global Vogan packets. From this point
of view, based on more understandings of these global packets, more applications are expected
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under this framework. On the other hand, this construction is connected to more general global
zeta integrals, and one important significance of them is that the Bessel and Fourier-Jacobi periods
come out naturally from them by the unfolding of Eisenstein series. Thus the twisted automorphic
descent has a natural relation to the well-known Gan-Gross-Prasad (GGP) conjectures ([35, 14]),
which relate such periods to central values of Rankin-Selberg L-functions. Results on non-vanishing
of such L-values, as well as examples of global GGP conjectures in symplectic-metaplectic, orthog-
onal, and unitary cases, have been obtained using this approach (see [20, 21, 22, 47, 48]). In these
works, concrete constructions via twisted automorphic descent have shown notable importance.

We note that in order to provide concrete representations in global packets and show non-
vanishing of global periods, it is crucial to show the non-vanishing of certain Fourier coefficients
of automorphic forms. This is not easy in general, however, when the representation ¢ in the
initial data (7,0) is a representation of a small size group, it is possible to obtain some definite
results, as in [20, 21, 22, 41, 40]. The objective of this article is to study some new cases of twisted
automorphic descent for symplectic groups, where the desired non-vanishing properties can be
obtained. As applications, we can obtain some results on the GGP conjecture for the symplectic-
metaplectic case, and also some results on non-vanishing of central L-values (see §1.2 below for
details).

1.2. The global GGP conjecture in symplectic-metaplectic case and related problems.
The questions under consideration in this article are about branching problems of automorphic
representations and their impacts on the study of L-functions. Their formulations are based on
the GGP conjecture.

We recall first the global GGP conjecture for the symplectic-metaplectic case, based on [14].
Let F' be a number field and A = Ap be its ring of adeles. Let ¢ : F\A — C* be a fixed
non-trivial additive character. For an integer N > 1, we denote Vi to be a symplectic space over
F of dimension 2N. Let n and r be positive integers. We denote by G,, = Sp(V},) the symplectic
group of rank n over F', and denote by H, = Mp(V,) the metaplectic group of rank r over F, i.e.
the unique two-fold central extension of Sp(V;):

1 — {£1} — Mp(V,) — Sp(V;) — 1.
A generic global Arthur parameter (see [4]) for G,, is given as a formal sum
(]‘]‘) gb: (Tlvl)EE'“EE(Ttvl))

where 7;, with ¢« = 1,2,...,¢, is a unitary irreducible cuspidal automorphic representation of
GL,,(A), and 7, 2 7; if @ # j. Moreover, each 7; is of orthogonal type in the sense that the
symmetric square L-function L(s,7;, Sym?) has a pole at s = 1. Such parameters are also called
discrete global L-parameters in [14, §25]. Note that one must have 2n +1 = 3°!_, a;, and each
generic global Arthur parameter ¢ in (1.1) parametrizes an irreducible generic isobaric sum au-
tomorphic representation of GLg,.1(A). We denote by (52(Gn) the set of generic global Arthur
parameters of (G,,. For each Arthur parameter ¢ € 52(67”), the associated global Arthur packet is
denoted by II,(G,(A)), which is also the global Vogan packet II4[G,(A)] associated to ¢, since G,
is the only pure inner form of itself. In this article we use the terminology of global Vogan packets
following [14, §25].
Similarly, we have generic global Arthur parameters ¢’ for H,

(1.2) ¢ =(m, )88 (7, 1),
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where 7/’s (i = 1,...,t') are distinct unitary irreducible cuspidal automorphic representations of
GLy (A) (i = 1,...,t) respectively, which are of symplectic type in the sense that each exterior
square L-function L(s, 7/, A?) has a pole at s = 1 (see [14, §11] or [16]). We denote the set of
generic global Arthur parameters of H, by CTDQ(HT). Accordingly, we have the global Arthur packet
ﬁZ,(Hr (A)), which is also the global Vogan packet ﬁ;f, [H,(A)]. Note that the parameters, and also
the packets for metaplectic groups depend on a fixed additive character ¢ (see [14, §11, §25] and
[24]). With the above data, we have the global Vogan packet (see [14, §25]) for ¢ x ¢

(1.3) I, [Ga(A) x H,(A)].

From now on, we assume that n > r. For irreducible cuspidal automorphic representations m
and o of G,,(A) and H,(A) respectively, one defines the Fourier-Jacobi period (see [14, §23] or §2.3
for details)

(1.4) Piio(@n®5),  (¢r €T, &5 €5, or € S(AT))

whose non-vanishing is used to detect whether ¢ occurs in the “restriction” of m to H,(A). On
the other hand, one defines the tensor product L-function

(1.5) w(8,0 % @) HHLSTlXT

i=1 j=1

associated to the pair of generic global Arthur parameters ¢ and ¢’ for the fixed 1 (see [14,
§22]). The global GGP conjecture asserts that the central value Lw(l /2,¢ x ¢') is non-zero if

and only if there exists a pair (7?0, 0p) in the global Vogan packet H¢>< »[Gn(A) x H.(A)] with a
non-zero Fourier-Jacobi period 73 o (DPry» P5,)- An important feature is that such a pair (m, 79) €

H;{’w, [Gn(A) x H.(A)] is unique, followmg from the local GGP conjecture ([14, §17]). When such
a pair exists, we call it the Gan-Gross-Prasad pair (or GGP pair for short) for the given pair of
generic global Arthur parameter (¢, ¢').

The GGP conjecture is about the branching problem, which concerns about the decomposition
of a representation when restricting to subgroups. As seen in some previous works (see [20, 21,
41, 38, 40]), constructive methods, in particular the twisted version of the automorphic descent
method, can be used to study the global GGP conjecture. With this approach, besides a generic
automorphic representation 7 of some GLy(A) which determines a global parameter ¢., one also
takes an automorphic representation o of the group H,.(A) with a generic global parameter. Then
one may ask the following:

Problem 1.1. For a given irreducible cuspidal automorphic representation o of H,(A) with a
generic global Arthur parameter ¢, how to find some group G, and an irreducible cuspidal auto-
morphic representation m of Gy« (A) with a generic global Arthur parameter ¢, such that m and &
have a non-zero Fourier-Jacobi period?

This is understood as the reciprocal branching problem introduced in [40]. From the pair of
representations (7, ) mentioned above, the twisted automorphic descent method gives a concrete
and uniform construction of a tower of representations {m;}; of {G;(A)};. An important feature of
this method is that, if m; is non-zero, it has a non-zero Fourier-Jacobi period with & (see §2.3 for
some examples). Then it follows that if moreover some basic properties (such as cuspidality), as
well as the global Arthur parameter ¢; of m;, can be determined, one obtains (7, 7) as the GGP
pair for the pair of global Arthur parameters (¢;, ¢'), where ¢ is the Arthur parameter of . We
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remark here that even when ¢, is not generic, the construction could also provide examples for
the non-tempered GGP (see [15]).

We explain the general framework with more details. Assume that o belongs to the generic global
Vogan packet I1%,[H,(A)] (for a fixed non-trivial additive character 1 : F\A —s C*). Towards the

above reciprocal branching problem, we take a generic global Arthur parameter ¢ € <T>2(Gn) and
assume that Ly (1/2, ¢ x ¢') # 0. Assume that (7, 0g) is the unique GGP pair in the global Vogan

packet H;fw, [Gn(A) x H,(A)] as in the global GGP conjecture. Then, if ¢ ~ 7y, the global GGP

conjecture predicts that the member 7 in the global Vogan packet ﬁ¢[Gn(A)] gives an answer to
the reciprocal branching problem, and this member 7 is expected to be constructed by twisted
automorphic descent method from the parameter ¢ and the representation gq. However, for an

arbitrary o € ﬁi, [H,(A)], we can not always expect o to be part of the GGP pair for ¢ x ¢’ by the

uniqueness property in the GGP conjecture, for a fixed parameter ¢ € C’52(Gn). In this situation,
the automorphic descent method helps us to find a (specific) group G, for some k£ > 1, and an
explicit irreducible cuspidal automorphic representation 7, of G, (A) with the property that
Tnir has a generic global Arthur parameter ¢,,, and has a non-zero Fourier-Jacobi period with
the given . Moreover, it turns out that, the group G, ., and also the parameter ¢, , should be
controlled by certain first occurrence property (see §2.2) of the construction. Hence, they are all
determined by the initial data ¢, ¢’ and ¢ via the constructive mechanism.

On the other hand, based on some known cases that the non-vanishing of GGP periods implies
non-vanishing of L-functions (see, for example, [20, 46]), one may obtain some results on non-
vanishing of (twists) of central L-values by showing the corresponding periods are non-zero. Under
the framework suggested above, this can be obtained by proving certain automorphic descent
construction is non-zero, provided that one knows enough information about the related global
parameters. In particular, from the understanding of the global packet I1%, [Mp,(A)] (see [69, 71, 60,
13]), the symplectic-metaplectic cases are naturally related to quadratic twists of L-functions (see
also §6.1). Then one can obtain certain non-vanishing results for quadratic twists of L-functions
for GLy via a more conceptional approach (see Theorem 1.5 below) which depends on the whole
machinery of twisted automorphic descent. We hope this approach is applicable to more general
cases.

1.3. The cases in this article. In this article we consider the above mentioned problems for
r = 1. In this case, starting with an irreducible genuine cuspidal automorphic representation o
of Hi(A) = Mpy(A), we want to construct cuspidal representations with generic global Arthur
parameters which have non-zero Fourier-Jacobi periods with &, and then study related cases of
the global GGP conjectures and the applications to L-functions.

We fix a non-trivial additive character ¢y : F\A — C*. Without particularly noticed, the
parameters and Vogan packets are associated to this character. Assume that ¢ has a generic
global Arthur parameter ¢,, = (79,1), where 7y is an irreducible unitary cuspidal representation
GL2(A) of symplectic type. For the parameter ¢,, parametrizing an automorphic representation
o of Mp,(A), one requires

1
(16) 8(5,7’0@7”]0) =1

for some quadratic character ny : F*\A* — C* (see [13, Lemma 8.6]).
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Let
(1.7) T=nlHnrnB - --Bn

be an irreducible generic isobaric sum automorphic representation of GL,,(A). Here 7;’s are distinct
irreducible unitary cuspidal automorphic representations of GL,,(A) such that 3¢ n; = m. Then
T corresponds to a generic global Arthur parameter

¢ = (r, ) B (r, 1)B---H (7, 1),

and we also assume that each 7; is of orthogonal type, i.e. the L-function L(s,7;, Sym?) has a pole
at s = 1. Moreover, we require that

Lo(1/2,7 % 5) #0

as suggested by the global GGP conjecture. Here the L-function Ly (s,7 x o) is defined in [26],
which also depends on the character v, and we always suppose the following identification of
L-functions:

(1.8) Ly(s,7x0)=L(s,7 X 79) = Ly(s, 0r X ¢ry).

For the given pair of representations (7,7), we have a square-integrable residual automorphic
representation gT®g,~ on H(A) = H,,;+1(A) generated by the residues of Eisenstein series supported
at (P, 7 ®5) (see §2.2), where P = MN is the standard parabolic subgroup of SPam4o such that
the Levi subgroup M ~ GL,, X Sp,, and P is the pull back of P to H,,.1(A) with Levi subgroup

—~

M = GL,, x Mp,. The representation &.55, which depends on 1 again, contains information
of both 7 and o, and serves as a source of our descent construction. For any g € F* and
0 </?<2m+1, a tower of automorphic descent of T twisted by o, denoted by

(1.9) {We,,a = Diﬁ,g(i@a)}e,

is constructed by taking Fourier-Jacobi coefficients of depth ¢ (see §2.2) of the residual representa-

tion &;g5. For each ¢, if the twisted descent 7, g is non-zero for some choice of 8 € F'*, it consists
of certain automorphic functions on G,,_;(A) = Sp,,,_o,(A). As in previously known cases, the
descent tower {m, 3}, satisfies certain tower property (see §2.2), and the first occurrence in this
tower gives a cuspidal representation with desired properties. In particular, as indicated by the
general framework of Rankin-Selberg method (see, for example [25, 26, 20, 21, 33, 45, 47, 46]),
unfolding Eisenstein series in certain global zeta integrals will show that each irreducible cuspidal
component has a non-zero Fourier-Jacobi period with . Hence it is always crucial to determine
the first occurrence in the above descent tower.

For our purpose as described in §1.2, there are some differences between the cases that m = 2n
and m = 2n + 1:

(Case I). Suppose that m = 2n. In this case, ¢, is not relevant to a symplectic group, and hence
we do not expect an element in the descent tower {m; 5}, would be parametrized by ¢,.

(Case II). Suppose that m = 2n + 1. In this case, we have ¢,g,, € Po(G,), where w, is the
central character of 7. Under the general framework of twisted automorphic descent, one expects
that, if m,41 5 (which is a representation of G, (A) = Sp,,(A)) in the descent tower is non-zero
for some 5 € F*, then it will be parametrized by ¢, (see, for example, the local calculation
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in §3.3, in particular Proposition 3.3). Then (7,414, 0) will be the GGP pair in the global Vogan
packet
(1.10) m”

Dr@wr XP7g

[Gn(A) x Hy(A)],

here () = ¢(Bz). However, since & may not be a part of the GGP pair in the global Vogan
packet (1.10) by the uniqueness of GGP pairs, 7,11 3 may not always be non-vanishing. Then, to
get definite results, we make moreover the following assumption to exclude the existence of 7,11 g:

Assumption 1.2. In (Case II), the representation o does not occur in the GGP pair (7o, 0o)
in the global Vogan packet H;ﬁ’f@w xrg [Gn(A) x Hi(A)] for the fized positive integer n and any
B e r*/(F).

The point is that, in both (Case I) and (Case II) (under Assumption 1.2), we can show that
the first occurrence in the tower (1.9) is at the depth ¢* = n (for some choice of 5 € F*). Denote
the resulting representation by

T = Dgi,ﬁ(g7'®5)7
which turns out to be a cuspidal automorphic representation of G,,—,(A) = Spy,,_o,(A) (see §4).
Moreover, basic information about the global Arthur parameters of irreducible components of 7

can be obtained by calculations of the local counterparts at unramified places (see §3). We state
the main results on the above construction in the following two theorems.

Theorem 1.3. Let 0 € ﬁim [Mpy(A)] be an irreducible genuine cuspidal automorphic representa-
tion, where ¢., = (70, 1) with 1o being an irreducible unitary cuspidal representation of GLao(A) of
symplectic type. Let T = H---H7 be an irreducible generic isobaric sum automorphic represen-
tation of GL,,(A), where 7;’s are distinct irreducible unitary cuspidal automorphic representations
of GL,,(A) of orthogonal type, such that n; > 1 and Y'_, n; = m. Assume moreover that

1 - 1
L¢(§,T X o) = L(§,T X 1) # 0.

Then we have:

(1) In both (Case I) and (Case II) (presuming Assumption 1.2 in (Case I1)), there exists f €
F> such that the automorphic descent mg = Diiﬁ(é@g) 1S a non-zero cuspidal automorphic
representation.

(2) Suppose moreover that ng # w, in (Case II). Here 3 € F* is the one occurs in Part (1),
and ng is the quadratic character associated to the quadratic extension F(\/B)/F. Then in
both cases, any irreducible component © of ms has a generic global Arthur parameter, and
has a non-zero Fourier-Jacobi period with . In other words, irreducible components of the
descent Tz give answers to the reciprocal branching problem (Problem 1.1) introduced in

§1.2.

Moreover, we can determine the generic global Arthur parameter of the descent in (Case I) if
w; = 1, and hence deduce the following result related to the global GGP conjecture for symplectic
groups.

Theorem 1.4. Assume that w, = 1 in (Case I). Then any irreducible component m of ms has a
generic global Arthur parameter

¢B = ¢T®n/3 H 1GL17



AUTOMORPHIC DESCENT FOR SYMPLECTIC GROUPS 7

and (m,0) gives the GGP pair in the global Vogan packet ﬁZSX‘ZSTo [Spy, (A) x Hi(A)]. Here ¢rgy,
is the global Arthur parameter associated to the generic automorphic representation T ® ng.

We remark that in the situation of Theorem 1.4, if we assume the corresponding local GGP
conjecture in Archimedean cases (see §6), then g is irreducible (Proposition 6.6). More detailed
discussions can be found in §6.1.

In this article, we talk about GGP conjectures in the context of cuspidal automorphic repre-
sentations with generic global parameters. It is worthwhile to mention that in a recent paper
[15] of Gan, Gross and Prasad, they generalize the GGP conjectures to non-tempered cases. In
our construction, it is also possible to get cuspidal automorphic representations 7 of Spy,, o, (A)
with non-generic Arthur parameters which have non-zero Fourier-Jacobi periods with & (see local
calculations in §3). Then, as predicted in [15], the representations (m,o) should have relevant
global parameters in sense of [15, §3], and satisfy certain non-vanishing property of L-functions
(see [15, Conjecture 9.1]). One may also refer to [49] and [40] for related results.

As a byproduct of the construction in (Case I), we can also prove a result on non-vanishing of
quadratic twists of L-functions. Note that by some known results on global GGP conjecture (see,
for example, [46, Theorem 5.4] or [68] for the pair (SLy, Mp,)), we have

1
Ly (5. b8 % dos) # 0

for some € F* from the non-vanishing of Fourier-Jacobi periods stated in Part (2) of Theorem
1.3 (see §6.1 for details). Here ¢op = ¢ryey, is the twist of ¢o by the quadratic character 7.
Combining with the uniqueness property in global GGP conjectures, we obtain (Theorem 6.8):

Theorem 1.5. Let 19 be an irreducible unitary cuspidal automorphic representation of GLa(A) of
symplectic type, such that

1
5(5,70 ®@mno) =1

for some quadratic character ny : F*\A* — C*. Then there exist ﬁﬁgﬂ) [Mpy(A)] different
quadratic characters n such that

1
L(§,7'() X 77) # 0.

The above result is not new. In [12], using analytic methods, Friedberg and Hoffstein proved a
stronger result, where the number of different quadratic twists is infinite, and the ramification of
n’s can be controlled. There are also some other related results on quadratic twists of automorphic
L-functions for GLg, for example, the work of Jacquet (see [37]), Bump-Friedberg-Hoffstein (see
[7]), and Waldspurger (see [71]). Luo also obtained a result in the case of GL3(Ag) twisted by
Dirichlet characters (see [53]). However, our approach is new, which is based on the understanding

of the global packet H;fT [Mp,(A)], and the non-vanishing of certain twisted automorphic descent
constructions. ’

We also remark here that the existence of such quadratic twists in Theorem 1.5 played an im-
portant role in the classification of automorphic discrete spectrum of Mp,(A), due to Waldspurger
(see [69, 71], also [60] and [13] for expository references). Its higher rank generalization seems
quite difficult, and hence one can not follow Waldspurger’s approach to get a similar description of
the automorphic discrete spectrum of Mp,,, (A). In [16], Gan and Ichino found a novel way to get
such a description for Mp,, without knowing the analogous non-vanishing results of L-functions.
Regarding that the framework of twisted automorphic descent is also general, it seems possible to
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generalize our new approach to extend Theorem 1.5 to higher rank cases. We will consider this
generalization in our subsequent work.

As mentioned above, the proof of the Theorem 1.3 is based on the conventional approach of
automorphic descent method (see, for example, [33]). There are both local and global arguments.
The local arguments are mainly the calculations of certain twisted Jacquet modules, which give
both the local information for the global Arthur parameters of the descent modules, and the van-
ishing results for the tower property. The global arguments are used to show the non-vanishing of
the automorphic descent, which is fundamental to our main results. It is always the most technical
part, and involves precise study of Fourier coefficients of automorphic forms. Our arguments use
the work of Gomez, Gourevitch and Sahi ([34]), which generalizes a local result of Maeglin and
Waldspurger ([54]). Applying [34], we first show a basic non-vanishing result for the residual rep-
resentation &, g5, namely, £.55 has a non-zero generalized Whittaker-Fourier coefficient attached
to the partition [m?1?] (see Proposition 5.3 and Proposition 5.8). This result serves as a starting
point of our proofs. To get the non-vanishing result for the descent, we use a result of Jiang, Liu,
and Savin on raising nilpotent orbits (see [39]) in (Case II) (see Proposition 5.6), which is similar
to the argument used in [40] to study the Fourier coefficients of Bessel type. In (Case I), however,
the orbits corresponding to [m?1%] can not be raised, we give a more technical proof by the roots
exchange technique (see [33]) directly (see Proposition 5.9) and a contradiction argument similar
to that used in [20].

The structure of this article is outlined in the following. We introduce the descent constructions
in details in §2, and study their local and global properties in §3 and §4. The non-vanishing results
for the descent constructions are proved in §5, and their applications are studied in §6.
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2. THE DESCENT CONSTRUCTION OF FOURIER-JACOBI TYPE

2.1. Notation. Let F' be a number field and A = A be its ring of adeles. Let V' be a symplectic
space of dimension (2m + 2) defined over F', with symplectic form denoted by (, ). Then V has
a polarization
V=VteV-,
where VT is a maximal totally isotropic subspace of V' with dimension (m + 1). Fix a maximal
flag
F: 0cVifcV,fc--CVi, =V"

in V't and choose a basis {e1,...,e,11} of VT over F such that
V.t = Span{ey, ..., e}
for 1 <i<m+1. Let {e_1,...,e_mi1)} be a basis for V', which is dual to {eq, ..., en41}, ie.,

(€i,e_j) = 0;; for 1 < 4,5 < m+ 1. For simplicity, we denote G = Sp(V'), the symplectic group
over F' associated to V. Note that with the above choice of basis, the form of V' is associated with
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the skew-symmetric matrix Jo,, 419 = < w mH), where w; is an (i x i)-matrix with 1’s on
— Wm+1

the anti-diagonal and zero’s elsewhere.

We fix a Borel subgroup By = Ty - Uy of G consisting of upper-triangular matrices, and
call a parabolic subgroup to be standard if it contains Bg. For 1 < k < 2m, let Q) be the
maximal standard parabolic subgroup of G which stabilizes the partial flag 0 C V,*. Tt has a Levi
decomposition Qj = Ly, - Uy with Levi subgroup L; isomorphic to GLg x Sp(V®)). Here V*) is
the subspace of V' which sits into the decomposition

V=Viev®gv-,

where V,~ = Span{e_j,...,e_1}. Hence V®) = Span{es1,...,emi1, €_(m41)s - - - €—(kt1)} under
the above choice of basis. It is clear that the symplectic space V*®) also has a polar decomposition

V) — k)+ D V(k)ﬁ7

where V®+ = Span{egy1, ..., eme1} and VF— = Span{e_(m+1),---,e—(k+1)}. For simplicity, we
will denote P = @Q,,,, M = L,,, and U = U,,.
For 1 </ <m+1, let P, be the standard parabolic subgroup of G which stabilizes the partial
flag
Fo: 0cVircViic.---cVr.
It has a Levi decomposition P, = M, - N, with Levi subgroup M, ~ GL x Sp(V®)). The unipotent
subgroup N, consists of elements of the form

z  zex oy
/

u=uz,x,y) = D202 ' |,
*
2z

where z € Z;, x € Matyy(om—2042), T’ = Jom—oeio'twy, and y € Sym,,,. Here Z, is the maximal
upper-triangular unipotent subgroup of GL,, and Sym,,, is the set of (¢ x {)-symmetric matrices.
We also set Ny = I, 2. Define a homomorphism y, : N, — G, by

o+1
(2.1) Xe(u) = Z(u C €, €_(i—1))-

=2
Here we view ¢;’s as column vectors, and u - e; is the multiplication of matrices.

Let H be the metaplectic double cover of G, i.e. H = Mp(V'). We also let P be the parabolic
subgroup of H which is the inverse image of P C G. Note that we have the Levi decomposition
P =M U, where M ~ GL,, x Mp(V(™) (see [17, §2.3]).

We recall some notation for the group structure of metaplectic groups. Following [63], at each
local place v, one may identify Mp(V)(F,) = Sp(V)(F,) x {£1} with multiplication given by

(h17€1) : (h27 62) = (h1h2,€1€20(h1, hQ)) )

here ¢; € {£1} (i = 1,2), and ¢( , ) € {£1} is the Rao cocycle defined explicitly in [63]. The
Rao cocycle depends on the choice of symplectic basis of V', and we inherit the choice at the
beginning of this subsection. The properties of the Rao cocycle are outlined in [51], [44] and [67].
In particular, let Py be the Siegel parabolic subgroup of Sp(V')(F,) fixing V', then one has

(2.2) c(p,h) = c(h,p) =1,
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and also

(2.3) (p.€) - (he) - (p, €)' = (php~',€)

for any p € Po(F,), h € Sp(V)(F,), and €, ¢ € {£1}. With the explicit descriptions of local
double covers, the global double cover Mp(V)(A) of Sp(V')(A) is defined to be compatible with
the local double covers at all places (see [44, §2.2]).

In this article, without particular specification, we will always identify h € Sp(V') with (h,1) €
Mp(V'). Note that if By = Ty - Uy is a Borel subgroup of Sp(V'), then the double covering splits
uniquely over Ug(F,) for each place v of F. It follows that in the adelic setting, there is a unique
splitting of the double cover over Uy(A), and more generally over the adelic group of the unipotent
radical of any parabolic subgroup of Sp(V'). Hence sometimes we do not differ unipotent subgroups
in Sp(V') and Mp(V') for simplicity.

We will need some notation for parabolic subgroups in the general linear group GLy in §3
and §4. For positive integers nq,...,n; with n; +--- 4+ n, = N, we denote P,
upper-block-triangular parabolic subgroup of GLy with Levi subgroup GL,,, x ---GL,,.

Finally we recall some notation on Weil representations. Fix a non-trivial additive character
Y F\A — C*. For any a € F, let v* : F\A — C* be the translation of ¥ by «, i.e.
»(-) = ¥(a-). For a symplectic space (W, ( , )) of dimension 2r over F' with polarization W =
W @& W, we realize the Heisenberg group Hw (or Ha..1 if we just need to emphasize the
dimension) corresponding to (W, 2(, >) as Hw = W @ F, with multiplication given by

(wl;tl) . (wg;t2> = (w1 + wost; +to + <w1,w2)), (wz eW. t,e Fi= 1,2)
We will also denote the elements in Hw by
(2.4) (w*, w1
with w® € W* and ¢ € F if we need to specify the vectors corresponding to the polarization. For
any o € F*, we denote by wf[(j to be the (global) Weil representation of Hw(A) x Mp(W)(A)
(see, for example, [33, §1.2]) on the Schwartz space S(WT(A)) ~ S(A") with respect to ¢* (the
Schrédinger model). Note that the center of the Heisenberg group acts by
Wi (0:0)p = dlatlp, o € S(WH(A)).
We define the corresponding theta series by
Ora(h-h) = Y wd(h-h)p(s).
EWH(F)
here h € Hw(A) and h € Mp(W)(A). If a = 1, we will denote wgl) by wg), and 67, (h - 1) by
Hz(h - h).
2.2. The twisted automorphic descent of Fourier-Jacobi type. In this subsection, we de-
scribe the twisted automorphic descent construction we will use in this article. It is given by a

family of Fourier-Jacobi coefficients. We mainly follow the formulation in the basic reference [33].
For 0 < ¢ < m + 1, define a character

@Z)g : Ng(F)\Ng(A) — C*
by ¥y =1 o x; (see (2.1)). In matrix form, we have
(25) W(Uz(zvﬂfa y)) = wZZ(Z)w(JJZ,l) :
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By our convention, 1 is the trivial character. We extend ), trivially to Nyy1(A). Note that
N¢\Ny4q is isomorphic to the Heisenberg group Hy +1). We will fix such an isomorphism

(2.6) et Ne\Ney1 == Hyern,

under which the center of Hy «+1) corresponds to the subgroup C;, C Ny, consisting of elements
of the form

1 t
(27) C[(Zf) = dlag Ig, IQm_Qg ,Ig
1

Let II be an irreducible genuine automorphic representation of H(A). For an automorphic form
f eIl and g € F*, we define the depth-¢ Fourier-Jacobi coefficient of f to be (see also [33, §3.2])

(2.8) FITL N0 = [ Pl (W67, Golw) - ) du,

Nep1(F)\Ney1(A)

where ¢ € S(VEHDH) ~ S(A™), wfﬁgo is the global Weil representation of Hy 1) (A) X
Mp(VEDY(A), 9;2_5 is the corresponding theta series, and h is a projection pre-image of h in
Mp(VEDY(A). Tt is easy to see that FI7,5(f)(h) is an automorphic function on G, —¢(A) =
Sp(VEV)(A).

We define

(29) Dgig(ﬁ) = Gm_z(A) — Span {'Fjieﬁ(f) f c ﬁ) Q€ S<Amﬂ)} .

Gmfz(A)
Let the depth ¢ vary, we obtain a tower of automorphic modules of G,, ,(A), and we call it
the automorphic descent tower of 11 of Fourier-Jacobi type. In particular, if § = 1, we denote
FI5,(f)=FT;, (f), and also
D} (11) = Dy, (10).
For our purpose, we will consider a descent tower for some specific IL. Let

(2.10) T=mBHmnB---BH7n

be an irreducible generic isobaric sum automorphic representation of GL,,(A), and o € ﬁim [Hy(A)]
be an irreducible unitary cuspidal automorphic representation. Here 7y is an irreducible unitary
cuspidal automorphic representation of GLy(A) of symplectic type, and 7;’s are distinct irreducible
unitary cuspidal automorphic representations of GL,,, (A) such that 2221 n; = m. We assume that
cach 7; is of orthogonal type, i.e. the symmetric square L-function L(s,7;, Sym?) has a pole at
s = 1. Moreover, we assume that

1 ~
L¢(§a7_ X U) 7é 0,

which is the starting point of the whole construction.
Recall that H is the global double cover of G = Sp(V'), with a maximal parabolic subgroup

P=M-U. For s € C and an automorphic function
D5 € AM(F)UA)\H(A))u, (ro5) ,
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following [55, §I1.1], one defines \;®, 55 to be (\; 0o mp)®, gz, where A\, € X§ ~ C (see [55, §1.1]
for the definition of X& and the map mp), and defines the corresponding Eisenstein series

(2.11) E(s,h,®rgz) = > ADrgz(vh)

YEP(F\G(F)
on H(A), which converges absolutely for Re(s) > 0 and has a meromorphic continuation to the
whole complex plane ([55, §IV]). Here py, = [, py, is a (global) genuine character, where the
definition of f1,, will be given in §3.1 below.

We have assumed that L(s, 7;, Sym?) has apole at s = 1 foralli = 1,...,¢, and Ly(1/2,7x5) #
0. Then by calculating the constant term as in [55] (see also the arguments in [20, §3.2] and [33, §2.5
— §2.9]), the Eisenstein series E(s, h, ®;05) has a pole at s = 1/2 of order ¢. We note here that to
show the existence of the pole at s = 1/2, we just need to use partial L-functions. Let g,-@& denote
the automorphic representation of H(A) generated by the iterated residues Res,_1 E(s, h, ®rg5)
for all i

@05 € ACV(F)U(A)\H(A)) (o)
It is square integrable by the L?-criterion in [55]. We mention that the residual representation
§T®5 depends on the additive character ¢, and we do not include ¢ in the notation for simplicity.

Taking II = .45 in the above descent construction (2.9), we have a family of automorphic
Gm—e(A)-modules:

(2.12) {W,ﬁ = Dif,g(é@a)}z

It is expected that the tower {m, 3}, satisfies certain tower property when the depth 0 < ¢ < m+1
varies, i.e., there exists 0 < ¢* < m + 1 such that 7 g # 0 for some 8 € F*, and 73 = 0 for any

* <l <m+1andany § € F*. In particular, at the first occurrence index (* = (*(E,55), the
G- (A)-module
FJ (&
o5 = Dy 5(Erez)
is expected to consist of cuspidal automorphic functions FJ7,  5(f)(-). We call mp- 5 the Fourier-
Jacobi type automorphic descent of T, twisted by o, or, o-twisted Fourier-Jacobi type automorphic

descent of T, and call G,,,_g the target group of this descent construction.
The affect of g € F* in the module

Dzh;j,ﬁ (57-@5)
can also be interpreted in another way. As in [20, §6], for 8 € F'* let

d(B) = (5 e [m+1> € GSpy,, 1o(F)

be a diagonal similitude element. The conjugation A’ = d(B) - h - d(8)™" € Spy,4o(F) gives an
outer automorphism of Sp,,, . 4(A), which has a unique lift to Mp,,,,,(A) (see [56, Page 36]). We

also denote the lift by h — h”. Define the twist by d(/3) representation I1° of II by
(7)) = 1 (iiﬁ> .

Then one has

gf@& = 87'@55 )
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where ¢° is a similar twist of & by (ﬁ 1). Note that (see [24, §3], [13, §8] and [71]) if the
representation o lies in the packet ﬁw [Mp2 (A)], then we have
s Hw [Mpz(A)] H;ﬁ’m@nﬁ [Mp,(A)],

and also the relation of L-functions

Ly(s,0") = Lys(s,0) = L(s, 70 ®np).
In particular, if & is 1/-generic, then ¢° is ¢/’-generic. Now by the construction of Fourier-Jacobi
coefficients (2.8), after changing of variables, we have the following equivalence of G, _¢(A)-modules

(2' 13) D}Z;},ﬁ(g’@a) DFJ (57/6)@0) DFJ (87'®0/3)

In this article, we will consider both the cases m = 2n (Case I) and m = 2n + 1 (Case II).
Moreover, in (Case II) we will restrict ourselves to the pair (7,c) that satisfies Assumption 1.2.
We will show that in both cases the first occurrence index ¢* = n (see §4-85), and the target group
is Gn(A) = Spy,(A) in (Case I), and is G 41(A) = Spy,,»(A) in (Case II), as stated in Theorem
1.3.

2.3. Twisted automorphic descent and Fourier-Jacobi periods. As indicated in [20] and
[46], the twisted automorphic descent construction is naturally related to GGP periods (which are
Fourier-Jacobi periods in our case).

For completeness, we introduce the Fourier-Jacobi periods of automorphic forms in symplectic-
metaplectic cases. We set some more general notation at first. Let x be a positive integer. As in
§2.2, for the group G, = Sp,,, with 0 < r < K, we have a series of parabolic subgroups

{pr(ﬁ) — MT@)N(

T’{)}OST‘<I€
with M,(”) ~ GL] x G,_,, and also a canonical character
U s NP (F)\NI(A) — €
In §2.2, we have taken k = m + 1 and use the notation M, and N, without upper-scripts.

Recall that we have defined the Fourier-Jacobi coefficients of automorphic forms on H,,.1(A) =
Mpy,40(A) in §2.2. When f is an automorphic form on H,(A) = Mp,,(A), the definition of
its Fourier-Jacobi coefficients is the same as (2.8), and we will use notation FJ z“‘) (f)(-) (here
¢ € S(A""1)) to indicate the size of the group we are considering. It is an automorphic form on
Grr—1(A) = Spy(,—r_1)(A). On the other hand, for an automorphic form f on G,(F)\G«(A) and
a € F*, similarly one can define the Fourier-Jacobi coefficient

eu  F5, (D0 = [ Py )87 () ) - R du.
e NI (FNNE), ()
Here j) denotes the isomorphism N\ N i)l ~ Hoge—py—1 similar to (2.6), ¢ € S(A""1) is

the Schwartz function in the Schrodinger model of the global Weil representation wff;rfl) of
Ha(e—r)—-1(A) X Mpy(_,_1y(A), 07 . is the corresponding theta series, and h is the projection
image of I in Mpoy(,—r—1)(A). By construction, }—ji(“) (f)(+) is an automorphic function on

Hﬁ—r—l(A) = Mp2 (k—r—1) (A)
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Let 7 be an irreducible automorphic representation of G, (A), and ¢ be an irreducible automor-
phic representation of Hy(A). For ¢, € m and ¢ € 7, we define the Fourier-Jacobi period to be
the inner product

1) Pha@od)= [ PTG, (@)@%@ G, (e S@)
if t < k; and
1) PEL@e)= [ FT (90080, (o e SE)

if k < t. There will be no Fourier-Jacobi coefficient involved if x = t. Note that in (2.15), same as
before, g denotes any pre-image of g € G4(A) in H;(A). The convergence of the above integrals can
be guaranteed if one of the automorphic forms involved is cuspidal. We say that two automorphic
representations 7 and o have a non-zero Fourier-Jacobi period if (2.15) is non-zero for some choice
of data. If & = 1, we also denote (2.15) and (2.16) by Py, (¢, ¢5) and Py, (¢z, ¢,), respectively.

In our case, let 7 be an irreducible cuspidal automorphic representation of G,,_¢(A). For ¢, € 7,
we consider the Fourier-Jacobi period

(217)  Prag,. (E(qu%@a),cbw):/ FT i, (E(s, - @r25)) (9) b4 (9) dg,
Gt (P)\Gn—e(4)

where E(s,-, ®,45) is the Eisenstein series on H(A) defined in (2.11). Unfolding the Eisenstein
series as in [20] and [23], one can see that the Fourier-Jacobi period

PEL (b ) = | o T e, (6)@9: ) a7

meZ

occurs as an inner integral of (2.17), where ¢ is an automorphic form on H;(A) which comes from
the section @, 45, and ¢, € S(A) is a Schwartz function which comes from ¢, in (2.17) (see, for
example, [20, Proposition 6.6]). Moreover, if we let s = 1/2 and take residues of the Eisenstein
series, one can go further to get a reciprocity formula (see [46 Theorem 3.2|)

(218) Pwaap (RGSSZ%E<8, '7(I)T®E)7¢Tr) = C‘ﬁ&,ﬂ' zpagpl (¢w7¢ )

relating the two Fourier-Jacobi periods, where C} 5, is a constant determined by certain local
integrals and residues of certain L-functions. In particular, one obtains:

Proposition 2.1. Suppose that my 53 = ngﬁ(gﬂ@;) 18 mon-vanishing and cuspidal, and let 7 be
any of its irreducible summand. Then (w,7) has a non-zero Fourier-Jacobi period.

Proof. The proof is a direct application of (2.18). Let 7 be any irreducible summand of 7 g,
which is assumed to be non-vanishing and cuspidal. By construction, there exists ¢, € m, .55 €

A(]\?(F)U(A)\H(A))%(@g), and ¢, € S(A™™), such that the Fourier-Jacobi period

Pz/lﬁap (RGSS:%E(S,-,(I)T(@g),Q’)W) 7é 0.
Then the right hand side of (2.18) must also be non-zero, which implies that

Py o (b 5) 0

for some choice of data, as desired. O
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3. LOCAL ASPECTS OF THE DESCENT

In this section, we study the local counterparts of the automorphic descent discussed in §2.2,
which are certain twisted Jacquet modules. We will calculate these Jacquet modules at unramified
places. These local results will be used in the study of the global properties of the automorphic
descents.

3.1. The twisted Jacquet modules. In this section, we let k be a p-adic field of characteristic
0, and fix a non-trivial additive character ¢ : k — C*. For 0 < ¢ < m, we define the character
1y on Ny(k) similar to (2.5) in the global setting.

We describe the twisted Jacquet modules we are considering, following the formulation in [33].

Let o € k*. For an irreducible admissible genuine representation I of H(k), one defines the
Jacquet module of Fourier-Jacobi type (of depth £) to be

(3.1) DY) = gy (T w0) |

i.e., the twisted Jacquet module of I® wl(;f;e)

and the character ¢, (which is extended trivially to Nyi(k)). Here wfﬁ N 9 is the local Weil

representation of Hy 1)) X Mp(V D) (k) corresponding to the additive character 1)~ with
a € k* (see §2.1 and [33, §1.2]), and Nyyq(k) acts on the local Weil representation Wq(p -9 via the
isomorphism jp : No(k)\Npy1(k) >~ Hyeny (k). It is clear that Dii}fc(ﬂ) is a G,—¢(k)-module.

One may also write the twisted Jacquet module Jy, +1,W(ﬁ ® wf;f;g)) in another form (see [33,
Chapter 6]). Recall that we have defined the subgroup (see §2.2)

= {eet) =3 ' ((051)) | t € k} C News,

i.e. the pre-image of the center of the Heisenberg group Hy +1) under j,. We denote N} =Ny Ch.
We define a character ¢, : N, (k) — C* by

(3.2) Vg o (g - co(t)) = elug) - (at).

Note that N, is the unipotent subgroup V5(O;) corresponding to the nilpotent orbit Oy in the
Lie algebra of H attached to the symplectic partition [(2¢ + 2)12™~2 in the sense of [18]. Then
we have

T m—~ m—{
(3.3) TNeor it (H & W™ >) ~ T iy /€ (JN 0, g, () @ W, >> ‘

with respect to the unipotent subgroup Ny (k)

We note that c¢/(t) € Ci(k) acts through w), (=0 by Y(—at).

As in [41] and [40], we will calculate the above twisted Jacquet module using formulae in [33]
in unramified situation. Generally, we will consider the parabolically induced representation

H(k ~
Ind (7] ©3),

where 7 is an irreducible generic unramified unitary representation of GL,, (k) of orthogonal type,
o is an irreducible generic unramified unitary genuine representation of Mpy(k), and 1 is also
unramified. Our restriction on 7 will give some symmetry to its unramified data. Here, for
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a € GL,,(k) and g € SLy(k),

(3.4) py(T ©0) 9 € | = e(det(a), (9))y Yu(det(a))m(a) @ a(g,€),

*

a

where (, )k is the Hilbert symbol over k, z(-) € k*/(k*)? is the z-function (on SLy(k)), which
comes from the definition of the Rao cocycle on Mp,(k) (see [63]), and 7y, is the Weil index
associated with 1.

We will fix

~ __ Mp, (k)
7= IndESLQ (k)'uw5

in our calculations, where ¢ is an unramified character of k*, and p,, is defined similarly to (3.4).

In the remaining parts of this section, we also keep some other notation which are used in [33,
Chapter 6].

3.2. The local unramified calculation of Jacquet modules: m = 2n. We first consider
the case that m = 2n. We treat the cases that the central character w, is trivial or non-trivial
separately.

(1) The trivial central character case. We can write 7 as a fully induced representation from
the Borel subgroup:

(3.5) T:Indgzi;(l}&)ﬂl(@"'®,un®,u;1®~"®,uf1 X X X X X gt

where p;’s are unramified characters of k*. Let m,g5 be the unramified constituent of the induced

representation Indg((:))

twisted Jacquet module

py(7]-]? ® 7), and we want to study the unramified constituents of the

.~ =0\ ~ (2n—0)
JNe-s—hW <7T7®5 ® Wq(/,zla )> = JHV(HI)/CZ (JN?H,%{Q (7TT®&) ®wwfa > .

Proposition 3.1. Let 7 be as in (3.5), then the twisted Jacquet module JNZH,W(%T@&@%(Z?;&) =0

foralln+1 < ¢ < 2n. And when { =n, JNZH’W(%T@g@w(QfJ)

w @
which is a subquotient of

Sps,, (k
(3.6) IndB‘;mi oo (l1 @+ @ ).

) has a unique unramified constituent

Proof. We apply [33, Theorem 6.1] to calculate J NO, 109 (Tres) first, and we also follow the same

notation there. Note that the result in [33, Theorem 6.1] also holds with slight modification for the
character zﬁga (which can be checked directly from the proofs of [33, Proposition 6.1, Proposition
6.2 and Proposition 6.3]), whereas [33, Theorem 6.1] is stated for a = 1.

By conjugation of certain Weyl element, it suffices to consider the unramified constituent of the

(k)

induced representation Indlg(k) oy (7" @ ) instead of 7,g5, here

7= Indgjznil((l)()ul (detGLz) K& un(detGLQ) .

,,,,,

Note that the derivative (see [6] and [33, §5] for definition) 7/() of 7/ vanishes for £ > n+1, and ut)
vanishes for £ > n. Now applying [33, Theorem 6.1 (i)] with j = 2n (and hence one has ¢t = ¢ in [33,
(6.9)]), one can see that the corresponding twisted Jacquet module J Né’wiﬁ?a(lnd}ﬁl((:)) oy (7" ® 7))

vanishes for all n +1 < /¢ < 2n.
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When ¢ = n, by [33, (6.9)] we have
Ing ot (AR (7 @ 7))

MD(V(n+1))(k)P<HV(n+1)
Py (k)

~ ldet()] 77 @ o o (5),

here P’ is the same as being defined in [33, (6.4)]; N;° denotes the unipotent subgroup of a
symplectic group with smaller size than Sp,,,., (here it is SLy), having the similar meaning to
Np; and ¢, denote the character on Ny} ,(F) having the similar meaning to ¢g,. Note that
Ingo g (0) ~ 1 since o is generic, then we have

Mp(V D) (k) xH |, (1) (k

/(n)
1 0 |det( )| = 7"

H(k ~
INO Ll (Indﬁ((k)),uw(T' ® O')) ind -
To get (3.6), we will use [33, Proposition 6.6] in our situation. By [33, (6.11)] and also the
calculations in [33, Page 130], we see that

. Mp(VOFD) ()R H | (1) () 1=n 2t
JHV(£+1)/C£ <1nd}3{l(k) v(n+1) ﬂwldet<'>| 5 )®w1(l} - ))

()

S
= IndBI;% (k )na(:ul @ ;un) :

Note that we have used the fact that |det(-)] 2" 7" ~ IndgzL ())M ® - @ py (see [33, (5.34)]),
and the quadratic character 7, comes from the Weil representation wfffa_ “) This finishes the proof
of this proposition. O

(2) The non-trivial central character case. In this case, we let Ay be the unique non-trivial
unramified quadratic character of k™, and let

(3.7) T=fg X oo X oy X1 X Ao x pty X x ot

where p;’s are unramified characters of k* (recall that 7 is of orthogonal type). We assume that
the residue characteristic of k is odd, this will not interfere the global results we want to obtain
in §4 later. Following the notation in [33], we write A\g(x) = (x, €)x with ( , )x being the Hilbert

symbol over k, and € € k* being a non-square. Then we denote wq(;E)’Jr the unramified piece of
the Weil representation of Mp, (k) with respect to 1€, which is a subrepresentation of the induced
representation Ind~p2(2 t (Nol-[12).
Bsv,
Proposition 3.2. Let 7 be as in (3.7), and take { = n, then each unramified constituent of
INpi1on (Tres @ w(n_)a) is a subquotient of
IndSpQ"(kL)na(,ul @ @ty @ No)
® 8ol - Ind2n ) a1 ® - @ fin_1 @ &)

(38) D 6[5],[04] Ind p2n )77 (Ml RO Up—1 B ||§)

D Ofefa] - (@ Indspé?fén k)ncx<:u1 ® - @ pioy @ pi(detar,) ® fipr - ® Mn—1)> :

,1,2,1-- 1

Here 81,101 = 1 if [e] = [a] € k*/(k*)?, and 8g,ja) = 0 otherwise.
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Proof. By conjugation of certain Weyl element, and note that we are considering the unrami-
fied constituents, it suffices to consider the unramified constituent of the induced representation

IndH(k ok )Mw(Tl ® 1), here

IndGLG (Qk§<)u1 (detgr,) ® « -+ ® pn—1(detgr,) ,

and oy = Ind~§’p66 )W,(Tg ® Wfbls)7+)’ with 75 = & x |-|'/? being an induced representation of GLs (k).

Note that T{(Z =0 for ¢ > n.
When ¢ = n, applying [33, Theorem 6.1 (1)] with j = 2n — 2 (hence t = n,n — 1,n — 2 in [33,
(6.9)]), we have

H(k) ~
J 0+1 wO (Ind@%L ( )M <T{ ® 01))
Mp(VI D) (k) xH | (1) (K

(3.9) ~ iy ppldet ()2 7" ”@JN,WO D)
. Mp(VOFDYK)WH iy (k a=ny(n—
Gémdﬁ:((k) W et ()77 @ Sy o (31).

To calculate the first summand in (3.9), we apply [33, Theorem 6.1] again to calculate the
Jacquet module Jy,0 0 (01), here £ =1 and j = 2 in [33, (6.9)] (hence ¢ = 1 in [33, (6.9)]). It

follows that
Mp (Vg ) (k) A (2) (k)

~ (1) (1),+
JNéoﬂﬁfJa (0- ) lndﬁ/(k) 6 M"Z’TQ ® JN{(]’w(/)(?a (wd}e >
; ‘ de( D0RH 000
EB Cr m ﬁ{/(k) wqpe )

here Vg is a symplectic space of dimension 6 (hence ‘/6(2) is a subspace of dimension 2), and P/ is
the same as defined in [33, (6.8)]. Note also that JN{O’%(L (wq(;}*) =1if [o] = [¢] € k*/(k*)?, and
is zero otherwise. Then by [33, Proposition 6.6 and Proposition 6.7] one sees that each unramified
constituent of Jy, ,, 4. (Trez ® w(n,)a) is a subquotient of

S o) - AR M0 e (i @+ @ 1 ® 1) & G o - IndB‘;? oa(i @+ @ 1,y ® )

&P Indspzn(kk)na (,Ul XX Mn—1 &® (UJSZ}E)HF X Wfpl_)l)> )
where wq(;,)l is the Weil representation of Mp, (k) x Hs (k) With respect to ¢!, To get the final result
of this proposition, we compute the Jacquet module of w D+ & w(l)l along the upper-triangular

maximal unipotent subgroup of SLy(k) as in the proof of [33 Theorem 6.4], which is Ag|-|.
To calculate the second summand in (3.9), we also apply [33, Theorem 6.1] to calculate the
Jacquet module Jy,0 0 (01), here £ =2 and j = 2 in 33, (6.9)] (hence t = 2 in [33, (6.9)]). It

follows that
N\ (1),+
Ty, 00 = Typ g, (€0)

Then as explained in the previous paragraph, we get the last part of (3.8).
This finishes the proof of the proposition. OJ
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3.3. The local unramified calculation of Jacquet modules: m = 2n + 1. Now we consider
the case that m = 2n + 1. In this case, we take

(3.10) T= g X oo X iy X Ao X pnt X oo X oyt

with p;’s and Ay being unramified characters of k* and in addition A\ being quadratic. We also
As before, we write Ao(z) = (x,€)x with (, )x being the Hilbert symbol over k, and e € k*. Note
that we have e = 1 if A\j = 1. We also assume that the residue characteristic of k is odd.

denote T,gs to be the unramified constituent of the induced representation Ind

Proposition 3.3. Let 7 be as in (3.10), then the twisted Jacquet module

JNHMW (WT®0 ® w(2n+1 - ) =0

foralln+2 <0 <2n+1. When { =n+1, each unramified constituent of Jn, oy .: (Trez ®w$)a)
is a subquotient of

(3.11) (5[6]7[ IndSp% () )T]a<,u1 K& ,Un) .

And when £ = n, each unramified constituent of Jn, | v, (Tres ® wgil)) is a subquotient of

Span,
In dBI;;H(())ﬂa(NI R @ iy @ No)

e
® Jlqfa) - I dBZQ“ (i @ - ® 1, ® )

(3.12)

P02k
® O a] (EDI 1;2;)2:;291 1(k)77a(M1 ® - @ pio1 @ pi(detar,) ® pip - ® Mn)> .

Here djq o) 18 the same as in Proposition 5.2.

Proof. By conjugation of certain Weyl element, it suffices to consider the unramified constituent
of the induced representation Ind (k) oy (11 @ ), here

IndGL2n k)):ul (detGLz) X Un (detGLz) )

,,,,,

and

M 4
oy = Ind~§p4(k),u¢(f ® Wwé) ).

Applying [33, Theorem 6.1 (1)] with j = 2n and m = 2n + 2 (hence t = ¢,¢ — 1 in [33, (6.9)]), we
see that if n 4+ 2 < ¢ < 2n, this twisted Jacquet module is always zero.
When ¢ = n+1, again by [33, (6.9)] we have (here only ¢ = n gives possible non-zero contribution)

k
JN2+2,w2+1,a (I dx i 2 ),Uw<7'1 ®‘71)>
Mp(V(+2))(k )'XHV(TH'?)(
n+1(k)

We apply [33, Theorem 6.1] to calculate Jy,0 o0 (07), here £ =1 and j = 1in [33, (6.9)] (hence
t =11n [33, (6.9)]). It follows that ,

~/ ~ (1)7+
JNé()’w/l?a (0'1> ~ JN{O»w(l)(?a (wwg ) .

~ ind u¢]det(-)|%T{(n) ® g0 0 (7).
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Note that JN{O#%?Q (wge)ﬁr) =1if [a] = [¢] € k*/(k*)?, and is zero otherwise. This proves the first
part of the proposition.
Suppose that ¢ = n. By [33, (6.9)] (with j = 2n and m = 2n + 2) we have

INO w0 (Ind k),u,w(Tl ® 01))
. Mp(VOFD) W) H, | (41 l-n ,(n ~
(3.13) o~ mdP,(k) v (k ,u |det ()] 7™ @ JN{O%(’)&(JQ)
DV D) () ) H, (1) ()
@ lnd~n+1(k)
To calculate the first summand in (3.13), we apply [33, Theorem 6.1] again to calculate the
Jacquet module JN107¢6?Q(51), here ¢ = 0 and j = 1 in [33, (6.9)] (hence ¢t = 0 in [33, (6.9)]). It
follows that

2—n n—1 ~
et () =70 @ g o (31).

Mp(VI) (k)% H,_ (1) (k)

~ . \% 1 1),+
T, @) = indp 5 (68 @ Ty e (w10)
Mp(V{M)(d)H (1) (k)
J ol ind- f (16),4‘
D Jegw (111 i) Wy ,

(1)

here V} is a symplectic space of dimension 4 (hence V" is a subspace of dimension 2). Then one

gets the first two summands in (3.12) by arguments similar to those in the proof of Proposition
3.2.

To calculate the second summand in (3.13), we use the calculation of Jy,0 o (07) above again.
Then one can also gets the third summand in (3.12) by similar arguments to those in the proof of
Proposition 3.2. Il

Remark 3.4. In this section, we calculate the Jacquet modules corresponding to the automorphic
descent module DFJ o(Er5). Note that we have the equivalence (2.13), and if we consider the
automorphic descent DF <(€T®a-a> the corresponding Jacquet modules at unramified places will be
~ 2n—~L
JNZ-&-l»"Z}Z,U (77—71;@53‘ ® wfp;1 )> )
where

Mp2 FU
- IndBSL (Fy )'u v

for some unramified character & : FvX — C*. Then we will get the same results by similar
calculations, and the twist by the quadratic character 14, in the above results will come from the
genuine character fiye .

4. CUSPIDALITY AND PARAMETERS

In this section, we return to the global setting and study the basic properties of the descent
tower

(4.1) {mes =i 5(Eea) },

introduced in §2, using the local results obtained in §3. Recall that we have taken an isobaric sum
automorphic representation

(4.2) rT=m BB ---Bn
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of GL,,(A), where 7;’s are distinct irreducible unitary cuspidal automorphic representations of
GLy,,(A) of orthogonal type, and S°¢_, n; = m.

The following proposition is known as the tower property, which suggests the possible first
occurrence in the descent tower (4.1).

Proposition 4.1. The representation m g = Dgiﬁ(é’@g) in the descent tower vanishes identically
for anyn+1 < ¢ < m, here m = 2n in (Case I), m = 2n + 1 in (Case II), and we presume
Assumption 1.2 in (Case II).

Proof. Write the residual representation as 57—@5 = ®!1I,. Let v be a finite place such that 7,
oy, II, and 1, are all unramified. In (Case I) we can require moreover that w, = 1. By the
conditions on 7, 7, is of the form (3.5) in (Case I), and is of the form (3.10) in (Case II). Then
if m = 2n, the result follows from Proposition 3.1.

If m = 2n + 1, then we are in (Case II), and Proposition 3.3 implies that 7,5 = Dgiﬂ(gf®g)
in the descent tower vanishes identically for all n + 2 < ¢ < 2n + 1. It remains to show that
D5i+1’6((§r®5) = 0 for all choice of data. Recall that we pressume Assumption 1.2 for (Case II).

Suppose Nthat D5i+175(§7_®5) # 0 for some choice of data. Let m be an irreducible component of
Dy}, 5(Ere5). Then we have:

(1) the representation 7 is cuspidal, by Proposition 3.3 and a similar argument as in the proof
of Proposition 4.2 below (using vanishing of 73 for n +2 < ¢ <2n +1);

(2) the pai.r pf representations (7,7) has a non-zero Fourier-Jacobi period Py , (¢, ¢5), by
Proposition 2.1;

(3) the representation = lifts almost everywhere to 7, ® w;,, by (3.11) in Proposition 3.3 (see

also the argument in the proof of Proposition 4.3 below).
Granting (1) — (3) above, we see that (7, ) is a GGP pair in the given global Vogan packet

Y (G(A) x Hy(A)],

Dr@wr X d)ro

which contradicts to Assumption 1.2. Then we have Dgi% 5(E~T®5) = 0, and this finishes the proof
of the proposition. O

Now we show the cuspidality of the possible first occurrence (at ¢ = n) in the descent tower.
The following proposition is a generalization of [33, Theorem 7.11].

Proposition 4.2. Let 7 =7 B---HB 7, be the same as (4.2) with n; > 1, and we allown; =1 if T

is an automorphic representation of GLa(A). Then if the representation Dgiﬁ(é}(@g) S non-zero,
it 1s cuspidal.

Proof. Let f € E.95 and consider the Fourier-Jacobi coefficient F.7 o p(f), here o € S(A™™™).

For 1 < p < m—n, let U;m‘”) be the unipotent radical of the maximal parabolic subgroup
(m—n

P ) C G = SPo(m—n) Whose Levi subgroup is isomorphic to GL, X Gy,—5—p. We will show
that

(4.3 F TS () =0
for all 1 <p <m —n, where ¢,(FJ7, 5(f)) is the constant term of FJ7 ,(f) along Ui,

On the other hand, for f € &9z and 1 < g < m + 1, let fUs be the constant term along U,
here U, is the unipotent radical of the parabolic subgroup 4y C Sp,,,,.» Whose Levi subgroup is
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isomorphic to GL, X Gy41-4 (see §2.1). Then, to show (4.3), it suffices to show that
(4.4) FT s (f74) =0

for all f € gT®3, o1 € SA"" P 1 <p<m-—n,and 0 < k < p—1. In fact, granting (4.4),
[33, Theorem 7.9] implies that c,(FJ7, 5(f)) can be expressed by the Fourier-Jacobi coefficients
FIT.,,5(f) of depth (n + p), which are zero by Proposition 4.1.

To show (4.4), we only need to consider the case that fU»—* is not identically zero, which implies
that fUr—+ ’Hm s () is a residual of Eisenstein series supported on 7" ® &, where 7’ is of the

same form as 7 = 7 H- - -H7, but has less summands (one may refer to the proof of [33, Theorem
7.6]). Moreover, by Proposition 3.1, Proposition 3.2, Proposition 3.3, and the assumption that
T=mnHB---B7n with n; > 1, we see that (n + k) is large enough for the vanishing of the Fourier-

. . (pl U _ . U _ . / ~
Jacobi coefficient fjwn+k,6<f p=k) with fU-* ‘Hm_(p_k+1)(A) being supported on 7/ ® g (see also the

proof of Proposition 4.1 above). Then (4.4) holds for all 1 <p <m —mnand 0 <k <p—1, and
we have done. O

In the end of this section, we study the global Arthur parameter of the possible first occurrence
Dii 3(Ergz) in the descent tower.

Proposition 4.3. Let w be an irreducible component of D}Ziﬂ(g@g). We have the followings

(1) Consider in (Case I), and assume that w, = 1. Then 7 lifts almost everywhere to

Ind%fjfiff’&v)nﬂ(ﬁ’v ® Q7)) 1.

(2) Suppose that ng # w, in (Case II), and make no more assumptions in (Case I). Then
has a generic global Arthur parameter.

Proof. Looking at the places v of F' where 7,, 0, and 1, are all unramified, then 7, is of the form
(3.5) or (3.7) in (Case I), and of the form (3.10) in (Case II).

We consider (Case II) at first. Since 7z # w,, there exists infinitely many places v such that
N30 7 Wry. Then there exist infinitely many places v such that 7, o, and v, are all unramified, and
N 7 Wry. At these places, 7, is a subquotient of a representation fully induced from unramified
characters, which is given by the first summand of (3.12) in Proposition 3.3. Then by Arthur’s
endoscopic classification theory (see [4]), the representation = must have a generic global Arthur
parameter, otherwise 7, will have a non-generic local parameter at almost all places v.

Now we turn to (Case I), where we have S"_, n; = m = 2n. Note that w, is quadratic, hence
is trivial at infinitely many places v. By (3.6) in Proposition 3.1 and (3.8) in Proposition 3.2, one
sees that, 7, is a subquotient of a representation fully induced from unramified characters at the
local places v such that 7,, 0, and 7, are all unramified, and w,, = 1. Again, 7= has a generic
global Arthur parameter since there are infinitely many such places. Moreover, if w, = 1, by (3.6)
we see that m, is a subquotient of

S F,
IndBZZi(l%)”ﬁ(/“w ® @ Hnw)
with
Ty = H1p X -0 X lpy X/L;i) Xoeee Xﬂizl;

at almost all places v. This shows that for almost all v, m, lifts to

GLoni1(r,
IndPnf,..iii()Fv)nﬂ(TLv R QT @1,



AUTOMORPHIC DESCENT FOR SYMPLECTIC GROUPS 23

5. THE NON-VANISHING OF THE DESCENT CONSTRUCTION

In this section, we show that the descent Df;i 3(Ergz) 1s non-vanishing for some choice of data.

5.1. Generalized and degenerate Whittaker-Fourier coefficients. First, we recall the gen-
eralized and degenerate Whittaker-Fourier coefficients attached to nilpotent orbits, following the
formulation in [34]. Let G be a reductive group defined over a number field F'. Let g be the
Lie algebra of G(F'), and u be a nilpotent element in g. Given any semisimple element s € g,
under the adjoint action, g is decomposed into a direct sum of eigenspaces g corresponding to
eigenvalues i. The element s is called rational semisimple if all its eigenvalues are in Q. Given a
nilpotent element u and a semisimple element s in g, the pair (s,u) is called a Whittaker pair if s
is a rational semisimple element, and u € g°,. The element s in a Whittaker pair (s, u) is called
a neutral element for u if there is a nilpotent element v € g such that (v, s,u) is an sly-triple. A
Whittaker pair (s,u) with s being a neutral element is called a neutral pair.
Given any Whittaker pair (s,u), define an anti-symmetric form w, on g x g by

wu(X,Y) = k(u, [X,Y]),

where x is the Killing form on g x g. For any rational number r € Q, let g2, = ®,>,9;,. Let
u, = g%, and let ng, be the radical of w,|,,, then [u,, us] C g2, C ng,. For any X € g, let gx be
the centralizer of X in g. By [34, Lemma 3.2.6], one has n,, = g%, + g5 N g,. Note that if the
Whittaker pair (s,u) comes from an sly-triple (v, s,u), then ny, = g&,. Let N, = exp(n,,) be
the corresponding unipotent subgroups of G, we define a character of N, by

bu(n) = Y (k(u, log(n))).

Here ¢ : F\A — C* is a fixed non-trivial additive character, and we extend the killing form & to
g(A) x g(A). Let N, = Ny, Nker(¢,), and Uy = exp(us). Then U,/N{,, is a Heisenberg group
with center Ny, /N,

Let 7 be an irreducible automorphic representation of G(A). For any ¢ € m, the degenerate
Whittaker-Fourier coefficient of ¢ attached to a Whittaker pair (s, u) is defined to be

(5.1) Foul@)(g) = P(ng)vy " (n)dn.

[Ns,u]

If (s,u) is a neutral pair, then F,(¢) is also called a generalized Whittaker-Fourier coefficient of
¢. Let

Foulm) ={Foul®) | p €} .

The wave-front set n(m) of m is defined to be the set of nilpotent orbits O such that F,(7)
is non-zero for some neutral pair (s,u) with u € O. Note that if F;,(7) is non-zero for some
neutral pair (s,u) with v € O, then it is non-zero for any such neutral pair (s,u), since the non-
vanishing property of such Fourier coefficients does not depend on the choices of representatives
of O. Moreover, we let n(7) be the set of maximal elements in n(7) under the natural ordering
of nilpotent orbits (i.e., the dominance ordering). We recall [34, Theorem C] as follows.

Proposition 5.1. Let m be an automorphic representation of G(A). Given a neutral pair (s,u)
and a Whittaker pair (s',u), if Fy u(7) is non-zero, then Fs,(7) is non-zero.
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When G is a quasi-split classical group, it is known that the nilpotent orbits are parametrized
by pairs (p,q), where p is a partition and ¢ is a set of non-degenerate quadratic forms (see [72,
Section Ig])_ When G = Spon, P is a syrr;plectic partition, namely, odd parts occur with even
multiplicities. Suppose that p = Ea? ps? -+ - pr] is a symplectic partition with p; > ps > -+ > p,,

and {pfl1 , pZ?, ceey pft“} are all its even parts. Then the pairs parametrizing the nilpotent orbits
associated to p have the form (p, ¢), where
(52) g: {Qilvqiza"'aqit}

with each ¢;, being a non-degenerate quadratic form of dimension e;;. Given an automorphic
representation 7 of G(A), the set of partitions corresponding to nilpotent orbits in n™(7) is denoted
by p™(m), which is expected to be a singleton (see [19, §4]). In this section, for any symplectic
partition p, by a generalized Whittaker-Fourier coefficient of 7 attached to p, we mean a generalized
Whittaker-Fourier coefficient Fs ,(¢) attached to a nilpotent orbit O parametrized by a pair (p, q)
for some ¢, with ¢ € 7, u € O, and (s, u) being a neutral pair. o

For G = Sp,, a symplectic partition p is called symplectic special if it has an even number of
even parts between two consecutive odd parts, and an even number of even parts greater than the
largest odd part (see [11, Section 6.3]). For H(A) = Mpyy(A), a symplectic partition p is called
metaplectic special if it has an even number of even parts between two consecutive odd parts, and
an odd number of even parts greater than the largest odd part (see [11, Section 6.3]). By the
main results of [39], any p € p™(m) is special. This will play an important role in the proof of
Proposition 5.9. -

The non-vanishing of the generalized Whittaker-Fourier coefficients of automorphic forms is
related to the non-vanishing of the Fourier-Jacobi coefficients we have defined in §2.2. Such
relationship has been studied in [32] and [38]. For simplicity, we recall the result for representations
of Mpyy(A) that we are considering in this article, which can be deduced from [32, Lemma 2.6]
(or [38, Lemma 3.1]) and [32, Lemma 1.1].

Lemma 5.2. Let Il be an automorphic representation of Mpyy(A). Suppose that ¢ € 11 has a
non-zero generalized Whittaker-Fourier coefficient attached to the nilpotent orbit corresponding to
a partition [(2k)py---p,| (2k > p2 > -+ > p,) and a set of quadratic forms ¢ = {8} U ¢ (see
(5.2)), where

e the square class [3] € F*/(F*)? determining a quadratic form of dimension one corre-
sponding to the part (2k) in the partition above;
e the set of quadratic forms q' is associated to the partition (D2 -+ py.

Then the Fourier-Jacobi coefficient (2.8) is non-zero for ¢ at depth ¢ = k — 1 with respect to
B € F* and some o € S(AN7F).

5.2. Non-vanishing of the descent: Case I. Now we come back to the global situation where
the groups and representations are the same as in §2. First we prove the following proposition.

Proposition 5.3. The residual representation gT®g has a non-zero generalized Whittaker-Fourier
coefficient attached to the partition [(2n)?1%].

Proof. By [72, 1.6] (see also the discussion after Proposition 5.1), the F-rational nilpotent orbits in
each F-stable nilpotent orbit in the Lie algebra sp,,,,,(F') attached to the partition [(2n)?1?] are
parametrized by square classes (dimension one quadratic forms) {«, 5}. Let {a; = €; —e;41, 1 <
i < 2n, agnq1 = 2€9,41} be the set of simple roots of sp,,, . ,. For any root ~y for sp,,,,, we denote
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by x. the one-dimensional root subgroup in sp,,,., corresponding to 7, and let X, = exp(x,). We
consider one such F-rational nilpotent orbit O parametrized by square classes {1, —1} and choose
the following representative

2n—2
1 1
— hrd (Z Te,1o—e; <§> + 33_292”_1(1) -+ x—2e2n(_1)> )

=1

Here the coefficient 1 4 comes from the difference between the Killing form and the trace form
for symplectic Lie algebras. Let

s =diag(2n — 1,2n—1,2n—-3,2n—3,...,1,1,0,0, -1, -1
Then it is clear that (s,u) is a neutral pair, and

(5-3) Foul®)(9) = P(ng), " (n)dn

[Ns,u]

ooy 1 —=2n,1—2n).

is a generalized Whittaker-Fourier coefficient of ¢ € §T®g attached to the nilpotent orbit O. Here,
as in §2.1, n means (n,1) € Mpy,,,5(A) if necessary. In the following we will show that F,(¢) is
not identically zero.

Remark 5.4. Note that any unipotent subgroup of Mpy, ,,(A) has a unique splitting. If no
more explanation is needed, we will identify each unipotent subgroup with its unique splitting in
Mpy,42(A), and just use the notation for the linear group. We also note that a character on the
elements of metaplectic cover is always defined to be its restriction on the linear group.

1

Let A= (1

-1
1 ), and let

o=diag(A,..., A; Iy A", ... A").
Conjugating the integral in (5.3) from left by o, it becomes

(5.4) v ]fb(vg)w o(v) dv,

where V; = oN, 07! = Ny, and ¢, ,(v) = ¥, (0 've). Note that

2n—2
Vue(v) =1 (Z Viit2 T V2n—1,2n43 T+ U2n,2n+4) :

i=1
Let w be the Weyl element sending the torus element

dlag < ! t(2) tg)at;)7'--7t;)7t£1)7t2n+1’t2n+27(tg))_17(tn1))_17"'7(tgz))_17(tgl))_l>
to
dlag( " (1)’ T ’tgzl)v (tgz2))_17(t£2—)1>_17 R (t?))_la t2n+1a t2n+2v

Y'n Y \"n

RN N ON( ”)—1,...,<t§”>—1,<t§”>-1).

Conjugating the integral (5.4) from left by w, it becomes
(5.5) D (v 91y p.(v) dv,

(V2]
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where V5 = wViw™, and ¢, (v) = 1, ,(w vw). Note that

n 2n—1
wu,g,w@) = w <Z Viit1 — Z Uj’jJrl) .
i=1

Jj=n+1

Remark 5.5. Here we are using the convention that if n +1 > 2n — 1, then there are no such
terms indexed by j. We will follow this convention in the rest of this section.

Let
n 1 2n—1 1
SRV <2<4n +4>) + 2 v (‘2<4n +4>) |

i=n-+1
and let s; be the semisimple element
diag(2n — 1,2n —3,...,1—=2n,0,0,2n — 1,2n — 3,...,1 — 2n).

Then (s, uy) is also a neutral pair. One can check directly that V5 = Nj, ,,,, and the integral (5.5)
is exactly the generalized Whittaker-Fourier coefficient Fy, 4, (¢).
Take another semisimple element

sy =diagdn+1,4n—1,...,1,—1,...,—4dn+1,—4n — 1).
It is clear that (s}, u1) is a Whittaker pair. We consider Fy, ,, (@) for ¢ € Eres. Recall that Qs (A)
is the parabolic subgroup of Mpy,,,,(A) with Levi subgroup isomorphic to GLg,(A) x Mp,(A), and
Uz, (A) being its unipotent radical. Then, by definition, for any ¢ € Ercis Fo iy (@) is the constant
term integral over Us,(F)\Usz,(A) combined with a non-degenerate Whittaker-Fourier coefficient
of 7. Since &.45 is constructed from the data 7 ® & on the Levi subgroup GLa,(A) x Mpy(A)
with 7 being generic, the constant term integral over Us, (F')\Us,(A), and also the non-degenerate
Whittaker-Fourier coefficient of 7, are both non-zero. Then F ., (¢) is not identically zero for
NS §T®5, and by Proposition 5.1 Fg, ., (¢) is also not identically zero for ¢ € §T®5. Hence F . (¢)
is not identically zero for ¢ € §T®g. This completes the proof of the proposition. O

Proposition 5.6. The residual representation <‘,~’T®5 has a non-zero generalized Whittaker-Fourier
coefficient attached to the partition [(2n + 2)1%"].

Proof. We prove this proposition by contradiction. Assume that the residual representation &, g5
has no non-zero Fourier coefficients attached to the partition [(2n + 2)1?"]. In the following, we
inherit the notation used in the proof of Proposition 5.3 and follow the conventions in Remark 5.4
and Remark 5.5.

Note that in Proposition 5.3, we have already shown that the integral (5.5)

G (v )y g (V) dv
[Va]

is non-zero. Recall that it is exactly the generalized Whittaker-Fourier coefficient Fy, ., (¢), where

i=n+1
and

sy =diag(2n —1,2n —3,...,1—-2n,0,0,2n —1,2n —3,...,1 —2n) .
Recall also that Vo = Ny, 4.
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Let Y = X, tesni1 Xesns1—ensrr and Vz = 15Y. Recall that X, = exp(z,) for a root v, where x,
is the one-dimensional root subgroup in sp,,,, corresponding to 7. By [34, Lemma 6.0.2] or [32,

Lemma 1.1], Fg, 4, (¢) is non-vanishing if and only if the integral

(5.6) F@) = | S0y (v)dv

(V3]

is non-vanishing. Let

0 0 —Iy
(5.7) wo= |0 L 0
Ly 0 0

Note that V3 is stable under the conjugation of wy ', then it is easy to see that f(§) = f(wog).
Let V3 be the subgroup of V3 consisting of elements v with va,11,+1 = 0. Then one can see that
the quadruple

(58) (‘/:9)/71/}’“17 Xen762n+17X62n+1*en+1)

satisfies all the conditions for [33, Lemma 7.1]. Applying [33, Lemma 7.1], one has

(5.9) f(g) = / @ (vg), ! (v) dvda.
Xegnp1—ens1(A) /[V3

Xe’ﬂ —€2n+41 ]

Let W = V5 X,

en—eanii- Lhe elements in W are of the following form

2 Z-q1 Q2 Iy, 0 O
(5.10) w=10 L q pi Lo 0 | €Spyyo,
0 0 z* p2 p1 lon

where z € Zs,, the standard maximal unipotent subgroup of GLs,; ¢1 € Maty, «o with ¢;(i,7) =0
form+1<i<2nand 1 < j <2 g € Matg,xo, with ¢2(4,7) = 0 for ¢ > j (and certain
additional properties which we do not specify here); p; € Maty, w2 with pi(i,7) =0 for n <i < 2n
and 1 < 7 < 2; and py € Matg, w2, wWith po(i,j) = 0 for ¢ > j (similarly, with certain additional
properties which we do not specify here). Define a character ¢y (w) := 1y, (v) for w = vy € W,
where v € V5 and y € X, For w € W of form in (5.10), one has

n—€2n4+1-°
n 2n—1
Yw(w) =1 (Z Wi — Y wj,j+1> :
i=1 j=n-+1

To continue, we define a sequence of unipotent subgroups as follows. For 1 < ¢ < n and
1 < j <, define X} = Xe tey, .., and also Y = X_ ¢, - e,,. Forn+1<i<2n—1and
1 <j < 2n—i,define X} = X¢ te,,,,, andalso Y} = X_¢ . . _e.,,. Moreover, forn+1 <i < 2n—1,
define X; = Xe, _ey,.1 Xeiteonyy and also Yy = Xe, 1 —eiii Xennii—einr

Let W be the subgroup of W with elements of the form being as in (5.10), but with the p;
and py parts being zero. We will apply [33, Lemma 7.1] (exchanging unipotent subgroups) to a

sequence of quadruples. For ¢ going from 1 to n, the following sequence of quadruples satisfy all
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the conditions for [33, Lemma 7.1]:
(Wz H }/;‘ia wV\U XL 1/11> )
=2
=3

(5.11) :
(HX;W H ww,X,i,Y;),
j=k+1
i—1 |
(HX;WZ»,@&W,XZ,W) :
j=1
where
i—1 s 2n—1 2n—t n k
=TI 1 v 11 11 1
s=1 j=1 t=n+1  j=1  k=i+1j=1

and 1))y denotes the character on the first entry of each quadruple in (5.11), which is extended from
the character iy |y on W trivially. Here we note that during the verification of the conditions
of [33, Lemma 7.1], we need to use the properties of Rao cocycle (for example, (2.2) and (2.3)),
as in the proof of [33, Lemma 8.3]. In particular, since W;’s and X}’s are contained in the Siegel
parabolic subgroup Py (see §2.1), the (unique) splittings of the first entries of the quadruples in
(5.11) in the metaplectic cover are determined by the splittings of in-parts. Applying [33, Lemma
7.1] repeatedly to the above sequence of quadruples, with i going from 1 to n, one obtains that

(5.12) f(9) = P(wzg)ihy, (w) dwdz,

/(H?1 151 Y7 Xegy i1 —enyr )(A) J V]
where
2n—1 2n—t

(5.13) HHXSW IRAIRE

s=1j=1 t=n+1 Jj=1

and vy is extended from )y trivially.

Next, we take the Fourier expansion of f along Xy, ,. Under the action of GL;, we get two
kinds of Fourier coefficients corresponding to the two orbits of the dual of [Xse,,,] >~ F\A: the
trivial one and the non-trivial one. Since we have assumed that §T®g has no non-zero Fourier
coefficients attached to the partition [(2n 4 2)1%"], by Lemma 5.7 below (which will be stated and
proved right after the proof of Proposition 5.6), all the Fourier coefficients corresponding to the
non-trivial orbit are identically zero. Hence, we obtain that

G1) @)= /(Hn N oL et ) dwdsdy

S
1 YJ X92n+1*en+1 2en+1



AUTOMORPHIC DESCENT FOR SYMPLECTIC GROUPS 29

To continue, note that the following sequence of quadruples satisfy all the conditions for [33,
Lemma 7.1]:

n—1
n+1 n+1 n+1
<X29n+1Wn+1 H Y; ) 77ZJ1/\/7 Xl ) le ) )

Jj=2

n—1
<XnX2en+1 1 HY n+1 w Xn+1 Yn+1>
7j=3
k—1 n—1
(5.15) (H X7 Xoe, Warn ] WHWW’X/?HaYk"H),
Jj=1 J=k+1
n—2
<H n+1X29n+1Wn+17 wW; XTTLL+117 Yn+1>
7j=1
n—1
<H Xn+1X2en+1Wn+17¢Wa 7’L+1’Yn+1) ’
7j=1

where
2n—1 2n—k

Warss = HHXtW [T v Il

t=1 j=1 k=n+2 j=1

and 1y has a similar definition to that in (5.11). Applying [33, Lemma 7.1] repeatedly to the
above sequence of quadruples, one can see that

(5.16) f(9) :/ / d(wzg)dy,, (w)dwde,
(Yo T Y T TT oy Y Xenp g1 —engr ) (A) 7 V)] n
where
n—1 2n—1 2n—k
(5.17) Wiy = Xny1 Xoe, [ [ X5 HHXtW IR IR
J=1 t=1 j=1 k=n-+2 j=1

and @/}W;LH is extended from )y, trivially.
For 7 going from n + 2 to 2n — 1, define

2n—s 7 2n—1 2n—k

(5.18) H J0x 11 XmﬁﬁXW IR IR

s=n+1 j=1 l=n+1 t=1 j=1 k=i+1 j=1

and also a character ¢y, which is extended from ¢y trivially. We claim that the integral

(5.19) /W ST ()
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is equal to the integral

(5.20) qb(wxg)w;\}; (w) dwdz.

/(Y 12250 Y7 ) (a) J )

To show the above equality, we first take the Fourier expansion of the integral in (5.19) along
Xoe,. Note that [Xae,] >~ F\A, we again consider the trivial and the non-trivial orbits separately.
By Lemma 5.7 below, all the Fourier coefficients corresponding to the non-trivial orbit are iden-
tically zero. Therefore only the Fourier coefficient attached to the trivial orbit survives. When
i = 2n — 1, the Fourier coefficient attached to the trivial orbit is exactly the integral in (5.20).
When n + 2 < i < 2n — 2, one can see that the following sequence of quadruples satisfy all the
conditions for [33, Lemma 7.1]:

2n—1i
<X2eZW'Y H j;w)/\hxi’}/ll) )

2n—1

XZXQeZWY H 7¢W7X57Yi) )

7=3

Jj=1 j=k+1

2n—i—1
H X XQGZW}/;7¢W7 2n 17Y21n 7,)7

k—1 2n—1i
( XiXoeWY: [ Y, ,¢W,Xk,yk>,

X XQe,Wza ¢W7 Xu Yz)

j=1
where
2n—s 2n—1 2n—k
Wi = H 10X H XQQZHHXW IR IR
s=n+1 J=1 l=n+1 t=1 j=1 k=i+1 J=1

and 1y has a similar definition to that in (5.11). Applying [33, Lemma 7.1] repeatedly to the
above sequence of quadruples, we deduce that the Fourier coefficient attached to the trivial orbit
above is equal to the integral (5.20). This proves the claim.

One can see that elements of W5, _, have the following form:

2 Z2-q1 Q2
(5.21) w=\|0 L q],
0o 0 =z

where z € Zy,; ¢1 € Matg,xo with ¢1(2n,5) = 0 for 1 < j < 2; and g2 € Matg,x2,. As before, ¢
and ¢y also have certain additional properties on symmetry we do not specify here. We also define
a character 1y, by taking ¥y,  (w) =9 (22221_1 ziip1) for w € W5, being of the form in
(5.21).
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Now we need to take the Fourier expansion of the integral over W5, | in (5.20) along

X Xe

€2p —€2n+1 on+te€2n+1-°

In this situation, the Fourier coefficients corresponding to the non-trivial orbit are generic Fourier
coefficients. Since £, is not generic, only the Fourier coefficient corresponding to the trivial orbit
survives. Therefore, the integral over W5, | in (5.20) becomes

/ / d(wzg)hy,,  (w)dwdz
[Xe2n_e2n+1X'32n+92n+1] [W an=t

n—1]
= d(ng)vy,. (n)dn

[N2n]

(5.22)

where Ny, is the unipotent radical of the parabolic subgroup with Levi subgroup isomorphic to
GL2" x Mp, as defined in §2.1, and ¥y, (n) = (3277 nii)-

Recall that we have defined the parabolic subgroup P(A) = M(A)U(A) with Levi subgroup
M (A) isomorphic to GLy,(A) x Mpy(A). Write Ny, (A) = U(A)N}, (A) with N (A) = M(A) N
N, (A). Based on the above discussion, we obtain that

62 @)= o" (na@)vy! (n) dnda,
(Hgnn-li»l YS H2n ® Yg HZ:I H?:l YVZkXGQn+l_en+1 ) (A) [Nén] "

where ¢V is the constant term of ¢ along U, and Uy = YNy, |ny,- Note that in (5.23),
Hii;_lHY Hzn Y i HIZ:1 Y} Xey i 1—enis 18 equal to Vo N U™, where U~ is the unipotent

radical of the parabolic subgroup opposite to P. By a similar calculation as in [42, Lemma 2,2],
we deduce that

(5.24) ¢V € A(U(A)M(F)\Mpy,,,(A))

For t € A*, let

1.
py (7|17 2 ®0)

tly, 0 0
Dt)y=| 0 I 0 € Spunio(A).
0 0 t'I,

Then it is easy to see that woD(t)wy' = D(t™1), where wy is the Weyl element defined in (5.7).
Consider f(D(t)g) = f((D(t),1)g). Note that f(g) has the form in (5.23). Conjugating D(t) to
the left, by changing of variables on

2n—1 2n—s

(T T T e ) )
s=n+1 7j=1 k=1 /(=1

we get a factor ]t|g(2"2+2")+1. By (5.24), we have

¢"(D(t)nag) = 5p(D(1))?[D(1)] 2w (1) 70(1*)$" (n2g) = [t w, (£)" (nag),

here 7, (t*") = 1 by the properties of v, (see, for example, [51, Lemma 4.1]). Therefore, one can
get f(D(t)g) = |t|aw-(t)f(g). On the other hand,

F(D(t)g) = flwoeD(t)g) = F((DE), e)wog) = elt ™ [awr(t7) f(wog) = elt]y w- () f(9),
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here ¢ = 41 comes from the conjugation wyD(t)w, ' in the metaplectic group. Hence, we have
[t aw, () f(9) = €lt|y w- Y F(G), and |t[af(9) = €|t|y' f(9) since w, is quadratic. Since t € A
can be arbitrary, we get that f(g) is identically zero, which is a contradiction.

It follows that the assumption in the beginning of the proof is false, i.e., the residual represen-
tation &,4z must have a non-zero Fourier coefficient attached to the partition [(2n + 2)12"]. This
completes the proof of the proposition. O

Now we prove the following lemma used in the proof of the above proposition.

Lemma 5.7. Assume that the residual representation 57-@5 has no non-zero Fourier coefficients
attached to the partition [(2n + 2)1%"], which is the assumption in the beginning of the proof of

Proposition 5.6. Then for any ¢ € E,45, the integral
(5.25) / $(wag) (w)p~ (az) dudz
[X292‘+1} [W{] '

is zero, where a € F*, n <i<2n—2, W! is as in (5.13) when i =n, W/ is as in (5.17) when
i=n+1, and W/ is as in (5.18) whenn+2 < i < 2n — 2.

Proof. We continue using the notation introduced in Proposition 5.3. Note that elements in W,
have the form

2 241 Q2 I, 0 O
(5.26) w= [0 L, ¢ pi Iz 0 | €Spyyio,
0O 0 =z p2 p1 lon

where z € Zs,, the standard maximal unipotent subgroup of GLa,; ¢1 € Matg,x2 with ¢;(k,j) =0
fori+1 <k <2nand 1 < j <2 ¢ € Matg,xo, with ¢a(k,7) = 0 for i +1 < k < 2n and
1 <j<2n—1i; p; €Matg,xo with p1(k,j) =0 for 2n —i < k <2n and 1 < j < 2; py € Matg,xan
with po(k,j) =0for 2n —i <k <2nor 1 <j <i+ 1. We also have a character 1/1)/\/; defined by
Y (w) =9 (Zfﬁ;l zii+1) for w € W] being of the form in (5.26).

In the rest of part this proof, we set Wi(l) := W, and denote by WZ@) the subgroup of Wi(l)
consisting of the elements of the following form

Lii 00 0 0
0 20 0 0
0O 0L 0 0|,
0 00 2z 0
0 00 0 Iy

where z € Z5,_;_1, the standard maximal unipotent subgroup of GLg,_;_;. Write
w = e

where Wi(?’) is a subgroup of Wi(l) consisting of elements with Wi(Q)—part being trivial. Let ¢, =

Y |W_(2), and let ¥, ) = ), 1) ]W_<3). Then the integral in (5.25) can be written as

(5.27) /[W(Q)] /[X s qb(wlxwgﬁ)qpv_\}l@)(wQW—l(axWV_vl@(wl)dwldxdwg.
i 2ei+1 i g v
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Therefore, to show the integral in (5.25) is identically zero, it is suffices to show the following
integral is identically zero

(5.28) /[X o gb(wx’j)z/)_l(ax)w;vgg) (w) dwdz.

It is straightforward to see that the integral in (5.28) contains an inner integral which is exactly

a Fourier coefficient of ¢ € &,45 attached to the partition [(2i + 2)1%""%]. When i = n, by
assumption, any Fourier coefficient attached to the partition [(2n + 2)1?"] will be identically zero.
And when n+1 < i < 2n — 2, by Proposition 4.1, any Fourier coefficient attached to the partition
[(2i + 2)1%~%] will be identically zero. Therefore, the integral in (5.28) is identically zero, and
hence the integral in (5.25) is identically zero. This completes the proof of the lemma. UJ

5.3. Non-vanishing of the descent: Case II. We turn to the case m = 2n+ 1. As in §5.2, we
prove the following proposition at first.

Proposition 5.8. The residual representation <‘,~’T®5 has a non-zero generalized Whittaker-Fourier
coefficient attached to the partition [(2n + 1)%12].

Proof. As in Proposition 5.3, let {o; = €; — €;41,a0,12 = 2€9,12 | 1 <@ < 2n+ 1} be the set of
simple roots for sp,, . ,. By [72, Section 1.6], there is only one nilpotent orbit O corresponding to
the partition [(2n 4+ 1)?1%]. A representative of the nilpotent orbit O can be taken to be

Let s be the semisimple element
diag(2n,2n —2,...,—2n,0,0,2n,2n — 2,...,—2n).

Then it is clear that (s,u) is a neutral pair.

We want to show that F ,(¢) is not identically zero for ¢p € g}®5. To this end, we take another
semisimple element

s =diag(dn+3,4n+1,...,1,—-1,...,—4n—1,—4n — 3) .

It is clear that (', u) is a Whittaker pair. We consider Fy ,(¢) for ¢ € 57@,5. Recall that @2n+1(A)
is the parabolic subgroup of Mp,, ,(A) with Levi subgroup isomorphic to GLa,11(A) X Mp,(A),

and Usp,41(A) being its unipotent radical. Then, for any ¢ € &,g5, Fy (@) is the constant term
integral over U, 41 (F)\Uszp+1(A) combined with a non-degenerate Whittaker-Fourier coefficient of
7. Since €45 is constructed from the data 7 ® & on the Levi subgroup GLg,11(A) x Mp,(A) with
7 being generic, the constant term integral over Uy, 1(F)\Usny1(A), and also the non-degenerate
Whittaker-Fourier coefficients of 7, are both non-zero. Then Fg ,(¢) is not identically zero for
¢ € E:q5, and by Proposition 5.1 F ,(¢) is also not identically zero for ¢ € £,45. This completes
the proof of the proposition. O

Proposition 5.9. The residual representation g,-@& has a non-zero generalized Whittaker-Fourier
coefficient attached to a nilpotent orbit parametrized by the pair ([(2n+2)(2n)12], {8, a}), for some
square classes [(],[a] € F*/(F*)2.
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Proof. By Proposition 5.8, we know that £,45 has a non-zero generalized Whittaker-Fourier coef-
ficient attached to the partition [(2n+ 1)?1%]. As a symplectic partition, [(2n + 1)?1?] is not meta-
plectic special, and the smallest metaplectic special partition which is greater than [(2n + 1)217]
is [(2n +2)(2n)12], which is called the metaplectic special expansion of the partition [(2n + 1)%12].
Then by [39, Theorem 11.2], we have that £.gs has a non-zero generalized Whittaker-Fourier co-
efficient attached to a nilpotent orbit parametrized by the pair ([(2n +2)(2n)1%], {3, a}), for some
square classes [(], [a] € F*/(F*)2. O

Remark 5.10. The arguments in this subsection also work if we take o to be an irreducible
representation of a general size metaplectic group. More precisely, Let T = B ---H 7 be an
isobaric sum automorphic representation of GLa,11(A) with 7;’s being distinct irreducible unitary
cuspidal automorphic representations of GLy,,(A) of orthogonal type such that 2321 n; = m. Let
o be an irreducible unitary genwine cuspidal automorphic representation of H,.(A) = Mp,,.(A)
(1 <r <n) with generic global Arthur parameter ¢y (see [16] and [14, §11]) such that

1
L¢(§7¢T X ¢0) 7é 0.

Then the residual representation (Z,';@g of Mpyyiorio(A) has a non-zero generalized Whittaker-
Fourier coefficient attached to the partition [(2n + 2)(2n)1?"].

To conclude this section, we apply Lemma 5.2 to the above results (Proposition 5.6 and Propo-
sition 5.9), and obtain the first Part of Theorem 1.3.

Theorem 5.11. In both (Case I) and (Case II), there ezists f € F*, such that the automorphic

descent space Dy 5(Ere5) is non-zero.

Proof. The theorem follows immediately from Proposition 5.6, Proposition 5.9 and Lemma 5.2. [J

6. APPLICATIONS

We have constructed non-zero cuspidal automorphic representations
s = Dy, 5(Ersz) (B € FY)
in both (Case I) and (Case II). Recall that we have m = 2n or m = 2n + 1 in the two cases
respectively (see the notation in §2), and 75 is an automorphic representation of G,,_,(A) =

SPa(m—n) (A). In this section, we give some applications of these descent constructions.
Recall that in both cases, we begin with representations (7, ), where:

e 7 is an isobaric sum automorphic representation
(6.1) T=mH---Bn
of GL,,(A) such that the 7;’s are distinct irreducible unitary cuspidal automorphic repre-
sentations of GL,, (A) of orthogonal type, and 22:1 n; = m;

e 7 is an irreducible unitary genuine cuspidal automorphic representation of Mp,(A) with a
generic Arthur parameter ¢q (which is of symplectic type), such that

Ly(1/2,7 x &) #0.

The important thing is that, under suitable conditions, these descent constructions produce rep-
resentations in certain global Vogan packets parametrized by generic Arthur parameters. As a
result, they provide some answers to the questions we have mentioned in §1.
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6.1. On the global GGP conjecture and quadratic twists of L-function. We consider the
(Case I), where m = 2n. In this case, the descent 73 is an automorphic representation of Sp,,, (A),
and this construction is related to the global GGP conjecture for the groups Spy, (A) x Mp,(A).

We state the global GGP conjecture for the pair (Spy, (A), Mp,(A)) here. Let ¢ € ®5(Sp,,) and
b0 € 52(Mp2) be global generic Arthur parameters. Note that the parameter ¢ is of dimension
(2n + 1), and the parameter ¢y is of dimension 2. Recall also that both the global Vogan packets
and L-functions associated to ¢y depend on choices of additive characters ¢ : F\A — C*, and
we have presumed the identification (1.8) of L-functions.

Conjecture 6.1. The central value of the L-function
L¢<S7 ¢ X ¢0)

is non-zero if and only if there exists a pair (mo, o) in the global Vogan packet ﬁiwo [Spy, (A) X
Mpy(A)] such that the Fourier-Jacobi period

quipl (d)ﬂ” d)E)
is non-zero for some ¢, € w, ¢z € ¢ and p1 € S(A).

In [46], using their approach in [47], Jiang and Zhang showed that if the period Pj, (¢, ¢5) # 0
for some choice of data, then L, (1/2, ¢ x ¢g) # 0. For the other direction of Conjecture 6.1, under
the framework of the constructive approach introduced in §1.2, one needs to guarantee an explicit
construction exactly at certain depth. See the paragraph right before Assumption 1.2. However,
as discussed in §1.2, this seems not easy in general, which makes this direction a harder problem.
It is also worthwhile to mention that in [68], Xue proves a refined version of the above conjecture
for n =1 and n = 2 (under certain conditions) via theta correspondence.

On the other hand, if we start from a generic automorphic representation 7 of GLs,(A) above
(see (6.1)), twisting by an automorphic member & € Hio [Mp,(A)], we obtain a non-zero cuspidal

descent construction 75 = Dy’ 5(Er5) on Spy,(A), which has a non-zero Fourier-Jacobi period
with respect to . Note that the global Arthur parameter for irreducible components of 7g have
dimension (2n + 1), which is given by the descent construction from ¢, (which is of dimension
2n). Moreover, from the local calculations in §3.2, under an additional assumption that w, = 1,
the global Arthur parameter for irreducible components of 7 can be determined, hence leads to
a result related to global GGP conjecture in this direction.

More precisely, for g € F*, we form the global Arthur parameter

(6.2) $p = bren; Blaw,

which is of dimension (2n+1). Note that if the central character of 7 is trivial, the central character
of 7 ® g is also trivial. Then we have the following result related to the global GGP conjecture:

Theorem 6.2. Let 7 be an isobaric sum automorphic representation T = 7 B---HB 1 of GLg,(A)
such that the 7;’s are distinct irreducible unitary cuspidal automorphic representations of GLy,,(A)
of orthogonal type with n; > 1, and assume that w, = 1. We also allow n; = 1 if n = 1. Let
¢o = (10, 1) be a generic global Arthur parameter of symplectic type of dimension 2 corresponding
to a unitary cuspidal automorphic representation 19 of GLa(A), and assume that

1
L(§,T X 19) # 0.
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Then for any automorphic member o € ﬁ;fo [Mp,(A)], there exist a [8] € F*/(F*)? and a repre-
sentation m € ﬁ@s [Spa, (A)] such that the Fourier-Jacobi period

@Z)gm <¢7r7 ¢05> ?A 0 (d)w cm, ¢Eﬁ € 5I8)

for some choice of data. Here the notation of Fourier-Jacobi periods are introduced in §2.3, and
the twist 6° is introduced in §2.2.

Proof. By assumption, Ly (1/2, ¢, X ¢9) = L(1/2,7 x 1) # 0. We take an automorphic represen-
tation o € H;fo [Mp,(A)], and consider the pair (7, ), this is under the situation of (Case I) with

the additional condition w, = 1. In this case, we have a non-zero residual representation &gz,
and hence get a non-zero cuspidal automorphic representation

e = Dgi,ﬁ(é’:’@U) DF (‘97@05)
of Sp,,,(A) for some choice of [3] € F*/(F*)? (see (2.13)). Let 7 be any irreducible component

of mg, then m € ﬁ% [Sps,,(A)] by Proposition 4.3, and it has a non-zero Fourier-Jacobi period
P, (@, ¢z5) for some choice of data by Proposition 2.1. This proves the theorem. O

Moreover, if we do not twist o by § € F* as above and just use the descent module D}Zi 7 5(5@5),
we will get a non-zero Fourier-Jacobi period

P (O ®5) (b €T, 05 €75)

by Proposition 2.1. Then we get Theorem 1.4 in §1.3, which asserts that (7, ) gives a GGP pair
in global Vogan packet ﬁii 60 [SD2,, (A) X Mpy(A)] for any irreducible component 7 of 7.

We remark also that the choice of [3] € F*/(F*)? in the above theorem depends on the choice of
o e ﬁ;fo [Mp,(A)], and may not be unique. Furthermore, in this case, if we assume the uniqueness

part of the local GGP conjecture (which is known for non-Archimedean cases, see the statements
below), we can also show that 74 is irreducible, and hence the pair (73, 0) gives the GGP pair in

the global Vogan packet ﬁ%wo [Spy,, (A) x Mp,(A)].

We introduce the local GGP conjecture in our particular case briefly, one may refer to [14] for
more details. Let k be a local field of characteristic 0, and fix a non-trivial additive character
¥k — C*. Let ¢/ € ®(Spy,(k)) be a generic local L-parameter of orthogonal type of dimension

(2n + 1), and ¢, € ®(Mp,(k)) be a generic local L-parameter of symplectic type of dimension 2.
The local GGP conjecture in this case asserts:

Conjecture 6.3. There exists a unique pair (7',d") in the local Vogan L-packet
Hg;/x% [Span (k) x Mp, (k)]

such that the Hom-space
~ n 1
(6.3) Homy) 40 atpy a0 (7 © & ® 15 @ Wi, C)

1s non-zero. Here wl(;) is the local Weil representation of Hz(k) x Mpy(k) with respect to 1, and
the other notation is the same as in §2.3 and §3.1.

The above conjecture is known (in general) if k is non-Archimedean (see [5]). For later use, we
give a remark on the uniqueness part of Conjecture 6.3 in the case of n = 1.
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Remark 6.4. Let k be an Archimedean local field, and ¢ : k — C* be a fixed non-trivial
additive character. Based on the knowledge of local theta correspondence in this low-rank case,
the uniqueness part of local GGP conjecture for the pair (SLa(k), Mpy(k)) can be deduced from
the see-saw identity and the uniqueness in the orthogonal case for the pair (SO3(k),SOq(k)) (see
Lemma 6.5 below).

Lemma 6.5. Letk be an Archimedean local field. Let ¢ = ¢,8Bn € ®(SLy(k)) and ¢o € B(Mpy(k))
be generic local parameters, where n is a quadratic character. Then there exists at most one pair

(m,0) € ﬁ$><¢0 [SLa(k) x Mpy(k)]| such that the Hom-space
(6.4) Homyg, 10(7 ® 5 @@, C)

1S NoN-zero.

Proof. Consider the see-saw diagram

SLy (k) x Mpk O(V3)
Mp, (k) O(V3) x O((1)).

Here V3 is a quadratic space over k of dimension 2, and V3 is a relevant quadratic space over k
of dimension 3. _
Let (m,0) € szo [SLa (k) x Mp, (k)] such that the Hom-space (6.4) is non-zero. By [59, Corollary
23], (66, §7] and [2], there exist a quadratic space V3 with nvs =7, and an irreducible admissible
representation o’ of O(V3) such that 7 = 0,(0’). Here nvy is the quadratic character associated

to the quadratic space V3. Then the see-saw identity implies

Ry, —(1) ~
(6.5) 0 # Homygp,9(7 © 5 © 7, €) = Homygp,o (1 @ 3,,5)

~ Homo(vs)(04(c"),0") € Homgo(vs) (04(c"), 0").
Moreover, we have (0,(7")[sovs); o'|sovs)) € ﬁ¢0x¢1 [SO3(k) x SOy(k)] (see [1], [71] and [61]).
Suppose that there exist distinct pairs (m;,0;) € ﬁ$X¢O [SLa(k) x Mpy(k)] (i = 1,2) such that (6.4)
is non-zero. By (6.5), there exist different pairs (64(5)), 0%) € Iy xe, [SOs(k) x SO2(k)] (i = 1,2)
such that
Homsgo(vs) (04(7;), 07) # 0.
Here we have used the injectivity of the local theta correspondence (see [36, Theorem 1]). But

this contradicts to the uniqueness of GGP pair for (SO3(k), SO (k)), which is known by the work
of Waldspurger [70] (see also [62, Theorem 4]). O

In general, if the uniqueness part of Conjecture 6.3 is known for Archimedaen cases, then one
obtains the uniqueness of the global GGP pair (for fixed parameters).

Proposition 6.6. Let (1,0) be as in (Case I) with w, = 1. Assume the uniqueness part of
Congecture 6.3 is true for Archimedean cases. Then the descent mg is irreducible, and lies in the

global Vogan packet ﬁ¢3 [SPa,, (A)].

Proof. By Proposition 4.3, we know that all irreducible components of 7g are parametrized by
the global Arthur parameter ¢s = ¢rg,, H 1. It remains to show that 7z is irreducible. We
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already know that w3 is cuspidal by Proposition 4.2. By multiplicity one theorems for Fourier-
Jacobi models (see [3, 64, 65]), we have a multiplicity free direct sum decomposition of irreducible
representations:

(66) 7'['527'(1@71'2@...7

where 7; € ﬁ¢5 [Spa,(A)]. Moreover, each m; has a non-zero Fourier-Jacobi period with o. Then
at each place v of F, (m;,,0,) gives a pair in the local Vagan packet

Hg)};,vx%,v[san(Fv) X Mp2(Fv)]

such that the Hom-space (6.3) is non-zero. By the uniqueness part of the local GGP conjecture,
we must have m; , ~ m;, for all indices 7, j and all places v. This implies that all 7;’s are equivalent,
and hence the multiplicity free property shows that there would be only one summand in the direct
sum decomposition (6.6), i.e. 74 is irreducible. O

Remark 6.7. We remark here that the above results are based on the complete determination of
the global Arthur parameter of the descent. However, if w, # 1 (in (Case I)), the unramified
calculations in §3 can not provide enough information to determine the global parameters, and the
wrreducibility may not be guaranteed since there might be more possibilities of global parameters.

Another application to our construction is the non-vanishing of quadratic twists of L-functions.
Let

(6.7) P08 = Pro@ng
be the twist of the global Arthur parameter ¢, by the quadratic character 17z. Then one has
o’ e HZM [Mp,(A)]. Since we have shown that

(m,0%) € Hiﬁ x5 (5P (A) X Mpy(A)]
has a non-zero Fourier-Jacobi period, then by the main result of [68] (for the case n = 1) (or [46,
Theorem 5.4]) and also (2.18)) one also have

(63) Lu(g:63 % dus) = Lulg, (r ® 1) x 3)Ly(5,5°) # 0

Moreover, by [26, §3.1, Page 198], we have

1 - 1 1 1
Lw(§’ (T ®mng) X U’B)Lw(é,aﬁ) = L(§,T X T(])Lw,8<§,0') £ 0.

Note that the above non-vanishing properties of L-functions show that & must be 1’-generic.
Recall that we have taken ¢y = ¢,,, where 7j is an irreducible unitary cuspidal automorphic
representation of GLy(A) of symplectic type. We can obtain the following:

Theorem 6.8. Let 19 be an irreducible unitary cuspidal automorphic representation of GLa(A) of
symplectic type, such that
1

(6.9) 5(577'0®770) =1

for some quadratic character ny : F*\A* — C*. Then there exist ﬁﬁ?ﬁm [Mp,(A)] different
quadratic characters n such that

1
L(E,T() X 77) # 0.
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Proof. The proof has two steps. First, we take a quadratic extension Ey = F(v/9) (6 € F*—(F*)?)
over I, and consider the restriction of 7y to E}(A) which is isomorphic to the anisotropic SO3(A).
By construction and the spectral decomposition, there exists an irreducible component x of 7| El(4)

such that the global Bessel period
[ alon @
Ej\E5(A)

is non-zero for some ¢, € 75. Then Waldspurger’s work [70] (see also [41, Theorem 5.3] or [46,
Theorem 6.9]) gives that L(1/2,79x ) # 0. Moreover, x lifts to an irreducible generic automorphic
representation 75 of GLo(A) (see [10]), which is of orthogonal type, and we have L(1/2, 75 x 1) # 0.
Here w,, = 15 is non-trivial.

Let o be an irreducible cuspidal automorphic representation in H;fm [Mp,(A)], whose existence

is guaranteed by (6.9). Starting from the data (75, 7), one construct the descent Dif,a(g'm@a) for

some o € F*, which is cuspidal by Proposition 4.2. By Proposition 3.2 (for n = 1) and apply
Arthur’s classification theory as in the proof of Proposition 4.3, any irreducible component 7’ of
Dy (Ers05) has a generic Arthur parameter ¢,. Note that ¢/, has the form ¢, 87, for some
generic automorphic representation 7' of GLy(A) with w =n, (v € F*). Moreover, we have

1
L¢(§7¢/a X ¢0,a) 7é 0

by the main result of [68] or [46]. Here ¢y, is similar to (6.7). Then it follows from the identities
in (6.8) that there exists a quadratic character 7o, possibly trivial, such that

(6.10) L(%,m ® 1) # 0.

The second step is to show the statement in the theorem granting that there is a quadratic
character ngy : F*\A* — C* (possibly trivial) such that (6.10) holds. Under this condition, we
can find an irreducible generic automorphic representation 7 of GLy(A) of orthogonal type with
trivial central character, such that

1
L(E,T X 1) # 0.

In fact, we can view 79 as a representation of F-split SOy(A), and lift 79 to an irreducible generic
automorphic representation 7 of GLy(A) (see [8, 10]), which is of orthogonal type and has trivial
central character. Moreover, the condition L(1/2,7 ® no) # 0 implies that L(1/2,7 x 79) # 0.

For any irreducible cuspidal automorphic representation o € HZTO [Mpy(A)], by Theorem 5.11

and Proposition 6.6, one can construct an element 73 € ﬁdm [SLy(A)] for some 8 € F*/(F*)? via
automorphic descent, such that (73, 5”) gives the unique GGP pair in the packet ﬁgjﬁx b0.5 [SLo(A) x
Mp,(A)]. Then (6.8) tells that there exists a quadratic character 73 such that

(6.11) L(%,Tg @ 15) # 0.

Recall that for any o € Hﬁm [Mp,(A)], one has Ly(s,0%) = L(s, 7 @ np).
It suffices to show that there are ﬂﬁ;fm [Mp,(A)] different such quadratic twists. If we take

51,52 € 11 [Mp,(A)] with &, % &, we get 73, € Iy, [SLy(A)] and 7, € TI4, [SLa(A)] for some
[B1],[B2) € F*/(F*)?. Since we have o, % 7o, we must have [3;] # [B.], otherwise we will
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have ¢p, = ¢, and ¢ 3, = ¢o3,, and this contradicts to the uniqueness of global GGP pairs (see
Remark 6.4 and Lemma 6.5). Then it follows from (6.8) that different elements in the global Vogan
packet H;fm [Mp,(A)] give different 7g’s such that (6.11) holds, and hence there are ]jH;fTO [Mp,(A)]
different twists. O

The above proof gives a new approach to show the existence of different quadratic twists of
automorphic L-functions of PGLy such that their special values at s = 1/2 are non-zero. This

approach makes use of the information of the global packet ﬁim [Mp,(A)], and decodes the non-

vanishing of L-values from non-vanishing of automorphic descent constructions. We expect that
it could shed some light on the higher rank cases.

6.2. On the reciprocal branching problem. In this last section, as another application, we
record the result that the automorphic descent w3 provides answers to the reciprocal branching
problem for automorphic representations of symplectic groups introduced in §1.2.

Theorem 6.9. Let T be an isobaric sum automorphic representation T =1 8 ---B 7 of GL,,(A)
such that the 7;’s are distinct irreducible unitary cuspidal automorphic representations of GLy,, (A)

of orthogonal type with n; > 1; and o € ﬁio [Mp,(A)] be an irreducible unitary genwine cuspidal
automorphic representation with a generic Arthur parameter ¢q, such that

1 ~
L¢(§,T x o) # 0.

We assume in addition that ng # w; if m = 2n+1, here § € F* is the one occurring in Proposition

5.11. Then any irreducible component  of the automorphic descent mz = Dii’ﬁ(&@g) has a generic
global Arthur parameter, and has a non-zero Fourier-Jacobi period with o. In particular, ™ gives
an answer to the reciprocal branching problem for the pair (Spy(,_n)(A), Mp,y(A)).

Proof. The theorem is a direct corollary of the results we have obtained in §2 — §5. More precisely,
we know that 7 is cuspidal by Proposition 4.2, 7 has a generic global Arthur parameter by

Proposition 4.3, and 7 has a non-zero Fourier-Jacobi period with respect to o by Proposition
2.1. O
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