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ABSTRACT. For any fixed relatively prime positive integers a,b and c
with min{a,b,c} > 1, we prove that the equation a® 4+ b¥ = ¢* has
at most two solutions in positive integers z,y and z, except for one
specific case which exactly gives three solutions. Our result is essen-
tially sharp in the sense that there are infinitely many examples al-
lowing the equation to have two solutions in positive integers. From
the viewpoint of a well-known generalization of Fermat’s equation, it is
also regarded as a 3-variable generalization of the celebrated theorem of
Bennett [M.A.Bennett, On some exponential equations of S. S. Pillai,
Canad. J. Math. 53(2001), no.2, 897-922] which asserts that Pillai’s
type equation a” — bY = ¢ has at most two solutions in positive integers
z and y for any fixed positive integers a,b and ¢ with min{a, b} > 1.

1. INTRODUCTION

The history of the S-unit equations related to Diophantine equations is
very rich (cf. [Gy3, EvGyStTi, EvScSch, EvGy2]). Indeed, many diophan-
tine problems can be reduced to S-unit equations over number fields. Espe-
cially, the simplest one among those is the S-unit equation in two unknowns
over the rationals, which is written as follows:

(1.1) aX + Y +vZ =0,

where «, 3,7 are given non-zero integers, and X,Y,Z are unknown in-
tegers composed of finitely many given primes. The set of the prede-
termined primes for unknowns is as usual denoted by S. From the the-
ory on Diophantine approximations we know that there are only finitely
many solutions to equation (1.1), and effective upper bounds for their sizes
can be obtained by means of Baker’s theory of linear forms in logarithms
(cf. [Gy, Gy2, BuGy, GyYu]). Since any unknown can be expressed as a
product of powers of given primes, equation (1.1) is an exponential Diophan-
tine equation. Based upon this, one of the simplest examples of equation
(1.1) is

(1.2) a® —b¥ =c¢,
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where a, b, ¢ are fixed positive integers with min{a, b} > 1, and z,y are un-
known positive integers. This equation is a special case of Pillai’s equation,
and Pillai’s famous conjecture says that there are only finitely many pairs
of distinct powers with their difference fixed. It is also worth noting that
the case where ¢ = 1 corresponds to a special one of Catalan’s equation
(cf. [Mi]).

In a series of papers in the 1930’s, Pillai [Pi, Pi2] actively studied equation
(1.2) and obtained some finiteness results on the number of solutions (for
more detail see [Be, Be2]). Early 1990’s, Scott [Sc| extensively investigated
equation (1.2) in the case where a is a prime with a motivation to a classi-
cal problem listed in R.K.Guy’s book [Gu], and he used strictly elementary
methods in quadratic fields to obtain very sharp upper bounds for the num-
ber of solutions in several cases. For more details on these topics or some
other related ones, see for example [ShTi, Be2, BerHa].

In the direction on the number of solutions to equation (1.2), Bennett
[Be] established the following definitive result.

Theorem (M.A. Bennett). For any fized positive integers a,b and ¢ with
min{a, b} > 1, equation (1.2) has at most two solutions in positive integers
T and y.

This result is essentially sharp in the sense that there are a number of
examples where there are two solutions to equation (1.2) (cf. [Be, (1.2)]).
The proof of Bennett uses lower bounds for linear forms in logarithms of two
algebraic numbers together with a ‘gap principle’, based upon an arithmetic
of exponential congruences, which gives rise to a large gap among three
hypothetical solutions. It should be also remarked that the non-coprimality
case, i.e., gcd(a,b) > 1 is handled just by a short elementary observation.
Several other works to estimate the number of solutions of more general
equations of type (1.2) were made available in the literature (cf. [BuLu,
ScSt, ScSt2, ScSt3)).

There is another example of equation (1.1), which is not only regarded
as a 3-variable generalization of equation (1.2), but also closely related to
the so-called generalized Fermat equation, that is, a Diophantine equation
arising from the quest to seek for all the relations that the sum of two powers
of ‘coprime’ positive integers is equal to another power (cf. [BeMiSi], [Co,
Ch.14]). It is the main subject in this article, given as follows:

(1.3) a® +b¥ =,

where a,b, ¢ are fixed coprime positive integers with min{a,b,c} > 1, and
x,y, z are unknown positive integers. Equation (1.3) is also one of the sim-
plest one among purely exponential Diophantine equations. It seems that
the earliest published work on solving equation (1.3) is due to Sierpinski
[Si], who solved the equation for (a,b,c) = (3,4,5). Just after this work,
JeSmanowicz [Je] (who was a student of Sierpinski) considered equation
(1.3) for other primitive Pythagorean triples, and he posed the problem of
determining the solutions to the equation for any Pythagorean triple. His
problem is the most known unsolved problem concerning equation (1.3). In
a series of papers in the 1990’s, Terai gave some pioneer works on equation
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(1.3) for some families of (a, b, ¢) including Pythagorean triples, and later he
posed several problems including a generalization of the mentioned one of
Sierpiniski-Jesmanowicz, now called Terai’s conjecture (cf. [Te]). For more
details on these topics or some other related ones, see some recent papers
[CiMi, Lu2, Miy| and the references therein.

As mentioned before, from the theory of S-unit equations, we know that
equation (1.3) has at most finitely many solutions, moreover, the number
of solutions can be bounded by an absolute large number (see the excellent
survey of Gy6ry [Gy4]). However, apparently a kind of such estimates is
far from the actual number, indeed, many existing works in the literature,
and also a much more general treatment to equation (1.1) (cf. [Theorem 1,
EvGyStTi]), suggest that equation (1.3) has few solutions in general. In this
direction, some important progresses have been made in the recent years by
several researchers. In a series of papers, Hu and Le [HuLe, HuLe2, HuLe3|
discussed equation (1.3) over the invertible residue classes modulo powers
of the base numbers of the equation. Using various elementary methods
including continued fractions, they found a large gap among three hypo-
thetical solutions, so-called ‘gap principle’, and the combination of their
gap principle and Baker’s method implies that equation (1.3) has at most
two solutions whenever the maximal value of a, b, ¢ is sufficiently large (see
Proposition 2.1 below). Here we mention that there are infinitely many ex-
amples where there are two solutions to equation (1.3) (see (15.1) in the
final section). Since the exponential unknowns z,y and z are bounded by
an explicit constant depending only on a, b and ¢ by Baker’s method, just a
finite search remains to be done in order to obtain the definitive result on the
number of solutions to equation (1.3) corresponding to Bennett’s mentioned
theorem. However, a kind of brute force computations is never enough to
settle that finite search. Related to this study, the work of Scott and Styer
[ScSt4] should be referred. They considerably improved the argument over
imaginary quadratic fields in [Sc] dealing with the case where ¢ is a prime,
to obtain the same conclusion as that of the mentioned work of Hu and Le,
whenever ¢ is odd (see Proposition 2.2 below). Actually, the main content
of this article is to completely handle the remaining finite search mentioned
before, as follows:

Theorem 1 (Main Theorem). For any fized relatively prime positive inte-
gers a,b and ¢ with min{a, b, c} > 1, equation (1.3) has at most two solutions
in positive integers x,y and z, except when (a,b,c) is (3,5,2) or (5,3,2)
which exactly gives three solutions.

This result is essentially sharp as indicated in the mentioned work of Hu
and Le, and its exceptional case comes from the identities 3+5 = 23,3345 =
25 and 3 + 5% = 27 (cf. (15.1)).

The proof of our theorem proceeds under the assumption that all a,b,c
are bounded from above explicitly and c is even, and consists of three main
important steps. The first step is to improve the gap principle of Hu and
Le. Their gap principle is derived by examining equation (1.3) modulo pow-
ers of each of a,b and ¢, and is expressed as some divisibility relation or
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some inequality. The main idea for the improving is to consider two con-
gruences ‘simultaneously’ in their treatment using modulus of each power of
the base numbers. Roughly saying, this replaces a factor in the inequality
from Hu and Le’s gap principle as a common factor of two of exponential
unknowns of the equation, where the value of an appearing factor is strictly
restricted from the viewpoint of generalized Fermat equations. In this stage,
by combining the improved gap principle together with the 2-adic analogue
of Baker’s method, the required bounds for max{a, b, ¢} for which theorem
holds true are substantially reduced. The second step is to find very sharp
upper bounds for all the exponential unknowns of at least two of three equa-
tions, which in what follows are called the first two equations, derived from
equation (1.3) by assuming the existence of three hypothetical solutions.
This is done elementarily by comparing the 2-adic valuations of both sides
of each of those three equations, a procedure that works only in the case
where ¢ is even, which can be assumed from the mentioned work of Scott
and Styer. Working out these two steps together with several elementary
number theory methods yields at most finitely many possible values of all
parameters appearing in the first two equations. Finally, in each of those
cases, we check whether those two equations hold or not. At this point it is
worth noting that although the derived general bounds for all letters in those
equations are relatively sharp, a direct enumeration of all possible solutions
of the system formed by the first two equations is impossible. Therefore, we
worked very carefully and found efficient methods for solving that system in
reasonable computation time.

The organization of this article is as follows. In the next section, we
prepare some useful conditions which are consequences of previous existing
results related to equations (1.2) and (1.3). Section 3 is devoted to find
a sharp upper bound for z using a result of Bugeaud [Bu] on the 2-adic
estimate of the difference between two powers of algebraic numbers. On
the other hand, we find some 2-adic properties of z in Section 4, where one
of those yields an exact information in a certain case. We summarize the
contents of these sections together with the second main idea in the forth-
coming section, in particular, we deduce relatively small upper estimates
for all exponential unknowns of the first two equations. In Section 6, we
improve the gap principle of Hu and Le, and give some of its applications in
Section 7. In Section 8, we quote several existing works on the generalized
Fermat equation, and give their applications to the improved gap princi-
ple. Section 9 is devoted to study a certain Diophantine equation related
to equation (1.2). In Section 10, we use results established in the previous
section together with the preparations in Sections 6, 7 and 8 to settle the
case where the values of two z of the first two equations coincide. Sections
11 and 12 are devoted to exactly find all possible values of letters in the first
two equations, and we sieve those completely in Sections 13 and 14, and the
proof is completed. In the final section, we make a few remarks concerning
an extension of Theorem 1.
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All computations in this paper were performed using the computer pack-
age MAGMA [BoCaPl|. The total computation time needed for this article
did not exceed 17 hours.

2. PREVIOUS RESULTS AND THEIR CONSEQUENCES

We begin by quoting the following results on equations (1.2) or (1.3). The
first two play important roles in the proof of our theorem.

Proposition 2.1 ([HuLe3]). If max{a,b,c} > 1092, then Theorem 1 is true.
Proposition 2.2 ([ScSt4]). If ¢ is odd, then Theorem 1 is true.

The following is a direct consequence of [Sc, Theorem 6].
Proposition 2.3. If ¢ = 2, then Theorem 1 is true.

The following is a direct consequence of [ScSt, Theorem 1], and it is a
relevant analogue to Bennett’s result recalled above.

Proposition 2.4. For any fized positive integers a,b and ¢ with min{a, b}
> 1, the equation

a®+ b =c
has at most two solutions in positive integers x and y.

Using Propositions 2.2, 2.3 and 2.4, we show a technical lemma.

Lemma 2.1. Theorem 1 is true in each of the following cases:

e a=1 (mod4), b=1 (mod 4);
e max{a,b} <11, ¢=0 (mod 2).

Proof. In the first case, we take equation (1.3) modulo 4 to see that ¢* = 2
(mod 4), implying z = 1. Proposition 2.4 completes the proof.

In the second case, suppose that equation (1.3) has three solutions. By
Proposition 2.4, there exists at least one solution with z > 1 among them.
Since both a,b are composed of only primes in {3,5,7}, we have ¢ = 2 by
[BeBi, Theorem 7.2]. Our lemma follows from Proposition 2.3. O

In order to prove our theorem, it suffices to consider the case where none
of a,b, c is a perfect power, and a, b, c are pairwise coprime. Moreover, in
view of Propositions 2.1, 2.2 and Lemma 2.1, we may assume any of the
conditions in (*) below.

none of a, b, c is a perfect power, a,b, c are pairwise coprime;

(%) =—-1 (mod4) or b=-1 (mod 4);
max{a,b} > 11, max{a,b,c} < 102
2]¢, ¢>4.

In particular, in the sequel, we always assume that a,b,c are pairwise co-
prime, both a,b are odd and c is even.
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3. GENERAL UPPER BOUND FOR 2z

Here we find a relatively sharp upper bound for z in equation (1.3). For
this we prepare some lemmas.

The following is a slight improvement of a special case of [PedW, Lemma
2.2].

Lemma 3.1. Let v be a positive number. Assume that log%t < v for some

positive number t with t > e*, where e = exp(1). Then

log 1 2
t < <1 + ogogm) vlog?(4v),
logvg — 1

where vy is any number with e < vy < 201/2,

Proof. Firstly, note that the function —5— in T is increasing for T' > €2

log? T
Thus it suffices to consider the case where logtg ;= 0. Define w and Y as
= % and (1 + Y)wlogw = t'/2. Tt is easy to see that Y > 0 as t > €2,

Observe that
(1+Y)wlogw = t/? = %logt =wlog ((1+Y)wlogw).
Thus
Ylogw =log(l+Y) + loglog w.
Since log(14+Y) <Y, we have Y < 1818w "4} a g

logw—1"
log1
t1/2 <14+ M wlogw.
logw — 1
Since w = 2’[)1/2 = 2t/2 log log W

logt > © by assumption, and the function Tog W —T in
W is decreasing for W > e, the above displayed inequality leads to the
assertion. O

For a rational prime p and a non-zero integer A, let 1/,(A) denote as usual
the p-adic valuation of A, that is, the exponent of p in the prime factorization
of A.

The next lemma is well-known and gives a precise information on the
2-adic valuations of integers in certain forms.

Lemma 3.2. Let s be an odd integer with s # +1. For any positive integer
n, the following hold.

va(s" —1) = (s> —1) =1+ 1o(n), ifs=1 (mod4) or2|n;

va(s" —1) =1, if s=3 (mod4) and 21n;
va(s" 4+ 1) = (s + 1), if 214 m;
va(s"+1) =1, if 2| n.

Define the function log, as follows:
log,(z) := logmax{z,e} (z > 0).

Note that (log, z)? is an increasing function.
The following proposition is a special case of [Bu, Theorem 2.13].
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Proposition 3.1. Let uj,us be coprime odd integers with uy,us # =+1.
Assume that a positive integer g satisfies
w(u? —1)>E (j=1,2)
for some number E with E > 2. Let Hy, Hy be real numbers satisfying
H; > log max{|u;j|,2¥} (j =1,2).

Put
A=wu" —u® (#£0),

where by, by are positive integers. If vo(ug — 1) > 2, then

where

B = max{log (Z—l + %) + log(F'log2) + 0.4, 6E log 2}.
2 1

We give an application of Proposition 3.1 as follows.
Lemma 3.3. Assume that max{a,b} > 11. Put
a=min{ve(a® — 1), 1u(b* — 1)} — 1, B =uws(c).
Let (z,y,2) be a solution of equation (1.3) with z > 1. Then
z < max{c, ¢ log?(c3 log )} (loga) logb,

where

<1803.3m2 93.865ms  143.75(1ms + 1)> fa—2

B /8 ? /8 I l g Y Y
(c1,c2,¢3) = 2705m3 156.39m3(1 + ;)agf‘f) 646.9(ms + 1) ifo>3
a/@ ) asﬁ ) a26 y —
with v, = 3alog 2 — log(3alog 2), and
g — bgiﬁ%, if min{a, b} <7, g — alog?2
1, if min{a, b} > 9, log(2* — 1)

Remark 1. ci, co, c3 are explicit constants depending only on «, 5 for a > 3,
and also on mgy only if & = 2. Also, these numbers are decreasing on a (> 3)
and on .

Proof of Lemma 3.3. Since c¢ is even and z > 1, it follows from equation
(1.3) that a® +b¥ =0 (mod 4). Therefore, one of the following cases holds.

a=1,b=-1 (mod4), 21y;
(3.1) a=-1,b=1 (mod4), 21{u;
a=b=-1 (mod4), r#y (mod 2).
Put A = a”® + bY. Since A = ¢*, we have
1

(3.2) z = 7 va(A).
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In order to find an upper bound for v5(A), let us apply Proposition 3.1. For
this, set u1,us, b1, by as follows:
(a,—b;z,y), ifa=1,b=-1 mod 4,
(ur,u2;b1,b2) =< (—a,b;z,y), ifa=-1,b=1 mod 4,
(—a,—b;z,y), ifa=b=-1 mod 4.
Then, by (3.1),
+A = u” — w2,
u1 = *£a, uo = *b, min{ug(ul —1), vo(ug — 1)} = o.
For any positive integer g and ¢ € {1, 2}, observe from Lemma 3.2 that

va(ui? — 1) = va(u® = 1) = 1+ va(g) = va(u; — 1) + 12(g) > a + 1a(g).

Thus we may set
(2,3), ifa=2,
(gv E) = .
(1L,a), if a>3.
In what follows, let us separately consider the cases where @ > 3 and o = 2.
By symmetry of a and b, we may assume that a > b without loss of generality.
First, consider the case where a > 3. Observe that
lur] =a>b=|ug| >2%—1.

Thus we may set H; := loga and Hy := mgalogb. Proposition 3.1 together
with (3.2) gives

36.1mg B?

3.3 — 1 log b
(33) £ < ot (loza) logb,
where

L Y
B = max{ log ( + ) + log(alog2) + 0.4, 6alog2 ¢ .
mslogb loga
Since z < %ggg 2,y < {ggz z, we have
B < log max{zL/, 25}
with . o
o (1+ m—3) a(log2)e’*loge

(loga)logb
If zL' < 2% then inequality (3.3) yields

36.1m3(6a1log2)? 2705ms3
z < oz 2) o (loga)logb < (loga)logb.
Suppose that zL’' > 26% Then
36.1m3 log?(zL')
1 1
5(10g 2)4@3 ( og a) 0g ba
that is,
2L’ 36.1mgL’ p(ms3 + 1) logc
< 1 logh = ————"
logQ(zL’) = (log 2)4043,3 ( Oga) og CKQB
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with p = ?’(?(')gg(;;. Let us apply Lemma 3.1 to the above inequality with
1)1 23
v Pma+ Dloge = - )
a?p 3alog 2

Indeed, as zL' > 26«

zL'!

PRI P —
- log?(z1/)

> 9.

Putting V = (1+ ﬁii}%)g, we see that

1
i< V vlog?(4v)

36.1-¢%4(m3+1)
_ V(loga)logb T (log2)?® log e log? (40)
(1+ m%s)oz(log 2)e%41og ¢ a?p

36.1V mg 9
=——1 4v) (1 log b
156.39V m3 646.9(ms + 1) log ¢
< 3 logz< ( 5 )
a’f a*f
To sum up, the assertion is shown in this case.
Next, consider the case where o = 2. We proceed almost similarly to the
previous case, and use the same notation as seen in there. Observe that
2F = 8, and |u;| = a = max{a,b} > 10 by assumption. Thus we may set
Hy :=loga and Hsy := mologb. Proposition 3.1 gives

; 36.1 gmo 32
= B(log2)*(a+1)3

> (log a) log b.

(3.4) (loga)logb,

where

— x Y
B = max{log <m2 oz + loga) +log ((a+ 1)log2) + 0.4, 6(a + 1) log2} .

Observe that
B < log max{zL/, 26(°‘+1)}
with

(1+:5)(a+1)(log2)e®*log e
(loga)logb '
If 2L/ < 26(@+1) | then inequality (3.4) yields

L'=

36.1 gma(6(c+ 1) log 2)*
ST Blog2)ia+ 1)
Suppose that zL' > 26(2+1)  Then
2L/ 36.1gmsy - L'
2 = 3 4
log®(zL’) — Bla+1)3(log2)

1803.3 m2

(loga)logb < (loga)logb.

logc

(a+1)2p

(log a) logb = p(ms + 1)
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with p = 3(61 Lg e) Let us apply Lemma 3.1 to the above inequality with

B = 82.073, ti=zL.
[0

Indeed, as zL' > 26(a+1)

2012 > 2
log (zL") log 218

Putting V = (1 + llzifog”‘f) we see that

1
i< V vlog?(4v)
V(loga)logb p(ma + 1) logc

= log?(4
(1+ %)(a +1)(log2)e%4loge (a+1)28 og”(4v)
pmaV 9 ((4p(ma +1)logc
= I 1 logb
(log 2) 94 (a 1 1)33 Og*< @+125 ) losd)le
. 04
36.1gmy V , [ Flesg(m2 +1)loge
= A 5= logs 5 (loga)logb
(log2)*(a+1)3p (a+1)2p
23. 143. 1)1
- 3.865 Mo log? ( 3.75(mg + 1) log c) (log a) log .
B B
To sum up, the lemma is proved. [l

4. 2-ADIC INVESTIGATION OF z

In this section, we show some results related concerning the 2-adic prop-
erties of z in equation (1.3). For this we prepare some notation as follows:

g i=1a(a® —1) =1, ap:=1(*—1)—1,
a:=min{ag, o}, B :=1a(c).
Note that both a,b are congruent to =1 modulo 2% and a > 2.

Lemma 4.1. Let (z,y,z) be a solution of equation (1.3). Then either
(8,2) = (1,1) or Bz = o

Proof. We take equation (1.3) modulo 2¢ to see that either
=42 (mod 2% or =0 (mod 2%).

The first congruence implies that 2 || ¢ since a > 2, and the second one
means that vs(c?) > a. O

Lemma 4.2. Let (z,y,2) = (X,Y, Z), (X", Y, Z") be two solutions of equa-
tion (1.3). Then XY' # X'Y, and

B-min{Z, 7'} < a+ (XY - X'Y).
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Proof. Let A € {a,b}. Since c is even, we use Lemma 6.2 (see below) for
(A, B,C;\) = (a,b,¢;1) to see that
(4.1) A =4 mod 20min{%2'}
for some 0 € {1, —1}, where £ = | XY’ — X'Y| is a positive integer. Lemma
3.2 gives

Bmin{Z, Z'} < vy(AE —6) < (A% — 1) — 1+ 1n(E).
This shows the lemma as a = min gegq 5y v2(A* — 1) — 1. O

Finally, we show a sufficient condition to give an exact information on z
in a certain case.

Lemma 4.3. Let (z,y,2) = (X,Y,2), (X", Y, Z") be two solutions of equa-
tion (1.3) with fZ # 1 and Z' # 1. If X # X' (mod 2), then Z = /B or
Z'=a/p.
Proof. Without loss of generality, we may assume that X is odd and X’ is
even. If Y’ is even, then aX + Y is a sum of two squares of odd integers,
so that aX" +bY" =2 (mod 4), whereby 82’ = v5(¢?') = vy(aX +0¥") = 1.
Thus, Y’ is odd by assumption. To sum up,
(4.2) 21X, 2] X', 2¢Y.

Take 04,05 € {1, —1} such that a = J, (mod 4) and b = §, (mod 4). By
the definition of o, and ay,

2% [ (a—=da), 2% [| (b= ).

Recall that min{ag, ap} = a. Then, for any solution (z,y,z) of equation
(1.3),

a® =6, +2% mod 2“TL, W =6Y+2" mod 2!,
where u = a, +1v2(z) and v = ap+12(y). Replacing the modulus each of the
above congruences by 2™M{%vH1 and adding the resulting relations yields

a® + b =542 42" mod 2min{wvitl
with 0 := 0," + &Y € {—2,0,2}. This congruence implies that
o = 2 ‘(m0d4), ' 1 %f5::|:2,
guintus}  (mod 2mn{ue b if §— 0,u # v,
Since va(a® + bY) = va(c?) = [z, we have
1, if § = 42,
Bz=4 . .
min{wu,v}, if §=0,u #v.
We apply the previous argument with (z,y,2) = (X,Y, Z2), (X, Y', 7).
In view of (4.2), we conclude that
fZ = min{U,V}, iftU £V,
fZ' =min{U", V'}, ifU £V,
where

U=ag V=ap+wnY), U=a+1nX), V =aw.
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Observe that U — V < U’ — V'. To sum up, these relations together imply
that

ag—apy>wn(Y), BZ' =V =«ap, H{U>V,
ap—ag > (X)), BZ=U=q, iU <V
BZ =U=qay, BZ' =V'=q, ifU<Vand U >V’

In particular, this shows the lemma. ([

5. PRELIMINARIES FOR THEOREM 1

From now on, let (a,b,c) be any fixed triple of positive integers satisfying
(x). Positive integers a, 8 are defined as in the previous section. From (x),

(5.1)  max{a,b} > max{11,2% 4+ 1}, min{a,b} >2%—1, ¢>3-2°.
Also, we suppose that equation (1.3) has three solutions, say (z,y,z) =
(¢, yt, 2¢) with ¢ € {1,2,3}, that is,

a® + b9 =, a™? + Y2 =, a™d 4 b = B
Without loss of generality, we may assume that
(5.2) z21 < 2 < z3.

For each t € {1,2,3}, we often refer to the equation a® + b¥ = c* as ‘t-th
equation’. The pair consisting of the 1st and 2nd equations is referred to as
‘the first two equations’.

It is obvious that

logc logc
5.3 < —— z, < — t=1,2,3).
(53) o loga SO log b w )
Lemmas 4.1, 4.2 and 3.3 tell us that
(5.4) (B2 = (L1) or 2> 5 (t=1,2)
(5.5) Bzt < a+va(Teyir1 — vepryy)  (E=1,2);
(56) 23 < ,Ha,&mg (C; a, b)v

respectively, where

Ha,,ms (U3 0, w) := max{cy, ¢z log?(e3 log u)} -logv - logw.
From Remark 1, the lower index mgy of ‘H makes sense only when a = 2.
In what follows, we simply write Ho, g m,(u; v, w) = Heq gm,(u) when u =
v = w, also, Ha gm, (V) := Hea gm,(u;v,w)/logw. H is decreasing on «
(> 3). Also, all indices «, 3, mo are often omitted.

Under this setting, we show some results as the first preliminaries in the
proof of Theorem 1.

Lemma 5.1. The following inequalities hold.
) log(z122) 1 log? ¢ log g
- ——< 1 — ;
(i) bz log 2 ot log 2 ©8 (log a)logb log 2

log 2o “a log Hagms(c) logg
log 2 log 2 log2’

(ii) 522 —
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where g is the greatest odd divisor of ged(z2,y2).
Proof. Let t € {1,2}. From (5.3),

x T max o T ZtZ; .
tYt+1 t+1Yt tYt+1, Te+1Yt (1 ) log b t<t41

In particular, by (5.6),
log? ¢
(5.7) |T2y3 — 23Y2| < m 2923 < 22 - Ha,pms(C)-

Also, by the definition of g,

TtYt4+1 — 9Ct+1yt>

yg(xtytﬂ - mt+1yt) = V2< g

These relations together with (5.5) yield

10g( |90tyt+1 - $t+1yt|/g)
log 2

<a+ ! lo log” ¢
“ log 2 & g(loga)logbthl“r1 '

Bz < o+ vo (Typr1 — Tep1yr) < o+

Thus
log z

3 ot 1 ) log? ¢
2z — o' o z )
' log?2 log 2 & g(loga)logb i

This inequality for ¢t = 1 immediately yields (i). Assertion (ii) follows from
the above inequality for ¢t = 2 together with (5.6). O

Definition 5.1. For given a, 8, mo, a,b, c and g, define Us = Us (v, 5, m2, ¢, g)
as the largest z9 among z9 satisfying inequality (ii) of Lemma 5.1, and define
Uy = Ui (o, f,ma,a,b,c,g) as the largest z; among z; satisfying inequality
(i) of Lemma 5.1 with z9 replaced by Us.

As remarked before, ms affects the definitions of Uy, Us only when o = 2.
Note that both U;,Us are decreasing on S and g, and are increasing on c,
and on msy if o = 2.

In what follows, let (1) denote the following case:

xr Zxy (mod?2) or yr #ys; (mod 2)
for some set {I,J} C {1,2,3}.

Lemma 5.2. In case (1), either (8,z1) = (1,1) or z1 = /.

Proof. Suppose that (5, 21) # (1,1). Since z1 < z9 < z3, we have (8, z;) #
(1,1) for any t. Then Lemma 4.3 tells that z; = /5 for some t. In particular,
21 < 2zt < a/B. On the other hand, z; > a/f by (5.4). These inequalities
together show that z; = /0. O

()

Lemma 5.3. 23 < 230, max{x1,y1, 2, y2} < 4300 and max{a,b,c} > 1000.

Proof. On inequality (i) of Lemma 5.1, put (3,c,mz) = (1,102 %ﬁig),
thereby
B log 29 <o 10g /Ha,l,log8/10g3(1062)

log 2 log 2 ’

<2
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For each o with 2 < a < bg(milg{g(gb}ﬂ) < 101%);()262 (< 206), the above
inequality yields that Us(«, 1, iggg,l(]&,l) < 230. The second asserted

inequality follows from the inequality min{a,b}™@{=1y12292} < cU2 ith
min{a,b} > 2% — 1. To obtain the third asserted inequality, for each possi-
ble a,b and ¢ with max{a,b,c} < 1000, and for each pair (z1, z9) satisfying
the inequalities in Lemma 5.1 and the restrictions of Lemma 5.2, one can
check by a brute force search (within 7 hours) that at least one of 1st and
2nd equations does not hold for any possible (1, y1, 2, y2). ([

6. IMPROVING WORK OF HU AND LE

In this section, we improve the gap principle of Hu and Le. To follow their
strategy, we start with several lemmas derived as consequences of [HuLe3].

Definition 6.1. Let r and s be coprime integers with s > 2. Define n(r, s)
to be the least positive integer among positive integer n’s for which r™ is
congruent to 1 or —1 modulo s. Moreover, define § = 6(r,s) € {1,—1} and
a positive integer f = f(r,s) as follows:

Tn(r,s) Y

§ = ¢mrs) (mod s), f=

S

In the following lemma, the first statement is elementary, and the second
one easily follows from the proof of [HuLe3, Lemma 4.4].

Lemma 6.1. Let r and s be coprime integers with s > 2. Then the following
hold.

(i) Let n' be a positive integer satisfying
™ =6 mod s
for some &' € {1,—1}. Then
n’ =0 mod n(r,s),
P =8 =0 mod (" —§(r,s)).

(ii) Let t be a positive integer whose prime factors divide s. Assume that
s 2 (mod 4). Let n’ be any positive integer satisfying

™ =¢ mod st
for some §' € {1,—1}. Then
t-n(r,s)
gcd(t, f(r, s))

Let A, B and C be any fixed pairwise coprime integers greater than 1.
For each A € {1, —1}, consider the following equation:

(6.1) AX + ABY =%,

n =0 mod

where X,Y, Z are unknown positive integers. For our purpose, it suffices
to observe equation (6.1) under the following conditions (corresponding to
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none of A, B, C' is a perfect power;
() 2|C,C >4, max{A, B} > 11, if A\ =1;
2| A, A> 4, max{B,C} > 11, if A= —1.
The following lemma easily follows from the proof of [HuLe, Lemma 3.3].

It is worth noting that its first assertion is based upon the primitive divisor
theorem of Zsigmondy [Zs].

Lemma 6.2. Let (X,Y,Z) and (X', Y',Z") be two solutions of equation
(6.1). Assume that C™™MZ%Z'} > 2 Then XY’ # X'Y. Moreover, for each
A e {A, B},

AXY'=X'Y| — 41 od omin{Z.2'}

The following lemma easily follows from the proofs of [HuLe2, Lemma
4.6] and [HuLe3, Lemma 4.4].

Lemma 6.3. Let (X,Y,Z) and (X',Y',Z') be two solutions of equation
(6.1) such that Z < Z'. Then the following hold.

(i) If C% > 2, then
ged(C, f(B,C?)) | X', ged(C, f(A,C%)) | Y.
(ii) If CZ # 2 (mod 4), then
ged(CZ =2 f(B,C%)) | X!, ged(CZ=%, f(A,C%)) | Y.

Before going to state the improved gap principle, we show an elementary
lemma.

Lemma 6.4. Let (X,Y, Z) be a solution of equation (6.1) with A = —1. Put
G =gcd(X,Y). If G > 1, then

G logC G logC
X<G—1logAZ’ Y<G—110gB )

Proof. By the definition of G,
CZ — (AX/G)G_(BY/G)G — (AX/G_BY/G)((AX/G)Gfl_i_‘ . '_i_(BY/G)Gfl)

with AX/G — BY/G > 0. In particular,

AGX 0?2, BGY <%
These give the asserted inequalities. U

For any positive numbers P and @, we define tp g as follows:

PR logmin{ P, Q}
P log max{P,Q}"

Now we state our improved gap principle.
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Proposition 6.1. Suppose that equation (6.1) has three solutions (X,Y, Z) =
(X, Y., Z) withr € {1,2,3} such that Zy < Zy < Zz. Put Gy = ged(X2, Ya),
and
2, ifZ1>1,and A=1 or C > max{A, B},
X = .
1, otherwise.
(i) Suppose that C% =2 (mod 4) with C%' > 2. Then
C| Gs - (XoY5 — X3Y5),
o< min{Xslog B, Ylog A}
- log(xC% — 1)
Moreover, if either A =1, or A = —1 with G2 > 1, then

| XoYs — X3Y5.

VA
C< K:'tA’B . 72 . |X2Y3 — X3Y2|,
1

where
Z1logC . _
K= { log(xC#1-1)” ifA=1,
- Z1log C X Go . _
log(xCZ1—1)  Ga—1 Zf)\ =-1,Gy > 1.

(i) Suppose that C%* # 2 (mod 4). Then
C272 | Gy - (X2Y3 — X3Y3),
min{ X, log B, Y5 log A}
- log(xC#t —1)
Moreover, if either A =1, or A = —1 with G2 > 1, then

CZQ—Zl

| XoY3 — X3Ys|.

Z
CZQ*Zl < IKC. tA,B . 7? . |X2Y3 — X3Y2|7

where K is the same as in (i).

Proof. We fix the value of A € {A, B}. Applying Lemma 6.2 for (X,Y,Z) =
(Xo,Ys,Z5) and (X', Y', Z") = (X3,Ys, Z3) shows that

(6.2) APXRYs=XaYol — o oq 022

with XoY3 — X3Y2 # 0 and some ¢ € {1,—1}. Since Zy > Z;, Lemma

6.1(i) for (r,s) = (A,C%') together with congruence (6.2) tells us that
| X2Y3 — X3Y5| is divisible by n(A, C#1). Put

ny := n(A,C%).
Then
(6.3) | X2Ys5 — X3Ya| = ning
for some positive integer no. On the other hand,
AM = C%f 4,

where f = f(A,C%) and § = 6(A,C%).
Suppose that f = 1. Then A™ = C%' + 1. Observe that
=AY 4+ BT 1> A, ifx=1,

.An1>CZ1—1
- {>C’2—1>C>A, if C > Aand Z7 > 1.
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Thus, if Z; > 1, and A =1 or C > A, then n; > 1 and so the well-known
theorem of [Mi] on Catalan’s equation tells us that {A™,C%} = {8,9},

which contradicts (xx). By these observations,
log(xC”' — 1)

= 21 > = 0000 7

(6.4) ny = n(A,C) > log )

(i) From (6.2) and (6.3),
Amn2 — C%2p 4 ¢,

for some positive integer h. We substitute the mentioned expression of 4™
into the above to see that

n2

CZ2h 4= (Czlf + 5)77,2 — CZl Z (n2> (CZl)i_lfi 6712—1' + 577,2.
i

i=1
It is easy to see that e = 0"2 as ¢ = 6" (mod C?#!) with 6, € {1,—1} and
C?%1 > 2 by assumption. Therefore,

n2
C%2—Z1p Z <7122) (Czl)iqfi gn2—i

i=1
n2

_ na—1 Z1 n2 Z1N\i—2 i sno—i

=nofd +C ;:2<i>(6‘ ) TEfto )

Since Zs > Z; by assumption, we have nof =0 (mod C'), and so
nyged(f,C)=0 mod C.
By (6.3),
(6.5) n1C | ged(f,C) - | X2Y3 — X3Ya|.
On the other hand, Lemma 6.3 (i) for (X,Y, 2) = (X1,Y1,21), (X', Y, Z") =
(X2,Ys,Z5) and n = n; tells us that
{gcd(f,C) | Ya, if A=A,
ged(f,C) | X2, if A= B.
This together with (6.5) gives that

(6.6) {"(A7CZl) C | Yo [XoV3 — X3Ya|, if A=A,

n(B,C%)-C | Xo-|XoY3 — X3Ys|, if A= B.

This enables us to deduce the first asserted divisibility relation.
Moreover, from (6.4), inequalities (6.6) imply

log(xC# — 1)

log A
(6.1) log(xC#* — 1)

log B
This implies the first asserted upper bound for C.

C <Ys-|XoY3— X3Ys/,

C < Xy |XoVs — X3Ya).
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Suppose that A = 1. Since Xo < {gig 7o and Yy < {ggg Zsy, we use (6.7)
to see that

log A log C
. Zo - | XoY3 — X3Y5
log(xC% — 1) logB ** KoYy 3¥2l;
log B log C
. Zy - | XoY3 — X3Y5
log(xCZ —1) log A ~? REAE 3Val;
thereby
Z1 10gC Z2
AT h 22 XYy — X3Yal.
o CZ — 1) AB 5 | X2Y3 3Y5|

Suppose that A = —1 and G2 > 1. Applying Lemma 6.4 for (X,Y,Z) =
(X2a Yéa Z2) giVGS

Gy logC - Gy logC
Gy —1logA ™ 25 Gy—1logB %

Xo <

These inequalities together with (6.7) gives the remaining assertion.
(ii) Apply Lemma 6.1 (ii) for

(r,s,t,n') = (A, C7,C7771 | XaY3 — X3Yal),
together with congruence (6.2). Then
nC%7 | ged(C7~7, f) - [ XaYs — X3Yal.

Using this divisibility relation together with Lemma 6.3 (ii) for (X,Y,Z) =
(X1, Y1, 21), (XY, Z") = (X2,Ys, Z3) and n = ny, we can show the asser-
tions almost similarly to case (i). O

In the remaining parts of this section, we apply Proposition 6.1 to special
cases concerning equation (6.1). For this we prepare two lemmas from the
works of Hu and Le.

The following lemma directly follows from the proofs of [HuLe3, Lemmas
3.2 and 3.4].

Lemma 6.5. Let (X,Y,Z) be a solution of equation (6.1) for A = 1. Then
the following hold.
(i) If A%2X < C?, then
log C' Y < 2
logB Z ~ ZC%?logB’
(ii) Let (X', Y',Z") be another solution of equation (6.1) for A\ = 1. If
X > X' and Z < 7', then
logC Y’ - 2
logB 7'~ ZIAX-X'CZ-Z10g B’

The following lemma directly follows from the argument in [HuLe3, Sec-
tion 5.
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Lemma 6.6. Let (X,Y,Z) and (X', Y',Z") be two solutions of equation
(6.1) for X = 1. Assume that both Y/Z and Y'/Z' are convergents in the

simple continued fraction expansion to {ggg. IfY/Z <Y'|Z' < L‘;ig, then
1
Z' >

logC _ Y\’
7 (155 - %)
Proposition 6.2. Suppose that equation (6.1) for A =1 has three solutions

(X,Y,2) = (X,,Y,, Zy) with r € {1,2,3} such that Z1 = Zy < Z3. Then
one of the following inequalities holds.

C#/2 )7, < max {|X32s — XiZs|, [Y3Zo — YiZ3|};

te{1,2}

2
crlt e — = 7,
< log min{ A, B} 3
Proof. Since Z1 = Z,,
(6.8) AXT 4 BT = AX2 4 BY2 — 0%,

Note that X7 # Xo,Y7 # Y5, and that X7 < X5 if and only if Y5 < Y;. By
symmetry of indices 1 and 2 in the assertion, we may assume that

(6.9) X1 < Xy, Yo< Y.

Also, from the equations in (6.8), observe that

BY2 | (A= Xy AN (B Y2 ), A% phiTYe =1 mod 22,
These imply that

(6.10) AX2=X1 5 gYa  pgYi-Ya 5 pX1

(6.11) max{AX2~X1 g2y 5 ©0%/2,

By symmetry of A and B in the assertion, we may assume that AX2=%1 >
BY1=Y2_ From (6.11),

(6.12) AX2=X1 5 0%/2)

Suppose that Xp < X3. From (6.9) observe that the equation CX —
BY' = A?' has three solutions (X',Y’, Z') = (Z,, Yy, X,) with r € {1,2,3}
satisfying X1 < Xo < X3. Since AX1 is odd, Proposition 6.1 (ii) yields that

gcd(Ya, Zo) | ZoYs — Z3Ys| > AX2=%1,
It follows from (6.12) that
(6.13) ged(Ya, Zo) | ZoYs — Z3Ys| > C#2/2,
Suppose that X3 < Xs. From (6.8) and (6.10) observe that
C/t = (0% > AN = AN A% 5 AN B2 5 4250
Lemma 6.5 (i) for (X,Y, Z) = (X1,Y1, Z1) tells us that

logC Y 2
0< — < =
(0<) logeB 71  Z,C%/2log B
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If the RHS above is greater than 1/(2Z;?%), then CAP 4 Ttis easy to

Z1 log B*
see that this leads to a contradiction to (xx). Thus,
logC Y 2 1

6.14 - —< < .
(6-14) logB 71  Z,C%/2logB ~ 27,2

On the other hand, since X3 < Xp and Zy < Z3, Lemma 6.5 (ii) for
(Xa Y7 Z) = (X27}/27ZQ)7 (X/7Y/7Z/) = (X37Y3723) gives

logC Y- 2
(0 <) 0g 3

log B 73 = Z3AX2 Xs(% Z21og B’
Suppose that the RHS above is greater than 1/(2Z32). Then
473 > (log B) AX*= %30 %722 > (Alog B) C%~%2 > (Alog B) - C.
Put o := min{vy(A4%2—1), vo(B?—1)} —1. Since max{A, B} > max{11,2%+
1} by (*x), and min{A, B} > 2% — 1, we have Alog B > c¢(a) > 3log11,
where c(a) := (2% — 1) logmax{11,2% + 1}. Then Z3 > 1(Alog B)C > 10,
so that

log(4Z;) 4
Lo > Ly — ——- > =14
2 3 log C' 57°
This gives rise to a sharp lower bound for Z5, that is, Zy > [% c(a)C’] (>9).
However, this is incompatible, for any a > 2 and C' > 6, with
ov2(C)Z2 2% ]log? C

o2 < log(2* — 1) - log max{11,2% + 1}’
which is shown in the same way as Lemma 5.1 (i). Therefore,
logC Y3 2 1

< .
log B Z3 < Z3AX27X3CZ3722 log B — 2232

To sum up, by a well-known criterion of Legendre on the continued frac-

(6.15)

tion, we may conclude, from inequalities (6.14) and (6.15), that both 52/—11, }Z%
are convergents in the simple continued fraction expansion to 26<. The

log B*
fact that 5—11 #* ;—i follows from Lemma 6.2 for the two solutions (X1, Y7, Z1)
and (X3,Y3,Z3). Moreover, Lemma 6.6 for (X,Y,Z) = (X1,Y1,Z1) and
(X", Y',Z") = (X3,Y3, Z3), together with (6.14) and (6.15) tells us that

log23 c%1/2 _ logQB 022/27

or Z, > IO%B AX2=X3(Z3=22 Tt is easily observed that the latter inequality
does not hold similarly to the observation used to show (6.15). The assertion

follows from (6.13) and (6.16), having in view symmetries of indices 1 and
2, and of A and B. O

(6.16) Z3 >

The second assertion of the next proposition is not directly used below
(cf. proof of Proposition 12.3 (iii)).

Proposition 6.3. Assume that A < C. Suppose that equation (6.1) for
X = —1 has three solutions (X,Y,Z) = (X,,Y,, Z,) with r € {1,2,3} such
that Zy = Zy < Zs. Then the following hold.
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(i) If X3 > max{ Xy, Xa}, then one of the following inequalities holds.
C?% )7, < max |X;Z3 — X3Zs|;
te{1,2}

C%12 )7y < max |Y;Z3 — Y3Zo|;
te{1,2}
2
— X3.
logC 3
(ii) If X3 < max{X1, Xa2}, then one of the following inequalities holds.

C?% < Z3- max |X;Z3 — X325|;
te{1,2}

c%/? <

0?2/ 7:% < | X1 — Xo| - Z3 - max |Y;Z3 — Ys3Zs|.
te{1,2}

Proof. Since Zy = Zs,
(6.17) AXL — BY = AX2 _pY2 — 0%,

Note that X1 # X5, Y1 # Yo, and that X; < X5 if and only if Y7 < Y5.
Also, X; > 1 as A < C in equations (6.17). By symmetry of indices 1 and
2 in the assertion, we may assume that X; < X5 and Y7 < Y5. Thus,

(6.18) 1< Xp < Xo.
In particular, AX1 =0 (mod 4). Also, from (6.17),
BYU | (AX2 X1 1), AN (B2 ),
Thus
(6.19) AX2=X1 5 phio g 5 p %

Let us consider several cases separately.
First, suppose that
Yo <Ys.

Observe that the equation AX —CY" = BZ" has three solutions (X', Y", Z') =
(X, Z,,Y,) with r € {1,2,3} satisfying Y1 < Y3 < Y3. Since B! is odd,
Proposition 6.1 (ii) yields

ged(Xy, Zy) | XoZs — X3Zy| > BY2 711,
As B2 > AX1 > %2 by (6.17) and (6.19), we have
(6.20) gcd(Xa, Zo) | XaZs — X320 > C22.
Second, suppose that
Y3 <Yy, Xo<Xjs.

Then the equation CX + BY' = AZ" has three solutions (X',Y’,Z') =
(Zy,Yr, X,) with r € {1, 2,3} satisfying X; < Xy < X3. Proposition 6.1 (ii)
yields

gcd(Zy, Ya) | ZoYs — Z3Ys| > AX2= X1,
If B?Y1 > AX1, then, since AX2=X1 > BY1 by (6.19),

(6.21) ged(Ya, Zo) |YaZs — Y3 Zo| > Bt > AX1/2 > ¢022/2,
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Suppose that B?Y1 < AX1. Lemma 6.5 (i) for the solution (Y7, Z1, X1) gives
logA 7 2
0< - < T -
(0<) logC  X;  X1A%X1/2logC
Similarly to (6.14), we can show that the right hand side above is at most
2;12. On the other hand, since Y3 < Y2 and Xy < X3, Lemma 6.5 (ii) for
the two solutions (Y2, Z2, X2), (Y3, Z3, X3) gives

log A A 2
(0 <) 08 3

Suppose that the right hand side above is greater than ———. Then

logC X3 = XqB% VA% Xz logC'
2X32"

4X3 > (log C)BY27Y3 A%37%2 > (Blog C) log A.
By using the same argument as in the proof of Proposition 6.2 (where it
was shown that }Z% is a convergent of %ggg), the above inequalities give
Xy > ic(a)A, where o = min{1p(B? — 1),15(C% — 1)} — 1 and c(a) is
defined as in Proposition 6.2. Moreover, by applying Lemma 5.1 we obtain
2u2(A)X1 201, 2 A 2V2(A)X2
< Og 3 < 2017_[ log 8 (A)
X1 Xs log(2* — 1) - log max{11,2% + 1} Xo B icgs
We check that there is no quadruple (o, A, X1, X2) satisfying both of these

inequalities. Thus, similarly to the arguments in the proof of Proposition
6.2, we can conclude that )Z(—ll, )Z(—i are distinct convergents to %gg é. Then

Lemma 6.6 shows that

(6.22) X3 > %AXW >

log C
2
or X; > % BY27Y3 AX3=X2 Tt is shown that the latter inequality does not

hold as observed in showing (6.15).

To sum up, assertion (i) follows from the combination of inequalities
(6.20), (6.21), (6.22), in view of the symmetry of indices 1 and 2.

Finally, suppose that

021/2,

Y3 <Yy, X3< Xo.

If Y] < Yz and X3 < X1, then A%t = BY1 0% < B3 0% = A% < A%
which is absurd. Thus, Y3 < Y7 or X7 < X3.

Consider the case where Y3 < Y7 (< Y3) and X3 < Xj. Observe that the
equation AX' — CY'" = BZ has three solutions (X',Y”, 2") = (X,, Z,,Y;)
with r € {3, 1,2} satisfying Y3 < Y7 < Y3. Then Proposition 6.1 (ii) yields

ged(X1, Z1)| X112y — XoZ1| > B Y3,
On the other hand,
AXs _ BYs — 023 — CZB—ZI (AX1 _ BYl).
Since X3 < X1, we reduce this relation modulo A*? to see that
C%=21BYi=Ys =1 mod AX3.
This gives that C%3=21BY1=Ys > AXs > 0% 50 that
BN Y 5 071,
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These inequalities together yield
(6.23) ged(X1, Z1) | X122 — XoZ1| > C21,

Consider the case where Y3 < Y] (< Ys) and X7 < X3 < Xa. Since the
equation CX' + BY' = A7 has three solutions (X',Y’, 2') = (Z,,Y;, X,
with r € {1, 3,2} satisfying X; < X3 < X, Proposition 6.1 (ii) yields

ng(Zg, Yg) ‘Z3Y2 — ZQY3| > AXS*Xl.
On the other hand, reducing the relation B3 +C% = AXs = AXs=X1(BY1
C%1) modulo C?! yields AXs=X1BY1=Y3 = 1 (mod C#!), in particular,
AXs=XipYi-Ys o 21

Since Zy ged (X1, Z1) | X1 — Xo| > BY173 as seen in the previous case, these
inequalities together yield
(6.24) gcd(Yg, Z3) |}/2Z3 - Y3Z2| . ZQ ng(Xl, Zl) |X1 — X2| > CZl.

Consider the case where Y7 < Y3 < Y5 and X; < X3 < Xo. Reducing

equation BYs + C% = AXs=X1(BY1 4 C%1) modulo C%! yields AX3—%1 =
BY>~Y1 (mod C?), in particular,

max{AXs™X1 BYsTNY 5 07,

Suppose that AX3=X1 > CZ1. Since the equation CX' + BY' = A% has
three solutions (X', YY", Z") = (Z,,Y,, X,.) with r € {1, 3,2} satisfying X; <
X3 < Xo, Proposition 6.1 (ii) yields

(6.25) ged(Zs, Ys) | Z3Ys — ZoYs| > A% > 071,
Suppose that BYs~Y1 > (%1, Since Y; < Yi, and the equation AX —

CY' = B?' has three solutions (X', Y, Z') = (X, Z,,Y,) with r € {1,3,2}
satisfying Y7 < Y3 < Y3, Proposition 6.1 (ii) yields

(6.26) ged(Xs, Z3) | X3Zo — XoZ3| > B3~ 11 > 041,

To sum up, assertion (ii) follows from the combination of inequalities
(6.20), (6.23), (6.24), (6.25) and (6.26), and the symmetry of indices 1 and
2. O

7. APPLICATIONS

Here we give three applications of Proposition 6.1 to equation (1.3) having
three solutions. For this we prepare some notation.

Based upon (5.2), let (i,j,k) and (I,m,n) be permutations of {1,2,3}
such that

T STj S Tk, Y S Ym S Yne

To ensure the uniqueness of these, we assume that 7 < jifz; = z;, and j <k
if z; = xp, and that [ < m if y; = yp,, and m < n if y,, = y,. Also, define
non-negative integers d., d;, d, and positive integers gs, gz, g, as follows:

dy = 29 — 21, dy = xj — T4, dy = Ym — y,

92 = ged(22,92),  gx = ged(y;, 25), gy = ged(Tm, 2m).
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Lemma 7.1. Suppose that d, > 0 with ¢** =2 (mod 4). Then

N2 N2 1
c< min{Qo‘“_Z2 (92 ) ) (92 ) ) o8¢ tap 22} %) Ha,l,mz(c)
92 g2 log(c—1)

with go" = ged(c, g2).

Proof. Note that (3, 21) = (1,1). We apply Proposition 6.1 (i) for (A, B,C; \) =
» 0,6 ry Xy Ly ) = \Tr,y Yr, 2r i y Ly

(a,b,¢;1) and (X, Y, Zy) = (2, yr, 2r) with r € {1,2,3}. Then

71 c n2  T2Y3 — 96392,

(7.1) | (92) B

logc

(7.2) ) tap 22+ [T2ys — T3y2l.

log(ec—1
By (5.7), it is easy to see that the assertion for the second part in min follows
from (7.1), and the third one follows from (7.2). It remains to consider the
first part.

Since 2 || ¢, and go is odd (cf. Lemma 8.2 (1)), we use divisibility relation
(7.1) to see that (cg2/2)/(g2')? is an odd positive divisor of zoys — z3yo.
Thus

T2Ys — T3Y2
N (v )
|z2y3 — 312
= log 2 log < (092/2)/(92’)2>

logc 1 (92')?
=1- 1 : - .
log 2 + log 2 og( 7 |z2ys — x3y2|

Since zo < a + vo(z2ys — x3y2) by (5.5) for t = 2, it follows that

logc 1 )’
& <—z+a+1+ log (g2) |w2ys — w3y2| |-
log 2 log 2 g2

This together with (5.7) implies the remaining assertion. O
Lemma 7.2. Suppose that d, > 0 with ¢** =0 (mod 4). Then

N2 1 1 2
= < mind 90821 (92) o aloge ozl logte
g2 " log(xe®* —1) " z1 ) (loga)logb

with go' = ged(c®, go), where x =2 if z1 > 1, and x = 1 if z, = 1.

Proof. The proof proceeds along similar lines to that of Lemma 7.1. We
apply Proposition 6.1 (ii) for (A, B,C;\) = (a,b,¢;1) and (X,,Y;, Z,) =
(Ty, Yr, zr) with 7 € {1,2,3}. Then
(73) o2 | (92/)2 . T2Yy3 — $3y2’

92
z1loge 29

) “tap o |z2ys — x3y2].

4 moa o CLO8C
(7:4) ¢ < log(xc®r — 1

By (5.7), the assertion for the second part in min follows from (7.4). It
remains to consider the first part.
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Since 28 || ¢, and go is odd as 4 | ¢*1, we use (7.3) to see that (c/2%)2 %1 gy /(go')?
is an odd positive divisor of xoys — x3ys. Thus

B L2Y3 — X3Y2

<

L |T2y3 — x3ys|
log2 *\ (¢/29)2 7142/ (02')?
2
log ¢ 10g((g;2) “|z2ys — $3y2|)
log 2 log 2 '
Since Bzo < v+ va(x2ys — x3y2) by (5.5) for t = 2, it follows that

= B(22 — 21) — (22 — 21)

log 1 (92')?
- <a— 1 : - :
(22 — 21) loga =@ Bz1 + oz 2 og< o |22ys — 23Y2]
This together with (5.7) implies the remaining assertion. O

Lemma 7.3. Suppose that d, > 0. Then

N2
| o (g loge oge
o . g < .
(i) “ gz logb KALES log b K
with g, = ged(a%, g, ). Moreover, if g, > 1, then
N2

.. da (92") ) loga o
(i) a’ < 91 Togh Tj2k;
() do Jx 2 10g2a + ( +d, +d 2)
iii a®® . tpe (x; 2k

gz — 1 log(a — 1) logb be "\ T Re T B ) 2k

Note that Lemma 7.3 holds with (b,y,l,m,n) instead of (a,x,1,j, k) by
symmetry of a and b.

Proof of Lemma 7.3. Apply Proposition 6.1 (ii) for (A, B,C;\) = (¢, b,a; —1)
and (XT’Y;H ZT‘) = (Ztayt)xt) with (Tv t) € {(171)7 (27])5 (37k)} Then

. Yizk — YkZj
75 ax] x; gl2_ J J‘
(1.5 (g BP0
Moreover, if g, > 1, then
o loga Gz €T
7.6 Tt < . ctp 2 ez — ezl
(7.6) a log(a —1) go—1 be 2 lYj2k — Yrzjl
From (5.3) for ¢t € {j,k},
1
lyjze — ykz| < max{yjzr, ypzi} < % 22k

Since a®i ™% < (5';”—;)2 “|yjzi — yrz;| by (7.5), the above inequality yields (i).
Suppose that g, > 1. By Lemma 6.4 for (A, B,C) = (¢,b,a) and (X,Y, Z) =
(2, Y5, %;),
gz loga O loga
X,  Zj
gr—11ogh ™ ™ T g, —11loge

Y; < Zj.
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. logc
Since yi < Tog b 2k We have
g. loga

gz — 1logh ALY

Y2k — yrzg] < max{y;ze, yrz;} <

This together with (7.5) yields (ii). Similarly, (iii) follows from (7.6) and

the inequality $j2/l‘i <zj+d, + d,>. O
8. RESTRICTIONS ON COMMON DIVISORS AMONG SOLUTIONS

The following is a well-known conjecture as a generalization of Fermat’s
last theorem, known as the generalized Fermat conjecture.

Conjecture 1. Let p,q and r be any positive integers satisfying 1/p+1/q+
1/r < 1. Then all solutions (X,Y,Z) with XY Z # 0 and ged(X,Y) =1 of

the Diophantine equation
(8.1) XP4yl=_7"
come from the following ten identities:
1P+28=3% 72425 =3% 132473 =2,
173 4+ 27 =712, 11% 4 3° = 1222, 15490342 + 33% = 156133,
962223 + 43°% = 300429072, 22134592 4 14143 = 657,
153122832 4 92623 = 1137, 762713 + 177 = 210639282,

The following is just a collection, needed for our purpose, from the existing
results on Conjecture 1 (cf. [BeChDaYal, [BeMiSi|, [Co, Ch.14]).

Lemma 8.1. Conjecture 1 is true for any (p,q,r) in the following table:

(p,q,r) reference(s)
(N,N,N), N>3 [Wi], [TaWi]
(N,N,2), N >4 [DarMe], [Po]
(N,N,3), N>3 [DarMe], [Po]
(2,4,N), N >4 [El], [BeEINg], [Br]
(2,N,4), N >4 [BeSk], [Br]
(2,N,6), N >3 [BeChDaYa], [Br]
(2,6,N), N >3 [BeCh], [Br]

(3,3,N), 3< N <10° [Kr], [Br2], [Da], [DaSik2]
(2,3,N), N € {7,8,9,10,15} | [PoShSt], [Br], [Zu], [Sik], [SikSt]
(3,4,5) [SikSt]
(5,5,7),(7,7,5) [DaSik]
(5,5,N), N>2, 5| Z [DaSik]

The result of [DaSik] in the last line of the above table indicates that
equation (8.1) with (p,q,r) = (5,5, N) and N > 2 has no solutions satisfying
5| 7.

As almost direct consequences of Lemma 8.1, together with Lemma 5.3,
we can show the following lemmas which are useful to restrict the values of
92,9, and g, appearing in the previous section.
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Lemma 8.2. The following hold.
(i) If 2| go, then (B, 21,22) = (1,1,1).
(i1) If 3| ga, then zo < 2.
(i) If 5 | g2, then 5t c or zo = 1.
(iv) Suppose that 2| za. Then go € {1,3}. Moreover, go =1 if zo > 2.
(v) If 3 | z2, then g2 = 1.
Lemma 8.3. The following hold.
(i) If 3| g» and x; < 10°, then x; < 2.
(ii) If 4| g or 6| gz, then z; = 1.
(iii) If 5| 9o, then 5t a or x; = 1.
(iv) Suppose that 2 | xj. Then g, € {1,3}. Moreover, if 4 | x;, then
gz = 1.
(v) If 3| z;, then g, < 2.
Note that Lemma 8.3 holds with (b,y,[,m,n) instead of (a,z,1,j, k) by
symmetry of a and b.

9. DIOPHANTINE EQUATION A% + BY = AX + BY

Let A and B be coprime integers greater than 1. Here we study the
following purely exponential equation:
(9.1) A* + BY = AX + BY,

where z,y, X,Y are unknown positive integers with x # X and y # Y. It
is easy to see that x < X if and only if y > Y.
Below, we give two results on equation (9.1).

Lemma 9.1. Let (z,y,X,Y) be a solution of equation (9.1) with v < X
and y > Y. Then the following hold.

(i) BY | (AY" —1), A" [(BV" —1).
(i) /X +Y/y <1.

(iii) If A> B > 2, theny > X and y > 4.

Proof. (i) The assertions readily follow from the equation
(9.2) AT(AXT 1) =BY(BY Y —1)
with ged(A, B) = 1.

(ii) From (i), A® < BY™Y and BY < AX~ that is, Iy < ﬁii < X;"”,
so that % <(1-%)1- %) This yields the assertion.

(iii) We follow an argument in [Lu, p. 213] to see that if y < X then

AT BY T < AN - BY < AN - BV = A" - BY < A" < AN
This contradiction shows that y > X.

Suppose that y < 3. Then (X,z,y) = (2,1,3) as y > X > x. Thus,
Y = 1 by (ii), so that A + B3 = A2 + B. This yields an integral point
(X,Y) = (B, A) of the elliptic curve Y? — Y = &3 — X. However, none of
those points gives a proper pair (A, B) with A > B > 2. Thus,y >4. O

Lemma 9.2. Let (z,y,X,Y) be a solution of equation (9.1) with x < X
and y > Y. Suppose that X —x = 1. Then A > B, and the following hold.
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(i) A= —2zB?» —BY +1 (mod B¥). In particular, A > B> —zB?Y —
BY +1.
(ii) Assume that B > 2. Then one of the following cases holds.
(ii-1) y > 3Y — 1) X, and
A B3 +1B® — BY +1, ifBis odd,
- %B?’Y - BY +1, if B is even.
(ii-2) It holds that
A=rB® —BY +1, z>BY —r,
where r is some positive integer satisfying r = —x (mod BY)
with r < | BY /2].
In particular, case (ii-1) holds if x < BY /2.
Proof. First, under the assumption that (X — ) | x, we show the following
congruence:
(9.3) AX"*=_BY 11 mod B¥.
By Lemma 9.1 (i), AX~% = 1+ KBY with some K € N. Substituting this
into (9.2) yields
A® K =Bv"Y -1
Suppose that (X — ) | . Then A = 1 (mod BY). We reduce the last
displayed equality modulo B™™¥=Y:Y} o see that

K =-1 mod Bmin{y—Y.Y}

Thus, for obtaining (9.3), it suffices to show that y > 2Y. Since X < 2z,
this inequality follows from Lemma 9.1 (ii). In what follows, suppose that
X—-—x=1.

(i) By congruence (9.3), A = LB?Y — BY + 1 with some L € N. Substi-
tuting this into (9.2) yields

(LB = BY + 1)"(LBY —1) = B — 1.
Observe that
(LB — BY + 1)*(LBY —1) = (—2B" +1)(LBY = 1) mod B
=(x+L)BY —1 mod B?.

We reduce the previous equality modulo B?Y to see that (z+L)BY = BY~Y
(mod B?Y), so that

z+L=DB"% modB".
It suffices to show that y > 3Y. This follows from the inequalities A >
BY —BY +1>B*"! and A < A* < BY~Y,

(ii) Set r be the integer satisfying » = z (mod BY) with |r| < |BY /2].
By (i), A = (I'BY —r)B?Y — BY + 1 with some T € Z. It is clear that
TBY —r > 1. f T <0, then —r > 1 -TBY > 1+ BY > |BY /2|,
which is absurd. If T = 0, then A = —rB? — BY + 1 with » < 0, and
x> BY —r(> BY/2) since x =7 (mod BY), so case (ii-2) holds.

Finally, suppose that 7> 0. Then A > B3 —rB?Y — BY 4 1. This
together with r < | BY /2| easily gives the asserted lower bounds for A in
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case (ii-1). Also, from those observe that A > (1/k) - B3Y, where k = 2 if
24 B, and k =64/31 if 2 | B with B > 2. On the other hand,

1-—1
BY =A% —4 > AX . (1-
— iy
Since B/k > 4/3 as B > 2, these inequalities together show that
log A x log(1—4)
log B log B
Thus, case (ii-1) holds. O

).

o[

o, I
> (3Y — 25) X — B2 > 3y — 1)X.

In the forthcoming two sections, we apply results in Sections 6, 7, 8
and 9 to find all possible values of a,b, ¢ (together with those of «, 3) and
r1,Y1,21,T2,Y2, z2. More precisely, in the next section, we sieve all those
remaining cases with z; = z9 by using the system formed of the first two
equations, that is,

1 b1 = o~
(9.4) {a T =,

a®? + b2 = c*2.

For these purposes, we prepare several notation and give a few remarks as
follows. In each of any forthcoming situations, let M, M;, M. denote any
uniform upper bound for a, b, ¢, respectively. Then any computer program
used for sieving depends on the sizes of these numbers, and it proceeds
faster for smaller values of them. Thus, throughout those programs, we
always replace M., My, M. by any smaller ones whenever those are found.
The details on the iterations coming from these are omitted in most cases
in the text. The situation is similar for the lower bounds for a,b and c. In
what follows, in each of the situations, let ag, by, cg denote any uniform lower
bound for a, b, ¢, respectively. These numbers may be chosen appropriately
according to each case together with (x), (5.1) and Lemma 5.3. For example,
in any case with a > b, we may choose those numbers as follows:

ap = max{1000,2% + 1,3 - 2% + 1}, ¢y = 3- 27, if @ > max{b, c},
ap = max{11,2% + 1}, cg = max{1000,3 - 2°,2® + 2}, if ¢ >a > b,

with by = 2% — 1.

To treat system (9.4), it is very efficient to rely upon the existing results
on ternary Diophantine equations, which are summarized in Lemma 8.1.
Indeed, those results restrict the divisibility properties of the exponential
unknowns (as already seen in Lemmas 8.2 and 8.3), and reduce considerably
the computation time for showing results. However, we often omit the details
on those applications for simplicity of the presentation.

10. CASE WHERE 2] = 29
Here we examine the case of z; = z2, where system (9.4) is

(10.1) a® + oY = a®? + Y2 = 1.
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Without loss of generality, we may assume that x7y < xo and y; > yo.
Applying Lemma 9.1 for (A, B) = (a,b) and (z,y, X,Y) = (x1,y1,%2,y2)
gives

@ (P~ 1), B | (@D - 1);

max{ze, y1} >4 21/v2 +y2/y1 < 1;

y1 > x2, 1 <Dy, ifa>0b;

T2 > Y1, y2<DLE7 ifb>a7

(10.2)

where D, := 29 — 21, Dy := y1 —y2. Also, recall from Lemma 5.2 that either
(B,21) = (1,1) or 21 = /P if one of dy,dy, D, Dy is odd. In case (}) with
¢ < max{a, b}, we have z1 = o/ as z; > 1. We often use these conditions
implicitly below.

Let us begin with the following lemma.

Lemma 10.1. Ifd, =0, then

12 log c

s 21/4'
log min{a, b}

21%23, min{a,b} < ¢

Proof. Suppose that z; = zo. The second inequality immediately follows
from system (10.1) with max{xs,y1} > 4 by (10.2). Apply Proposition 6.2
with (A4, B,C) = (a,b,¢) and (X;,Y;, Z;) = (X, Yr, 2,) for r = 1,2,3. Then

622/2
< ax { |z320 — me23|, |ysze — yezs| }
z9 te{1,2
< max {ngZz, T123, Y322, Y123}
te{1,2}
< log c, logc log c logc log c
max , 223, 23729, z ———2923.
te{1,2} loga 2 loga =3 log b 72 log b 1% logmln{a b} 253
These together show the first asserted inequality as zo = 27. ]

Using this lemma, we first deal with the case where ¢ > max{a, b}.
Proposition 10.1. If ¢ > max{a, b}, then d, > 0.

Proof. It suffices to consider the case where a > b. Suppose on the contrary
that ¢ > a > b and 21 = 23. Since %Ogczg < H(c;a,c) < H(e) by (5.6),
Lemma 10.1 yields

(10.3) A< M g oss (0).

log 3

We use this inequality to find all possible values of the letters in system
(10.1), and we sieve them as follows.
By (5.1),

log(M./3) log Miin{a,b}
. < |z < < i
(10-4) s { log 2 » 2sas log 2
Also, from (5.4),

(105) B =z1=1 or ’7%—‘ <z < ul(avﬂa %aGOabOaMm 1)
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First, let us find a smaller upper bound for ¢. Since ¢'/2 < 021/2/z12,
inequality (10.3) yields
c? < max{H, | 1zs(c), H,1(c)}.

i log 3
This implies that ¢ < 1.4-10'3. Thus we set M, and M pninap as this upper
bound.

Next, for each of the values of 5, and z; satisfying (10.4) and (10.5), we
use inequality (10.3) to find an upper bound for ¢, say ¢,. At the same time,
an upper bound for b (= min{a, b}) is found, say b,, by the second inequality
of Lemma 10.1, that is, b, := |¢,*/%]. Let LIST be the list composed of all
possible tuples (8, a, 21, by, ¢y,).

Third, for each tuple in LIST, we find all possible values of b, y1, 42, a, x2
and z1 in turn by using the following relations:

1
b<by, 4<y1 < 8%, y2 <y1—1, a<ay, al (b7 = 1),
logb
1
1< xo Smin{{logcu zlJ J Y1 — 1}, x1 < min{za, Dy}.
oga

Finally, for each of the found tuples (a, b, x1, y1, 22, y2), we check whether
the system (10.1) holds or not, as well as the divisibility in (10.2). As it turns
result, the only remaining tuple is (a, b, x1,y1, 2, y2) = (13,3,1,7,3,1) with
¢ = 2200, where a short modular arithmetic argument shows that there is no
other triple (x,y, ) satisfying 13%+3Y = 2200%. The proof is completed. [

Remark 2. The information on 8 and z1 can be also used to check whether
system (10.1) holds or not.

In what follows, we keep the notation in the proof of Proposition 10.1 and
set mg = igég uniformly. Also, inequalities (10.4) and (10.5) are implicitly
used.

For dealing with the case where ¢ < max{a, b}, we show two lemmas.

Lemma 10.2. Ifd, =0, then d, > 0 and d, > 0.

Proof. By symmetry of a and b, it suffices to show that d, > 0. Suppose on
the contrary that z; = 22 and x; = z; (< @1). Then {4, j} > 3. Let (,J) be
the permutation of {i,j} such that J = 3. Note that {I,k} = {1,2},z; =
zr =2z and r7 = x5 = x3.

Since 27 = 2z and z; = x; < @y, it follows that y, < yr. Also, observe
that ¢®f —bYT = a®1 = %7 = c*7 —b¥%7 and z; = z1 < z3 = z5. Thus, y; < y;.
To sum up, yr < yr <y, so that dy = yr — yr, > 0 with g, = ged(z1, 21).
Now Lemma 7.3 (i) with the base b gives

log ¢ log ¢
bdy 2. = . . .
< Gy log a ZIZ] = Gy 21 log a 23
By (5.6),
(10.6) by < Gy - 21 - H(c; b, c).

Similarly to the use of (10.3), we use inequality (10.6) to find all possible
values of the letters in system (10.1), and we sieve them. We distinguish
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two cases according to whether a > max{b,c} or b > max{a,c}. Note that
the conditions in (10.2) correspond to

a® | (b% — 1), 9 | (aP= - 1),

yr >z, if a > b,

max{zy,yr} > 4, { xr/xe +yr/yr < 1

x> yr, ifb> a,
with D, = z;, — x7.
Case where a > max{b, c}.

Since a®’ < b% and g, < zy, we see from (10.6) that a < a® /z; <
bdv /g, < z21H(c;b,c) < z1H(a), so that

(10.7) a < z1H(a).
Also, since ¢ < a < bd/*1,
(10.8) b < gy, - 21 - dy/ar - H(OW/ b, D).

First, we use inequality (10.7) with 8 = 1 to find that a < 2.3-107. Thus
we set M, := 2.3 -107. Note that

log M
rr < z1— 2, 1‘[<dy<\‘0g CZIJ-

log by

Next, for each of possible tuples (3, «, 21,27, d,), we use inequality (10.8)
to find an upper bound for b, say b,, thereby an upper bound for a is also
obtained, say a,,, from the divisibility relation a®’ | (b% — 1). At the same
time, we find an upper bound for ¢ and another upper bound for b, say
cu, by, respectively, by using the following inequalities from Lemma 10.1:

A% < 212 H(c ay,c), b< cu4.

Third, for each of the found tuples (8, a, z1,zr, dy, @y, min{by, b,'}, c,), we
find all possible values of b, a,yr, yx and xj in turn by using the following
relations:

I
b < min{by, by}, a <ay, @ | (6% 1), d, <y < { o zlJ ,
og

1
Y =yr —dy, x5 <) < min{ { 08 Cu Z1J yYr — 1}-
loga
Finally, we verify that system (10.1) does not hold for any found tuple
(CL, ba Z1,Y1,22, yQ)
Case where b > max{a,c}.

In case (1), we have z; = a/f, and yp, < yr < zr =21 < a < % <3.
Thus, if dy, = 1, by Lemma 9.2, we can use the following relations:

_ 2 3
b=—ya”’ —a® +1 mod a’*’,

b> %ahf + %al“ —a" 4+ 1, x> 3z —1)y;.
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Since ¢ < b, inequality (10.6) yields
(10.9) bl < ged(xg, 21) - 21 - H(b).
First, we use the inequality b < z12-H(b) with 8 = 1 to see that b < 3.1-10°,
and set M, := 3.1-105. Note that

log M.
log ag

x1<xk—2<L zlJ—2, dy <z — 2.
Next, for each possible tuple (5, c, 21,21,dy), we use inequality (10.9) to
find an upper bound for b, say b,. Similarly to the previous case, we use
the inequalities a < b,®/?1, /2 < 212 H(c;by,¢) and a < /4, to find
upper bounds for a and ¢, say ay, ¢y, respectively. Finally, we verify that
system (10.1) does not hold for any possible tuples (a, b, 1, y1, 2, y2) coming
from all possible tuples (5, o, 21, 1, dy, ay, by, ¢,,) found similarly to the case
where a > max{b, c}.

To sum up, the lemma is proved by Proposition 10.1. (]

Lemma 10.3. Suppose that d, = 0. Then

k=3, ifa>max{b,c};
n=3, ifb>max{a,c}.

Proof. By symmetry of a and b, it suffices to consider the case where a > b.
Suppose on the contrary that a > max{b,c} and k # 3. Then {i,5} > 3. Let
(I,J) be the permutation of {4, j} such that J = 3. Note that {I,k} = {1,2}
and z;y = 2z = z1. Further, we know that d, > 0 by Lemma 10.2.

We claim that

(I+¢)loga

(10.10) 23 <Us:= max{(l +e)z1 + log ¢

~dy + 1, 2531 log b}
with € = 250. First, suppose that a(!1*9)%7 > p¥7 Then ¢*/ = a®7 + b¥/ <
2411927 g0 that

(14+¢)loga .

zg<1l+
logc
Since xy = x; — (x7 —xy) and 2} < llggg z1, it follows that
14+¢)loga
z3 < 1+(1+5)Z1+M|$1—$J!-
logc
Next, suppose that a(17€)%7 < p¥7 . From J-th equation,
c? al 1
wr o S e

Put A\ :=zyloge —yslogh (> 0). We find that

€
log\ < — log b.
ogA < —q——yslog
On the other hand, from [La, Corollary 2;(m, Cs2) = (10, 25.2)],

2 YJ 2
log A > —25.2 logb log ¢ (max{log(ﬁ + 17) + 0.38, 10}) .
og ogc
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These inequalities together yield

2
YT <952 (1+1/e) (max{ log( YJ
log ¢

2
log c '

+ 1) 40.38, 10})

This implies that y;/loge < 2520 (1 + 1/¢). Inequality (10.10) for this case
follows from the fact that A is small.

Secondly, in several cases according to the value of g,, we apply Lemma
7.3 together with inequality (10.10) to find all possible values of the letters
in (10.1) and sieve them. We proceed basically along similar lines to the
proof of the previous lemma.

Case where g, = 1.

Lemma 7.3 (i) gives

1
a’ < % zjzp < U, a% < 2H(a).

where Us' = max{ (ngo)gégogc + (1T§g)}1)2ga -dy +logc, 2523 log c}. The second

inequality above gives a smaller bound for a, that is, we can set M, :=
2.7- 10" and also that d, < 2. For each possible tuple (8, a, d, z1), we use
the first inequality above to find an upper bound for a, say a,. Also, upper
bounds for ¢ and b, say c,, by, respectively, are found by using the following
inequalities from Lemma 10.1:

A< 22Uy, b < e

Finally, we check that system (10.1) does not hold for any tuple (a, b, z1, y1, z2, y2)
coming from all possible tuples (3, «, 21, Gy, by, ¢y).

Case where g, € {2,5}.

log ¢
loga

Since ged(gl,a) = 1 by Lemma 8.3 (iii), and z; < z < 2, Lemma

7.3 (ii) gives

log a log C 10g a

dg 2 2

T . 2 < —— - 2 21°.
log b x'] K log b K !

log by '
It turns out that there is no quadruple (8, «a,d,,21) satisfying the above
inequalities.

Case where g, = 3.

Since 2 < z; < min{zj, 2z} < 29, it follows from Lemmas 5.3 and 8.3 (i)
that z; = 2. Thus, z; = 1,d, = 1, so that Lemma 7.3 (ii) gives

32 loga 5 _ 9loga

a<3—1'logb‘ R log bg e

It turns out that there is no triple (3, «, z1) satisfying the above inequal-
ities.

Case where g, ¢ {1,2,3,5}.
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Note that g, > 7 as 41 g, and 6 { g, by Lemma 8.3 (ii). Lemma 7.3 (iii)
gives
. _ (7/6)*log”a
log(a — 1) logb .
- (49/36)loga log a ‘
log(a —1)  logmax{bg,co}

lpe - (ZL']' +dy + dx2) 2k

(21 = 1+ dy + d,”) 21

It turns out that there is no quadruple (3, a,d,, z1) satisfying the above
inequalities. U

Proposition 10.2. If ¢ < max{a,b}, then d, > 0.

Proof. 1t suffices to consider the case where a > b. Suppose on the contrary
that a > max{b,c} and z; = 2. Then k = 3 and d;, = z2 — x1 > 0 by
the combination of Lemmas 10.2 and 10.3. Since the argument is almost
similar to that of Lemma 10.3, we omit the details in the following. The
main difference is that U3 is replaced by H(c; a,b) from (5.6).

Case where g, € {1,2,5}.
Lemma 7.3 (i) together with Lemma 8.3 (iii) gives

log ¢

d

a® < —— - 2123 < 21 H(c; a, c).

IOg b 1<3 1 ( ) )

Note that a% < z1H(a) and this implies small upper bounds for a and d,.
The remaining part is handled almost similarly to the proof of the previous
lemma. However, remark that we can efficiently use the additional condition

that D, = d, and ged(y2, 21) € {1,2,5} in checking system (10.1).

Case where g, = 3.

This case is also handled almost similarly to the previous lemma, in par-
ticular, d, = 1, and it is easy to verify that Lemma 9.2 can be used, so
that the additional condition that a = —21b%2 — b2 + 1 (mod b%¥2) and
y1 > (3y2 — 1)z can be efficiently used.

Case where g, ¢ {1,2,3,5}.

First, Lemma 7.3 (i) gives
1
da < % . 2122’3 < 2127{(&).
This implies small upper bounds for a and d,. Next, together with g, > 7,
Lemma 7.3 (iii) implies

4 1
ol < 9 (ogc

21 +dy + d$2> H(c;a,a).

36 loga
The remaining part is handled similarly to the previous lemma, where the
additional condition ged(ys, 2z1) > 7 is efficiently used. O

In view of Propositions 10.1 and 10.2, the conclusion of this section is:

Proposition 10.3. z; # z.
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The total computation time for this proposition was about 5 minutes.

By Proposition 10.3, it remains to consider the case where z; < z3, where
the initial upper bound for max{a, b, c} in (*) can be replaced by 5- 102" by
[HuLe2, Lemma 4.7].

11. CASE WHERE 21 < 22 WITH ¢ > max{a,b}: FINDING BOUNDS

The aim of this section is to provide a list of all possible values or upper
bounds of some letters in system (9.4) satisfying z; < z9 with ¢ > max{a, b}.
We distinguish two cases according to whether ¢*' is divisible by 4 or not.

Let us begin with the following lemma to give an upper bound for go in
terms of zs.

1
Lemma 11.1. g5 < mz;

Proof. From 2nd equation, min{xzs, y2} < lognll(;% 29. On the other hand,
g2 | min{xy,y2} by the definition of go. These relations together readily
yield the assertion. O

In what follows, for any numbers Pi, Ps,..., P, and Q1,Q2,...,Qk, the
notation [Py, P, ..., Py] < [Q1,Q2, ..., Q] means that P; < Q; for any 1.

Proposition 11.1. Suppose that
d, >0, ¢ =2 mod4.
Then 8 =1,z1 = 1,¢ > max{a, b}, and the following hold.
(i) Suppose that go = 1. Then
a <17, z <18, e¢<1.1-10°.
More exactly, one of the following cases holds.
e <14, ¢c<79-10°, (x1,y1) = (1,1), min{a,b} < 7;
o [, 2] <[17,18], ¢ < 1.1-10%, (21,%1) = (1,1), min{a,b} > T;
e <14, ¢<79-10% (x1,y1) # (1,1), min{a,b} < 7;
® [OZ,ZQ] < [97 14]7 c<ll- 1067 (331>y1) 7& (17 1)a min{aa b} > 7.
(ii) Suppose that go > 1. Then
a<22, 2<23 c¢<19-10".
More exactly, one of the following cases holds.
b (aaZZ) = (272)’ c< 521067 g2 = 35 (‘Tlayl) 75 (]-a 1)7 min{a’a b} >
7;
e =2, ¢c<87-10°, go =3, (z1,y1) # (1,1), min{a,b} < T7;
e 2o =11, ¢ <1600, go =5, min{a,b} <7;

e [a, 2] <[13,13], ¢ < 1.6:10%, go = 5, (z1,%1) = (1,1), min{a,b} >

7

o [a, z9] < [5,11], ¢ <4500, g2 =5, (z1,y1) # (1,1), min{a,b} >
7;

e <13, c<1.5-10%, go =7, min{a,b} < 7;

o [a, 2] <[19,19], ¢ < 5105, go =7, (w1,91) = (1,1), min{a,b} >
7;
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i [04,22] < [117 17]7 c< 5'1067 g2 = 77 (:Elayl) 75 (17 1)) min{a,b} >
7;

e 2 =>5, c<1.5-10% g > 11, min{a,b} < 7;

o [a, 2] <[22,23], ¢ < 1.9:107, go > 11, (w1,y1) = (1,1), min{a,b} >
7;

o [a, 2] <[11,19], ¢ < 1.2:107, go > 11, (x1,y1) # (1,1), min{a,b} >
7.

Proof. Here we just indicate how we find a list of all possible pairs («, 22)
with the corresponding upper bound for ¢. It suffices to consider the case
where a > b.

From ¢ = a®' + b¥* by 1st equation, observe that ¢ > max{1000,2%"1 +
2% — 2}, and

a = max{a, b} > C/2 + 27 if (£U1,y1) = (17 1);
e> (2% =1)2+ (204 1) =22 — 29 42 if (x1,91) # (1,1).

This affects the choice of the values of ag and c¢g. By Lemma 7.1,

N2 N2 T1
(11.1)  e< min{2°‘+1z2 (92')” (92) o8c ) Zz} 29 Ho1,ms (€)

92 g2 " log(c—1

where g2’ = ged(c, g2), and

T — 1, ifb>7,
1})0;;0, if be {3,5 7}

Note that go is odd by Lemma 8.2 (i).

Similarly to Section 10, firstly setting M, = 5 - 10?7, we use inequality
(11.1) to find an upper bound for ¢ for each possible pair («,z9) satisfy-
ing (10.4) and a < 2z < Us(ar,1,m2, M, g2) by (5.4), where each of the
procedures is implemented in two versions according to whether b > 7 or
not, and to (x1,y1) = (1,1) or not. Moreover, we proceed in several cases
according to the value of go as explained below, where we only indicate the
specialization or relaxation of the inequality (11.1).

Case where go = 1.
Inequality (11.1) becomes
. _ Tz loge
c < mln{2a+1 Z27 1, ]_Og(Qc—gl)} %) Ha,ng (C)
Case where go > 1.

Lemma 8.2 (iv, v) tells us that ged(z2,6) = 1 if go > 3. Moreover, zo Z 0
(mod g2) by Lemma 8.1. We proceed in several subcases.

(i) Case where g =0 (mod 3).

Lemma 8.2 (ii, iv) tells us that go = 3,29 = 2, and so a = 2, (x1,y1) #
(1,1). Inequality (11.1) is

. 2T logc
c<?2 mln{?), l(pg(c—l)} -Hz,l,mz(c).
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(ii) Case where go = 5.
By Lemma 8.2 (iii), go' = 1, and also gecd(z2,7) = 1 by Lemma 8.1.
Inequality (11.1) is

C (20172 Tz loge
min ,
5 log(c—1)

} %) /}_[Ot,l,mz (C)

(iii) Case where g3 = T7.

Inequality (11.1) is used with go, g’ replaced by 7. Note that ged(z2,5) =
1.

(iv) Case where go > 7.
Note that g > 11. From Lemma 11.1, inequality (11.1) yields

} - 292 Ha1,ms(C).

By these observations, we find the finite list of all possible pairs («, 22)
with the corresponding upper bound for ¢, and those satisfy the stated
conditions. 0

20t1=221p0c loge  Tloge

¢< mm{ logag " logag’ log(c—1)

The following lemma is a supplement to Proposition 11.1 and helps to
reduce the computation time to sieve the given cases with (z1,y1) = (1,1)
(see Section 13.1.2).

Lemma 11.2. Under the hypothesis of Proposition 11.1, assume that min{a, b} >
7 and (z1,y1) = (1,1). Then min{xo,y2} < 7. Moreover, if min{xza,y2} > 4,
then the following holds.

11,  if min{xo,y2} =7,
19,  if min{zo,y2} = 6,
45,  if min{xo, Y2} = 5,
177, if min{zg, y2} = 4.

min{a, b} <

Proof. Since x9 < x3 or yo < ys3, one of the following cases holds.

(4,7,k) = (1,2,3), dy =29 — 21 > min{za, 92} — 1;

(I,m,n) =(1,2,3), dy =y2 —y1 > min{zo,y2} — 1.
Let us consider only the former case as the latter one is similarly handled.
From the assumption that min{zs,y2} > 4, we have d, > 3.

Similarly to Proposition 10.2, we apply Lemma 7.3 (iii) together with
Lemmas 5.3 and 8.3 to see that

i, _ 49 loga  (logM,

36 log(a—1) loga
Note that ms = 1 since min{a,b} > 7, and we can set M, := 5-10° by
Proposition 11.1. Finally, for each d, > 3, similarly to Proposition 11.1, we

use the above inequality to find an upper bound for a for each possible pair
(a, z2). The result implies the assertion. O

29+ dy + d12> H(M,;a,a).
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Proposition 11.2. Suppose that
d, >0, =0 mod4, c¢>max{a,b}.
Then the following hold.
(i) Suppose that go = 1. Then

(B, a, 2] <[10,18,19], d.=1, ¢<1.5-10°

More exactly, one of the following cases holds.
o [8,20] <[7,14], ¢ < 1.5-10% min{a,b} < 7.
e [B,a,2] <[10,18,19], ¢ < 1.1-10% min{a,b} > 7.
(ii) Suppose that g2 > 1. Then

(B, a, z0,d.] <[10,19,23,4], ¢ < 3.4-10°.

More exactly, one of the following cases holds.
e 3<7, ¢<5.5-10% min{a,b} <7, (22,21,92) = (2,1,3);
e [3,a] < [9,8], ¢ < 6.5-10% min{a,b} > 7, (22,21,92) =

[1,11], ¢ < 1600, min{a,b} =3, go = 5;
o] <[1,16,17], ¢ < 7.6 - 104, mln{a b}>7 g2 = 5;
<[1,13], ¢ < 1.5-10°, mln{a b} <7, go=T;

Q2 ] <[1,18,19], ¢ < 7.5-105, min{a,b} > 7, g2 =T;
<[2,13], ¢ <2.9-10% min{a,b} <7, go > 11.
<[2,19,23], ¢ < 3.4-10% min{a,b} > 7, go > 11.

Proof. Here we just indicate how we find a list of all possible triples (53, «, 22)

with the corresponding upper bound for ¢. It suffices to consider the case

where a > b. We proceed along similar lines to that of Proposition 11.1.
By Lemma 7.2,

2
(11.2) < min{2a5z1 (92) , Tloge 22}.22 H(e),
g2 log(c—1) z

where g2’ = ged(c ,92) and T is the same as in the proof of Proposition
11.1. Note that g2 is odd by Lemma 8.2 (i). We use inequality (11.2) to
find an upper bound for ¢ for each d, and for each triple (5, o, z2) satisfying
(10.4) and [a/B] < z1 < Ui(a, B, ma, ag, by, M, g2) with z9 = 21 + d, and
M, =5-10%", where each of the procedures is implemented in two versions
according to whether b > 7 or not. Moreover, we proceed in several cases
according to the value of g5 as indicated below.

2221

Case where go = 1.

Inequality (11.2) becomes

< minf v, Lloge_2

21 s me),

"log(c—1) 2z
Case where ga > 1.
From Lemma 11.1, inequality (11.2) yields

. [ loge . Tloge 1
11.3 d: 08C€ ga—pn 208 2 L 290(0).
(11.3) ¢ mm{ log ag log(c —1) = } 22 M)
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Note that ged(z2,6) = 1 if go > 3 and that z9 Z 0 (mod g2). We proceed in
several subcases.

(i) Case where g =0 (mod 3).

Since go = 3 and 29 = 2, it follows that z; = 1,d, = 1, so that inequality
(11.2) gives

4T'1
¢ < ming 62975, 2L 08C - H(c).
log(c —1)
(i) Case where d, > 2.

Note that go > 5 by a previous case. It turns out that there is no case
satisfying inequality (11.3).

(iii) Case where g3 =5,d, = 1.
Since go' = 1, inequality (11.2) is
C(207P5 Tloge 2
c< mm{ 5 Toglc— 1) 21} - 2o H(c)
with ged(z2,7) = 1.
(iv) Case where go = 7,d, = 1.

Inequality (11.2) is used with both go and gy’ replaced as 7 and with
ged(z2,5) = 1.

(v) Case where go > 7,d, = 1.

Inequality (11.3) is used with go > 11.

By these observations, we find a finite list of all possible tuples (d., 8, «, z2)
with the corresponding upper bound for ¢, and those satisfy the stated con-
ditions. O

12. CASE WHERE 2] < 22 WITH ¢ < max{a, b}: FINDING BOUNDS

The aim of this section is to provide a list of all possible values or upper
bounds of some letters in system (9.4) satisfying z; < 2z with ¢ < max{a, b}.
It suffices for us to do this when a > b. We proceed basically in two cases
according to whether d, = 0 or not.

We begin with a technical lemma that gives relatively small upper bounds
for d.,d, and d,. This helps to reduce the computation time for establishing
the forthcoming propositions.

Lemma 12.1. Suppose that d, > 0 and a > max{b,c}. Then d, < 7,d, <2
and d, < 10.

Proof. Observe that z; > 1 and g2 < 22 as a > ¢, in particular, ¢* =
0 (mod 4). First, Lemma 7.2 yields ¢® < min{279%1 1/2} - 22H(c).
Similarly to the previous sections, we use this inequality, for all possible
triples (3, o, z2), to restrict the values of ¢ and d,. The result gives the
asserted bound for d, and also ¢ < 5.2 - 10%. Second, we apply Lemma 7.3
similarly as in the proofs of Lemma 10.3 and Proposition 10.2. It reveals
that a® < 9/4 - (29 — 1 + d; + d,°) H(M,; a,a) with M. = 5.2-10°. For
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all possible triples (8, a, z2), we use this inequality to restrict the values of
a and d,, which gives the asserted bound for d,. Finally, using Lemma 7.3
with the base b, we find that

bl < (9/4)log?® b log ¢ <logc
log(b — 1) log*a \logb
9logb 9
—_ dy+d e by, Me).
<4log(b—1) (22+ y + dy )H(M M,)
It is easy to see that if d, > 10, then this inequality holds for no possible
triple (8, «, 22). O

29 +dy +dy2> z

Lemma 12.1 is implicitly used in the sequel.

Proposition 12.1. Suppose that
d, >0, a>max{bc}, d,>0.

Then k = 3, and the following hold.
(i) Suppose that g, = 1. Then

[B,a, 21, 20] <[6,18,18,21], a < 1.9-10°.

More exactly, one of the following cases holds.
o [3,21,29] <[1,14,17], a < 1.9-105, ¢ < 2.1-10°%, b < T;
o [B,a,21,2) <1[6,18,18,21], a < 1.1-10%, b > 7.
(ii) Suppose that g, > 1. Then

a<34-10% 29 <22.

More exactly, one of the following cases holds.
o [B,a, 21, 2] <[1,2,12,13], a < 3000, d, = 2.
L, 21, 29) < [4,17, 17,21], a<73-10° (g,dz) = (2,1).
,21,22) < [1,3,8], a < 4.2-105, ¢ < 2.1-10%, (gs,dy) =
1), b<T,;

o |
o |
(3,

o [B,a, 21, 20] <[7,17,17,21], a < 3.8-10%, ¢ < 1.7-10°, (g, d,) =
(3,1), b>T;

o [B,a, 21, 20] = [1,15,15,17], a < 4.9 -10%, ¢ < 400, (gz,d,) =
(5,1), b>T;

o [B,a, 21, 20] <[3,19,19,22], a < 3.4-105, ¢ < 6.7-10%, g, >
7, dy =1,

where zy = /B if dy = 1.

Proof. Here we just indicate how we find a list of all possible tuples (53, «, 21, 22)
with the corresponding upper bounds for @ and ¢. We proceed basically sim-
ilarly to the proofs of Propositions 11.1 and 11.2.

First, we use Lemma 7.2. Since a > ¢, 21 > 1 and g2 < 23, it follows that

T
(12.1) < min{QO‘_ﬁzl(zg —1), ;2} zo H(c),
1
where T =1ifb > 7Tand T = 1oé?§+b1) if b < 7. For each d, and for each possi-

ble tuple (8, a, 1) satistying (10.4) and [a/5] < 21 < Ui (e, B, M2, ag, by, M, 1)
with M, = 5-10%7, we use inequality (12.1) to find an upper bound for ¢, say



42 Takafumi MIYAZAKI & Istvan PINK

¢y, where each of the procedures is implemented in two versions according
to whether b > 7 or not.

Next, for each of the found tuples (d,, 8, a, 22, ¢,), we use an inequality
from Lemma 7.3 to find an upper bound for a, where the used inequality
depends on the size of ¢. For this we proceed in several cases according to
the value of g,. Below, we just indicate the used inequality from Lemma 7.3
with additional remarks.

Case where g, = 1,k = 3.
By Lemma 7.3 (i) with (5.6),

logc log ¢
dz < @ © 252k < m <2923 < ZZH(CU«;CL7C“)'

Case where g, = 1,k # 3.
By Lemma 7.3 (i), we have

log c

de u 2
a log by 297,

Case where g, > 1,k # 3.

Since z; <z, < 2 < 22, Lemma 7.3 yields

% log? a

a® <

(29 — 1+ dy + dy?) 2o.
log(a — 1) logmax{bg, co} (22 ot da®) 22

Case where g, > 1,k =3,d, > 2.

Since z; < llggg 29, Lemma 7.3 implies
9 [logc
a% < = g Y 20+ dy + dp? ) Hicy; a,a).
4 \ loga

Case where g, > 1,k =3,d, = 1.

By Lemma 5.2, z7 = «/f. Note that j € {1,2} and j-th equation is
a + Y = c* with both y;, z; divisible by g,. Then z; > max{g,,z; + 1}.
We proceed in several subcases.

(i) Case where g, = 2.

Note that 2 { z;, so ; > 3. Thus, z; > 4 and 2 | z;. From Lemma 8.1,
31 z;. Since g,/ =1, Lemma 7.3 (ii) yields
loga log ¢

< @ xjz3 < m - 2923 < 2o H(cy; a, cy).

(ii) Case where g, =0 (mod 3).
Note that (zj,z;) = (2,1),9, = 3 and z; is not divisible by any of
6,7,8,9,10 and 15. Lemma 7.3 yields that a < 9min{1, T} H(cy; a,a), where

. 1 logh -
T:11fb>7,andT:%b(;’%1fb§7.
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(iii) Case where g, = 5.

Since ged(xj,2-3-5-7) = 1, we have z; > 11, so that z; > 12. Since
g.' =1, Lemma 7.3 (ii) yields that a < fz0H(cu;a, cy).

(iv) Case where g ¢ {1,2,3,5}.
Note that g, > 7, and Lemma 7.3 (iii) implies that

49 1
a< — <min{ Ogcuzg,zz - 1} —|—2> H(cy; a,a).
36 oga

By these observations, we find a list of finitely many possible tuples
(ds, B, a, 22, ¢,,) with the corresponding upper bound for a, and those satisfy
the stated conditions. O

Proposition 12.2. Suppose that
d, >0, a>max{bc}, d,=0, k=3

Then
(B, a, 21, 2] < [4,16,16,18], c¢<1.1-10°, gy =1.

Proof. Since the method is similar to that employed to prove Proposition
12.1, we just indicate the inequality used to find an upper bound for ¢ or a
for each possible tuple (8, a, z1, 22). We distinguish two cases according to
whether go = 1 or not. Note that since ¢® + b¥2 = ¢*2 + b¥! we can apply
the restrictions from Lemmas 9.1 and 9.2.

Case where go = 1.

By Lemma 7.2,

T
= < mim{Qo“_'le7 22} -z H(c).
21
where T is the same as in inequality (12.1). This gives an upper bound for
¢, and the found tuples satisfy the stated conditions.

Case where go > 1.

By Lemma 8.2 (i, ii), we have gcd(ge,6) = 1, so that go > 5. Thus,
xj = w3 > g2 > 5. First, for each possible tuple (5, a, 21, 22), we can use
inequality (12.1) to find an upper bound for ¢, say ¢,. Next, for each of the
found tuples (8, «, 21, 22, ¢,,), we apply Proposition 6.3 (i) for (A, B,C) =
(¢,b,a) and (X,,Y,, Zy) = (2, yt, x¢) with (r,t) € {(1,4),(2,7),(3,k)}. Then
one of the following inequalities is found.

12.2 T < ;- ma — i),

( ) a x; tg{ll,};}{‘ztxg 231‘]‘}

12.3 /2 < g — |},

( ) a Lj té%%i}ﬂytx:a 3/337]\}
2

(12.4) a®il? < 2.

loga
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In cases (12.2) and (12.3), respectively, we see that

o
a" < zj- max {zws,23%;}
te{1,2}

log c
;- max <z - 23, 23T
= ety | loga TP P

< logc log c
Tj- 23+ MAX § —— 2, Tj ¢ = T - 23 - 29
=TS ey loga Y 175 Joga ¥

/2
a*i’? < x; - max {yx €T
j te{1,2}{y 3,Y3 g}

logc log c logc
< x; - max 2t - 23, 23+ T
I tef12y | logh loga logb J

log c log c log c log c
= ——23- MAX { —— 2, % 0 = Tj - —— 23 - Z
7 logb 5 te{1,2} | loga ©= 7 logh 3 loga

2.

These together with (12.4) and (5.6) imply one of the following inequalities:
a" Jx; < zaH(cw; S, cy); axj/z/xj < zmH(cw); a®/? < 2H(ey: S),

where S = a—2if b > 7and S = b if b < 7. Each of these inequalities
together with z; > 5 gives an upper bound for a, and the found tuples
satisfy the stated conditions. O

Proposition 12.3. Suppose that

d, >0, a>max{b,c}, d,=0, k+#3.
Then ys > max{y1,y2}, and

(B, a, 21, 2] < [7,19,21,23], a < 1.1-10%.

More exactly, one of the following cases holds.

(1) y1 < y2, do > 2, b% = %= (mod a™@ue2ty by < ¢ and one of
the following cases holds.
o [B,a,21,2) <[5,17,17,19], ¢®= < 1.6-10°, go = 1;
o [B,a,21,20) <[2,17,21,23], %= < 2.5-10%, go > 5.
(i) y1 < y2, dy > 2, b = ¢% (mod a™™*122}) pdv > 4= and one of
the following cases holds.
o [B,a, 21,2 <[6,9,21,22], b < 4.9-10°, g, € {1,2,5};
o [B,a,21,2] <[1,9,21,22], b% < 6.5-10%, g, > 7.
(iii) y1 > w2, 21 < 9, a® | (bt — 1), gy € {1,2}, and one of the
following cases holds.
e =1, [Ba,21, 2] < [7,19,20,21], a < 1.1-10'°, b < 6.5 -
10°, ¢ < 6.5-10%, gy = 1;
e > 2 [B,a,x1,21,2) < [4,15,3,20,21], a < 6.6-10% b <
5.5-10%, ¢ < 6.4-10%, go = 1;
e =1, [Ba,21,2] < [4,18,18,19], a < 1.1-10'°, b < 6.2
10°, ¢ < 6.2-10%, g > 5;
e > 2 [B,a,x1,21,2) < [3,15,3,18,19], a < 9.6 - 10%, b <
5.9-10%, ¢ < 9.6-10%, g2 > 5.
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Proof. First, we rewrite the three equations as
a® + o — CZI’ a®’ + bYJ = CZJ’ a® + bY3 = %3

with {I,J} = {1,2} and = = z3.

Note that ¢® < 2max{a®,b¥3}. If ¢* < 2a”, then ¢® < 2a® < 2¢*, so
23 < z7. This implies that z; = 23, which is absurd as (yr,z7) # (y3, 23)-
Thus ¢* < 2b¥%, so that 2bY3 > ¢#2 > pmax{v1v2} which shows the first
assertion. Therefore, dy, = |y2 — y1| with n = 3.

Next, we show the following;:

(125) py2—u1 = Cdz mod amin{a:l,a:g}’
(12.6) 23 < Us := max{250z2, 2531 log b}.

Congruence (12.5) follows from reducing 1st and 2nd equations modulo
amin{rnee} et ¢ = 248, If a(119)% > p¥s | then ¢ = a® + b¥3 < 2q(1H9)T <
2¢(14)21 g0 that 23 < iggi + (14 €)zr < 250z;. If a1+9)% < p¥3_ then in-
equality z3 < 25311logb is deduced almost similarly to the proof of inequality
(10.10). To sum up, (12.6) holds.

Third, we combine Lemma 7.2 with inequality (12.6). Since (g;—;)g <go <

Zo, we have

T log? U-'
(12.7) ¢ < mind 20 By 22\ (log™c) 22 Us ’
21 log max{ag,c+ 1}

where Z = 1if go =1, and Z = 2o — 1 if go > 1, and T is the same as in
(12.1), and Us' = max{25022/ log by, 2531}. Note that go > 5 if go > 1.

Fourth, we apply Lemma 7.3 with the base b together with (12.6) to see
that

log ¢y,
bl < 12?0 zm Us, if gy € {1,2,5),
(12.8)
(49/36) log b log ¢y )
bdy < m . (Zm +dy + dyg) logC Z/{g, if 9y ¢ {1,2,5},

where ¢, is any upper bound for ¢, and C' = max{ag,b + 2,¢, + 1}. Note
that g, > 7 if g, € {1,2,5}.

In the remaining cases, we proceed in three cases separately. In each
of those cases, similarly to previous propositions, we just indicate how we
find a list of all possible tuples composed of 3, o, x1, 22, d.,d, and the cor-
responding upper bounds for some of a, b, c.

Case where yy > y1 and b% < %=,

Note that m = 2. By congruence (12.5), we have a™™{#172} < ¢d= in
particular, d, > 1 as a > ¢. Taking these restrictions into consideration, we
use inequality (12.7) to find an upper bound for ¢ for each possible tuple
(B, ,d,, z2), where these procedures are implemented in versions according
to whether b > 7 or not, and whether go = 1 or not. The found tuples
satisfy the conditions stated in (i).

Case where ys > y1 and by > =
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Similarly to the previous case, we have a™{#1:22} < pdv and dy > 1. Note
that zo > 2g, as g, = gcd(x2, 22) with x2 < 2. Taking these restrictions
into consideration, similarly to the previous case, we find a list of all possible
tuples (5, , d,, z2, ¢,,) with ¢, the corresponding upper bound for ¢ derived
from inequality (12.7). Finally, for each of the found tuples and for each d,
we use inequality (12.8) to find an upper bound for b in four cases according
to whether g, = 1,2,5 or g, > 7. The found tuples satisfy the conditions
stated in (ii).

Case where y; > ys.

Note that m = 1 with g, = gecd(z1,21), and 21 > 2g,. We proceed
almost similarly to the previous case. Now we have a® < b%c? from
congruence (12.5), in particular, dy, + d, > z1 as a > max{b,c}. Taking
these into consideration, for each x; we have a list of all possible tuples
(o, B,dy, dz, 22, ay, by, ¢,) where b, is the corresponding upper bound for b
and a, := | (by - cy)'/*1 | is the corresponding upper bound for a. The found
tuples satisfy the conditions stated in (iii). i

Under the assumption that equation (1.3) has three solutions (x¢, yt, 2¢)
with ¢ € {1,2,3} satisfying z; < 2o < z3, the propositions established
in the previous two sections provide us middle-sized bounds on the base
numbers a,b, ¢ and on the exponential unknowns xy, v, z; for t € {1,2}.
Although those bounds are relatively sharp, a direct enumeration of the
possible solutions of system (9.4) is still impossible. In order to find efficient
methods for reducing the obtained bounds, we need to be more sophisticated
than in the case where z; = zo. In the next two sections, we investigate
system (9.4) with z; < 2o and explicitly present our reduction algorithms
for the cases ¢ > max{a,b} and ¢ < max{a,b}, respectively. Note that it
suffices to consider the case where a > b.

13. CASE WHERE 2] < 22 AND ¢ > max{a,b}: SIEVING

The aim of this section is to show that there is no solution of system
(9.4) fulfilling the statements of Propositions 11.1 and 11.2, respectively. It
suffices to consider the case where ¢ > a > b, and we put

ap = max{11,2% + 1}, by = 2% — 1, ¢y = max{1000, 3 - 28 2 4 2}.

Recall that these numbers are uniform lower bounds for a,b and c, respec-
tively.

We proceed in two cases according to whether ¢** =2 (mod 4) or ¢* =0
(mod 4).

13.1. Case where ¢** =2 (mod 4). System (9.4) is

T g —
(13.1) {“x + “
a®? 4+ b¥2 = ¢*2
with g = 1.
First, we give several restrictions on the solutions of system (13.1).
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Lemma 13.1. Let (z1,y1, 22, Y2, 22) be a solution of system (13.1). Then
the following hold.

(i) @2 or yy is odd.
(ii) If both x1 and x4 are odd, then yi or yo is odd.
(iii) If both x1 and xo are even, then yy is even.
(iv) One of x1,z2,y1 and y2 is even.
(V) xo > x1 or y2 > y1.
(vi) max{za,y2} > 29.
(Vil) @1y2 # Toy1, Y122 # Y2, T122 F Ta.
(viii) min{zi, 2} < |y122 — y2l.
(ix) Assume that b < 11. Then (2{ 2 or 31 22) and (31 x2 or 21 22).

Proof. (i) This is a direct consequence of Lemma 8.2 (i).

(ii) Suppose that both z1,zy are odd and both y;,ys are even. Then
a = a (mod 4) and ¥ = 1 (mod 4) for ¢ € {1,2}. Since ¢ = 2 (mod 4)
and zo > 1, 1st equation leads to a = ¢ — 1 = 1 (mod 4), while 2nd one
leads to a = ¢*> — 1 = —1 (mod 4). These are incompatible.

(iii, iv) These are shown similarly to (ii).

(v, vi) These easily follow from the inequality a® + b¥* < a*2? + b¥2 = ¢*2
with ¢ > max{a, b}.

(vii) This is a direct consequence of applying Lemma 6.2 to the equations
in (13.1).

(viii) We take the equations in (13.1) modulo a™™=1.%2} to see that
blyrz2=v2l = 1 (mod a™{#1:22}) . Since a > b, and y125 —yo # 0 by (vii), the
found congruence leads to the assertion.

(ix) If 2 | 2 and 3 | 22, then 2nd equation is of the form A% + vz = C3
with b € {3,5,7}. For S = {b}, we compute the S-integral points (A, C)
on this elliptic curve. None of the found points leads to a solution of the
system. The remaining case is similarly handled. ([

T

Lemma 13.2. Let (x1,y1,x2,Y2, 22) be a solution of system (13.1). Then

lx1ze—x2| = | d 2pmin{y1,y2}
(13.2) “ mod o™ )
plnize—v2l =1 mod 2am1n{xl,x2}’
a=a, b<bi,
where

ay := max{ag,b+ 2}, b= Lcmi“{l/xl’1/yl’z2/x2722/y2}J.

Moreover, the following hold.
(i) Suppose that a™® > b¥2 and a™ > bY'. Then

0<z9g—2120 <t1, a < ag,

log 2

Tog ag ZQJ, and

where t1 = L

ag 1= min{ LZZZ’/(“*’“Z?)J’ LCZQ/IQJ }
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(ii) Suppose that a™® > b¥? and o™ < bY'. Then the following hold.

(a)

Y1 > x1, T1y2 < TaY1, T — 122 > 1,
Yo — Y122 < to, X2 — Y122 < t3,

where ty = Lllé’ggli (29 — 1)J and t3 = ngoggfo ng.

(b) a>ay = max{al, Lby122/12/21/12J+1}’
(C) a<as:= min{ L2Z2/x2 bylz?/mJ’ LCZ2/$2J’ Lbyl/mJ }
(iii) Suppose that a*? < b¥2 and a®* > bY. Then the following hold.

(a)

Yo > T, T1Y2 > Tayl, Y2 — Y122 = 1, y2 > w129,
To — x129 < t4,

where tq = | 1222 (2 —1)].

log ag
(b) a>ag:= max{al, Lby2/(mlz2)/2l/le—|—1},
(c) a<ap:i= min{ L21/(I1Z2)b92/(””2)J, Lcl/xlj, LbyQ/“j }

(iv) Suppose that a™ < b¥2 and a™ < bY*. Then the following hold.

(a)

Y2 > T2, Y1 > T1, Yo — T122 > 1,
T2 — Y122 < t5, 2 < yo — Y122 < g,

where t5 = Llog2 (22— 1)] and ts = Llogz 2.

log ag Tog bo
(b) a < ag :=min{ |2/ || |pvr/™ || |pv2/*2 | 1.
Proof. From (13.1),
(133 4T bR (a7 4 ),

The congruences in (13.2) follow by reducing equation (13.3) modulo p™{v1.v2}
and a™™#1.72} regpectively. The next asserted upper bound for b follows
easily from system (13.1).

(i) From (13.3) with @™ > b¥! and @™ > b¥2, observe that

a® < a® + b2 =(a™ 4+ b1)*2 < (2a™1)*? = 2*20"172,
a7 <(a® + 092 = a*? + b2 < 2a™2.
These inequalities together imply
(13.4) % < aTmE g 97
The left-hand inequality shows that o — x120 > 0, so that xo — x120 > 0
by Lemma 13.1 (vii), while the right-hand one implies that xo — z129 <

log 2
logaz2 <t;+ 1.

On the other hand, a < T by the right-hand inequality of (13.4).
Also, by (13.1), @™ < ¢*2, leading to a < as.

(i) Since a® < bY' and b¥' < (a®2/¥2)¥ with a > b, we have y; >
and x1y2 < y1x2. The remaining three inequalities in (a) can be proven in
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exactly the same way as the corresponding results in (i). It remains to show
(b) and (c).
Observe from (13.3) that

B < ™ 4B < 2072, a2 < (a4 b)Y < 272pUi,

The former inequality yields a > b¥172/2 /21/%2 and so (b) holds, while the
latter inequality implies that a < (22b¥1%2)1/%2  Jeading to (c).
(iii)-(iv) These are shown similarly to (i) and (ii). O

In what follows, we proceed in two cases according to whether (z1,y1) =
(1,1) or not.

13.1.1. Case where ¢** =2 (mod 4) with (x1,y1) # (1,1). As already men-
tioned at the end of Section 9, it is very efficient to rely upon the existing
results on ternary Diophantine equations which are summarized in Lemma
8.1. In our algorithms we use Lemma 8.1 without any further explicit refer-
ence and combine it with Lemmas 13.1 and 13.2.

Proposition 11.1 gives us a list of all possible values of o and zo together
with the corresponding upper bound for ¢, say ¢, = ¢, («, z2). We note that
this list is fairly short. Namely, the number of elements in this list is at
most 122 in each case under consideration.

We divide our algorithm in four parts according to (i)-(iv) of Lemma 13.2.
The basic strategy is similar in each of these parts, where the cases b > 7
and b € {3,5, 7} are distinguished. First we give the details of our reduction
method for case (i) under the assumption that b > 7.

(i) Case where a®2 > b¥2 and a®™ > b¥! with b > 7.

Step 1. Initialization. We have an explicitly determined list of all possible
triples («, 22, ¢,,) satisfying system (13.1). We put these data into the list
named clist.

Step II. We generate a list named list1 containing elements of the form
[T1,Y1, T2, Y2, @, 22, &), where the last three elements are the same as the
elements of clist, while the first four elements are the possible solutions
(1,y1, T2, y2) restricted by Lemmas 13.1 and 13.2 (i). The construction of
listl is given by the following program.

for each element of clist do

for z1:=1 to [(logey)/logag| do

for x3:=1 to |2(logey)/logag| do
for y;:=1 to |(logc,)/logby| do

for y2:=1 to ng(logcu)/logboJ do
sieve using Lemmas 13.1 and 13.2 (i)
end

In the last line of the above program, we take into account the restrictions
from Lemma 13.1 together with the fact that 0 < zo — x129 < t1, where
t1=| log 2 22| by Lemma 13.2 (i).

log ag
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Step III. Using the elements of listl and the bounds aq,as and by, we
check for each of possible values of a and b whether congruences (13.2) hold
or not. It turned out that in each case at least one of them does not hold.
The details are given as follows. First, from (%), we are in one of the cases:

[a,b] = [-1,1],[-1,~1],[1,~1] mod 2%,

where [a,b] = [u,v] (mod 2%) means a = u (mod 2%) and b = v (mod 2%).
Define the list sig =[[—1,1],[—1, —1], [1, —1]] as a possible list of signatures.
We proceed as follows.

begin

for each element of listl do

for each element s of sig do

dg := s[1] and dp := s[2] and T} := [(bg — dp)/2%]
for b:=T,-2%+dp to by by 2% do

To == [(a1 — da)/27]

for a: =T, -2+ d, to as by 2% do

if (a™ > b¥2) and (a™ > bY') then

sieve using congruences (13.2), equation (13.3)
and the relation wo(a® + b¥2) = z,.

end

We implemented the above algorithms and it turned out there is no solution
of system (13.1). Case (i) with b < 7 can be handled similarly, the only
difference being that in Step III the range for b is replaced by b € {3,5,7}.

By using the same strategy as above we can handle the cases according
to (ii)-(iv) of Lemma 13.2, as well.

13.1.2. Case where ¢ = 2 (mod 4) with (x1,y1) = (1,1). Note that only
cases (i) and (iii) of Lemma 13.2 can occur.

(i) Case where a®? > b¥2.
We can proceed exactly in the same way as in case (i) of subsection 13.1.1.
(iii) Case where a®* < b¥2.

We basically follow the method described in (iii) of the case (x1,y1) #
(1,1) with one important modification when b > 7. Namely, in order to
increase the efficiency of our algorithm, we make use of Lemma 11.2, which
says that min{ze,y2} < 7 and provides us the sharp upper bounds for b,
that is, 177,45,19 and 11, according to the cases min{zs,y2} = 4,5,6 and
7, respectively. We built in these information in our program and it turned
out there is no solution to the system.

The total computation time in Subsection 13.1 did not exceed 3 hours.

13.2. Case where ¢* = 0 (mod 4). Note that 8 > 1 or z; > 1. Also,
Proposition 11.2 provides us a list of possible tuples (5, «, 21, 22, ¢y, ), where
¢y is the corresponding upper bound for ¢. We call this list by clist. From
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(9.4),
(13.5) (axl + byl)z2 — (CLIQ 4 byz)z17
(13.6) (¢ — Y1) = (¢ — b¥2)"1,

First, we deal with a special case.

Lemma 13.3. Under the hypothesis of Proposition 11.2, the system (9.4)
has no solution (x1,y1, 21,22, Y2, 22) satisfying (z1,2z2) € {(1,2),(2,3)}.

Proof. We proceed in two cases according to whether (z1,22) = (1,2) or
(2,3). By Proposition 11.2, we may assume that ¢ < ¢,, where ¢, = 6.5-10°
if (21,22) = (1,2), and ¢, = 1.5 - 10% if (21, 20) = (2, 3).

L. Case where (z1,22) = (1,2).
System (9.4) is
(13.7) a™t + W =c, a" 4+ b =

Note that 221 # z2 by Lemma 6.2. We further consider several subcases.

I/(i). Case where x1 > 2 or xzg > 4.
From system (13.7), observe that
a < min{c!/™ 272} < (M2 < e V2,
Then a is small. It is not hard to enumerate all possible tuples (a, b, z1, y1, 2, y2),
and to verify that none of those satisfies equation (13.7).
I/(ii). Case where (x1,x2) = (1,3).

It is not hard to see that y; > 1. From (13.7), a < ¢,%/® and b < ¢,'/2,
thereby both a and b are small enough to deal with this case similarly to
case I/(i).

I/(iii). Case where (x1,x2) = (1,1).

Actually, this case can be handled by the methods described in Section
10. However, we tackle this with an important idea to find a good restriction
on solutions, which will play an important role in other difficult cases.

From (13.7), we have

Y2 _ .2 Y1 _py2/2 a
(13.8) c+b 4+, c—b PR
We apply Lemma 9.2 with (A, B) = (¢,b) and (z,y, X,Y) = (1,42,2,y1) to
see that
Yo > 6yp —2>4, c=—b¥ — b +1 (mod b*¥).

In particular, b is small as b < ¢*2/¥2 < ¢,2/5. On the other hand, since
a < ¢, the second equation in (13.8) leads to 0 < ¢ — b¥2/2 < 1. Therefore,
c= wa/zj + 1.

These restrictions on the values of b, ¢,y; and yo are so strong that we can
verify by brute force that the first equation in (13.8) does not hold in any
possible cases.
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II. Case where (z1,22) = (2,3).

System (9.4) is
(13.9) a4 =2 a4 =
We proceed similarly to case I.

II/(i). Case where x1 >4 or x5 > 5.

Since a < ¢,%/® by (13.9), a is small enough to deal with this case similarly
to I/(i).
II/(ii). Case where x9 =4 and ya > 7.

Since a < ¢,*/* and b < ¢,*/7 by (13.9), a and b are small enough to deal
with this case similarly to I/(ii).

II/(iii). Case where xo =4 and yy < 2.

Note that yo = 1. Since @ > b and y3 = 1, it follows from 2nd equation
that ¢3/2 —a? = ﬁ < 1, which yields that [a?/?] < ¢ < [(a®>+1/a)?/3].
Using these inequalities, we apply the algorithm described in Lemma 13.5
(see below) to deal with this case.

II/(iv). Case where (xo =4 and y2 € {3,4,5,6}) or zo = 3.
This case is handled by applying Lemma 8.1 to 2nd equation.
II/(v). Case where x1 =3 and xo < 2.

Since a is relatively small as a < 23, and x9 is very small, this case can
be handled similarly to case II/(i).

II/(vi). Case where (x1,22) € {(1,1),(1,2),(2,1),(2,2)}.

The case where z; = 1 or z9 = 1 can be dealt with by the same algorithm
as in case II/(iii). Finally, assume that 27 = x9 = 2. Since ¢®+bY2 = ¢3 +b¥!
from system (13.9), this case is dealt with by methods similar to those
described in Section 10. O

By Proposition 11.2 together with Lemma 13.3, we may assume in system
(9.4) that
2’2—21:1, 2224.
The next lemma is an analogue to Lemma 13.1 from the case where ¢*! = 2
(mod 4), and it can be proved almost similarly.

Lemma 13.4. Let (1,41, 21, %2, Y2, 22) be a solution of system (9.4). As-
sume that ¢ =0 (mod 4). Then the following hold.

(i) Ifa=1 (mod 4) and b = —1 (mod 4) then both y1,y2 are odd.

(ii) Ifa=—1 (mod 4) and b =1 (mod 4) then both x1,x2 are odd.
(iii) Ifa=b=—1 (mod 4), then 1 # y1 (mod 2) and x3 # y2 (mod 2).
(iv) One of 1 and y1 is odd, and one of xo and yo is odd.

(V) &1 <z or y1 < ya.

(Vi) (z1 > 21 ory1 > 21) and (x2 > 29 or ya > 22).

(Vi) z1y2 # Tay1, T122 # T2Z1, Y122 F Y221
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(viil) min{z1, 2} < |y122 — y221]-
(ix) (x1 # 21 ory1 > z1) and (y1 # 21 or 1 > z1) and (xy # 29 or
Y2 > z2) and (ya # 22 or o > 29).
(x) If b < 11, then (2t w1 or 31 21) and (31 x1 or 21 z1) and (21 x2 or
31 22) and (31 x2 or 24 z2).

Finally, using the established lemmas, we further show three lemmas,
where the latter two of them together show the contrary to the condition
from Lemma 13.4 saying that z1 < x2 or y; < yo in (9.4).

Lemma 13.5. Under the hypothesis of Proposition 11.2, if system (9.4) has
a solution (x1,y1, 21, T2, Y2, 22), then

min{a®,b%'} > ¢, min{a®?,b¥2} > 2.

Proof. First, we illustrate the method to show that a® > ¢. Suppose on the
contrary that a™ < c. If y; < z1, then ¢ > a®™! = * —b¥1 > c*1 —bH*! > b
so that z; < 2, which is absurd as z; > 3. Thus y; > z;. On the other hand,
from 1st equation, observe that

a™ c

21/2 _ py1/2 _
¢ b 021/2+by1/2 < C21/2

<1

Thus
[/ =i e, < ¢ < ey = (14 b9/2)H A

Since y; > z1, it is very often observed that ¢y > cy for given b,y; and

z1. For each of the elements (8, a, 21, ¢,,) in clist and for each possible tuple

(b,c, 1, Y1, T2, y2) satisfying

log ¢,

log b

logc log c logc
Y2 < Zo|, X1 < 21|, x2 < 22
logb log ag log ag

with zo = 2141, we check equation (13.6) does not hold. Thus the inequality
a® > c holds. The remaining inequalities can be shown exactly in the same
way by changing the roles of a,b and indices 1,2, respectively. ([

21 <y < { Z1J , by < b <[], max{co, e} < ¢ < minfey, ey},

Lemma 13.6. Under the hypothesis of Proposition 11.2, if system (9.4) has
a solution (x1,y1, 21, T2, Y2, 22), then x1 > xa.

Proof. Suppose that x1 < z2. Recall that we may assume that zo = z; + 1.

First, consider the case where y; < y2. From (9.4), a™ (c — a™27%1) =
—b¥1 (¢ — B¥27¥1). This implies that

a® | (c—=b¥27Y), b | (c—a®?T ™)

with (¢—b¥27%) (¢ —a*~"1) < 0. These together yield that ™ < ¢—b¥2~¥1
or b¥' < ¢ — a®7 "t thereby a®™ < c or b¥! < c. However, this contradicts
Lemma 13.5.

Second, consider the case where y; > yo. From (9.4), a®'(a™2~"! —¢) =
b¥2(cb¥17¥2 — 1) with a™2 "1 — ¢ > 0 and cb¥* "% — 1 > 0. Since a™ |
(cb¥17%2 — 1) and b¥2 | (a®2~"1 — ¢), we have

a®t < b T2 pY2 < g"2 e,
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These together with equation (13.5) yield
a$2zl < (byl _I_ bel_y2)32 — bylZZ(l + C/by2)22
W12 < (a2 4 @%2TT)F = 7271 (1 4 1 /a"1)*
Thus

1 Y122 Y122

W cbmrt <a< (14 C/byz)z2/(a:2z1) beoe
a® )t/

Since b < a < ¢, and ¢? < b¥2 by Lemma 13.5, it follows that

1 Y122 Z2

T9z Z2/(£2Z1) Toz
At gm0 <a<+l/ew) b,

(13.10)

where a1 = max{ag, b+ 2} and ¢ = max{cy, byQ/Q}.
We are now in the position to give the details of our reduction algorithm.

Step 1. In the sequel, we call a pair of integers [u, v] with u,v € {1, —1} the
signature of [a,b] denoted by s = s([a,b]) if [a,b] = [u,v] (mod 2%). From
(%), we know that s € {[—1, —1],[1,—1],[—1, 1]}. On the other hand, Lemma
13.4 (i,ii,iii) shows, for instance, that if a tuple [z1, y1, 22, y2] is a solution of
(9.4) with [z1,y1,22,y2] = [0,1,1,0] (mod 2), then s([a,b]) = [-1,—1]. On
distinguishing between the 16 possible cases of [z1,y1,x2,y2] according to
the parities of x1,y1,x2 and ys, between the 3 cases of possible signatures
of [a,b] and using Lemma 13.4, we can assign to each tuple [z1,y1,x2,y2]
the corresponding signatures of [a,b]. This way we can rule out 36 cases
of the total of 16 x 3 = 48 cases, and we obtain a list of possible parities
and signatures denoted by parsig. The elements of parsig are of the form
[pxlvpybpx%py% [Sa,SbH, Where, for i = 1)27 we write pxi, pyYi = Lor2
according to whether x;,y; are odd or even, respectively. Moreover, [sq, sp]
denotes the corresponding signatures of [a,b]. parsig is explicitly given as
follows:

parsig = [[2 1,2,1,[-1,-1]], [2,1,1,2,[-1,-1]], [1,2,1,2,[-1, —1]],
[1 2 2717 - a 1]]5 [23132717 [17_1]]a [27131717 [17_1]]a
[1,1,2,1,(1,-1]],[1,1,1,1,[1,-1]], [1,2,1,2,[-1,1]],

(1,2,1,1,[-1,1]], [1,1,1,2,[-1,1]], [1,1,1,1, -1, 1]]}.

Now, for each element in clist and each element in parsig, we use Lemma
8.1 together with Lemmas 13.4 and 13.5 (see also Remark 3 below) to sieve
considerably the possible solutions [z1, y1, 21, T2, Y2, 22] of system (9.4). This
way we obtain a list named list! having elements of the form

[, B, 1,91, 21, T2, Y2, 22, Cuy brmazs [Sa, 5b)]
where [sq, sp] denotes the signature of [a, b] and by, is defined as
binaz 1= min{cy, [e,™/ ], [e, ], [€,%2/%2], [, /2] ).
The above algorithm for generating list1 is given by the following program.

begin
for each element of clist do
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z1:=29—1

for each element of parsig do

for x1 :=pr1 to |z (loge,)/logap] by 2 do

for y1 :=py1 to |z1(logey)/loghy| by 2 do

for g :=pxs to |z2(logey)/logap] by 2 do

for yo :=pys to |z2(logey)/loghy| by 2 do

if x1y2 — x2y; mod 2821—=@ — () then

sieve using Lemmas 13.4 and 13.5

put the result [a,ﬂ,xl,yl,zl,xg,yg,zz,cu,bmaw,[sa,sb]] into listl
end

Step I1. In order to create list2 composed of all possible tuples [a, b, x1, y1, 21, T2, Y2, 22],
by using inequalities (13.10), we proceed as follows.
begin
for each element of [listl do

Ty == [(bo — sp)/27]
for b:=Tp 2%+ s to bper by 2% do

e
Qmin = maX{ala ’7(1 + 1/a111)71/x2 . bIQZl—‘ }

Y12
amas = mine,, [e,7/7], [0/ |, | (L4 1epn) /02 poast |}
Ty := [(@min — Sa)/2%]
for a: =1, 2%+ s, t0o Gmas by 2 do
test whether equation (13.5) holds or not

put the result [a,b,x1,y1,21,%2,Y2,22] into list2
end

It turned out that list2 is empty.
Finally, we mention that the restriction from Lemma 13.4 (x) was very
efficient for the case where b < 7. O

Remark 3. Throughout our program implemented in the proof of Lemma
13.6, we may assume by Lemma 13.5 that min{z;,z2} = x; > 2 and
min{y1,y2} = y2 > 3. On the one hand, for generating listl in Step I,
we combined that information with Lemma 13.4. This way we excluded a
lot of candidates from our listl since the number of tuples satisfying 1 = 1
or Yo < 2 is large. On the other hand, the second advantage is that a,,;, in
Step II becomes larger as x; increases.

Lemma 13.7. Under the hypothesis of Proposition 11.2, if system (9.4) has
a solution (x1,y1,21,T2,Y2,22), then y1 > yo.

Proof. We may assume that x; > z9 by Lemma 13.6. Suppose on the
contrary that y; < yo. Starting with these two inequalities, we can proceed
as in the proof of Lemma 13.6. Thus we just indicate the key points on
the implemented algorithms. First, we generate the list list]l exactly in
the same way as in Step I of Lemma 13.6. Second, we closely follow the
method of Step II of Lemma 13.6, where the only difference arises from the
fact that min{y;,y2} = 1 and min{x;,z9} = 9. Namely, system (9.4)
with z9 — z; = 1 implies that b¥* (b¥27% — ¢) = a™2(ca®™ *2 — 1), whence
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b¥' < ca® "2 and a2 < bY27Y1. These together with equation (13.5) yield
1
(1 + 1/ max{co, (119”2/2})1/561

We can proceed exactly in the same way as in Lemma 13.6 by using the
corresponding parameters a,,;, and g, indicated by the above inequalities.

O

Y2z Y2z
brm <a <(1+1/max{by1,co})zl/(xm)-bﬁ.

The total computation time in Subsection 13.2 did not exceed 1 hour.

14. CASE WHERE z] < 22 AND ¢ < max{a,b}: SIEVING

The aim of this section is to show that there is no solution of system (9.4)
fulfilling the statements of Propositions 12.1, 12.2 and 12.3, respectively.
However, the case under the hypothesis of Proposition 12.2 can be handled
similarly to Section 10, since the system is reduced to the equation ¢** 4-b¥2 =
c® + b¥! and both b, ¢ are relatively small.

It suffices to consider the case where a > max{b, ¢}, and we put

ap = max{1001,2% +1,3- 20 + 1}, bg =2 — 1, ¢p = 3-2°.

These numbers are lower bounds for a,b and ¢, respectively. We can use
both equations (13.5) and (13.6). Moreover, since z; > 2 as a > ¢, we have
¢® =0 (mod 4), so that Lemma 13.4 can be used. The restrictions from
Lemmas 8.1 and 13.4 will be used several times in our reduction procedure
without any further explicit reference.

We proceed in two cases according to Propositions 12.1 or 12.3.

14.1. On the system under the hypothesis of Proposition 12.1.
Proposition 12.1 provides us all possible tuples («, 3, 21, 22, @y, ¢,), Where
a, and ¢, are the corresponding upper bounds for a and ¢, respectively. We
put these data in the list named aclist. In the sequel, we proceed in two
cases according to whether d, = 1 or not.

14.1.1. Case where d, > 1. Note that 2 < d, < 6 and each ¢, is very small.
The order of magnitude of ¢, is between 7 and 826, where smaller values
occur for larger d.’s.

We begin with the following lemma.

Lemma 14.1. Under the hypothesis of Proposition 12.1, if system (9.4) has
a solution (x1,y1, 21, T2, Y2, 22) with d, > 1, then z; > 2d,.

Proof. Suppose on the contrary that z; < 2d,. Since z9 — 21 = d, €
{2,3,4,5,6}, the possible pairs [z1, 2] are given as follows:

[Zlv 22] € [[27 4]? [37 5]? [27 5]7 [37 6]? [47 7]7 [5a 8]7 [Qa 6]7 [37 7}7 [47 8]7 [57 9]?
(6,101, [7,11], (2, 7], [3,8], [4, 9], [5,10], [6, 11], 7, 12], [8, 13],
[9,14], 2, 8], [3,9], [4, 10], [5,11], [6, 12]].

We set dzlist as the list composed of these pairs. If b > ¢, then max{xz;, y;} <
z; for i € {1,2}. Now, for each element of aclist and for x;, y; in that ranges,
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we use the restrictions from Lemmas 8.1 and 13.4 to generate a list named
listl of the form [«, 8, z1, Y1, 21, T2, Y2, 22, Gy, Cy], as follows:

for each element of aclist do

for z1:=1 to z1—1 do

for y1: =1 to z; —1 do

for z9:=1 to z9—1 do

for yo:=1 to 29— 1 do

if x1ys — x2y; mod 2bz1—a —

sieve using Lemmas 8.1 and 13.4 and put the result into
listl

end

Note that once list1 is generated, we have not only a list of possible solutions
X, Yi, zi of (9.4) but also upper bounds for a,b,c, as well (i.e., b < a < ay
and ¢ < ¢,). Using these bounds we basically check for each possible case
whether equation (13.6) holds or not. We proceed as follows.

for each element of [istl do

T, = [(eo/2° — 1)/2];

for ¢:= (2T.+1)-2% to ¢, by 27! do

for s in [-1,1] do

for b:= [(max{by,c+ 1} —s)/2%] -2+ s to a, by 2% do
if (¢® —b¥* > 0) and (¢* —b¥2 > 0) then

if equation (13.6) holds

then

a = (Cz1 _ by1)1/z1

if o’ is an integer and ged(a’,b,c¢) =1 then put the result
[alaba ) xl,y1,21,$2,y2,22] into [ist2

end

It turned out that list2 is empty. If b < ¢, then we can use the inequality
b < c to proceed exactly in the same way as above with appropriate upper
bounds for y; and yo on creating list1. ([

The next lemma is an analogue to Lemma 13.5, where the condition d, > 1
is very important to run the described algorithm in a reasonable amount of
time.

Lemma 14.2. Under the hypothesis of Proposition 12.1, if system (9.4) has
a solution (x1,y1, 21, X2, Y2, 22) with d, > 1, then

min{a®, 0%} > ¢%, min{a®, b2} > =T

Proof. The proof is similar to that of Lemma 13.5. We only show that

a®' > ¢ since the treatment of the remaining inequalities is similar. By

Lemma 14.1, we may assume that z; > 2d,. Suppose on the contrary that

a*' < ¢ Since ™ < ¢® < ¢*/2_ from 1st equation, we have ¢#1/2 —p¥1/2 =
z1

Cq/gw < 1, thereby

(14.1) (@2 = )] = by <b<by = [,
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Recall that the bounds ¢ < ¢, in clist are (very) sharp. Moreover, on
combining this information with inequalities (14.1), it very often holds that
by, > by for given ¢,y and z1. We construct a list named list1 consisting of
elements of the form [b, ¢, y1, 21, 22].

for each element of aclist do

T, := [(co/2° —1)/2];

for c:= (2T.+1)-2% to ¢, by 2%+ do

for y;:=1 to |z (logc)/logby| do

bmin = max{by,br} and by := min{by, a, — 2}
for s in [—1,1] do

Ty := [(bmin — 8)/2%]

for b: =Ty 2%+ s to bper by 2% do

put [b,c,y1,21,22] into listl

end

Since z; > 2d, and a® < ¢%, we observe that z; < d,. Finally, using list1
and the above range for x, we basically check whether equation (13.6) holds
or not.

for each element of [istl do

for z1:=1 to d, —1 do

for z9:=1 to z0—1 do

for yo:=1 to |za(logc)/logh| do

if equation (13.6) holds then

a = (¢ —pyv)t/m

if (a’ > max{b,c}) and gcd(a’,b,c) =1 and (a’"* < c%) then
print [d/,b, ¢, x1,y1, 21, %2, Y2, 22] -

end

It turned out that there is no output. (Il

In the following two lemmas together, we show the contrary to the con-
dition from Lemma 13.4 (iv), saying that z1 < z2 or y; < y2 in (9.4).

Lemma 14.3. Under the hypothesis of Proposition 12.1, if system (9.4) has
a solution (x1,y1, 21, T2, Y2, 22) with d, > 1, then x1 > xa.

Proof. We closely follow the method described in the proof of Lemma 13.6.
Suppose on the contrary that x; < .

If y; < yo, then a®'(c% — a®2771) = —b¥1(c% — b¥27¥1), This equation
implies that max{a®,b'} < ¢%, which contradicts Lemma 14.2. Thus
y1 > y2. Then a® (a®2~%1 — %) = p¥2(c%=p¥17%2 — 1), and this implies that

a®l | (cdzby1fy2 —1), b2 (a® ™ — Cdz)

with ¢%p¥1=%2 — 1 > 0 and a*2~ %1 — ¢4 > (. Thus

a®l < cdzby“”, b¥2 < g®27 ™1,
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These inequalities together with equation (13.5) yield
a®?? < (b + Cdzbyl_y2)22 = b7 (1 + Cdz/by2>227
pyiz2 (azz + a$2*961)21 — a$221(1 + 1/az1)21'

Since ¢%=t1 < p¥2 by Lemma 14.2, it follows that

(14.2) 1 e < a < (14 1/cp)?/% . praas
. . roz a C . roz
(1+ 1/a%1)t/=2 L
with a; = max{ag, b + 2} and ¢z, = max{co, b¥2/(%=F11,
We are now in the position to give the details of our reduction algorithm
in this case. We proceed exactly in the same way as in Lemma 13.6 with
some appropriate modifications.

Step I. We follow Step I in the proof of Lemma 13.6 with the follow-
ing modifications. By using aclist, the list parsig defined in Lemma 13.6
and the inequalities x; < z; for i € {1,2}, we generate a list named list1
containing elements of the form [oz,/B,azl,yl,zl,:cg,yg,zz,au,bmax, [sa,sb]],
where [sq, sp] denotes the signature of [a, b], and by, is defined by

bmax = min{am LCuZI/xIJa LCuZ1/y1J7 Lcum/sz LCuZQ/yQJ }

Step II. We follow Step II in the proof of Lemma 13.6 with a single
modification in the bound a4, for a according to (14.2), namely:

Omazx ‘= min{au, LCuZ1/m1J’ Lcum/:va L(l + 1/CL)Z2/($221) : b%J }

Using the program occurring in Step I in the proof of Lemma 13.6 with the
above bounds we check that equation (13.5) holds in no case. (]

Lemma 14.4. Under the hypothesis of Proposition 12.1, if system (9.4) has
a solution (x1,y1, 21, %2, Y2, 22) with d, > 1, then y1 > yo.

Proof. Since the method of the proof and the resulting algorithm are similar
to the ones used to prove Lemma 14.3, along with the proof of Lemma 13.7,
we only indicate the key points of the algorithm. By Lemma 14.3 we may
assume that x; > x9, and suppose on the contrary that y; < yo. In Step I,
we generate list]l exactly in the same way as in the proof of Lemma 14.3.
In Step II, we closely follow the method of Lemma 14.3, where the only
difference comes from the fact that min{y;, y2} = y1 and min{x;, x2} = xs.
Namely, in this case,

1 32?

(1 + ]./maX{COdz7aldz/(dz+1).x2}) 1z, brizz
1 z1/(x122) vor)
<a<<1+rmax{byI,CdZ}> . hriz

Using these inequalities, we can proceed exactly in the same way as in the
proof of Lemma 14.3 with the corresponding changes of a,,;, and ane,. U
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14.1.2. Case where d, = 1. We begin with the following lemma, which is
an analogue of Lemma 13.3 in the case where a > max{b,c} and (z1,22) =
(2,3).

Lemma 14.5. Under the hypothesis of Proposition 12.1, system (9.4) has
no solution (x1,y1, 21, T2, Y2, 22) satisfying (21, z2) = (2,3).

Proof. Suppose the contrary. Since a > ¢ and a™ < ¢* for i € {1,2}, we
have 1 = 1 and z2 < 2. Note that the case where z9 = 1 is reduced to the
equation c® +b¥2 = ¢ +b¥' with both b, ¢ suitably small, so we only consider
the case where xo = 2. Then system (9.4) is

(14.3) a+b =% a® 42 =

Note that a, < ay := 4.5-10° in any element in aclist.

Suppose that y; < y2. We reduce the equations modulo b¥! to see that
b¥' | (a — ¢), so that b¥' < a. This together with the equations implies
that ¢ < 2a < 2¢%/2, yielding a contradiction. Thus we may assume that
y1 > y2. From (14.3), a(a — ¢) = b¥2(cb¥17¥2 — 1), leading to b¥2 < a. Since
a? > ¢3/2 by the second equation, we have

(14.4) ¢ < 2Y3ay23,

If y3 > 4, then the first equation together with (14.4) implies that b <
21/64;%/6. By this estimate of b and (14.4), both b and ¢ are small enough
to check by a brute force search that equation (13.6) does not hold in any
case. Finally, suppose that y; < 3. Since y; > y2, we use Lemma 13.4 (vii) to
see that (y1,12) = (3,1). In this case, b | (c—1), in particular, b < 21/3q;%/3
by (14.4). Then we can deal with this case similarly to the previous case. [

By Lemma 14.5, in what follows we may assume that zo > 4.
The next lemma can be regarded as a common analogue of Lemma 13.5
and of Lemma 14.2 in the case d, = 1.

Lemma 14.6. Under the hypothesis of Proposition 12.1, if system (9.4) has
a solution (z1,y1, 21, T2, Y2, 22) with d, = 1, then min{a®2,b¥2} > 2.

Proof. We only show that a®2 > ¢? since the treatment of the inequality
b2 > ¢? is similar. Suppose on the contrary that a*? < ¢?. Similarly to the
proof of Lemma 13.5, we can use 2nd equation together with zo > 4 to see
that

Yo > 29, [b”/zﬂ <ec SL(byQ/Q + 1)2/22J‘
The details of the algorithm to create the list named listl including all
possible tuples [b, ¢, z1, Y2, 22] are given below.

for each element of aclist do

for yo:=1 to |22(logay)/logby| do

for each s in [—1,1] do

for b:=[(by —5)/2%]-2% + s to |a,*?/*]| by 2% do

Crin 1= max{co, [byQ/ZQ]} and ¢y 1= min{cu7 | (b¥2/2 + 1)2/””2J}
T, 1= [(co/2 — 1)/2];

for c:= (2T. +1)-2°% to cpar by 2°F! do



Special type of unit equations in two unknowns 61

put the result [b,c,z1,y2,22] into listl
end

Finally, for each element of list1 and each possible tuple (z1,y1, x2) we check
equation (13.6) does not hold. O

We finish this subsection by the following lemma giving the contrary to
an assertion in Lemma 13.4.

Lemma 14.7. Under the hypothesis of Proposition 12.1, if system (9.4) has
a solution (x1,y1, 21, T2, Y2, 22) with d, = 1, then x1 > xo and y1 > yo.

Proof. This can be proved on the lines of the proofs of Lemmas 14.3 and
14.4. O

The total computation time for Subsection 14.1 did not exceed 4 hours,
where the most time consuming part was Lemma 14.6.

14.2. On the system under the hypothesis of Proposition 12.3.
Proposition 12.3 provides us with some upper bounds and possible solu-
tions of system (9.4) which are classified in three cases denoted by (i)-(iii).
We present our reduction algorithms in each of these cases.

(i) We are in the case where
d, € {2,3,4,5}, b < ¥ <c¢p:=25-10°

with dy, = yo—y1. Further, we have a list of all possible tuples [«, 3, 21, 22, 4],
where ¢, is the corresponding (sharp) upper bound for ¢. By applying the
same method as in Step I in the proof of Lemma 13.6, we generate a list
named [istl having elements of the form

[Oé, /87 T1,Y1,21,22,Y2, 22, bmaxa Cmazxy Sas Sb]7

where [s,, sp] is the signature of the pair [a,b], cnaz = ¢y and byg, is an
upper bound for b defined as

— min{ Lcul/(yz—zn)J7 LCuzl/le, Lcum/rlJ7 Lcuzz/sz7 Lcum/sz }

Finally, for each element of listl, we loop through the values of ¢ := ¢ to
Cmaz by 2711 and the values of b := [(by — 53)/2%7 - 2% + 53 t0 byaz by 2%,
to verify that equation (13.6) does not hold in any case.

(ii) We are in the case where
max{a™ ™72l (e < pdy < b= 5.4 10

with dy, = yo—y1. Further, we have a list of all possible tuples [« §, 21, 22, dy, by,
where b, is the corresponding (sharp) upper bound for b. We proceed in two
cases according to whether d, = 1 or not.

If d, > 1, then ¢ < ¢ < by, so that ¢ < |by'/?](< 10%). This together
with b < b, shows that both b, c are so small that we can apply the same
algorithm as in (i).

In the case where d, = 1, a short modular arithmetic computation (cf. proof
of Lemma 13.6) leads to x1 > x9. We further proceed in two cases according
to whether zo = 1 or not.
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If zo > 2, then a? < a%2 = gmin{rio2} < by, so that a < Lbyl/mj <
LbUl/ 2J. Thus both a, b are so small that we can apply the same method as
in the case d, > 2 and verify that equation (13.5) (with d, = 1) does not
hold in any possible cases.

Finally, in the case where d, = 1 and z9 = 1, we proceed as follows. The
case where a > ¢? is dealt with by a previous method since both b, c are
small enough as ¢ < a'/2 < by'/?. Thus suppose that a < ¢?. Since 2z > 4
as k # 3, it follows from 2nd equation that ¢*2/2 — p¥2/2 = m <1,
which sharply restricts the value of ¢ in terms of b, o and z. Using this fact
and b is small, we can apply the algorithm described in the proof of Lemma
13.5.

(iii) We are in the case where
(14.5) T < x9, %l < bl

with dy = y1 — y2. Further, we have a list named abclist containing all
possible tuples [«, 3,1, 22, @y, by, ¢y, dz, dy], where ay, by, ¢, are the corre-
sponding upper bounds for a,b,c, respectively. A quick check on abclist
shows that if d, > 2 or d, > 2 then at least one of the bounds b, and ¢, is
small (about 103 or less) and the other is middle sized (about 5-10° or less).
Then this case can be handled similarly to (i) and (ii) with the parameters
Cmaz aNd by given as Cper = ¢, and

bmar = min{bu, |,/ ], e,/ ], [ea/% ], [,/ ]},

Moreover, if d, = d, = 1, then both of these bounds are middle sized, while,
unfortunately, the bound a, becomes large (=~ 10'°). Thus, we have to find
another reduction procedure which avoids the use of a,.

Finally, we consider the case where (d.,d,) = (1,1). We follow the method
applied in Step I of Lemma 13.6 to generate the corresponding list named
list]l having elements satisfying (d.,d,) = (1, 1) of the form

[Oé, ﬁa T1,Y1,21,22,Y2, 22, bmaxa Cmazx; Sa, Sb]-

The pair [sq, sp] is the signature of [a, b] while the bounds ¢4, and by, are
defined by ¢pae := ¢y and by = min{bu7 Lcuzl/ Yt | } A quick look shows
that listl does not include any element satisfying (y1, 21) = (2,2). Thus, if
y1 < z1, then 2z; > 2, which together with the inequality bc > a®! by (14.5)
shows that be > a% = ¢ — bV > ¢ — b1 > AL poi—l > 2 412 g
contradiction. Therefore, it remains to consider the case where y; > z1. We
note that since y; > z; and the orders of magnitude of b, and ¢, are the
same, the quantity |c,/¥!| is smaller than b, resulting in a sharper upper
bound b,,q, for b. This observation is crucial in order to have a reasonable
running time. The remaining task can be dealt with similarly to cases (i)
and (ii).

The total computation time of Section 14 did not exceed 5 hours.
The conclusion of Sections 13 and 14 together is:

Proposition 14.1. z; = 2.
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In view of Propositions 10.3 and 14.1, the proof of Theorem 1 is finally
completed.

15. CONCLUDING REMARKS

Theorem 1 says that there is only one example which allows equation
(1.3) to have three solutions in positive integers. On the other hand, a
simple search in a suitably finite region using computer (cf. [ScSt4, Section
3]) finds a number of examples where there are two solutions to (1.3) in
positive integers x,y and z, corresponding to the following set of equations:

5+3=2% 5+33=2% 534+3=2";
13+3=2% 134 3% =28,
54+22=3% 5242=3%
74+2=3% 7425 =3%
3+23=11, 32+2=11;
104+3=13, 104+ 3" =133
(15.1) 3+42° =35, 3%+ 2° = 35;
89 +2 =91, 89 4+ 213 =91%
5427 =133, 5%+ 2% =133;
3+ 2% =259, 3%+ 2% = 259;
13 + 37 = 2200, 13% + 3 = 2200;
91 + 213 = 8283, 912 4 2 = 8283;
2F -1 42=2F+1, 2" -1)2+ 282 = (2F +1)2

where k is any integer with k > 2.

While Theorem 1 is essentially sharp, as indicated by (15.1), it is natu-
ral, in light of a lot of existing works on the solutions of equation (1.3), to
believe that something rather stronger is true. A formulation in this direc-
tion is posed by Scott and Styer [ScSt4], which is regarded as a 3-variable
generalization of [Be, Conjecture 1.3], as follows:

Conjecture 2. For any fixed relatively prime positive integers a,b and c
with min{a,b,c} > 1, equation (1.3) has at most one solution in positive
integers x,y and z, except for those triples (a,b,c) corresponding to (15.1).

There are many results in the literature which support this conjecture.
However, Conjecture 2 seems completely out of reach. It is worth noting that
it solves several open problems on the solutions of equation (1.3) for some in-
finite families of (a, b, ¢), including not only the conjecture of Sierpiniski and
Jedmanowicz on primitive Pythagorean triples, but also its generalization
posed by Terai as mentioned in the first section. Finally, we mention that
Conjecture 2 seems not to follow directly from some of well-known conjec-
tures closely related to ternary Diophantine equations including generalized
Fermat conjecture and any effective version of abc conjecture.
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