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ABSTRACT. We prove a new class of low-energy decompositions which,
amongst other consequences, imply that any finite set A of integers may
be written as A = BU C, where B and C are disjoint sets satisfying
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This generalises previous results of Bourgain—-Chang on many-fold sum-
sets and product sets to the setting of many-fold energies, albeit with a
weaker power saving, consequently confirming a speculation of Balog—
Wooley. We further use our method to obtain new estimates for s-fold
additive energies of k-convex sets, and these come arbitrarily close to the
known lower bounds as s becomes sufficiently large. A key ingredient in
our proofs is an optimal variant of the s-fold Balog—Szemerédi—Gowers
theorem.

1. INTRODUCTION

This paper investigates topics surrounding the sum—product phenomenon,
a growing collection of results that concern themselves with notions of ad-
ditivity and multiplicativity amongst algebraic sets. This was first studied
by Erdés and Szemerédi [10], who analysed the cardinalities of the sumset
sA and the product set A®), when s is a natural number and A is a finite,
non-empty subset of integers. Here, we write

sA={a1+---+as|ay,...,as € A} andA(s):{al...as\al,...,aSEA}.

These sets measure the arithmetic structure of A, as evinced by the fact
that |sA| <, |A| whenever A is an arithmetic progression, and |A®)| <, |A|
when A is a geometric progression. Erdés and Szemerédi conjectured that
these two notions can not simultaneously occur for a given finite set A of
integers, whence, at least one of the sumset or the product set must be
extremally large.

Conjecture 1.1. Let s > 2, let € > 0 and let A be a finite subset of integers.
Then
|sA+ 4O > Al
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Since their influential work, this problem has been thoroughly studied
and generalised, and in particular, the s = 2 case of this conjecture has seen
a lot of progress in recent times, with techniques arising from a variety of
areas being utilised to tackle this question (see [12], [24]). The current best
known result in the s = 2 case is present in work of Rudnev and Stevens [20],
who showed that

’2A| + ‘A(2)| >, |A’4/3+2/116776’

whenever A is a finite susbet of R. The cases when s > 3 are in a more
contrasting situation, with very few results studying this problem. One
such result arose from the beautiful work of Bourgain—Chang [6], which, in
particular, implies that for any sufficiently large natural number s, and for
any finite set A of integers, we have

|sA| + A > A%, (1.1)

where we may choose bs > (log 3)1/ 4. Since their result, there has only been
one other improvement in this setting, namely, the work of Palvolgyi and
Zhelezov [19], which allows one to take by > (log s)' 0.

We note that more robust notions of additivity and multiplicativity have
been analysed in reference to these type of problems, and thus, given a
natural number s and finite set A of real numbers, we define the s-fold
additive energy Es(A) of A to be

Ey(A) = [{(a1,...,a25) € A% | a1+ + a5 = ag1 + - + azs}],
and the s-fold multiplicative energy M (A) of A to be
My(A) = [{(a1,...,a25) € A% | ay...a5 = asy1...a25}]
Noting a simple application of the Cauchy-Schwarz inequality, we see that
E (A)|sA| > |A]* and M,(A)|A®)| > A, (1.2)

and consequently, whenever the sumset or the product set is small, the
respective energy must be large. Hence, these energies are concrete measures
of additivity and multiplicativity. Similarly, whenever either of E4(A) or
M, (A) is small, then max{|sA|,|A®)|} is large, and so, noting Conjecture
1.1, one might naively expect that given any finite set A of Z, either E4(A)
or M(A) must be small. However, we see that this is not the case, since we
may consider the set Ay = {1,2,..., N}U{N2, ..., NV} wherein, we have
ES(AN>,MS(AN) > |AN‘2371.

Despite this obstruction, we are able to prove the next best alternative,
that is, we are able to show that any finite set A of integers may be parti-
tioned into sets B and C, such that B has a small additive energy and C
has a small multiplicative energy.

Theorem 1.2. Let k > 1 be a real number, let g be some even natural num-
ber, and write A = 6 + 180k logq, and s = 95+ (14120202 (Nlog kKT+1) - Thepy
for every finite, non-empty set A of integers, there exist pairwise disjoint
sets B,C such that A= BUC and

E,ja(B) <ig |Bl779% and M,(C) < |C*7.
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We can utilise this theorem to generalise the aforementioned result of
Bourgain—Chang to the setting of energies, albeit with a weaker power sav-
ing.

Corollary 1.3. Let s be a sufficiently large natural number. Then for every
finite set A of integers, there exist disjoint sets B and C such that A = BUC

and

Es(B) < |B|2S_7]s and MS(C) <5 |C|2s—ns’
where 1, > D(loglog 5)1/2 (log log log S)—l/z
constant.

, and D > 0 is some absolute

We remark that while such decompositions have been extensively studied,
Theorem 1.2 and Corollary 1.3 seem to be the first results which allow the
power saving 1y — 0o as § — 00, consequently confirming a speculation
of Balog and Wooley [2] in the integer setting. In fact, it was the latter
authors who originally studied these so called low energy decompositions,
and showed that given natural numbers s, so > 2, every finite subset A of
R may be partitioned as A = B U (', where

E, (B) <5 |A*17179 and M,,(C) <5 |A]*27179 (1.3)

for any § < 2/33. Moroever, even though their work has since been further
refined by multiple authors, in part due to its close connection to Conjecture
1.1, the best value of § that is known to be permissible in (1.3) still satisfies
d < 3/11 (see [29, Theorem 1.8]).

We further note that these decompositions seem to be much harder to
study as compared to the corresponding sumset-product set bounds. Firstly,
the latter can be derived from the former using inequalities such as (1.2), and
in fact, Corollary 1.3 furnishes bounds of the shape (1.1) in a straightforward
manner, albeit with a weaker exponent of the form b, > (loglog s)/2=°(1),
Secondly, unlike the sumset-product set case, there is no known analogue of
Conjecture 1.1 in the energy setting, in part due to the fact that there exist
arbitrarily large subsets A of N such that for every decomposition of A into
disjoint sets B and C, and for every choice of s1, s9 > 2, one has either

s1—1 sg—1
En(B) > [+ or Moy (€) 3 |41
We refer the reader to [2] for more details regarding this construction.

Our methods can be further utilised to provide a qualitative equivalence
between sumset-product set bounds of the shape (1.1) and low energy de-
compositions as presented in our results above. In order to state this, we
first record some notation, and so, given a set Z of real numbers, a natural
number m and a real number b > 1, we denote (Z,m,b) to be a good tuple
if for every non-empty, finite subset A of Z, we have

ImA| +|A™)| >, |A]. (1.4)

Theorem 1.4. Let (Z,m,b) be a good tuple, and let k, s1, s2 satisfy k = b/30
and s = 25+(1+500’—k“SQ)(l—Ing-‘—‘rl) and so = 25+(1+120m)(|'10gk]+1). Then, fOT

every finite, non-empty subset A of Z, there exist disjoint sets B,C such



4 AKSHAT MUDGAL

that A= BUC and
E31 (B) <Lk,m |B|281—k and MSQ(C) <km ‘C|252_k+1.

Thus, Theorem 1.4, when combined with (1.1), is able to deliver quantita-
tively weaker versions of Theorem 1.2 and Corollary 1.3 in a straightforward
manner. We end our discussion on this class of results by mentioning that
we can use the ideas present in this paper to derive further arithmetic infor-
mation concerning the sets B and C' arising in the conclusion of Corollary
1.3, see, for example, Theorem 2.1. We discuss this, along with other appli-
cations of our method in §2.

We now move to another topic of interest in arithmetic combinatorics,
that is, the study of additive properties of convex sets. Thus, given any
finite subset I of real numbers, and a function f : R — R, we let f(I) =
{f(@i) | i € I'}. With this definition in hand, we are interested in studying the
sumsets 21 and 2f(I), when f : R — R is a strictly convex function. Writing
Iy ={1,..., N}, this problem was first studied by Erdds [9] in the case when
I = Iy, who formalised the heuristic that convexity should perturb additive
structure, at least to some degree, and presented the following conjecture.

Conjecture 1.5. Let € > 0 and let f : R — R be a strictly convex function.
Then
[F(In) + f(IN)] e N27<.

Here, for all finite sets A, B C R, we define AxB = {a*b|a € A,be B},
where the operation * € {+,—,-}. Furthermore, defining the set N} =
{1,2F ... N*} for every k € N, we may use the classical result |3 + A3| =
N27°() (see [14]) to discern that Conjecture 1.5 is expected to be sharp.
This has also been analysed in the more general case of I being an arbitrary
finite subset of R, wherein, Elekes, Nathanson and Ruzsa [8] used incidence
geometric methods to prove that

LFU) + F(D] > [1PPES Y, (1.5)

with Ky = |2I|/|I|. We see that choosing f(x) = logz gives sum-product
type estimates, while setting I = I delivers bounds for sumsets of convex
sets. As in the case of Conjecture 1.1, much work has been done recently on
refining such bounds, culminating in the work of Stevens and Warren [25],
who showed that

)+ F(D)] > 1P R,

in process, recovering the best known result known towards Conjecture 1.5.

Furthermore, various authors have studied generalisations of estimates of
the above kind, by imposing higher levels of convexity on the function f (see,
for instance, [13], [7], [18], [23]). More precisely, given some interval Z C R
and natural number k > 2, we write f to be (k — 1)-convex on Z if all the

derivatives f, ..., f®) exist and are non-vanishing on Z. Furthermore,
given a non-empty, finite subset I of Z, we write K = |2I — I|/|I| and
A= f(I).

In this setting, Hanson, Roche-Newton and Rudnev [13] proved that
26704 = (27— A JAP K log |4) 70, (16)
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a bound that can be interpreted as a higher convexity version of (1.5). More-
over, this is sharp up to some multiplicative constant, since the function
f(z) = ¥ can be seen to be (k — 1)-convex, whence, we can choose I = Iy
and A = N, and use the observation that |mAj — nNk| <jm.n N¥ for each
m,n € N.

Noting the above estimates, it is natural to ask whether an energy variant
of such a bound can hold, and this is precisely the content of our next result.

Theorem 1.6. Let k > 2 be a natural number, let T C R be an interval and
let f: T — R be (k—1)-convex onZ. Then, for every s € N and every finite
I CZ, writing A= f(I) and K = |21 — 1|/|I|, we have

EL(A) < [APSHHIEDT 4 e
where ny, € (0,1) and cs ), > 0 are absolute constants.

As before, we note that Theorem 1.6 is sharp up to a factor of | A|(#k=4)s™"

where the latter becomes arbitrarily small as s becomes appropriately large.
In order to see this, we can set f(z) = ¥ and I = Iy in Theorem 1.6 to
produce the bound

E(Nk) <k N25—k+(4k—4)s*’7k’

whereupon, we may use the following elementary estimate to confirm our
claim
Es(Ng) > N%|sNp| 7t > N8 (1.7)
Furthermore, while we have not carefully optimised our arguments to
obtain the best possible value of 7, in Theorem 1.6, one could take 27% «
n, < 2% Thus, there exists C' > 0, such that for any x > 1, whenever
s > 202" log(kr) e have (4k — 4)s™™ < 1/k, that is,

BEy(A) g |A]PRFUR 4 ROk,

This can be compared with the recent work of Bradshaw, Hanson and Rud-
nev [7, Theorem 1.4], who, under the hypothesis of Theorem 1.6, showed
that

By(A) <gp K2 2200 g[2s7kran, (1.8)
where s > 25~1 and oy, = Zf;ll 42779, Since 1/2 < a3, < 2 for every k > 2,
we see that (1.8) misses the lower bound in (1.7) by a factor of at least | A|'/2,
and so, our result provides sharper upper bounds when s > 902" logk 5
K < |A|9+(0), On the other hand, we note that their result provides non-
trivial bounds in a much larger regime than ours, that is, when s > 2F~1,
as well as that (1.8) exhibits a better dependence on the parameter K. Our
method also provides almost sharp bounds for additive energies between
multiple (k — 1)-convex sets, see, for instance, Corollary 2.2.

A key ingredient in the proofs of all of our aforementioned results is an
inverse theorem that converts information on s-fold energies into bounds
for many-fold sumsets. In order to introduce this, we first note that when-
ever |sA| < KJA]| for some K > 1, inequality (1.2) implies that Eg(A) >
|A]?*~1/KC. While the converse implication is not true, the next best alter-
native is given by the Balog—Szemerédi-Gowers theorem (see [1], [11], [21],
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[26]), which roughly states that whenever E,(A) > |A|?*~!/K, then there
exists A’ C A such that

1A’ > |A|/KOW and |sA’] < KOW| A (1.9)

In order to see this, we first utilise Lemma 3.1 to deduce that Es(A) >
|A]3/K and then apply Lemma 3.5 with some standard modifications to
obtain A’ C A such that |A’| > |A|/KOM and |4 + A'| < KOW|A4,
whereupon, Lemma 3.6 delivers the claimed estimate.

Hence, while (1.9) is effective when K < |A|€ for small values of € > 0, the
factor K9(5) may grow too big when K is large in terms of |A|, consequently
providing ineffective bounds for |sA’|. Moreover, whenever K > |A|* for
some A > 0, the size of A’ obtained via (1.9) may be too small for many
applications. Building upon some ideas from [15] and [5], we prove a gener-
alisation of this result, wherein, upon including a parameter that measures
the relative size of F,/;(A), we obtain a conclusion with a much better
dependence on K.

Theorem 1.7. Let s > 4 be an even natural number, let A C R be a
finite, non-empty set and let K, M > 1 be real numbers satisfying Es(A) >
|A[*71 /K and Egj5(A) < MIA]P71/K. Then there exists A’ C A such that
for each m,n € NU{0}, we have

1A' > |A| M2 and [mA" — nA'| K MPOFVC| A (1.10)

A big advantage of Theorem 1.7 that we can already note is that the size
of the set A’ obtained in (1.10) is independent of K, and only depends on
the parameter M. This allows us the possibility of applying these inverse
arguments effectively even in the setting when K is large, say, when K >
|A]}, for large values of A. A similar remark can be made for the upper
bound for [mA’ — nA’| that is presented in (1.10) . In particular, letting A
satisfy Es(A) = [A|*71/K and E,5(A) < M|A]*"!/K, an amalgamation of
Theorem 1.7 and inequality (1.2) yields the bound

‘A|2371,C71 _ ES(A) > ES(A/) > ’A/|2s’SA/|71 > MfO(s)|A‘237llel‘

Thus, whenever M is small enough in terms of K, say, when M < K°(),
our conclusion can be seen to be almost optimal, even for large values of K.

Finally, we justify our remark that Theorem 1.7 can be interpreted as a
generalisation of (1.9). In order to see this, note that Lemma 3.1 implies
that for every even s € N, we have

| AT Es(A) < Eypp(A) < JAPTL (L.11)

Thus, for any set A C R satisfying Es(A) > |A|*71/K, we may always
choose M = K in the hypothesis of Theorem 1.7, which then yields estimates
of the same shape as (1.9). In fact, an application of Hélder’s inequality,
along with some arguments akin to the one used in Lemma 3.2 implies

1 1
that we may always set M = 2722 but that too supplies a conclusion
of the same form as (1.9). We present a more detailed discussion regarding
Theorem 1.7, as well as its equivalent formulation in the form of Proposition
2.3, in §2.
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We finish this section by providing a brief outline of our paper. We use §2
to discuss some further applications of our method. In §3, we record some
preliminary lemmata that we will use frequently through the paper. We
then employ §4 to present the general set up for procuring our low energy
decompositions. In §5, we will use these ideas, in conjunction with the
aforementioned work of Bourgain—Chang, to prove Theorem 1.2 and related
results, such as Corollary 1.3 and Theorem 2.1. Similarly, we utilise §6 to
proving Theorem 1.4. We turn to the proof of Theorem 1.6 in §7, and this
will involve combining iterative applications of Proposition 2.3 with sumset
estimates of the form (1.6). Finally, we conclude this paper by recording
the proof of Proposition 2.3 in §8.

Notation. In this paper, we use Vinogradov notation, that is, we write
X >, Y, or equivalently Y <. X, to mean | X| > C,|Y| where C' is some
positive constant depending on the parameter z. Moreover, for every 6 € R,
we use e(f) to denote > and for every non-empty, finite set Z, we use
|Z| to denote the cardinality of Z.

Acknowledgements. The author is grateful for support and hospitality
from University of Bristol and Purdue University. The author would like to
thank Trevor Wooley for his guidance and encouragement.

2. FURTHER APPLICATIONS AND DISCUSSION

We commence this section by presenting versions of results from §1 that
study mixed energies. One of the motivations behind this is to show that
the sets B, C' arising from our decomposition in Corollary 1.3 not only have
low additive and multiplicative energies respectively, but also that this de-
composition has a doubly orthogonal flavour, that is, B and C' have a small
mutual additive and multiplicative energy. We begin this endeavour by sup-
plying some suitable notation, and thus, given any natural number s and
any finite subsets Ay, ..., Ass of R, we define

ES(Ala"'yAQS) = |{(ala"' 7a28) € Al X X AQS | Zai = Zas+i}|a
i=1 i=1

and
Ms(Al,...7A25) = \{(al,...,ags) €A1><-~><A28|a1...a5:a5+1...a25}\.

Next, for all finite sets B,C of real numbers, writing B; = B for every
1<i<sandC; =C for every 1 <1i < s, we define

Ey(B,C) = Ey(By,...,Bs,Ch,...,Cs)

and

My(B,C) = My(Bs,...,Bs,Cq,...,Cs).
We can interpret Eg(B,C) and M(B,C') as measures of additive and mul-
tiplicative interactions between the sets B and C.

Theorem 2.1. Let s € N be sufficiently large, and let A C Z be a finite set.
Then there exist disjoint sets B, C such that A= BUC, and

max{E,(B), My (0), Ey(B. C), My(B. O)} < |AP* 7,
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where v > (loglog s)'/?(logloglog s)~1/2. Moreover, if 0 ¢ A, then for
every Ay, ..., Ass € {B,C}, we either have

Ey(Ar, ..., Agy) <5 |AP or My(Ay, ..., Ags) <s [AZ. (2.1)

Thus, the sets B and C prescribed by Theorem 2.1 not only have small
additive and multiplicative energies respectively, but there is also low arith-
metic interaction between the two sets. Moreover, it is interesting to note
that in the case of (2.1), we must restrict to the case when 0 ¢ A, but we
will show that this condition is, in fact, necessary.

Writing A = {0,1,2,..., N}, we suppose that A = BUC for some disjoint
sets B, C, and without loss of generality, we may further assume that |B| >
N/2. We now set A; = A;s = B for every 2 < i < s, and if 0 € B, we set
Ay = Ag11 = B, otherwise we set A = Ag11 = C. In either case, applying
the Cauchy-Schwarz inequality gives us

Ey(Ay,..., Ay > E,_1(B) > |B|*7%|sB|™' >, N?73,

while
My(Ay, ..., Agg) > |B[*72 >, N*72,
since 0-bg...bg = 0-bgy1...bos for every ba,...bs,bsra,...,bas € B. This
confirms our claim.
As previously mentioned, we can also generalise Theorem 1.6 to the case
when we consider additive interactions between multiple (k — 1)-convex sets.

Corollary 2.2. Let k,s > 2 be natural numbers. Morevoer, for every 1 <
i < 2s, let Z; C R be an interval, let f; : Z; — R be (k — 1)-convez, and let
I; C 7, be a finite set, with A; = fi(I;) and K; = |21; — L;|/|;|. Then, we
have

Eo(Ay,. .., Agg) opo (K .. Kog)Oon W (| Ay |26 .| Agy|2s )2t (Ah—4)s™
where mi, € (0,1).

Proof. Theorem 1.6 implies that Eg(A4;) <k KOsk 7|25kt (4k=4)s™" fop
every 1 < i < 2s, which further combines with Lemma 3.2 to deliver the
required bound. ([l

Moreover, while Theorem 1.6 and Corollary 2.2 and inequalities (1.6) and
(1.8) can be seen as higher convexity generalisations of (1.5), the methods
used herein differ significantly from the previous work done around these
topics. For example, Elekes, Nathanson and Ruzsa used incidence geometric
tools to prove (1.5), whereas the authors in [13] and [7] employed more
elementary combinatorial methods in their work. On the other hand, we
rely heavily on a variety of tools from arithmetic combinatorics, including
our variant of the s-fold Balog—Szemerédi—Gowers theorem, that is, Theorem
1.7. We present this in an equivalent formulation below.

Proposition 2.3. Let v,0 be positive real numbers such that v > 1, and
let s > 4 be some even number. Moreover, suppose that A is some finite,
non-empty set of real numbers such that Es(A) > |A|**7Y. Then we either
have

Byjs(A) > A+
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or there exists some A" C A such that |A'| > |A|'=82° and for each m,n €
N U {0}, we have

]mA/ _ TLA/’ Lo ‘A‘V+24O(m+n)5.

We note that this readily implies Theorem 1.7, by setting K = |A]"~!
and M = |A|°. Furthermore, recalling (1.11), we see that Proposition 2.3
roughly states that whenever E/5(A) and FEs(A) follow an almost optimal
relation, then we can obtain a very strong control over the many-fold sumsets
of a large enough subset A’ of A. Another such inverse result arises in work
of Shkredov [22], who showed that whenever F2(A) and the so-called higher
energy follow an almost optimal relation, then one can obtain a conclusion
of a similar strength as Proposition 2.3. This result has found a variety of
applications in arithmetic combinatorics and related areas, for instance, we
point the reader to some of our recent work on threshold breaking estimates
for additive energies of sets lying on curves and spheres (see [16], [17]).
Similarly, Bateman and Katz [3] studied structure theorems for sets A that,
amongst other properties, satisfied almost optimal relations between Ea(A)
and F4(A), and this formed a crucial ingredient in their breakthrough work
on the cap set problem. Relatives of these ideas also present themselves in
the recent groundbreaking work of Bloom-Sisask [4] on Roth’s theorem on
arithmetic progressions.

We end this section by noting that even in the case when A = N}, ob-
taining near optimal bounds for Es(N) for smaller values of s, say, when
s = o(k?), is incredibly hard, and any significant progress in that direction
would imply major improvements in Waring’s problem. Thus, writing so (k)
to be the smallest value of s for which we have

Es (Nk) <<s,k,e N287k+6

for every € > 0, the problem of finding optimal estimates for sg(k) has been
studied by multiple authors, with the current best known bounds arising
from the work of Wooley [28, Corollary 14.7], who proved that so(k) <
k%* — k 4+ 2|v/2k +2]. We refer the reader to Section 14 of the latter paper
for more details regarding this topic.

3. PRELIMINARIES

We begin by recording some preliminary definitions and results that we
require in our proof of Theorem 1.6. Thus, given a finite, non-empty set A
of real numbers, for each n € R, we write r5(n) to denote the number of
solutions to the equation z1 + -+ + s = n with z1,...,xs € A. Thus, for
any n € R, we have rg(n) > 1 if and only if n € sA. Moreover, a standard
double counting argument implies that

Z rs(n) = |A]® and Z re(n)? = Ey(A). (3.1)
nesA nesA

Additionally, given a finite subset X of R, we use 1x to denote the charac-
teristic function of X, that is, given n € R, we have 1x(n) = 1ifn € X,
and 1x(n) = 0 otherwise. We now record some inequalities concerning
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the relation between the representation function r, and the additive energy
Es(A).
Lemma 3.1. Let A be a set of real numbers and let s be a natural number.

Then, whenever s is even, we have

sup7rs(n) < Egja(A).

Similarly, for each 1 <1 < s, we have
Es(A) < |A*72E(A).
Proof. Let G be the finitely generated abelian group spanned by elements of

A. We begin by defining, for any finitely supported functions f,g: R — R,
the convolution

(f*xg)(x)= Z f(n)g(z —n) for each z € R.

neG
Moreover, we can extend this definition for many-fold convolutions, by writ-

ing f+1 f(2) = (f * )(@) and fx, f(x) = (f % (f %1 f))(x) for each s > 2.

Finally, for each 1 < p < oo, we denote the IP(G) norms of f to be

1l = (D 1F ()PP and || flloo = sup | f(n)].

neG neG

From these definitions, we see that rs(n) = (14 *s—1 14)(n), and so, we can
further rewrite (3.1) as

[T %s—1Talls =|A5, and |14 *,_1 14]|3 = Es(A).
We can now use Young’s convolution inequality to deduce that
suprs(n) = [[la #s-1 Talloo < [|(Ta 521 1a)[I3 = Eo2(A),
whenever s is even. Similarly, for every 1 < [ < s, we can again apply
Young’s convolution inequality to discern that
Eo(A)Y? = 141 Lalle < [Ta #eim1 LallafTa #i-1 Lall2
= |APT E(A)2,
which delivers the required estimate. O
We now bound Es(Aj, ..., Ass) in terms of Es(A1),. .., Es(Ags).

Lemma 3.2. Given finite, non-empty sets Ay, ..., Ass of real numbers, we
have
Ey(Ay,. .., Agg) < Eg(A)Y% . EBy(Age)V/%.

Proof. 1t suffices to show that for each ¢ > 0, we have
Ey(Ar,..., Ags) < Ey(AD)'/? . Ey(Age) /> +e.

We begin this endeavour by defining, for every pair &, R of real numbers
satisfying £ # 0 and R > 0, the quantity I(R,§) = f[o Rl e(éa)da. When
¢ # 0, we see that

[1(R,€)| = |(2mi&) " (e(6R) — 1)| < [¢] 7, (3-2)
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whereas I(R,0) = R. Moreover, for every 1 < i < 2s, we define the exponen-
tial sum f;(a) = > 4, €(ac), while we use A to denote the set Ay x- - -x Ags,
and we use a = (ay,...,ass) to denote an element in A. Next, we write

U={ac Al Z —aips) =0}, and V={a € A| > (a; — aiss) # 0},

=1

and Ty = (A1+'--+A5*A3+1*"'*A25)\{0}, and T; = (SAZ*SAZ)\{O}
for each 1 <4 < 2s. Finally, we set §y = minger, |£], and & = minger, €],
for each 1 <1 < 2s.

With this notation in hand, we see that

S

[ TI ) Py = 3 10.0)+ 3 10 Yo = a1
=l i=1

acld acy
= REs(A1,..., Ass) + O(JAq] ... |Aaslg ), (3.3)

where the last step follows from (3.2). Similarly, for each 1 < i < 2s, we
have

/[0 | IO de = REL(4) + 04 e (3.4)

We may now use Holder’s inequality to deduce that

fi(a) ... fs(@) foqr(a) ... fas(a)da < H(/ | fi(o Izsda) /28,

[0, ]

which then combines with (3.3) and (3.4) to deliver the estimate

|25 1/2s
o800 o o)

Choosing R € R to be sufficiently large in terms of e, s, |A|, &, ..., &2s, say,
R > e (42| A% Z?io ¢!, supplies the desired inequality. O

We note that such results can also be extended for multiplicative energies
of sets of positive real numbers. In order to see this, note that for any finite
set A C (0,00), we can consider the set ¢(A), where ¢(z) = logz. In this
case, we have

S S
T1...Ts = Tgy1...Tspyr if and only if Z o(x;) = ng)(mSJri),
i=1 ]

for every s, € N and for every x1,...,zs1, € A. Consequently, we see
that Ms(X) = Es(¢(X)) for every s € N and for every X C A. Similarly,
for every m,n € NU {0} and for every X C A, we have | X(™)/X")| =
Im¢(X) — np(X)].

Lemma 3.3. Let Ay, ..., Ass be finite subsets of R\ {0}. Then
M(Ay, ..., Agg) < 2% M(Ar)'/2% . My (Ags) /2.
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Proof. Writing A; = (—A;1) U A; 2 where A;1,A4;2 C (0,00) for every 1 <
1 < 2s, we have

MS(Alv .- 7A25) = Z MS((_l)lelvjl’ SRR (_1)j25A287j25)
1<d1,00,525 <2
< Z MS(Al,jla o 7A287j23)7 (35)
1<g1,00,525 <2

where the last inequality follows from the fact that whenever xq...zs =
Tst1-.-Tos, then |x1|...|xs| = |xsy1]. .. |x2s|. As before, writing ¢(X) =
{logz | € X} for every finite set X C (0,00) and consequently applying
Lemma 3.2, we discern that

2s
MS(Aij s 7A28,j2s) = Es(qb(Ale)v s a¢(A28,j25)) < H ES(QS(Ai,ji))I/QS
i=1
2s 2s
— HMS(Ai,ji)1/2S < 1_1]\48(‘/401/257
=1 =1

for every 1 < j1,...,j25s < 2. Combining this with (3.5) finishes our proof
of Lemma 3.3. U

As in the case of Theorem 2.1, the condition A; C R\ {0} is necessary in
the above lemma, since we may choose 4] = Ag41 = {0} and A; = As4; =
Py for every 2 < i < s, where Py is the set of first N primes. In this case,
since we have M (Py) <5 N*, we get 225M5(A1)1/28...MS(AQS)l/QS <5
N3~ while M(A1,...,As) > N?72 due to the fact that 0-xo...25 =
0-Zsyo...x05 for any xo, ..., s, Tst2,...,Tos € R.

Lemma 3.4. Let Aq,..., A, be pairwise disjoint finite sets of real numbers,
and let Agp = A1 U---UA,. Then

Ey(Ag) < n*7! ZES(Ai) <n* sup E(4;).
=1

1<i<n

Moreover, if 0 ¢ Ay, then

M,(Ag) < 22071 " M(A;) < (2n)* sup M(A;).
=1

1<i<n

Proof. A straightforward application of Lemma 3.2 and Hélder’s inequality
implies that

2s
Ey(Ag)= Y B4, Ap)< > ] B4

1<, 5125s<n 1<y, i25<n j=1
n 9 n
= () Es(4)*)7 <071y " Ey(Ay) <n® sup Ei(4)),
i1 =1 1<i<n

whence we obtain the first inequality stated in Lemma 3.4. The proof of
the second inequality follows mutatis mutandis, except we apply Lemma 3.3
instead of Lemma 3.2. O
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Our proof of Proposition 2.3 will be using the Balog—Szemerédi—-Gowers
theorem, or more specifically, the following reformulation of the same that
can be expressed in terms of estimates on restricted sumsets on graphs
(see [1, Theorem 5)).

Lemma 3.5. Let A, B be finite subsets of an additive abelian group Z and
let G be a subset of Ax B with S ={a+b | (a,b) € G}. If |A|,|B|,|S| <N
and |G| > aN?, then there exists an A’ C A such that

2381 2 3
1A'+ A < 7MN and |A'] > 3o
3 216 Jog(32/ )

ol
We will also be using a classical result in additive combinatorics that
bounds the size of many-fold sumsets in terms of the cardinality of two-
fold sumsets. Thus, we record the Pliinnecke—Ruzsa theorem [27, Corollary
6.29].

Lemma 3.6. Let A be a finite subset of some additive abelian group G. If
|A+ A| < K|A|, then for all non-negative integers m,n, we have

ImA — nA| < K™ A].

We now present further details regarding the aforementioned work of
Bourgain—Chang, and we begin this endeavour by defining, for each finite
set A of integers and for every real number ¢ > 1, the quantity

) = s ([ 13 s o) "

neA
where the supremum is being taken over all sequences {c;,}nca satisfying
> nea len]? < 1. We remark that estimates on Ag(A) imply bounds for addi-
tive energies of subsets of A, namely, we can use orthogonality to infer that
for every non-empty subset B of A, we have

\B|~*E4(B) :/ S 1B 2e(n0)[2d0 < Moo A),
[0,1) neB

whence, we get Es(B) < Aas(A)%|B|*. We now record the following result of

Bourgain-Chang [6, Proposition 2] which produces upper bounds for \,(A)

whenever A has a small product set.

Lemma 3.7. Lety > 0 and q > 2. Then there exists a constant A = A(vy, q)
such that if A is a finite set of integers and K is some real number satisfying
|A- Al < K|A|, then

A (A) < KM A].

In fact, this bound has recently been quantitatively strengthened [19],

wherein, it is now known that when v < log g, one may choose A = 6(1 +
10ﬂ). In order to see this, observe that a combination of [19, Theorem 1.3]

and Lemma 3.6 yields the bound
Ag(A) < (JABA[TPFV AP < (JA- AJ|A]7)0Fe AP lo8a,
for every 0 < € < 1/2. We may now set € = v/(2log q) to confirm our claim.



14 AKSHAT MUDGAL

Finally, we note a straightforward corollary from the work of Hanson,
Roche-Newton and Rudnev [13], which will play an important role in our
proof of Theorem 1.6.

Lemma 3.8. Let k > 2 be a natural number, let Z C R be an interval, let
f:Z —Rbe(k—1)-convex onZ, let I C T be a finite set, with A = f(I)
and K = |21 — I|/|I|. Moreover, let A’ C A such that |A’| > C|A|. Then

25714 = (2571 - 1A oy A H(C/ K T (log |A]) TR

Proof. Let I be the subset of I such that A’ = f(I’). In this case, we see that
|I'| > C|I|, whence, |2I' — I'| < K|I| < KC~!|I'|. Applying [13, Theorem
1.4] yields the desired conclusion. O

4. SET UP FOR THE DECOMPOSITION

We will use this section to prove two results that will perform a key
role in our proofs of Theorems 1.2 and 1.4. Our first result in this section
encapsulates the Balog—Szemerédi-Gowers type philosophy, that is, given
any finite set A of real numbers, either we should expect a power saving
over the trivial bound for M (A), or there must exist a large subset B of A
such that the many-fold product sets of B are suitably small.

Lemma 4.1. Let k£ > 1 be a real number, let m > k be a natural number.
Let U > 120m and s > 2°+(+U)[ogkl+1) pe some natural numbers and let
A be a finite set of positive real numbers. Then either My(A) < |A|**7F or
there must exist B C A such that

|B| > C|A|'32%/U and |BM™)| < €, | APPF, (4.1)
for some absolute constants C,Cp, > 0.

Proof. We begin by noting that it is sufficient to consider the case when
s = g, where sq = 20F(HU)([logkl+1) "gince whenever s is strictly larger,
we may use Lemma 3.1 to derive the inequality My(A) < |A|?572%0 M, (A),
which then allows us to infer the desired result from the conclusion derived
in the s = sy case. Thus setting s = sy, we may further assume that
M,(A) > |A|>7F, since otherwise we are done. In this case, noting the
discussion following Lemma 3.2, we may apply a multiplicative version of
Proposition 2.3 to deduce that either

M,j5(A) > |AJPHHR/U.
or there exists some B C A such that
‘B’ > C’A‘1—82k/U and ‘B(m)‘ < Cm‘A|k(1+240m/U) < Cm‘AISk- (4.2)

Since the latter conclusion would mean that we are done, we may assume
that M/ (A) > |A|s~#(=1/U) "We can now iterate this argument multiple
times to deduce that

My jor () > A2 IO,
for every r satisfying 2" < s/4. Upon comparing this with the trivial bound
My (4) < AP/
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we infer that k(1 — 1/U)" > 1, that is,

log k log k

< < (1+U)logk,
log(py) — log(%H)

where the last step utilises the fact that log(1 + x) > 75 whenever x > 0.
Since s > 20T(1+U)([logkl+1) " we may choose r = 2 4 (1 4+ U)([logk] + 1)
to obtain a contradiction, whence, there must exist a set B C A satisfying
(4.2), and so, we are done. O

In the forthcoming sections, we will use Lemma 4.1 to deduce inverse
results that may then be iteratively applied to obtain a decomposition of
A into a sequence of subsets, such that each such subset either has a small
multiplicative energy or a small additive energy. An important aspect of
such algorithmic arguments is to ensure that they finish in an appropriate
number of steps, and in this endeavour, we present the following lemma.

Lemma 4.2. Let 0 < ¢ < 1 and C > 0 be constants. Let Ag = A, and for
each i > 1, define A; = A;_1 \ U; where |U;| > C|A;_1|'=¢. Then, for some

-1 4l
r < 2(log |A] 4+ 2) + C™ "5y,

we must have |A,| < 1.

Proof. Let j be the smallest natural number such that |A;] < |A|/2. Then,
for each 1 < i < j, we see that |U;| > C|4;_1|'7¢ > C|A|'7¢2¢"1, and so, we
have

j—2

|41/2 < |Ajoal = JA] = YUl < JA] = C(j — 2)] A 2

i=1
Upon simplifying the above inequality, we see that j < 2 4+ C~127¢|A|°,
whence, we can proceed with at most

log |A|+1 ’A|C
> 2+ 72 Al 27) < 2(log |A] +2) + 0*120 —
n=0
number of steps before |A;| < 1, for some ¢ € N. O

5. PROOF OF THEOREM 1.2

We dedicate this section to proving Theorem 1.2 and Corollary 1.3. More-
over, for the purposes of this section, we will fix £ > 1 to be some real num-
ber, ¢ to be some even natural number, and we will let v = 1/(30k). With
q,7 fixed, we will write A = A(q,~y) to be the constant arising in the con-
clusion of Lemma 3.7. Noting the discussion following Lemma 3.7, we may
choose A = 6(1 +1logq/v) = 6 + 180k log q. Finally, we will set [ = [30kA],
and m = 2!, and U = 120m, and s = 25T(1+U)([loghk]+1)

As mentioned in §3, we begin by presenting a lemma that allows us to
show that any set with a sizeable amount of multiplicative energy contains
a suitably large subset with a small additive energy.
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Lemma 5.1. Let A be a non-empty, finite subset of natural numbers such
that My(A) > |A|**F. Then, there exists a subset B of A such that |B| >
C|A’1_82k/U and

E,2(B) g |BI1794,
Proof. We note that our choice of k,m,U and s satsify the hypothesis of

Lemma 4.1, and so, we may apply the same to obtain a subset B of A
satisfying (4.1). In particular, this means that

(2¢F1) (m) 3k
H‘B 18 g 1A
9] |B| 1B|
whence, there exists some 0 < ¢ <[ — 1, such that
% T i+1
BE)BE|_BE] AP
BE ~ [BEI BT
We now use Lemma 3.7 to deduce that
(21) At APRAE o
A(B) < C \B P,

m ’ B‘A/l
which, as per the discussion preceding Lemma 3.7, implies that for every
non-empty subset D of BZ2"), we have

A i
(D) < oL 1B pp

Note that there exists some natural number g such that g - B C B(T), and
since additive energies remain invariant under affine transformations, we see
that

A
Eya(B) = Eyalg- B) < cvt AT

B

< C%A/H-q‘A|3qkA/l+3qk7|B|Q(1/2 A/l)’

where we have used the fact that [B2)| < |B(™)| < C,,|A|3*. Recalling that
IB] > ClAP%/U  we get

A/l 3qkA/14+3
Eq/Q(B) < C(I—CEQk/U)l’B|18Mq]|B’q 1/2=A/1)

Furthermore, using the fact that (1 — 2)~! < 1 + 22 whenever z < 1/2, we

see that
3qkA/l + 3qk~y

1 - 82k/U
Noting that 164k/U < 1/10 and [ > 30kA, we deduce that
CqA/l

< 3qk(1 + 164k/U)(A/1 + 7).

Ey2(B) < W\B’Hq/w’mqﬁ Lpg BT,

which is the claimed estimate. O

We are now ready to proceed with our proof of Theorem 1.2.
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Proof of Theorem 1.2. We begin by noting that it suffices to prove Theorem
1.2 for finite subsets of natural numbers. In order to see this, let A be a
finite subset of integers and write A = A; U A U As, where A; C [1,00)
and As C (—oo,—1] and Az C {0}. Note that whenever A3 is non-empty,
we trivially have M (As) = Es(As) < |A|®. On the other hand, applying
Theorem 1.2 for the set Ay, we see that A; = By U Cy such that

E,j2(B1) <pg |B1]779% and M,(Cy) < [C]*7*.

Similarly, since —A2 C N, and Fs(—X) = E(X) and Ms(—X) = My(X) for
every finite subset X of real numbers, we may apply Theorem 1.2 to deduce
that Ay = By U Cy where By and Cs satisfy the relevant energy estimates.
We now set B = By U By U A3 and use Lemma 3.4 to furnish the bound

E,j2(B) <pyq |BJ179/5.

Similarly, we may write C = C7 U Cy and use Lemma 3.4 to obtain the
estimate

M,(C) <5 |C*7F.

Thus, from this point on, we will assume that A is a finite subset of natural
numbers.

We begin by running an algorithm to procure sets B and C' with desirable
arithmetic properties. Thus, we set Ay = A and By = (). Moreover, for
every i > 1, at the beginning of the " iteration, we will assume that
we have two disjoint sets A;_1 and B;_; such that 4, 1 UB;_1 = A. If
My(A;_1) < |A;_1]**7F, we stop our algorithm. On the other hand, if

M(Ai_1) > |Ai1|*7F,

we apply Lemma 5.1 to deduce the existence of D; C A;_; such that |D;| >
C|Ai,1|1_82k/U and

E,j2(D;) g |Di 791 (5.1)

We write A4; = A;_1\ D; and B; = B;_1 U D;, and proceed to commence the
(i + 1) iteration.

As per Lemma 4.2, such an algorithm can run for at most r steps, where
7 is some natural number satisfying r < 2(log |A| 4+ 2) + C~! 2'?_'1 and ¢ =

82k/U. Setting B = B, and C' = A,, we see that

M,(C) < |C*~*.

Moreover, if C' # A, that is, if B is non-empty, we have B = Dy U---U D,
where each D; satisfies (5.1). Combining Lemma 3.4 along with (5.1), we
get

E,jo(B) <79 sup Eypo(D;) + O(1) g 77| Dy 1794,

1<i<r

Finally, noting our upper bounds for r, we deduce that

Eqjo(B) g [APY]Bl7791, (5:2)
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k _82gk_
We further observe that |Dp| > |A[*~8%%/U whence, \A|82Tq < \Dl\U—g%.
Additionally, since U > 120 - 230 where A > 6, we see that

82qk < 164qk
U-82k~ U
Combining this with (5.2) and the fact that |D;| < |B|, we discern that
E,/2(B) <k yq |B‘qiq/5a

and so, we are done. O

< q/20.

We end this section by showing how Corollary 1.3 and Theorem 2.1 may
be deduced by combining our results from §2 along with Theorem 1.2.

Proof of Corollary 1.3. Since s is sufficiently large, there exists a real num-
ber k > 4 such that upon setting ¢ = 10[k], and

A =6+ 180klog g, and U = 120 - 2[3%A1 ang s; = 25+ (1+U)(llogk]+1)

we have loglog sy > loglogs > loglogsi. Moreover, our choice of k,q, A
and s; satisfy the hypothesis of Theorem 1.2, whence, there exist pairwise
disjoint set B, C' such that A = BUC and

E,j9(B) <pq |Bl979% < B9, and M, (C) <5, |C*17F
We may now use Lemma 3.1 along with the fact that s > s to deduce that
Ey(B) < q |BFF and M,(0) < |O*7F.
Thus, it suffices to show that k& > (loglog s)'/?(logloglog s)~'/2, and this

follows from noting that
loglog s < loglog s; < log(2U) + log(logk + 1) < k?*log ¢ < k?logk,

whenceforth, we obtain the claimed estimate. O

Proof of Theorem 2.1. We apply Corollary 1.3 to deduce the existence of
pairwise disjoint sets B and C such that A = BUC and

Ey(B) <, |B[*™ and M,(C) <, |C|**7"™, (5.3)
where 1, > (loglog s)'/2(log log log s)~1/2. Moreover, given any set X of real
numbers and any n € R, we write ¢s(X;n) = [{(x1,...,25) € X*|x1... 25 =
n}|. With this notation in hand, we see that

My(B,C) = qs(B;n)gs(C;n),
neL
whence, we may apply the Cauchy-Schwarz inequality to deduce that
1/2 1/2
My(B,C) < (Y as(B;)2) 2 (Y. as(C3m)?) V2 = My(B) V2 M, (C)V2.
nez ne”Z

Combining this with (5.3) and the trivial bound M(B) < |B|*71, we obtain
the required estimate for My (B, C), with vs = (ns + 1)/2. Furthermore, the
case of F4(B,C) can be resolved mutatis mutandis.
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Finally, given any Aj,..., Ass € {B,C}, at least s of these sets must be
the same, and so, suppose that 4, = --- = A;. If Ay =--- = A; = C,
Lemma 3.3 implies that

2s
Ms(Ala o 7A25) < MS(C)1/2 H (’Ai‘2371)1/2s < |A|2S*773/271/27
i=s+1
while if A1 =.-- = Ay = B, we can apply Lemma 3.2 to discern that

2s
E(A1,..., Ay) < E(B)'? T (1A 1)Y? <, JAPs2712 O
i=s+1

6. PROOF OF THEOREM 1.4
We use this section to prove Theorem 1.4, and so, let (£, m,b) be a good

tuple. Here, note that m > b trivially, and furthermore, we will assume that
b > 30, since otherwise, we may use trivial bounds of the shape

Ey(A) < |A» (6.1)
to finish our proof.

Lemma 6.1. Let (Z,m,b) be a good tuple. Let k = b/30, let Uy = 120m, let
5y = 25+(1+U2)([logk'\+1)7 let Uy = 500“{:“ sy and let 81 = 95+(14+U1)([log k]+1)

Then for every finite, non-empty subset A of Z, we have either Es (A) <
|A|251=F  or there exists some subset A1 C A such that

|A1| > C|A|P82/Ur and M, (Ar) < |Ay>27F,
or |A| < Cim, where Cy, is some positive constant.
Proof. Let A be a non-empty finite subset of Z. We may suppose that we
have F,, (A) > |A|?*17F, since otherwise, we are done. Furthermore, we may
apply arguments as in the proof of Lemma 4.1 to find a subset A; of A such
that

|AL| > C|A|*328/U1 and |mA,| < Cp| AJPF.

Here, we have used the facts that s; > 20+(1+UN([ogki1+1) anq U7} > 120m.
We can now assume that Mj, (A1) > |A1]|?*27%, since otherwise we would be
done, whence, as before, we obtain a subset Ay of A; such that

| Ag| > C| A" 82K/ and |AYY| < Cpl Ay PP
This implies that

‘Aém)| < Cmc(l—szk/Uz)*wAQ‘%,

and

3k
]mA2| < ‘mAll < Cm’A‘Sk <<k,m |A2‘ (1—82k/U1)(1-82k/Us) |

Noting the elementary inequality (1 +)~! < 14 2z whenever 0 < z < 1/2,
and the fact that Us > U; > 120k, we see that

AT | o [A2)%, and [mAs| <o [Ao|?™.
Putting this together with (1.4) and the fact that k = b/30, we discern that
| Ag|” <o |A2|*/10,
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from which, we can infer that |As| <, 1, and consequently, we have
|A| <g,m 1, thus finishing our proof of Lemma 6.1. O

Proof of Theorem 1.4. Let A be a finite, non-empty subset of Z. As in the
proof of Theorem 1.2, it suffices to consider the case when A C (0,00). Thus,
assuming the aforementioned condition, we proceed algorithmically, and so,
we set Ag = A. At the start of the i*" iteration, we will have two disjoint
sets A;_1 and B;_1 such that A = A; 1UB;_1. In case F,, (4;_1) < |A]>17F
or |A;—1| < Ckm, we stop the iteration, else, we apply Lemma 6.1 to deduce
the existence of some subset D; C A,_1 such that

|D;| > C|A;_1 |82/ U0 and My, (D;) < |Dj|*2 7> (6.2)

In this case, we set A; = A;—1 \ D; and B; = B;_1 U D;, and proceed to
commence the (i 4+ 1) iteration.

Noting Lemma 4.2, we see that such an algorithm can run for at most r
steps, where
’82k/U1

r < 2(log|A| +2)+C! 14

ST (6.3)

Thus, we must have A = A, U B,, where either Fy, (A4,) < |A.|*'7* or
|A;| < Cim, and consequently, we find that

ES1 (AT> Lk,m ‘AT ’2517}?

Moreover, if the set B, is non-empty, then B, = Dy U ---U D,, where D;
satisfies (6.2) for every 1 < i < r. Combining inequalities (6.2) and (6.3)
with Lemma 3.4, we see that

]\432 (Br) < (27’)282 sup ]MS2 (Dz) <<k,m 0_282‘A|164k52/U1‘BT‘282_k.

1<i<r
Recalling that U; = 500[k]s2, we see that
|A|164k32/U1 . ‘Dl‘(164k82/U1)(1+164k/U1) <km ’BT’492k82/U1 Kk |Br|7
whence, we have
MSQ (Br) <<k,m |Br|282_k+1-
Setting B = B, and C' = A, finishes the proof of Theorem 1.4. O

7. PROOF OF THEOREM 1.6

In this section, we present our proof of Theorem 1.6. Thus, let k£ > 2 be
a natural number, let Z C R be an interval, let f : Z — R be (k — 1)-convex
on Z and let I C 7 be a finite set, with A = f(I) and K = |2] — I|/|I|. In
this case, our main aim is to prove that the estimate

ES(A) Lok |A|28—k+(4k—4)87’7k + Kos,k(l)
holds for every natural number s, where 7 = log(1 + T} 1) with
Ti = 2(82k +82 - (28 — k — 1) + 240 - 2F).

Since 7y, € (0, 1), we see that whenever s < 3, we may use the trivial estimate
(6.1) to prove Theorem 1.6, whence, we may assume that s > 4. In fact, we
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begin by focusing on the case when s = 2"t! for some r» € N, and so, we
record the following lemma.

Lemma 7.1. Let s = 2"t! for some r € N. Then either E (A) <5k
|A|25 R @R=2)s™™ o | A KOsk (),

Proof. Writing E,(A) = |A|>* %A, we may assume that A > (k — 1)s7,
since otherwise, we are done. We first study the case when E/(A) <
|A|s~F+A+9 where § = ATk_l. Setting m = n+1 = 2¥~1 we use Proposition
2.3 and Lemma 3.8 to deduce the existence of some set A’ C A such that
|A"| > |A|'8%9 and

\mA' . nA’| > ’A‘k7826k(’A’7826/K>2’“7k71(log ’A/|)72k+17k737
and
k

‘mA’ _ nA/’ <<k ’A‘k—A+240~2 (5.

Putting these together, we see that
|A’A76(82k+82~(2k7k71)+240-2’“) < (log ‘A‘)2k+1+k+3K2k7k71_

As 6 = AT} ! we see that the left hand side in the above inequality is at
least |A|*2. Moreover, since A > (k — 1)s~ and log|A| <. |A[¢ for every
€ > 0, we may deduce that

Al <ok K4s”k(2’°—k—l)(k—1)*1,

and so, Lemma 7.1 holds true in this case.
Hence, we can assume that

ES/Q(A) > |A|sfk+A+6 — ‘A|S*k+A(1+Tk_l)7
in which case, we may iterate this argument several times to obtain the
inequality
Eyjpr(A) > |AP/Z T RHAOHTT
Since s = 21, we see that the trivial bound Ej /o (4) < |A|#/2" =1 com-
bines with the above inequality to furnish the estimate A(1+7, )" < &k — 1.
Simplifying this, we get A(s/2)log(1+T;1) < k — 1, that is,
A< (]{3 . 1)2log(1+T,€71)87 10g(1+T,:1)'
Since T}, > 1, the number log(1 + T} 1) is a positive constant lying between
0 and 1, thus giving us
A < (2k — 2)s~ 8T,
and so, we finish the proof of Lemma 7.1. O
We may combine the above lemma with the trivial estimate (6.1) to show
that Theorem 1.6 holds whenever s = 2" for some € N.

Now, let s > 4 and r > 1 be natural numbers such that 2" < s < 271
As before, we may now apply Lemma 7.1 to discern that either For(A) <,k

|A|2 T R (2R=2)27 o | 4| < x KO+, In the latter case, we can again



22 AKSHAT MUDGAL

apply (6.1) to obtain the desired bound, and so, it suffices to consider the
former case. Here, we can use Lemma 3.1 with [ = 2" to infer that

71"10g(1+T];1)

Ey(A) < Eor (A)‘A‘2s—2r+1 ~ ’A’25—k+(2k—2)2
Furthermore, since s < 2"+!, we have (log s—1) log(1+7}, ') < rlog(1+7; 1),
which, in turn, implies that

2—rlog(l+T;1) < s—log(1+T;1)2log(l+T};1) < 28—10g(1+T,;1).

Inserting this in the preceding inequality finishes the proof of Theorem 1.6.

8. PROOF OF PROPOSITION 2.3

As previously mentioned, in parts of this section, we follow a combination
of ideas from our work on [15, Theorem 1.1], which itself involved utilising
some of the methods in [5].

For the rest of this section, we will fix s > 4 to be an even natural number
and A to be some finite subset of R. We begin by claiming that it suffices to
prove our theorem in the case when Eg(A) = |A|>*77. In order to see this,
note that if Fs(A) > |A[**7¥, then we can write Fs(A) = |A[*~" for some
1 < v/ < v. Moreover, assuming the theorem to hold for sets A and real
numbers v/ satisfying Ey(A) = |A|**™"', we would have that either

Eqp(A) > [AP*,
or there exists some subset A’ of A such that |A’| > |A|'~52° and
]mA’ . nA’\ mn ‘A|V’+240(m+n)6

for each n,m € NU{0}. Observing the fact that v/ < v confirms our claim.
Thus, from this point onwards, we may assume that A satisfies

Ey(A) =AY, (8.1)
and that
Eg5(A) < AP, (8.2)

since if the latter inequality does not hold, we are done. We will now utilise
these inequalities to construct a hypergraph G on A® such that there are
few distinct sums of the form a; + - - - + as, with (a1,...,as) € G. Thus, for
each t € N and for each H C A!, we define the restricted sumset

Z(H) :{a1~l—---+at | (al,...,at) EH},
and with this notation in hand, we record the following lemma.

Lemma 8.1. Let A be a finite set of real numbers satisfying inequalities
(8.1) and (8.2). Then there exists a hypergraph G C A® such that

Gl > A1 /2 and [S(G)| < 4|A]".
Proof. Writing S = {n € R | rs(n) > 271 A|*"¥}, we see that
D re(n)? < 27HAPTY rg(n) =27 AP,

né¢Ss n
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which can then be combined with (3.1) and (8.1) to get
D ra(n)® = Es(A) = ) re(n)? > 271 AP,
nes n¢s

We can now use Lemma 3.1 with (8.2) and the preceding inequalities to
deduce that

JAPT TN "rg(n) =) re(n)? > 27 AP,
nes nes

and consequently, we have >, _o7s(n) > 271 A[*7%. Moreover, we observe
that
AP = By(A) = ) rs(n)® = (27 APT)S),
nes

whence, |S| < 4|AJ”. With these bounds in hand, we define our hypergraph
G C A% as G={(a1,...,a5) € A°| >7_, a; € S}. This implies that

Gl =" ri(n) >271A]P™ and [£(G)| = |S| < 4]A)",
nes
and so, we finish the proof of our lemma. O
We now perform some standard graph theoretic pruning in order to obtain
large subsets of A%/2 satisfying suitable combinatorial properties. We start

this step of our proof by introducing some notation, and so, given any ¢t € N,
any H' C At any n € R and any y = (y1,...,y) € Al, we define

S(y)=vy1+-+y and r(H;n) = |{y € H | X(y) = n}|.
As before, a simple double counting argument delivers the expression
> r(H'sn) = |H|. (8.3)
neX(H’)
Moreover, given u,v € N, and w € A", w' € AY, we write (w,w’) =
(w1, ..., wy,w), ..., w,). Finally, given & € A%/? and H C A®, we write
Ru(w) = {y € A" | (z,y) € H}.
We note that
- )
Yo D Trewm® = D [Ra(@)| =G| > 271 AP,
YyEAS/2 xcAs/? rEAS/2

whence, a straightforward application of the Cauchy-Schwarz inequality

gives us
DY Trg@ () > 2724242,
YEAS/2 meAs/?
Simplifying the above, we get
Y |Re(@)NRe() = > Y lpy@ @ 1lrg@) ()
x,x/ CAS/2 yEAS/2 x ' c As/2
> Z_Q‘A‘38/2_25
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whereupon, we see that there must exist some @ in A%/2 such that
> |Ra(m) N Ra(a')| > 272 A,
$,EA5/2
This leads us to define the hypergraph
G1={(y,2) €G |y e A% and z € Rg(x)},
in which case, the preceding inequality implies that
Gil = Y |Ra(y) N Ra(x)| > 272 A7
yEAs/?
Writing
Y = {y € 4% | [Ro(y) N Re(x)| > 27°|A]/>}, (8.4)
we observe that
Z ‘RG ORG )| < 2—3|A|s/2—26 Z 1< 2_3‘A|S_26,
Yy Yy
and as a result, we discern that
Y |Ra(y) N Ra(x)| = Y |Ra(y) N Ra(x)| - Y |Ra(y) N Ra(z)|
yey ycAs/2 y¢y
> 2—3‘A‘s—25_
This implies that [V||A]*/?2 > 273|A|*"?0 whenceforth, we have |Y| >
23| A|*/2=2% Furthermore, since
S HyeY|(y2) e} =3 |Roly) N Ro(@)] > 273 4],
z€Rg(x) yey
there exists some z € Rg(x) such that
{y €Y | (y,2) € Gi}| > 273 A]/*7%. (8.5)

Fixing such a z, we write Y1 = {y € Y |(y,2) € G1}.
Next, we consider the set S C X(Y7), where

Y1 }
r(Yi;n) > o ¢
> o)
Upon defining Yo = {y € Y1 | X(y) € S1}, we see that

Vi\Ya|= ) r(M\Yain) < 27 SIS\ Y2)| < 27V,
nex(Y1\Yz)

Slz{nezm)

which, when amalgamated with (8.5), delivers the bound
Y| = [Vi] = Y1\ Ya| > 27" 13| > 274|427 (8.6)

We recall that Yo C Y} C Y, and so, (8.4) implies that for each y € Ya, we
have

|Ra(y) N Ra(x)| > 273 A2, (8.7)
Lastly, we claim that

E(Y2)| < [E(Y1)] < [5(G1)]; and [E(Ra(y) N Re(z))] < [X(G1)] - (8.8)
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for each y € Y5. In order to see this, note that for each y € Y7, we have
(y,z) € Gp, and so, (Y1) + X(2z) C ¥(G1). This combines with the fact
that Y2 C Y7 to deliver the first inequality stated in (8.8). Similarly, we may
deduce the second inequality in (8.8) by noting that for each ¥y’ € Rg(x),
we have (z,y’) € G1.

With the sets Y2 and Rg(x) in hand, we will now use their suitable com-
binatorial properties to extract some additive structure between ¥ (Y3) and
Y(Rg(x)). This allows for a combined application of the Balog-Szemerédi-
Gowers theorem and the Pliinnecke—Ruzsa theorem, which is what we will
proceed with in the forthcoming lemma. For ease of exposition, we denote
M = 4|A]” and a = 2737| 4|20,

Lemma 8.2. There exists a set U’ C X(Y3) such that for every m,n €
NU {0}, we have

U] > 27292 M, and |mU’ —nU’| < (25207 12)™|U7|. (8.9)
Proof. We begin our proof by applying the Cauchy-Schwarz inequality on
(8.3) to infer that

S(H)| Y r(H;n)® > |HP,
neX(H)
for any H C A%/2. Moreover, since ZneE(H)T(H;n)Q < Eg/5(A), we can
combine the preceding inequality and (8.2) to note that
S(H)| > [HPEyjo(A)™" > [HP|A[ 77,

Substituting H = Y3 in the above and combining this with (8.6), we deduce
that

|E(Y2)| > 2—8|A|s—46|A|—s+u—§ — 2—8|A’V—55.
Similarly, noting (8.7), we infer that for each y € Y5, we have
S(Ra(y) N Ra()] = 270 | AP A7 T70 = 27047
Thus, upon writing U = 3(Y3) and V = X(Rg(x)) and defining
r(U,Vin) = [{(u,v) e U x V | u+v =n}|
for each n € R, we see that the preceding discussion implies that
Yo U Vin)= Y H(a,b) € £(Y2) x S(Ra(x)) | n=a+ b}
n€X(Gr) n€X(G1)
= [2(Y2) min [£(Ra(y) N Ro(x)] = 2~ AP,

Applying the Cauchy-Schwarz inequality on the left hand side above, we get
2G| Y r(U,Vin)? > 27420,
neX(Gr)
Since G1 C G, we have [X(G1)| < 4]|AJ”, and as a result, we deduce that

Z r(U, V;n)2 > 2728|A|4V*205|E(G1)‘*1 > 2*30|A|3u7205‘
neX(Gh)
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We may rewrite the above inequality as

> (U Vin)? > 270 A 20 APY = 20M°,
nex(Gy)
whereupon, we define S = {n ¢ U+ V | r(U,V;n) > aM}. If |S| > M,
we let 8’ be a subset of S such that |S’| = M, and in this case, we trivially
have
Z r(U,V;n) > aM|S'| = aM?.
nes’
On the other hand, if |S| < M, we let &’ = S, and note that
U Vin)?P= > r(UVin)?? =Y (U, V;n)?
nes’ neU+v ngS’
> 2aM® —aM Y r(U,V;in)
ng¢S’
> 2aM? — aM|U||V| > 2aM?® — aM? = aM?>.
Moreover recalling (8.8), we see that |U|, |V| < |2(G)| < 4]A]Y = M, and so,

we get (U, V;n) < |U| < M. Combining this with the preceding discussion
then gives us

Z r(U,V;n) > aM?.

nes’

In either case, we define G C U xV tobe G = {(u,v) e UxV |u+v € §'},
and note that |G| =3, cs 7(U, V;n) > aM?. We may now use Lemma 3.5
to deduce the existence of U’ C U such that

|U'| > 271303 M (log(32/a)) ™! > 2729 M

and
U+ U'| < 23837 log(32/a)a™"M < 22078 M.

In particular, these imply that

|U/ + U/| g 242a—8220a—4’U/| — 26204_12|U,‘,
which further combines with Lemma 3.6 to give us

|mU/ . nU/| < (262a712)m+n’U/|

for every m,n € NU {0}, and so, we are done. O

Choosing the set U’ C U = X(Y32) as in the conclusion of Lemma 8.2, we
may define Y3 = {y € Y1 | ¥(y) € U'}, and note that

Y1 214y, Y1
—— 2 "o M
2[5(11)] 12(G)]

Ys] = ) r(Yisn) > U] > 9~ gd|yy],

nelU’

where the last two inequalities follow from combining inequalities (8.8) and
(8.9) along with the fact that |X(G1)| < |X(G)| < M. Putting this together
with the lower bound (8.5) for |Y1|, we find that

‘ng| > 2724044’14‘5/2726.
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Moreover, since Y3 C A%/2, there exists some w € A2~ and a subset
A" C A such that

’AI| > D/?)”A‘fs/%& > 2724a4‘A|1726’

and (w,a) € Y3 for each a € A’. In particular, this implies that for each
a € A, the element X(w) + a € X(Y3), whereupon, for each m,n € NU {0},
we have

mA" —nA" + (m — n)S(w) C mX(Y3) — nX(Y3) € mU' —nU’.
Combining this with (8.9), we conclude that
\mA/ _ nA/| < (262a712)m+n|U/‘ < (262a712)m+nM‘
Substituting M = 4|A]” and a = 2737|A|72% in the above, we see that
‘A/’ > 2—24(14‘14‘1—25 _ 2—172‘14’1—825

and
|mA/ B nA/| < 2506(m+n)+2‘A|1/+240(m+n)6

)

and consquently, we finish our proof of Proposition 2.3.
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