CHARACTER FORMULAS FROM MATRIX
FACTORIZATIONS

KIRAN LUECKE

ABSTRACT. In this paper I present a new and unified method of proving
character formulas for discrete series representations of connected Lie
groups by applying a Chern character-type construction to the matrix
factorizations of [FT] and [FHT3]. In the case of a compact group I
recover the Kirillov formula, thereby exhibiting the work of [FT] as a
categorification of the Kirillov correspondence. In the case of a real
semisimple group I recover the Rossman character formula with only a
minimal amount of analysis. The appeal of this method is that it relies
almost entirely on highest-weight theory, which is a far more ubiquitous
phenomenon than the varied techniques that were previously used to
prove such formulas.
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INTRODUCTION

Let G be a compact Lie group. The famous Kirillov correspondence es-
tablishes a close relationship between the representation theory of G and
certain coadjoint orbits in the dual of the Lie algebra. On the other hand,
a celebrated theorem of Freed, Hopkins, and Teleman [FHT3] establishes
a close relationship between the positive energy representation theory of
the loop group LG and the twisted, conjugation-equivariant K-theory of G.
The statement is cleanest when G is simple and simply-connected with dual
Coxeter number h. Then HgG ~ 7, canonically, so an integer 7 represents
both a level for positive energy representations as well as a twist for equi-
variant K-theory. Let PERT(LG) denote the category of positive energy
representations of level 7. Then there is an isomorphism

T+thimGG ~ KQPERT(LG)
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A calculation of the left side shows that the K-classes are supported at a
discrete set of conjugacy classes ([FHT3] Proposition 6.12). Since conjugacy
classes in G correspond to coajdoint orbits of LG, one suspects that the Kir-
illov correspondence is at play. The isomorphism, although established by
calculating the left side, is explained by a map from right to left which con-
structs out of a positive energy representation on the right a twisted family
of Fredholm operators representing a class on the left ([FHT3] Section 4).
This construction crucially uses a certain family of Dirac operators. In [FT]
Freed and Teleman re-interpret this Fredholm family as a matrix factor-
ization, allowing them to categorify the isomorphism of abelian groups in
the previous display. Moreover, the construction applies (in a much simpler
form) to the coadjoint representation, providing an explicit map

K™ (g*) < K2(pt) ~ R(G)

presenting the Thom isomorphism. Combined with the categorical perspec-
tive of [FT] and the Kirillov philosophy, one has arrived at a categorification
of the Kirillov correspondence, and indeed, the main theorems in [FHT3] and
[FT] should be interpreted that way.

In this paper I confirm this philosophy by extracting the Kirillov char-
acter formula from the categorical correspondence of [FT]|. The method of
extraction is a Chern character-type construction that applies to matrix
factorizations quite generally. In particular Frenkel’s character formula for
loop groups likely follows from a proper application of this method to the
categorification of the first displayed isomorphism above as well as character
formulas for more general Kac-Moody groups [Ki]. In this paper I general-
ize in a different direction, to finite-dimensional but non-compact groups by
proving the Rossman character formula for discrete series representations
of connected real semisimple Lie groups. In the remainder of this section I
recall the character formulas and give a brief outline of the proofs that make
up the rest of the paper.

Let G be a connected real semisimple Lie group. Recall that the discrete
series representations are the family of (isomorphism classes of) unitary
representations of GG defined by the property that all matrix coefficients are
in L?(G). By a well-known result of Harish-Chandra the discrete series is
empty unless the rank of GG is equal to the rank of its maximal compact
subgroup. Fix an irreducible discrete series representation (H_p,m). Let U
be an open neighborhood of 0 € g over which exp : U — G is invertible and
analytic. For a compactly supported smooth function ¢ € CX(U) define
the smeared operator m(p) := Sg dX o(X)m(eX). Define the equivariant

fl—genus at an element X € g as follows: let P be a system of positive roots.
Then

~ e<a7X>/2 _ 67<(1,X>/2

A(X) = H @ X

aeP

The operator 7(¢) is trace class and satisfies the following formula.
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Theorem 0.0.1 (Rossman).

T ([ 4 p0me) = | 00 p(0) ([ V00 Aaxag

g* g
If G is compact then every irreducible representation is in the discrete
series and individual group elements act by trace class operators, so the

above formula simplifies to the well-known Kirillov formula.

Theorem 0.0.2 (Kirillov). Let G be a compact connected Lie group and
V_»x the irreducible representation of lowest weight —\. For X € g close to
0

Try_, (m(eX)) = A(x)f 50_/\_p(€)ei<§,X>d§.
g*

These formulas will be proved as follows. From the data of the matrix
factorizations of [FHT3] and [FT] one constructs a super-bundle over g*
together with a one-parameter family of super-connections. That leads (via
the Mathai-Quillen formula) to a one-parameter family of differential forms
representing the Chern character of the super-bundle. Using highest weight
theory and knowledge of the spectral properties of the Dirac family defining
the matrix factorization these differential forms can be rewritten in such a
way that the one-parameter family interpolates between the integrands on
either side of the Kirillov formula. The equality is then established by ap-
pealing to the crucial fact that the cohomology class of the representative
of the Chern character is invariant under one-parameter deformations. It is
worth noting that in the case of compact groups, one can prove the Kirillov
formula by appealing to the index theorems in equivariant K-theory. How-
ever the method outlined above is more robust in the sense that it continues
to apply when G is not compact and K-theoretic tools are not available.

I would like to thank Constantin Teleman for helpful conversations and
comments on earlier drafts of this paper, Mikayla Kelley for guidance re-
garding some integral estimates, and an anonymous referee for valuable
comments and corrections.

1 THE KIiriLLov FORMULA

Throughout this section, G is a compact connected Lie group and (V)
is an irreducible representation of lowest weight — .

Choose a G-invariant inner product on g* (e.g. the Killing form) and let
S be an irreducible Z/2-graded Cliff¢(g*)-module (cf. [FHT2| Proposition
1.18.) Consider the equivariant super-bundle V :=V ® § x g* — g*. Since
S carries a projective action of GG, this bundle is projectively G-equivariant.
Let v(§) denote Clifford multiplication by ¢ € g*, and let +(X) denote con-
traction with the vector field defined by X € g acting in the coadjoint rep-
resentation. Let R(X) and o(X) denote the Lie algebra action on V and S,
respectively. Let {€”} be a basis of g* with dual basis {e,} and abbreviate
R(ey), o(ey), and y(e) by R,, 0, and 7”. Let D, Kostant’s cubic Dirac
operator (c.f. [FHT2] 1.10), the endomorphism of V ® S given by
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1
wo = ; (Rl/ + 50-1/) ®'YV-
This differs from the operator used in [FHT1-3] by a factor of i. Recall that
a super-connection on V is an odd differential operator on bundle-valued
forms

A Qg5 V)T — (g%, V)7
Note that the total grading on the two complexes above—with respect to
which the requirement of oddity is made—is the sum of the grading mod 2
on differential forms and the super-grading on V*. For X € glet 1(X) denote

contraction with the vector field on V defined by X. Then the equivariant
refinement of A is an operator on equivariant forms

A: (Clgl @ Q* (g%, V)9)* — (Clg] @ 2°(g*, V))*
namely the Q°*(g*,V)%)-valued function on g defined by the formula
A(X) == A—u(X).

Let £(X) be the Lie derivative along the vector field on V defined by X
and define the moment of X as ji(X) := £(X) —[u(X), A]. The equivariant
Chern character of V with respect to A, for a test element X € g, is defined
following Mathai-Quillen to be the differential form

str(eA(X)z) = str(eAQ“T(X)).

Remark 1.0.1. Although the “differential form” above is, strictly speaking,
a formal sum of differential forms of different degree (one for each term in
the Taylor series of e*), a single term of homogeneous degree is singled out
when integrated over a manifold of fixed dimension.

To prove the Kirillov character formula I make heavy use of the following
result, which is Theorem 7.7 of [BGV].

Lemma 1.0.2. Under one parameter deformations of the super-connection,
the equivariant Chern character differs by an equivariantly exact differential
form.

Proof. Indeed, suppose A.(X) is a one parameter family of equivariant su-
perconnections. Let dg denote the equivariant de Rham operator. Then,
making use of the equivariant Bianchi identity [A(X), 4.(X)?] =0,

dA.

de

dA.
= Str([Ae(X), I

%str@/*mz) = str([Ac(X), — = (X)]e* )

(X)edX)
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Definition 1.0.3. Consider the following 2-parameter family of equivariant
super-connections on V.

AUX) = d + VDo + ivey(§) — u(X).
Lemma 1.0.4. When € # 0 the differential form str(eAi(X)Q) has Gaussian

decay as & — o0.

Proof. Expanding A!(X)? using Deﬁnition:1.0.3 shows that the leading term
in ¢ is the quadratic term —ey(€)? = —¢|€|?, all other terms are either linear
or constant in &. O

Remark 1.0.5. Although the definition of (X)) depends on a choice of con-
nection, for any connection in the family AL(X) defined above, the moment
p(X) is the same. That’s because ¢(X) commutes with 1D, and v(e) (view-
ing a differential form as a function from some power of the tangent space
to the fiber of the bundle V, contraction is a precomposition and I§, and
~(€) are post-composition) and A'(X) differs from the trivial connection by
linear combinations of those.

Let ¢ = 0. The equivariant Chern character of the remaining e-family is

str(eA2)?) = spr(e e HVER(OHAX))

Lemma Stokes theorem, and the decay established in Lemma
imply that for any €1, €2 > 0,

€2 .
| st 00" A0 — twy [ de [ s (e ae
o* ¢l=r €1 24/€

r—00

=0.

As € — 00, the differential form str(e¢¥)*) localizes to the kernel of v(£)2 =
—[€|?, which is the fiber of V over ¢ = 0. But there the moment f(X) is
simply the Lie algebra action of X in the representation V ® S. Recall
that the chirality operator of the Clifford algebra Cliff°(g*) is defined to be
the product I' = 7(ey1)...y(ey) for any choice of orthonormal basis e; of g*.
The supertrace strg(I") is nonzero (c.f. [BGV] Lemma 3.17). Moreover, the
degree n part of the supertrace over S of /1 (€)+A(X) is strg(I).A(X) ! (c.f.
[BGV] Propositions 3.16 and 3.21). In conclusion,

lim str(eAZ(X)z)z lim strS(F)ege*'g'Qdf/l*l(X)Trv(eX)

t=0,e—00 t=0,e—00
= strs (D)2 do(€)dEA™Y (X)) Try (e).
Now let t = e. Write & = >, &, e” and define T'(§) := > & (R, + 0,,). Then
the Chern character becomes
str(eA10%) = Str(eemé+2z’eT(s>fe|s|2+z'ﬁdv(£>+ﬁ<X>),

By the same argument as above, as € — o0 this differential form localizes to
the kernel of (IDg + iv(€))? = l??) + 2iT(€) — |€|*. Let Sx denote the spinor
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bundle of the normal bundle N of O_y_, — g*. By [FHT2] Proposition
1.19, the operator (Do +ivy(€))? € End(V ® S) is negative semi-definite and
diagonalizable along a weight basis corresponding to a Cartan subalgebra
containing the dual of ¢, has a maximum eigenvalue of |\ + p + £|? which
occurs on the lowest weight space, which traces out a sub-bundle isomorphic
to L(—A—p)®Sn as £ varies (and the Cartan subalgebra defining the weigh
basis along with it) along the orbit O_x_, (c.f. [FHT2] Proposition 1.19).
Let b be the Cartan subalgebra stabilizing the element A + p € O_,_,,.
Let A(V ® S) be the graded set of weights (with multiplicities, and with
respect to h) of the graded representation V ® S and let |74) be a weight
basis labelled by 7 € A(V ® §). By the facts mentioned above, for any
€ € b* there are non-negative real numbers ¢(74) such that the operator
(Do +i7(€))? has an eigenvalue of |\ + p+ &|? — ¢(74) on |74). Note that b
defines a transverse slice to O_y_, at A + p, namely the subspace h* — g*.
Let €', ...,e" be a basis of g* such that e',...,e" are a basis of h*. Note that
the tangent space T\, ,0_x_, defines a subspace of g* complimentary to h*.
Then contraction of the top degree part of str(eAE(X)Q) (c.f. Remark
with a basis of T\, ,0_x_, h* can be written as

e*€|)‘+p+5|26§str5(lj)d§1 Ao~ dE” Z +elm) ([0 |74 ).
L eA(V®S)

The differential form str(e<()?) is equivariant (and so is the decomposition
of g* into h* and Ty,0_ A—p) so the formula above determines it along the
entire coadjoint orbit. Therefore,

. lim str(eAi(X)Q) = strg(l“)ﬂgé,,\,p(ﬁ)dK—A — pleX) ] — X = p>.
=€—>00
As mentioned above bundle spanned by | — XA — p) as £ varies along O_)_,
is exactly £(—\— p), on which the supertrace of ¢#(X) is (cohomologous to)
eXX& (c.f. [BGV] Proposition 8.6). Note that the moment on spinors is
trivial since the normal bundle to O_,_, at any point is contained in the
stabilizer of that point. Therefore

lim str(e)%) = strs(D)do_,_, (€)e & de.

t=e—00

Choose a smooth path in the (e, t¢)-plane which tends to (0,0) at one
end and becomes € = t — o0 at the other. Apply Lemma to this one
parameter family of super-connections to complete the proof of the Kirillov
formula.

2 THE DIRAC FAMILY FOR THE DISCRETE SERIES

Let G be a connected real semisimple Lie group with maximal compact
subgroup K and Cartan decomposition g = €@ p. Choose a maximal torus
T < K with Lie algebra h and assume that T is a Cartan subgroup of G so
that the discrete series is non-empty. Throughout this section u € h* < £*
will be a regular elliptic element. Choose the system of positive roots for
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which p is antidominant; it admits a decomposition At = A} U Al into
compact roots (contained in €*) and noncompact roots (contained in p*.
Write p. 1= %ZAg a and p,, = %ZA?{ a and put p := p. — pn. Denote the
Killing form by {-,-). Let S be an irreducible Z/2-graded spinor representa-
tion of Cliff*(g*,(:,-)) and let S_; be its lowest weight line. Choose a basis
{e,} of g© with dual basis {e”} which is compatible with both the chosen root
and Cartan decomposition. For a subspace s — g write v € § when e, € s.
As before, vV denotes Clifford multiplication by e”, R, and o, denote the
action of e, on Hp and S, and T'(u) = >, (R, + 0,). Recall that discrete
series representations enjoy the property of having a dense subspace which is
a direct sum of irreducible representations of K, called K -types, each occur-
ring with at most finite multiplicity. Furthermore, there is a distinguished
K-type which occurs with multiplicity one and is minimal—if —A denotes
its lowest weight and —A’ denotes the lowest weight of any other K-type,
then |A + 5|2 < |A’ + j|%. Let Ha be a discrete series representation with
minimal K-type —A and denote by L_, its lowest weight line.

Lemma 2.0.1. The negative non-compact roots elements annihilate L_y.

Proof. Let v € L_p. Take X_p € g_g a root element for some S € Al.
Then X_g-v=0o0r X_g-ve L_p_g. In the latter case, by applying some
(possibly empty) combination of compact roots A, one may conclude that
X_p - v is contained in a K-type of highest weight

—A-p+ Z N (N = 0).

aeAT

But by [Kn] Theorem 9.20 the only possible K-types in such a setting are
of the form

~A = —A+ Z nyv; (ny, = 0).
veAtTUAL
Hence it must be that X_g-v = 0, as desired, because the above formulas
disagree on the sign of the non-compact simple root, which appears an odd

number of times in § and an even number of times in any compact root. [

Definition 2.0.2. For each pu = > p,e” € £* define three endomorphisms
of HA® S

(lD#)c = Z(R” + %UV + i) ® 7Y,

vet

(]?#)n = Z(Ry + %O’V + i) ®7Y,

vep
mu = Z(wu) + (]Du)n

Definition 2.0.3. Define £* to be the subset of g* consisting of elements
of positive square norm, as measured by the Killing form. Note that elliptic
elements are contained in £*.

[

Proposition 2.0.4. The operator ]ﬁi € End(Hx ® S) is invertible for all
elements € E* except on the coadjoint orbit O_x_5. For p in this orbit,
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ker]ﬂu = kerlZ)i = L_A®S5_ ;5 Away from O_p_; the spectrum of ]ﬂi
is gapped a finite distance away from 0. There is an associated family of
bounded Fredholm operators ]Du(l — EZ)_I/Q acting on the Hilbert space

HA QS which has all the spectral properties stated for lﬁi
Proof. Let ne = @, ep+ oS, n, = Daeat g% and write n = n. ®n,. The
spin module S can be written as
8= 8 ® M\ ne® /\ i ®det(n) ! @ det(ny) "/,

for some multiplicity space Sy«. It follows that & is a direct sum of copies of
an irreducible g-representation of lowest weight —p = p. — p, and its lowest
weight space S_; is the tensor product of Sp+ and the lowest weight line in
Ane® Ank® det(n*)/? @ det(n,)"/? ([FHT2] Lemma 1.15). Moreover on
L_A®S_; < Ha®S the following relations hold:

v =R_o, =0_q, =0
for a. € AT and

,.y_Oén = ROZn =0a, = 0
for a, € Al. By direct calculation one finds (c.f. e.g. the proof of [FHT2]
Proposition 1.19)

(Pu), + (mﬂ)n‘L_A®Siﬁ =iy(A+p+ p),

and so

(B,); + (D),

By another direct calculation, the operator (]?#)i + (]?u)i commutes with
the action of the Lie algebra and is therefore a scalar. Consequently

Dy = =(Do); + (Do), + 24T (1) = |’

(Do) + (Do) — 2(1o); + 20T () — |l
= [A + 52 = 2(1o)? + 20T () — |l

— A+ 4 = (Bo): — (B,):

C

= A+ 5+ p%
‘L,A®s,5 A+ 5+ pl

Note that (E#)z is the Dirac operator for the compact group K. On each K-

type Vi s it is a nonnegative operator with a minimum eigenvalue of |A’+p|?
achieved on the lowest weight line L_,» < Vg o ([FHT2] Proposition 1.19).

Therefore
2

“’VK’ A ®S
But —A being the minimal K-type means exactly that

A+ > — [N +5]* <0,

— A+ 52— [N+ 52— (B,)°

c

which implies that lDi is a non-negative operator whose minimum eigenvalue
occurs on L_x®S_5, the lowest weight space of the lowest K-type in H®S.
The minimum eigenvalue is

A+ 5> = [A+ 5P = [A+ 5+ pf?
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which is zero precisely when p = —A — p. (]

3 THE RossMAN FORMULA

Throughout this section, G is a connected real semisimple Lie group and
(H_p,m) is an irreducible discrete series representation with lowest K -type
—A.

Let U be an open neighborhood of 0 € g for which exp : U — G is
invertible and analytic. For a compactly supported smooth function ¢ €
CF(U) the operator m(p) := Sg dX o(X)n(eX) is trace class and it is the
aim of this section to establish the formula

90-0408) ( | 0000 A0000X .

Tr, (r(0) = |
9
The proof is analogous the the compact case. One considers the trivial
Z/2-graded Hilbert bundle over £* with fiber Hp ® S and the formula of
Definition defines a two-parameter family of superconnections on it.
Only two points need to be addressed. The first is that A!(p) and ji(p) are
to be interpreted as the linear extensions AL(X) and ji(X). The equivariant
Chern characters are then defined in terms of A!(y). The second point is that
since the boundary of £* is a little more interesting than the boundary of
g*, a little more care is required to establish invariance under one parameter
deformations. The extra care comes in the form of the following lemma.
Let &' denote the intersection of S(r) := {|{|o = r} (this is the length as
measured in the positive definite metric gotten from reversing the sign of the
Killing form ¢-,-) on its negative-definite subspace) and £*. Let 0£* denote
the boundary of £* in g* and let 0 denote the intersection of 0€* with
the interior of S(r). Let P(1) denote the line segment (1,0) — (¢,0), P(2)
the line segment (1,0) — (1,1), and P(3) the line segment (1,1) — (¢, ¢).

Lemma 3.0.1. Let s be a parameter along each of the line segments above.
Let By, Bs, and Bs be the equivariant antiderivatives of Al(p) along each
of the line segments P(1), P(2), and P(3) as given by Lemma[1.0.4 Then

B1 = str(5i27()e**?°), By = str(51- Doe*i¥°), and By = str(51- (1o +

i’y(f))eAg(V’)Q), and all three can be extended-by-zero to 0E*.

Proof. The formulas for B; come directly from Lemma When € and
t are nonzero, as they are on all of P(3) and a dense subset of P(2), B;
contains a Gaussian factor of the form e*|/\+§‘2, peaked on the elliptic orbit
of A and decaying in the stabilizer directions by equivariance. These stabi-
lizer directions are orthogonal to the orbit in the Killing form and in these
directions the boundary 0£* is infinitely far away from £*. Hence Bs and B3
extend-by-zero to 0£*. Since |£|? = 0 on 0E* the formula for B; simplifies
to

ie— P

iy/sdy(§)+ii(y)
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and since dvy(§) = v(£)d¢ any homogeneous term of positive degree (c.f.

Remark [1.0.1) will contain a factor of v(£)2 = —|¢]> = 0. So Bj also
extends-by-zero to 0E*. O

To finish the proof we apply Lemma [1.0.2] and Stokes theorem to the
paths P(1), P(2), and P(3) to get

f str(eAg(“")2 - eA(l)(“")2) = lim déf Bids,
E* 1

T=0 JeRogR

r—00

1
J str(e“‘}l(“’)2 - eA(l)(“O)Q) = lim dfj Bs,
E* EXVOEK 0

J stlr(eAg(‘P)2 - eA%(‘P)Q) = lim dﬁj Bsds.

E* =% Jek ook 1

In all three cases, the integral over £ vanishes in the r — oo limit due to the
Gaussian decay proved in Lemma[1.0.4] Indeed, let z1, ..., z,, be the standard
coordinates on R™. Define (X,y) = 1y1 + ..., TrYr — Tri1¥Yrsl — - — Tnln
and write S(r) for the elements of length r in the standard dot product.
Then for each fixed r the integrals mentioned above can be bounded by

C f e~ % dx

{xeR™|[{x,x)>0}NS(r)
where C'is a constant independent of r. The integral above is easily checked
to vanish as r — oo. In all three cases the integral over 0£* vanishes by
Lemmal3.0.1] Similar to before, taking e — o0 in the segments P(1) and P(3)
recovers the two sides of the Rossman formula and the proof is complete.
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