BROWN MEASURE OF THE SUM OF AN ELLIPTIC OPERATOR AND A
FREE RANDOM VARIABLE IN A FINITE VON NEUMANN ALGEBRA

PING ZHONG

ABSTRACT. Given an n X n random matrix X,, with i.i.d. entries of unit variance, the
circular law says that the empirical spectral distribution (ESD) of X, /4/n converges to
the uniform measure on the unit disk. Let M, be a deterministic matrix that converges in
s*-moments to an operator . It is known from the work by Sniady and Tao—Vu that the
ESD of X, /v/n+ M)y, converges to the Brown measure of x + ¢, where ¢ is Voiculescu’s
circular operator. We obtain a formula for the Brown measure of « 4 ¢ which provides a
description of the limit distribution. This answers a question of Biane—Lehner for arbitrary
operator .

Generalizing the case of circular and semi-circular operators, we also consider a family
of twisted elliptic operators that are *-free from x. For an arbitrary twisted elliptic operator
g, possible degeneracy then prevents a direct calculation of the Brown measure of z+g. We
instead show that the whole family of Brown measures are the push-forward measures of
the Brown measure of « 4 ¢ under a family of self-maps of the plane, which could possibly
be singular. We calculate explicit formula for the case z is self-adjoint. In addition, we
prove that the Brown measure of the sum of an R-diagonal operator and a twisted elliptic
element is supported in a deformed ring where the inner boundary is a circle and the outer
boundary is an ellipse.

These results generalize some known results about free additive Brownian motions
where the free random variable z is assumed to be self-adjoint. The approach is based on
a Hermitian reduction and subordination functions.

Keywords: free probability, Brown measure, circular operator, elliptic operator, R-diagonal op-
erator, deformed random matrix model
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1. INTRODUCTION

1.1. Brown measure of free random variables and random matrices. Let M be a von
Neumann algebra with a faithful, normal, tracial state ¢. The Fuglede-Kadison determinant

of x € M is defined by
oo
A(z) = exp (/ logtdu|m|(f)> ;
0

where (1), is the spectral measure of |z| with respect to ¢. Brown [18] proved that the
function log A(z — A) of A is a subharmonic function whose Riesz measure is the unique,
compactly supported probability measure p,, on C with the property that

log A(x — \) z/log|z—)\|d,ux(z), A eC.
C

The measure i, is called the Brown measure of a. In other words, pi,, is the distributional
Laplacian of the function log A(z — A) up to a constant.

Voiculescu’s free probability theory is a suitable framework to describe the limits of the
joint distribution of a family of random matrix models [52]]. The convergence of *-mixed
moments of suitable random matrix models have been studied well. The *-mixed moments
of free random variables can be described using either analytic or combinatorial tools. For
non-normal random matrix models, very little is known about the limit of the empirical
spectral distribution (ESD) of a polynomial of independent random matrices, even for the
sum or product of two random matrices. The Brown measure of an operator in M is an
analogue of eigenvalue distribution of a finite dimensional matrix. The Brown measures of
the sum or product or a polynomial of free random variables are natural candidates for the
limits of the ESD of the sum or product or a polynomial of suitable random matrix models
as the size of the matrices tends to infinity.

Let X, be an n x n random matrix whose entries are independent identically distributed
copies of a complex random variable with zero mean and unit variance. The circular law
says that the ESD of X,,/y/n converges weakly to the uniform measure on the unit disc
which is also the Brown measure of Voiculescu’s circular operator, denoted by c. The
circular law was established in the 1960s by Ginibre for Gaussian distributed entries
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and was proved by Tao and Vu [51] under the minimal assumptions after a long list of
partial progresses (see [16] and references therein). In fact, Tao and Vu proved results
stronger than circular law. In particular, they showed the existence of the limit of the
summation X,,/v/n + M,, where M,, is a deterministic n X n matrix satisfying some
technical conditions. In [48]], Sniady showed that the ESD of X,,/+/n + M,, converges to
the Brown measure of x + ¢ provided that X,, is a Ginibre ensemble and M,, converges in
*-moments to x. Hence, by combining Tao—Vu’s replacement principle [S1, Section 2], we
conclude that the ESD of X, /\/n + M,, converges to the Brown measure of x + ¢ under
the minimal requirements on X,, when M,, converges in *-moments to x.

In the above-cited paper, Tao and Vu did not pursue what the limit actually is (see [S1,
Theorem 1.17]) and they mentioned that the limit distribution ESD of X, /\/n + M,, was
established in a work of Krishnapur—Vu for the case where M, is a diagonal matrix (equiv-
alently, x is a normal operator as the limit) and X, is a Ginibre ensemble. But that work
has not appeared even as a preprint (communicated with Krishnapur). The case when x
is self-adjoint was known in the author’s joint work with Ho [39] using PDE methods.
The density formula when z is a Gaussian distributed normal operator was established in
a work of Bordenave-Caputo-Chafai [[17, Theorem 1.4] using random matrix techniques.
Their method can be extended to all normal operators [[15]. Here we study the Brown
measure of the sum of free circular operator and a *-free random variable x with an arbi-
trary distribution, not necessarily normal, which finishes the description of the limit ESD
of X,,/v/n + M,. The present work answers an earlier question of Biane-Lehner [[14]
Section 5] in general case.

The twisted elliptic operators generalize circular operator, semi-circular operator and
elliptic operator. Let ¢; be a circular operator with variance ¢, and let g; , be a twisted
elliptic operator, and let « be an operator *-free from {c;, g;}. The calculation of the
Brown measure of x + g;  is more involved than = + ¢; because there is possibly degen-
eracy. We show that there is a remarkable connection between the Brown measure of the
addition of a free circular operator with a free random variable and the Brown measure of
the sum of an elliptic operator with the same free random variable, in the following sense:
the Brown measure of = + g; ,, is the push-forward measure of the Brown measures of
x + ¢; under a natural self-map of the complex plane, which can be constructed explicitly.
The push-forward connection between = + ¢; and x + g, was first proved in some very
special cases in [33}139] under the assumption that x is self-adjoint. Our work extends this
connection to full generality without any restriction on the distribution of . The multi-
plicative analogue of the push-forward connection have been studied in a related context
in our joint work with Ho [39] and by Hall-Ho [34].

We calculate explicit density Brown measure formulas for the case where x is self-
adjoint. In addition, we describe the Brown measure of the sum of an R-diagonal operator
and a twisted elliptic element. In this case, the Brown measure is supported in a deformed
ring where the inner boundary is a circle and the outer boundary is an ellipse. This can be
viewed as a deformation of the limit distribution in the single ring theorem [28] in random
matrix theory.

The present work extends previous results [[14} 33} 38} 39] for the sum of a self-adjoint
operator with a circular operator or a (non-twisted) elliptic operator. All these work rely
on some PDE methods and did not explain why subordination functions appeared in the
Brown measure formulas. We use a completely different approach based on Hermitian re-
duction and subordination functions. The new method provides a conceptual explanation
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how subordination functions play a key role. The method and subordination results devel-
oped in this paper are likely to be useful in the study of non-normal random matrices. Our
main results provide potential applications to unify various important deformed random
matrix models (see [[17, 119,50, 51]] for example).

1.2. Statements of the results. Let g; ., be a twisted elliptic operator with parameters
t > 0and v € C such that |y| < ¢ (see Section for the definition). Such operator
has the same distribution as an operator of the form €' (s;, + is;,) where € [0, 27],
and s;,, S, are semicircular operators with variances ¢1,to respectively that are freely
independent in the sense of Voiculescu. The case when v = ¢, the operator g; ., is the
semicircular operator s; with mean zero and variance ¢, and the case when v € [—¢, ¢] the
operator g; ~ is an elliptic operator.

Let € M be a random variable that is free from {c;, g; » }. We show that the Brown
measure of x 4 ¢; can be calculated directly using subordination functions in free probabil-
ity. The Brown measure of x + g; -, is not calculated directly. Instead, we show that there is
a natural push forward map between the Brown measure of x + ¢; and the Brown measure
of x + g¢ ~. Our main results extends previous work [33.138,139]] and are also applicable to
non-self-adjoint operators.

Fix ¢ > 0 and z € M. Consider the open set (see Proposition 3.1

1
(1.1) Et{AGC:¢(|Ax|2)>t},
where |A — z| = (A — 2)* (A — 2)) 1/2 by functional calculus and

¢ (1A —[7?) Z/R%duum(w-

For each A € Z;, let w(0; A, t) be a positive function of A such that
1
A=) (A —2) w02 0)%) ) =,
and let w(0; A\,t) = 0 for A\ € C\Z;. For each A € C and ¢ > 0, denote by w(e; A, t)
the imaginary part of a subordination function (valued at i¢) for the free convolution of the
symmetrization of y,_ | and the semicircular distribution with variance ¢. We will show
that w(0; A, t) = lim. o w(e; A, t) for any A € C (see Proposition3.2).
We define the map @EEV) :C = Chby

12) @M\ =A+7-0((A—z—c) (A—z—ec)A—z—c) +3)7h).
We can rewrite it as (see Theorem[3.7))
BN = A+ 6 ((A—2) (A= 2)(A—2)" +w(s A1) ™).
We then denote
Bry(A) = A+ pl) (w(0; A, 1)),
where

13) PO w0\ 1) = ¢ {(/\ — ) (A= 2)(A — 2)* +w(0; A, 1)%)

1

For A € C\ZE,, the displayed formula in the right hand side of (I.3) means pg\o)(O) =

lim._,o pf\o)(e) which is a finite value guaranteed by the fact that ¢(|x — A|72) is finite

for such A\. We will show in Lemmathat lim._,q <I>§€,3 = &, uniformly (see Lemma
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3.15). In addition, w(0; A, ¢) is a real analytic function of A € =; and hence the function
®, ., is a real analytic function of X in the set Z;.

Theorem A (See Theorem [3.13|and Theorem [3.17). For every A € Z;, we have
Az +c — /\)2 =A((x = N)*(z — A) + w?) [exp(—w?/t)],
and, if the map X\ — P, () is non-singular at \ € Z;, then
A+ giny—2)? = Az +c — N exp (H(N),

where w = w(0; A\, t), 2 = Oy 4 (A) and H(X\) = 8‘%(7(]95\0)(10))2).

We point out that we also have A(x + ¢, — \) = A(z — A) for any A € C\Z; (see The-
orem which implies that fi;., and p, coincide in the interior of C\Z;. Moreover,
we obtain a general result on the support of the Brown measure (see Theorem [4.6) which
allows us to deduce that the interior of C\Z; is not in the support of u,. Hence, our focus
is the Brown measure of pi,4., within the set =;. The above Fuglede-Kadison formulas
are fundamental in our study which allows us to calculate the Brown measure formulas.
The Brown measure of x + ¢; can be described as follows.

Theorem B (See Theorem [4.2] and Theorem 7). The Brown measure of x + ¢; has no
atom and is supported in Z,. It is absolutely continuous with respect to Lebesgue measure
in the open set =, and the density of the Brown measure at any \ € =, is strictly positive
which can be expressed as

1/1 0 " " . 2\—1
(1.4) - <t ) (qs(x ((x = XN)(z =X +w(0; A, )%) )))

After this work was done, in a followup joint work with Belinschi and Yin [3| Section
71, we proved that the Brown measure of = + ¢; is absolutely continuous with respect to
Lebesgue measure on C and we also showed that the density function is bounded by 1/7t.
We can also rewrite the above density formula in some form without involving derivative
by implicit differentiation (see (#.2))), which shows that the density (T.4) is strictly positive
in Z;. The subordination function w(0; A, ¢) can be calculated explicitly for a large family
of operators that include all self-adjoint operators (see Section[6)) and R-diagonal operators
(see Section. This generalizes a result in our earlier work with Ho [39] in which z is self-
adjoint. Unlike [39] and its generalizations for semicircular operators and elliptic operators
33} 138]], we do not use PDE methods.

Theorem C (See Theorem . The Brown measure of v + gy - is the push-forward mea-
sure of the Brown measure of x + c; by the map A — ® . (\). That is, for an arbitrary
Borel measurable set E in C, we have

Hogo (B) = Hate, (@74 (E)))-
The Brown measure of © + gi  is supported on ® - (Zy).

The above push-forward connection between two different models was known in ear-
lier works [33} 138, 39] under additional assumption that x is self-adjoint for some certain
elliptic operators. Theorem [C| generalizes these results in two directions. Theorem [C] is
applicable for operators x not necessarily self-adjoint. In addition, the twisted elliptic op-
erator include semicircular operators and elliptic operators as special cases. What is more,
the proof of Theorem [C] provides a conceptual explanation about why such push-forward
map exists.



6 PING ZHONG

The push-forward map ®; , may be rewritten in terms of the Brown measure p,.,
solely as follows.

Theorem D (See Theorem and Lemma [5.11). The Cauchy transform of piyic, is a
continuous function defined on C. The map ®. ., can be rewritten as

D, (N) :)‘""V'Guwut()‘)v A eC,
where

1
G (V) = / L i (2).
C z

Example 1.5. [From circular law to elliptic/semicircular law] Take ¢ = 1 and || < 1. Let
x = 0 and p = &o. In this case, the formula for the set = is simplified as

S ={\eC: |\ <1},

which is also the support of the standard circular operator c. Then the condition determin-
ing w(0; A, t) is written as

1
5 =1, A<
N2+ w05, 8)2 7 Al <

Hence w(0; A, t) = y/1 — |A|?. Then the push forward map is

A+, for Al < 1
e =131 o

A+ 5 for |A| > 1.
Note that this map is a homeomorphism of C for |y| < 1, but when |y| = 1 it fails to be
injective.

The push-forward map @ ., not only connects different operator model and their corre-
sponding random matrix models, but also appears in other related contexts. For instance,
this map was used in a recent preprint of Hall-Ho [35] Section 2.2], where they proposed
conjectures concerning zeros of characteristic polynomials of deformed i.i.d. random ma-
trix model and deformed GUE or deformed elliptic random matrix model. See also [37] for
another work on zeros of certain random polynomials evolving under the heat flow. The
transport map in [37] is the same map as above in the case of Weyl polynomials.

We conjecture that ®; , is a self-homeomorphism of C provided that |y| < ¢, and we
verify that this is indeed the case for self-adjoint and R-diagonal operators = (see Theo-
rem [E|and Theorem [F). However, the map ®; , could be singular in general, as shown in

Example[T.5]
Let us outline the strategy for the proof of Theorem [C] The possible degeneracy pre-

vents a direct calculation of the Brown measure of x4+ g; . We will show that the map CIDE?
defined in (I.2) is a self-homeomorphism of C. We prove that the regularized Brown mea-

SUre fiz1g, . e is the push-forward measure of 54, - under the regularized push-forward
map @g? After we establish the convergence <1>§‘;) — ®; , as ¢ tends to zero, Theorem
would follow by push-forward connection between regularized Brown measures and the
fact that regularized Brown measures converge to Brown measure weakly. We hence have

the following commutative diagram.
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uz+ct ,E ﬁ ,ux—ﬁ-gm €
€
q)t,“/

5—>0[ FHO

Hatc, —> Ha+g;
ty

Theorem E (See Theorem|[6.13|and Example[6.17). Let = be a self-adjoint operator that is
x-free from g; . For any |y| < t with y # t, the map ®, ., is one-to-one and non-singular
in Z¢. The Brown measure of x + g; ~ is the push-forward measure of the Brown measure
of x + ¢y under the map @ .

Moreover, the Brown measure i, g, . is concentrated on ®; ,(Z;) and the density is
given by

1 d
(15) dfizig, () vla)

T 2rm do(a)

where z = z1 +izp = ®y 4 (a +1ib), 71 =t — R(7), and ), 0 are two increasing homeo-
morphisms of R onto R. In particular, if v € R (equivalently, g, ., is an elliptic operator),
then zy = §(a) depending only on a, in which case the Brown measure is constant along
vertical lines.

ledZQ, AS (I)t,’y<Et)

The density formula could be understood as follows. For any self-adjoint operator z, it
is known [12]] that there is a continuous function v; such that

Er={a+ibeC: b <v(a)}.

See Section for a review. It is shown [39] that the density of x + c; is constant along
vertical segments in =;. In this case, for any fixed ¢ € R such that the vertical line through
a intersects the set =¢, the map b +— ®; (a+1b) is an affine transformation of b. Hence, the
Brown measure of 4+ g; -, is expected to be constant along the trajectory of ®; - (a+ib) as
b varies in (—v¢(a), v¢(a)) such that a + ib changes within Z;. The formula (T.3) describe
precisely this observation. Indeed, as ®; ., is one-to-one under the assumption of Theorem
the set ®, (Z;) can be parametrized by a + ib € Z; under the push-forward map
®, . Hence, we can say that the density formula (I.5) depends on only one parameter
and is constant in one direction. Theorem [E] can be viewed as an analogue result for the
free additive convolution in a recent work of Hall-Ho [34] concerning free multiplicative
Brownian motions. See Remark [6.18] for details.

We demonstrate the application of Theorem [C|to R-diagonal operators. Let T" be an R-
diagonal that is *-free from {c;, g; ~ }. It is known that the sum of two freely independent
R-diagonal operators is again an R-diagonal operator [45]. The Brown measure of any
R-diagonal operator is supported in a single ring [29]. Let A1, Ao be inner and outer radii
of the support of the Brown measure of T" + ¢;.

Theorem F (See Theorem[7.8). If T is R-diagonal, then the support of the Brown measure
of T' + g~ is the deformed single ring where the inner boundary is the circle centered at
the origin with radius \1, and the outer boundary is an ellipse rotated by some angle o
determined by -y, centered at the origin, with semi-axes Ay — %, and s + % The Brown
measure is absolutely continuous and its density is strictly positive in the support.

The Brown measure of T' + g ~ is the push-forward measure of the Brown measure
T + c¢ by the map ®, .,. The map sends the circle centered at the origin with radius r to

the ellipse whose semi-axes are given by

a(r) =r—=|ylm(r)/r,  b(r) =71+ @|m(r)/r,
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where

m(r) = prse ({2 € C 1 2] < 7).
If |v] < t, then both a(r) and b(r) are strictly increasing and the map ®, ~ is a homeo-
morphism.

We calculated explicit formulas for the quasi-nilpotent DT operator (introduced by
Dykema and Haagerup [20, 21]) and Haar unitary operator in the arXiv version of this
paper (arXiv:2108.09844v4).

1.3. Discussions on methodologies. Our approach is based on a Hermitian reduction
method and subordination functions. The Hermitian reduction method was already used for
the calculation of Brown measure of quasi-nilpotent DT operators in Aagaard—Haagerup’s
work [1]]. In physics literature, to our knowledge, the method was first used in two inde-
pendent work [23]] and [40]. In the work by Jarosz and Nowak [41} 142]], the authors used
Hermitian reduction approach to study the support of the Brown measure of = + ig; for
self-adjoint x, where the method is not mathematically rigorous as written. The Hermit-
ian reduction also appeared in Voiculescu’s earlier work [53] which serves a motivation
to introduce free probability theory with amalgamation. The idea is to study the Brown
measure of a non-normal free random variable x by considering the Hermitian matrix

0 =z
=l

and the 2 x 2 matrix-valued Cauchy transform

ex([f )= 5 2T

where E is the entry-wise conditional expectation E : M3(M) — M>(C). The entries of
the matrix-valued Cauchy transform G x carry important information for the calculation of
the Brown measure.

The Hermitian reduction method becomes more powerful by combining with subordi-
nation functions and this approach was outlined in Belinschi-Sniady—Speicher’s work [[7]].
In particular, it is showed [7] that one can iterate certain fixed point equation for subordi-
nation functions to approximate boundary values of subordination functions, and then get
approximation of Brown measure of an arbitrary polynomial of free random variables by
some numerical schemes. For the sums x + ¢; or = + g, -, we consider their Hermitian
reductions and treat them as the summation of self-adjoint free random variables in the
framework of operator-valued free probability. We then use the subordination functions in
operator-valued free probability theory to study the Brown measure of © + ¢; or  + gy .
It turns out there are nice formulas for subordination functions and this allows us to obtain
explicit Brown measure formulas using subordination functions.

Our approach extends techniques from Aagaardd—Haagerup [1]], and Haagerup—Schultz
[30], and Belinschi—Sniady—Speicher [7]. We can view the method in Section as an
operator-valued version of Biane’s method used in [[12]]. To our best knowledge, the Her-
mitian reduction methods have not be used broadly enough to calculate the explicit Brown
measure formula, and existing results mainly focus on a single operator [} [7, 30]. The
main technical issues when applying this approach are explicit formulas for subordina-
tion functions and analyticity of subordination functions and Cauchy transforms on their
domains. The present work overcomes these issues and demonstrates that they are also ap-
plicable to study the explicit formula of the Brown measure of the sum of two free random
variables x + g; . We expect that more applications of these methods are possible.
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The density formula of x + ¢; for a (unbounded) Gaussian distributed normal operator
was established earlier by Bordenave-Caputo-Chafai [17, Theorem 1.4], where they used
Hermitian reduction method and some non-trivial random matrix results. Their techniques
can be extended for an arbitrary normal operator. In particular, Proposition 4.3 in [17]]
is a version of our subordination result in Theorem [3.7] for such operators. Some further
properties of the Brown measure formula of x + c¢; was studied in [15, Section 2]. Our
proof is different from the method used in [17] and this allows us to work on non-normal
operators. We emphasize that we are interested in the push-forward property between
circular case and elliptic case for an arbitrary operator . The main results in the present
work can be extended to unbounded operators and this was done in a joint work with
Belinschi and Yin [3]].

The paper has seven sections. After the Introduction and Preliminaries, in Section 3 we
study the sum of a circular operator and a free random variable. We obtain a formula for
the Fuglede-Kadison determinant A(xz + g; , — z) and A(x + ¢; — ) using subordination
functions. In Section 4, we study the Brown measures of x + ¢;. In Section 5, we show
that the Brown measure (1,1, _ is the push-forward measure of yi; ., under the map @ .
In Section 6, we calculate the Brown measure of the sum of a twisted elliptic operator and
a self-adjoint operator. In Section 7, we calculate the push-forward map and the Brown
measure for the case that x is an R-diagonal operator.

2. PRELIMINARIES

2.1. Free probability and subordination functions. We recall the definition of freeness
with amalgamation over a subalgebra [49,53]]. An operator-valued W*-probability space
(A,E, B) consists of a von Neumann algebra A, a unital x-subalgebra B C A, and a con-
ditional expectation E : A — B. Thus, E is a linear, unital linear positive map satisfying:
() E(D) =bforallb € B, and (2) E(byxbs) = biE(x)bs for all x € A, by,bs € B. Let
(A;)ies be a family of sublagebras B C A; C A. We say that (A;);cs are free with amal-
gamation over B with respect to the conditional expectation [E (or free with amalgamation
in (A,E, B)) if
E(zize - 2,) =0

whenever there are n > 1 and indexes 41,2, - ,4, € I such that iy # ig, io # i3, - - -,
in—1 7 in,and for j = 1,2,--- ,n, we have x; € A;;, and E(x;) = 0.

Let (A, E, B) be an operator-valued WW*-probability space. The elements in A are called
(noncommuntative) random variables. We call

H(B)={beB:3e>0,3(b) >c}

the Siegel upper half-plane of B, where we use the notation J(b) = 4 (b — b*). We set
H~(B) = {-b: b € H"(B)}. The B-valued Cauchy transform G x of any self-adjoint
operator X € A is defined by

Gx () =E[(b—X)7'], beH(B).

The B-valued Cauchy transform G x is a map from H* (B) to H™ (B). The Cauchy trans-
form is one-to-one in {b € HT(B) : |[b~}|| < &} for ¢ sufficiently small, and Voiculescu’s
amalgamated R-transform is now defined for X € A by

Rx(b) =GV (0) b

for b being invertible element of B suitably close to zero.
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Let X, Y be two self-adjoint operators that are free with amalgamation in (A, E, B).
The R-transform linearizes the free convolution in the sense that if X, Y are free with
amalgamation in (A, E, B), then

Rx 1y (b) = Rx(b) + Ry (b)

for b in some suitable domain. There exist two analytic self-maps 1, Q5 of the upper
half-plane H™ (B) so that

2.1 (Qu(b) + Q2(b) — ) ~! = Gx((b)) = Gy (b)) = Gx1v (b),

for all b € H*(B). We refer the reader to [6}, [13]54] for details.

When M is a von Neumann algebra, B = C consists of scalar multiples of identity,
and ¢ is a normal, faithful tracial state on M. Then the pair (M, ¢) replaces the triple
(M, C, ¢). We say (M, ¢) is a tracial W*-probability space. For any self-adjoint element
x € M, let u = i, be its spectral measure in (M, ¢) determined by

o(f(x)) = / F(u)dpa(u)

for all f € C(o(z). The Cauchy transform of y (or the Cauchy transform of x) can be
written as
1

du(u), ze€Ct.
Z—u

Gp(2) = Cal2) = dl(z — 2) 1) =/R

We also set F),(z) = Fy(z) = 1/G,(%). The reciprocal Cauchy transform F),, maps the
upper half plane C* into itself. The R-transform of ; is now an analytic function

1
22) Ru(2) = G (2) = -
where fo” denotes the inverse function to G, that is defined in a truncated Stolz angle
{z€C : 32> 3, |Rz| < a(Sz}) for some a, 5 > 0.

Suppose that the self-adjoint random variables x, y € M are freely independent. Denote
by w1 the spectral measure of x, and uo the spectral measure of y, and p; B po the free
additive convolution of 11, and p15 in the sense that jo1 8o := pi5 4. The R-transform (2.2))
also linearizes the free additive convolution [9] such that R,m, (2) = R,(2) + R, (2) in
the domain where all the three R-transforms are defined. In this scalar case, there exists a
unique pair of analytic maps wy,ws : C* — C™T such that

Fiin, (2) = Fly (wi(2)) = Flu, (w2(2)) = w1(2) + wa(2) - 2

for all z € C*. The above subordination relations can also be written in terms of Cauchy
transform. That is, G, @, (2) = Gu, (wi(2)) = Gu,(w2(2)). The existence of subor-
dination functions leads to many regularity results (see [4} [10] and the survey paper [8,
Chapter 6]). The regularity of subordination functions is important in our approach. See
Lemma [3.5] for example. For a probability measure x on R, denote Hy,(z) = F,(z) — z.
In [5], Belinschi—Bercovici showed that wq,ws can be obtained from the following fixed
point equations

wi(2) = 2+ Hy, (2 + Hyy (@1(2),  wil2) = 24 Hy, (2 4 Hy, (w1(2)))-

Although the subordination functions, in general, cannot be computed explicitly, they play
akey role in our study by adopting this fixed point approach. See Subsection[3.T|for details.
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2.2. The Brown Measure. The spectral theorem does not apply to non-normal operators.
The Brown measure of an operator in M was introduced by Brown [18]] and is a natural
replacement of the spectral distribution of a non-normal operator. Given x € M, the
Fuglede—Kadison determinant A(z) [26] of z is defined as

A(z) = exp[¢(log(|z]))] € [0, 00).

The Brown measure 18] of x is then defined to be the distributional Laplacian of the
subharmonic function log A(z — A). That is,

20 0
=———<1logA(x — \).
)
In fact, u, is a probability measure supported on a subset of the spectrum of x. When
M = M,,(C) and ¢ is the normalized trace on M, (C), for z € M,,(C), we have

1
(2.3) P = %vi log A(x — \)

1 n
log A(z — \) = log| det(z — AI)|V/™ = — E log |A — A,
n
i=1

where A1, --- , A\, are the eigenvalues of z. Hence the eigenvalue distribution of = can be
recovered by taking the distributional Lapalacian

1 1 "

—(On +++0x,) = 5-V3log | det(z — AL,

It is useful to consider the regularized function
S(z, A e) = p(log((x — N)*(z — \) + £2)), e>0.

Then, by the tracial property of ¢, we have log A(z — A) = 1 lim._,0 S(z, A, €), and the
Brown measure is calculated as

fa = %Vi (shi% p(log((z = N)"(z = A) + 52))) '

It is known [30, 43| that, for any € > 0, the function A — S(x, \, ) is subharmonic and
its Riesz measure is a probability measure, defined by

1
fge = EV%\S(m,A,E).

Moreover, [i; . converges to (i, weakly as € tends to zero. This regularization process
makes the calculation of general operator in M more tractable. For the summation x + ¢;
and = + g; ., we are able to identify the domain =, so that log A(x + ¢; — A) is real
analytic for any A\ € E;, and log A(x + ¢¢ 4 — 2) is real analytic for any z € &, (=) if
®, ., is non-singular. Hence, the Brown measures in this paper can be calculated in classic
sense. See Theorem 3.13] for details.

2.3. Hermitian reduction method for the sum of two free random variables. Let (M, ¢)
be a tracial W*-probability space. We equip the algebra M>(M), the 2 x 2 matrices with
entries from M, with the conditional expectation E : M (M) — M>(C) given by

Bl oo]= o) o]

Then the triple (M2(M),E, M2(C)) is a operator-valued WW*-probability space. Given
z €M, let

0
2.5) X = Lj "(ﬂ e Ma(M),
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which a self-adjoint element in M (M). For A € C and § € C with 39 > 0, the element

2.6) O\, 6) = B g] € Ms(C)
belongs to the domain of the Ms(C)-valued Cauchy G x. We now record that
07 a b]7' [d(ad—be)™t  —blad — cb)~!

: c d| ~ |—clad—bc)"' alad —cb)7!

where a,d € C and b, c € M such that ad — bc is invertible (which is equivalent to ad — cb
is invertible). We then have

O\, i) — X)~!

28 | —ie(A—a)(A—a2) +e2)"
oo (A=A =) )T (M —a) (A —a) +e2)

1

and

29 Gx(O(\ie) = E((O(\ig) — X)) = Bﬁ;igig gizgg] .

where
gxune) = - (A -2 —2) +2)7")
oxp0e) = o((A-)((A =2 —2)+e) )
gxahe) = (-2 (A —n)(A—2) +e) )
gxz(he) = —ieo (A2 —2)+24) "),

We note that by the tracial property of ¢, we have
(2.10) gx+vai(A€) = gxtva2(Ae), gx21(A€) = gx12(A, €)

We observe that entries of the Cauchy transform (2.9) have symmetry similar to the matrix
©O(\, ). This can be explained as follows. Define the map J : M5(C) — M>(C) by

b J(b) = —b".
Then we have Gx (J(b)) = J(Gx(b)). Notice that J(O(\,ic)) = O()\,ie) and hence
Gx (O(\, ie)) has symmetric property (2:.10).
Equations (2.9) show that two diagonal entries of Gx (O (), i¢)) carry important infor-

mation to calculate the Brown measure of x. Let x and y be two *-free random variables.
We have to understand the M5 (C)-valued distribution of

0 r+y| 10 =z 0 y
N i E TR P
in terms of the M (C)-valued distributions of X and of Y. Note that X and Y are free over

My (C). The subordination functions in this context are two analytic self-maps 7, Q5 of
the upper half-plane HT (Ms(C)) so that

(2.11) (Q1(6) + Q2(b) —b) ! = Gx(21(b)) = Gy (22(b)) = Gx1v(b),
for every b € HT (My(C)). We shall be concerned with b = O(), i¢). Indeed, we have, by

. 9x+v,11(N ) gx+viaz(Ae)
Gxiy (O i) = : :
x+v (O i€)) Ix+v21(N€)  gx4v,2(A€)
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where

gxivnhe) = —ieo (A—w -y —w—y) +e2) )
) = o(O-a-p(O-r-p O-a-y+))
gxivahe) = (A —z-y) (A-z-pA-z-y)+) )
) = —iaz)(((/\—x—y)*(A—x—y)JrsQ)’l).

The idea of calculating the Brown measure of = + y is to separate the information of X
and Y in some tractable way. We achieve this by using subordination functions (2.TT).

gx+vi2(A €

Ix+v.22(\ €

2.4. The elliptic operator and the operator-valued semicircular element. In the tracial
W*-probability space (M, ¢), for ¢ > 0, Voiculescu’s circular operator with variance ¢,
denoted by ¢, is defined as

cy = \%(st +is})
where {s, s;} is a free semicircular family and each of them has variance ¢.

Lett > 0 and v € C such that |y| < t. The twisted elliptic operator operator g , can
be constructed as follows. Let {s;,, s¢, } be semicircular operators with zero expectation
and variance t1, t5 respectively such that {s;,, s, } are freely independent. For 6 € [0, 27],
consider the operator ¥, 1, 6 = eif (s¢, + 1st,), by choosing ¢1,ts such that ¢ + to = ¢,
t; —ta = |y| and €2 = /||, we can check directly that g, , and ¥, ¢, ¢ have the same
x-distribution, whose only nonzero free cumulants are given by

k(y,y") = k(y",y) =1, w(y,y) =, K(z*, ") =7,

where y = g, ~. The operator g;  include the following operators as special cases: (i) if
v = 0, y is a circular operator with variance ¢; (ii) if v = ¢, y is a semicircular operator s,
with variance ¢; (iii) if v = —t, then y has the distribution as is¢; (iv) if v € [—¢, ], then y
has the same distribution as an elliptic operator.

In the operator-valued W *-probability space (A, E, B), following Voiculescu [53] and
Speicher [49]], we say Y € A is B-Gaussian or an operator-valued semicircular element
if and only if the R-transform has a particular simple form

2.12) Ry (b) = E(YbY).

Condition (2.12)) says that only B-cumulants of length two survive. Note that a linear com-
bination of two operator-valued semicircular elements in (A, E, B) is again an operator-
valued semicircular element.

The following result is a special case of [44, Example 19 in Section 9.4]. One can also
deduce it from a general formula about a relation between matrix-valued and scalar-valued
free cumulants in [46, Theorem 6.2] (or [44} Proposition 13 in Section 9.3]).

Proposition 2.1. Let g; ., be a twisted elliptic operator with parameters t,-y in the tracial
W*-probability space (M, ¢) and X € C. Denote

v=| % % canon.
t,y 0

Then'Y is an operator-valued semicircular element in the operator-valued W*-probability

space (Ma (M), E, Ms(C)).
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3. THE FUGLEDE-KADISON DETERMINANT AND SUBORDINATION FUNCTIONS

Given ¢t > 0 and v € C such that |y| <t,let y = g; , be a twisted elliptic operator and
let z be a random variable that is *-free from y in the W*-probability space (M, ¢). In this
section, we study the Fuglede-Kadison determinant A(x 4+ y — A) for A € C. We denote

10 =z 10y
o ]

Note that X and Y are free over My (C). There exist two analytic self-maps Q1, Qs of
upper half-plane HT (M2 (C)) of Mx(C) such that

(3.2) (Q1(b) + Q2(b) — b) ™! = Gx (Q1(D)) = Gy (Q(b)) = Gx 4y (b),
for all b € M2 (C) with Sb > 0. We choose
. ie A
@(}\715) = |:A 1€:|
where € > 0 and A € C. Our strategy is to find more explicit formulations for subordina-
tion functions €21, 25.

3.1. Subordination functions in free convolution with a semicircular distribution. Re-
call that A € =; defined in (L.IJ) if the following condition holds

) 1

(3.3) ¢ {((x B VHCEDY) 1} >

For any A € =4, let w = w(0; A, t) be the unique positive function of A such that
- 1

(3.4) & [((x—)\)*(x—)\)+w2) 1} =

In this section, we show that w(0; A, t) is the imaginary part of a subordination function
and it is a real analytic function of A as long as (3.3)) holds.

Proposition 3.1. The set Z; is bounded and open for any t > 0.
Proof. For |A| large enough, A ¢ o(z) and
. s -1
Jim_¢ [((fﬂ =N (= N) ] =0.
Hence, the set =; is bounded. For any € > 0, denote the function f. of A by
. -1
L) =6 [(@ =N @ -0 +e) ]

For any € > 0, the function f.()) is a continuous function of A. Observe that fj is the
limit of the increasing sequence of f., hence it is lower semi-continuous. The set =; can
be rewritten as Z; = {\ : fo(A) > 1/t} and therefore Z; is open for any ¢ > 0. O

For i € Prob(R,B) let i denote the symmetrization of p. That is, i € Prob(R,B) is
given by
i(B) = 5(1(B) + u(—B)),  (BE€B).
For a probability measure x4 on R, let

S
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Proposition 3.2. Let 11 = fijz—x| and po be the semicircular distribution with variance

() )

t. Denote j = pq B po. Let w; ,wé)‘ be subordination functions such that

A A
(3.6) Fu(2) = Fu (017(2)) = Fi (057 (2)).
Forany e > 0, set W1(e) = %wg’\)(is), then W1 (€) satisfies the identity

(3.7) by, (Wi(e)) = /OOO mduu—x(u) = %

Proof. For simplicity, we denote w; = w§k) for j = 1,2. We have wq(z) + wa(z2) =
z + F,(z). Notice that, by symmetry of 11, t2 and 11, we have

(3.8) Gu(is):/R, ! d#(u):/Rﬁdﬂ(u):_ihu(E)~

1€ —1U +

and similarly
(3.9 G, (i) = —ihy, (e), Gu,(ie) = —ihy, ().

Let Hy(z) = F,,(2) — z and Ha(z) = F},,(2) — z. Then w; satisfy the following fixed
point equation

w1(z) = z 4+ Ha(z + H1(w1(2))).

Since po is the semicircle distribution with variance ¢, its Cauchy transform satisfies

1
— +tG,,(2) =z,
G + 16 %)

Hence Hs(z) = —tG,,(2) and the fixed point equation reads
wi(z) — 2z = —tGp, (2 + Hi(wi(2))).
It is clear that wi (i¢) is pure imaginary. We then have
(3.10) iWi(e) —ie = —tGy, (ie + H (iW1(€)))
Note that z + H; (w1 (2)) = wa(z). Hence
G, (ie + Hi(iW1(e))) = G, (iW1(e)).
Using G, (ie) = —ihy, (), then Equation (3.10) implies

s (W () = AL =2

which yields (3-7). O

Note that the defining identity (3.7) for W;(0) reduces to the defining identity (3:4)
for w(0; A\, t) provided that W1 (0) > 0. This suggess that w(0; A, t) must be the bound-

ary value of the subordination function wg’\) parametrized by A € C that was defined in
Proposition 3.2} We put

(3.11) k(s,e) = s>0, >0.
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Lemma 3.3. Given a probability measure i on R, the function k is an analytic function
on (0,00) x (0,00). Moreover, for e > 0, the map s — k(s,¢e) is a strictly increasing
bijection of (g, 00) onto (0, 00), and for e = 0, the map s — k(s,0) is a strictly increasing
bijection of (0, 00) onto (A1 (p)?, 00), where

wr = ([ uﬂdu(u))l.

Proof. 1t is clear that k is analytic. Moreover, for € > 0,

-1
s—¢ 1
3.12 k = d
G.12) () =5 ([ ut))
which is a product two increasing and positive functions of s on (¢, c0). The monotonicity
properties of s — k(s, ) follows for € > 0. O

Definition 3.4. For A € C, set ;1 = jujy_»|. Let hy, k as in (3.3) and B.T1)) respectively.
For e,t € (0,00), let w(e; A\, t) denote the unique solution w € (e,00) to the equation
k(w,e) = t following Lemma[3.3] In other words, w = w(e; A, t) € (e,00) is the unique
solution of the equation
< w w—¢

3.13 ———=dp|,— = .

Note that \ € Z; if and only ift € (A\1(n)?, 00). For X € =y, let w(0; \, t) be the unique
solution w € (0, 00) to the equation k(w,0) = t, which is equivalent to

> 1 1
(3.14) /O o7 a2 Wa-ai () = 1
and can be rewritten as
_ 1
(3.15) ¢ [((x—)\)*(as—)\)+w(0;/\,t)2) 1} -~

For A € C\Z,, the operator (x — \)*(x — ) exists in L' (M, ¢), we set w(0; A\, t) = 0.

3.2. Convergence of subordination functions. By Proposition [3.2] and Definition [3.4}
we can view w(e; A, t) as a family of scalar-valued subordination functions with parameter
A € C. In this section, we study the convergence of w(e; A, t) to w(0; A, t) as € tends to
zero.

Lemma 3.5. The function (,t) — w(e; A, t) is real analytic in (0,00) % (0,00). The
Sunction X — w(0; A\, t) is a continuous function on C. Moreover,

lim w(e; A, t) = w(0; A\, ¢).
e—0t
In addition, for A = a + ib € =y, the function (a,b) — w(0; A, t) is real analytic.
Proof. Let Q = {(s,e) € R? : 0 < ¢ < s}. Consider the analytic function
F(s,e) = (k(s,e),e), (s,e) €

By Lemma F is one-to-one map of €2 onto (0,00) x (0,00). Moreover, its inverse
function F~1 : (0, 00) x (0,00) — € is given by

FY(t,e) = (w(e; M\ t),e), te>0.
We now calculate the determinant of Jacobian of F' as

det(J(F))(s,e) = %k(s,e) >0



BROWN MEASURE OF THE SUM OF AN ELLIPTIC OPERATOR 17

by (3.12).

We denote h(e, A) = hy,,_, (¢) and observe that

me =5 [ (S oo ) a0 = ~3G5, ()

e+iu  e—iu

It follows that h and also k is analytic in . Hence, F~?! is analytic on (0, 00) x (0, 00).
Consequently, w(e; A, t) is analytic on (0, c0) x (0, 00).

Following notations in Lemma we set (1 = 15—y and Ay (p)? = (f3° u—lzd,u(u))i1
Recall that A € =, if and only if t > A\ (u)?. For A\ € =, then t € (A\1(u)?, o0) and
w(0; A, t) > 0 by Definition Since

0 0 s

—k(s,0) = —

95750 = 55 hyu(5)
for s > 0, where h,, is defined in Lemma @ It follows that F' is also analytic in some

neighborhood Uy of (w(0; A, t),0) and F has an analytic inverse F'~! in a neighborhood
Vo of F(s,0) = (¢,0). Now

(3.16) lim F~Y(t,e) = F71(t,0) = (w(0; A\, t),0).

e—0t

>0

Hence, for \ € =;,
lim w(e; A, t) = w(0; A\, ¢).

e—0+
Moreover, the function w(0; A, t) is a real analytic function of (a, b) where A = a + ib.
We next study convergence for A € C\E,;. Note that for fixed ¢ > 0, the map ¢ —
w(e; A, t) is an increasing function of ¢, which can be verified directly from Lemma
and Definition 3.4} Hence, for A\ € C\Z, then ¢ < A;(u)?, and for any ¢’ > \i(u)? we
have
limsupw(e; A\, t) < limsupw(g; A\, t') = w(0; \, t).

e—0t e—0t

But ' — w(0; A\, ') is a bijection of (A (12)2, 00) onto (0, 00). It then follows that
lim w(eg; A, t) =0

e—0t

whenever A € C\ZE,.

Recall that w(0; A, t) = 0 for A\ € C\Z; and w(0; A, ) > 0 in the open set Z;. Hence,
to show that A — w(0; A, ) is a continuous function in C, it remains to show that for any
Ao € C\Z; and a sequence {)\,} C Z; converging to \g, we have

lim w(0; A, t) = 0.
n—oo

Suppose this is not true. By dropping to a subsequence if necessary, we may assume that
there exists § > 0 such that for all n, w(0; A,,t) > 0. In this case, we have

1 1
— 5 =
/o w(0; Ay, )2 + u2 [z, (1) ;
which yields

> 1
(3.17) /0 md/‘\sznl(u) >
Hence we have

Ol — 2ol +67)71) = Tim 6((Jz — Al +6)7) >

~+ | =

)

1
t



18 PING ZHONG

which implies that w(0; A, ) > 6. This contradicts to our choice A\g € C\Z;. Therefore,
A = w(0; A, t) is a continuous function in C. O

Lemma 3.6. Fix t > 0, then the functions A\ — w(e; A\, t) converge to the function \ —
w(0; A, t) uniformly on C as ¢ tends to zero.

Proof. We denote wy = w(e1; A, t), we = w(ea; A\, t). We observe that 1 < wy < wa for
any 0 < €1 < €9. Indeed, w is the unique solution of
oo
w1 w; — &1
[
0

w? +u t

which yields

/ Mg (u) > 2122,
0

w? 4 2 M t
That is k(w1, e2) < t. On the other hand, k (w2, e2) = ¢t. It follows from the monotonicity
of s — k(s,¢) in Lemma[3.3|that wy < ws.
We claim that w(e; A, t) < 2¢ uniformly as e tends to zero for C\ B where B is a closed
ball with large radius. Assume that ||z — || > M > 1for A € C\B. Since w = w(e; A, t)

is the unique solution of
< w w—¢€
———dp)—x(u) = ,
A w2 + u2 Hiz—| ( ) n

w—¢ w w

P VNS Ve
One can then verity that w(e; A, ) < 2¢ for A € C\ B provided that the radius of B is large
so that M is sufficiently large.

By Lemma the function A — w(e; A, t) is a continuous function of A for any
¢ > 0. Let B be a closed ball in C with large radius so that =; C B. Because w(e; A, t)
converges pointwise to the continuous function w(0; A, t) as € tends to zero by Lemma
and {w(e; A\, t) }e>o is a monotone sequence of continuous functions of A, it follows by
Dini’s theorem that w(e; A, t) converge to the function w(0; A, t) uniformly on the closed
ball B as € tends to zero.

The above discussions show that w(e; A, t) converge to the function w(0; A, ¢) uniformly
on C as ¢ tends to zero. ]

it follows that
(3.18)

3.3. The operator-valued subordination functions. Let y = g; , be a twisted elliptic
operator in (M, ¢) and let z € M be a random variable that is *-free from y. We recall that

GO v i
and
Gxvienni) = [prornfhg) s
The main result in this section is the following.
Theorem 3.7. Lety = g; , € M and x be a random variable that is free from y. We have
(3.19) 021(0(z,i)) = O(z,ie) — Ry (Gx 1y (0©(z,i¢))).
For any € > 0 and z € C, using notations in @ and @]}, and set

(3.20) A= Z'ygi)((zxy)*((zxy)(zxy)* +52)1)
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Then Q41 (0(z,i€)) = (A, iw(e; A, t)). That is,

ie =z _ lw(a)\at) A
ol D) )

where w(e; A\, t) is defined in Proposition |3.2| and Definition In addition, w(e; A, )
can be expressed as

w(e; N\, t) = 5+t€¢<((2 —r—y)*(z—z—y) —|—€2)_1>

with A given by (3.20).
The subordination relation G x 1y (0(z,i€)) = Gx (21(0(z, i€))) is expressed in terms
of z and € as

(o TE]) (5 i) ),

which is also equivalent to
(3.22) gx+vai(z,e) = gx11(A w(g; A ), Ix+v2(2,€) = gx12(A w(es A, t)).

In other words, we have
N -1
o(((z -2 -0 Gma-p)+e) )

(3.23) = w(e; A, t)qﬁ((()\ —z)" A —z)+w(eA, t)2)1>
and

(b((z_m_y)*((z—x—y)(z—x—y)* +€2)_1>

(3.24) = qs((A—x)*(()\—x)()\—x)* +w(5;)\7t)2)_1>.
Proof. The only nonzero free cuamulants of {y, y*} are

k(y,y") = k(Y y) =t, K(Y,y) =7, k(Y*y) =7.

Y
0

0 . .
The operator Y = L/* is an operator-valued semicircular element whose R-transform

is explicitly given by
Ry(b) = E(YbY), be MQ(C)

a a2
Hence, for b = 1 12 s
az1 a2

quan auD:{amy,y*) agln(y,y)]:{aggt am]

21 22 ak(y*,y*) ans(y*,y) a2y ant

In particular, for any € > 0 and z € C, we have

(3.25) Ry (O(z,ic)) = Ry <[l€ z]) = [igt 27] .

z ie zy et
Since X,Y are free with amalgamation in the operator-valued W*-probability space
(M3 (M), E, M(C)), we have

Rx+y(b) = Rx(b) + Ry(b).
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Hence

Gy () = GV () + Ry ().
By replacing b with Gx+y (), we obtain a formula for the subordination function
(3.26) 2 (8) = G5 (Cxav(8) = B~ Ry (Gxsv (8))

for 8 in a neighborhood of infinity. Hence, for and z € C and ¢ large, the identity (3.19)
holds:

Q1(0(z,ie)) = O(z,ie) — Ry (Gx+v(O(,1¢))).
We next show that (3.19) holds for any z € C and € > 0. Observing that the right hand

side of (3.19) is defined for any £ > 0, we only need to check that the right hand side of
(3:19) is the correct expression of 21 (6(z, ie)). Recall that

. g9x+v1(2,€) 9X+Y12(275)}
Gxay (O(z,ie)) = | X+ ’
x+v (6(z i) {9X+Y,21(Z75) gx+v,22(2,€)

holds for any z € C and € > 0. Hence,

: | trgxaviee(z,6) v gxivi(z,€)
RY(GX+Y(®(2715))) = |:'Y' gX+Y,12(Z,5) t- gX+Y,11(Z,€) y

where we reminder the reader the notations of gxy,;; in Section @ and
9X+Y,11(Z,5) = 9X+Y,22(275)7 gX+Y,12(Z75) = gx+v,21(%,€).

Therefore, for ¢ > 0 large enough, by (3:19), we have

Q (@(Z 15)) _ ie—t'gx+y722(z,€) 277'9X+Y,21(275)
! ’ Z—7-9x+v,12(z,6) ie—t-gxivai(z,e)]’

In particular, for € > 0 large enough, we have
the imaginary part of (1,1)-entry of Q4 (0(z,ie))

=e+it-gxiy2(z¢€)
—cttep(mamu o)) e

Forany 6 € C*, SGx1y(O(z,0)) < 0 and hence SRy (Gx4+y(©(2,0))) < 0. Hence,
301 (0(2,0)) > S0 > 0forany 6 € CT. The map 6 — Ry (Gx4y(0(z,0))) is a
complex analytic function of § in C*. Since § — 2;(6O(z,d)) is also a complex analytic
function of § in CT and $Q4(O(2, §)) > 34, we conclude that for any £ > 0 we have

21(0(z,i€)) = O(z,ie) — Ry (Gx 1y (0(z,i¢)))

by the uniqueness of analytic functions.
For any z € C and ¢ > 0, we denote

(3.27) A=2z—7-gxtv21(z¢€)
zfy¢<(za:y)*((zxy)(zwy)* +62)1)
and

(3.28) €0 =€ +it - gxiv2(z,¢€)

za—l—tsqﬁ(((z—x—y)*(z—x—y) +52)—1>.
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Then, for any z € C and € > 0, we have

629) 000 = e = [ 2]

Hence, the Cauchy transform of X at 04 (©(z, €)) is given by

Gx(0(O(:.2)) = (@ (O,0)) — X)) = [#Xt(h o) sxaafhocnl],

On the other hand, we have

G o _ gx+vai(z,€)  gxivia(z,€) .
X+Y( (Z’E)) |:gX+y121(2,5) gX+Y,22(27€)

Therefore the subordination relation G x 1y (0(z,¢)) = Gx(21(0©(z,¢))) is equivalent to
(3.30) gx+v11(z,€) = gx 11(A, €0)s gx+v2(2:€) = gx,12(A; €0)

for any z € C, £ > 0, where where \, ¢ are given by the relations (3.28) and (3.27).
It remains to show that £9 = w(e; A, t). We reminder the reader that

9x,11(A €0) = gx,22(A, €0), 9x,12(A €0) = gx,21(A, €0).
Now the relation (3.28) can be rewritten as
€0 = € +itgx 22(), €0)
which is equivalent to
go=¢c+t-cop ((()\ —x)"(\— ) —|—5(2))_1> .

This can be further rewritten as

—1
g0 — € o 1

——d (U =t.
= (/0 e Al( ))

Hence, ¢g = w(e; A, t) is the unique solution to the above equation following Definition
[3:4] This finishes the proof. O

For any z € Cand £ > 0, if X is given by (3.20) which is rewritten as
A=2z—7 gx+v21(2,€).
Then by the subordination relate (3.22) and the proof of Theorem[3.7} we have
2= A+7 gx+v21(2,6) = A+ 7 gx21(A wles A b))

In Section[5.1] we show that the relation A — 2z = A + 7 - gx,21 (X, w(e; A, t)) determines
a homeomorphism of the complex plane.
For any d € H* (M3(C)), we denote

H(d) = d+ Ry(Gx(d)).

Then by (3.19) for any z € C and ¢ > 0, the identity H(2;(0(z,ie))) = O(z,ie) holds
tautologically. The following is a special case of [2, Lemma 4.2].

Lemma 3.8. For any d € H™(M(C)) such that SH(d) > 0 we have
(3.31) O (H(d)) = d.

Corollary 3.9. Given ¢ > Oand A € C, let z = A+ v - gx21(N\ w(e; A, t)), then
21(0(z,1i€)) = O\, iw(e; A, 1)).
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Proof. Denote d = O(\,iw(e; A\, 1)) = [iw(&;\)\, 2 iw(a?)\, t)} . By Lemma it
suffices to show that H(d) = O(z,i¢) = 1; IZJ Denote w = w(e; A, t). Recalling the
identity (3:23)), by the definition of H and in Definition [3.4] we have

the imaginary part of (1,1)-entry of H(d)

=w+1-gx22Aw)

=w—twp((A—2)*"(A—2) +w?)") =c.
The (1, 2)-entry of H(d) is exactly equal to A + v - gx 21 (A, w), which is z. O

3.4. The coupling Fuglede-Kadision determinants. To help us remember entries of the
Cauchy transform as in (2.9) are derivatives, we introduce the following notation.

Notation 3.10. For any t > 0, let ¢; be a circular operator with variance t. For v € C
such that |y| < t, denote by y = gy the twisted elliptic operator with parameters t, .
Foranyx € M, A\ € Cand e > 0, we set

S(x, N e) =log Al(z — N)*(x — \) + &%)
=log A((x — N)(z — \)* +£?).
It is convenient to introduce the following notations
(t oS
i) = F1 (@t e o)

=—¢ [(m +oep = )\)*((m +oa—N@4e—N)"+ 52)_1}

S
E('x+y7za‘€)

=—¢ {(x+yfz)*((a:+yfz)(:z:+yfz)*+52)71}

p2(e) =

2O (e) = gi (#:06) = =6 [ = V" (2= V@ =N +e) 7]
@MW) = ; gs(x + ¢, \e) =e¢ [((I +or—A) (T t+e—A)+ 52)_1]
g2 (\) = ; gs(x +y,\e)=co [((96 Ty—A)@+y—A)+ 52)_1}
0 = 32 (0, 0,6) = 26 (2 = Al — N +¢2) 7]
We also set
p/\(t)( ) = gi(gg—i—ct,/\ ), p? (M)( ) = %;(96-1-%2’5)’ p%))(f) = g—g(x,/\,e).

VVenOtethat
l; c,(t - g ty g,(t, - FO - 0 >

and the Cauchy transform can be written as

(332) Gx4yv(©(Ne)=E[(O(\e)—X —-Y) ]
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Corollary 3.11. The subordination relation (3.22)) is equivalent to
(333) i) =2 (2) = 2O, p (w(e) =2 () = ().

where w(c) = w(e; A, ). In particular, we have
5(;5((()\ —r—c) A=z —c)+ 52)1>
= w(ein 00 (- 0= o)+ w(e o))
and
¢(()\ —r—c) (A—z—c)A—z—c) + 52)1>
_ ¢((/\ —2) (A —2)(A — 2)* + wl(e; )\,t)2)_1>.

Proof. We note that ¢; = g¢ 9. Then (3:20) reads z = X if v = 0. The result follows from

(3:23) and (3:29). O

The following proof was inspired by the proof of [30, Lemma 4.14].

Lemma 3.12. Let y = g+ o and = be a random variable free from y. For any A € C and
(e,t) € (0,00) x (0,00), we have the coupling Fuglede-Kadison determinant formula

Allx+y—2)*@+y—2)+e) = A((z = N)*(z = A) + w(e)?)

(334 <o [R(7 07 w)?) - W]

where z = XA+ - pg\o) (w(e)) and w(e) = w(e; A\, t) is defined in Deﬁnition

Proof. Fix A € C, then w(e) = w(e; A, t) and pE\O)(w(s)) are then completely determined

by e. Recall tha p\” (w(£)) = p")(¢), we have

2= A+ P (w(e)) = A+ p) (e).
Therefore,
d
%S(x +y,2,¢€)
d d
=207 (2) + <v @) TPl (Ee) +7- S’”(e)dEpS”’(e))

=240 + (- ) T w) + 71 wle) T w(e) )

Definition [3.4]says that w(e) satisfies

S ) =06 (A= oy ) ) .

w(e)
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Recall that %d%S(x, Ag) = ¢ (A). We then have

€

€0

€ d € d
_ / 0 qff()u)(x)@w(u)dw / qil?(’u)(x)@(u — w(u))du

4]

= S(x, A, w(e)) ;S(x’ A w(eo)) -t /5: qi(t?()u)()‘) (CZth(L?()u)(A)>

Sz, N\, w(e)) —25(;10, A w(e)) ;<(q(o)

and

[0 (o ) w5 [ 50w (e i)
(04 wE)? - 6 wea?) + 5 (00w - 6 wn)?)
Hence, there exists a constant C' such that

S(x+y,z,¢e)— S(x, A\, w(e))

_ ;<7 (P () +7 - (B (w(e)” — 2t - (qff()s)(k))Q) e

+
= (7 6P WE)P ) ¢ (02 +C

= (7 (0 wen?) - =T e

It remains to show that C = 0. We have

S(x, A\ €) :/ log(u® + £%)dpjz—» (w).
0

Hence
2
(3.35) lim (S(z, A\, e) —2loge) = lim log (1 + u2> dp)z—x(u) = 0.
£e—00 £—00 I

Observe that lim,_, o (w(e) — €) = 0. Consequently, lim,_, o, pg\o) (w(e)) = 0. Hence

lim 2= lim (A+ tp (w(e)) = A

E—00
and by a similar estimation as (3:33)
lim (S(x +y,2,e) —2loge) =0
E—0OQ

Moreover,
lim ¢\ () =0.

o0 tw(e)

We conclude that C must be zero.

Theorem 3.13. For A € C, set i = i, | and let w(0; \, t) be as in Deﬁnition
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(1) If\ € E,, then
Alz+e =N = A((w = N (@ = A) + w(0; A, £)?)
(3.36) e ( (w(o t)\,t))Q)
(2) If X\ & By, then
Alx+c —A)=A(z— ).

Proof. The circular operator c; corresponds to v = 0 for a twisted elliptic operator. If
A € Z¢, then w(0; A, t) > 0. Hence the first part follows from (3.34) by letting ¢ tend to
zero. For the second part, note that

Alz+c— N2 = lim A((x+c =N (z+c — ) +£%).
e—0t
By Lemma [3.5] we know if A ¢ Zy, then lim._,o+ w(e; A,t) = 0. Hence by (334), we
have

Alz+ce—AN)? = lim A((z+c¢ — N @+ — ) +&%)

e—0+

= lim A=A -0 + (o)) xexp [

e—0t t
= Az — N2
This finishes the proof. U

In light of Lemma [3.12] we would like to let € tend to zero for both sides of (3-34).
Note that the the left hand side of (334) is A((z + y — 2)*(x + y — 2)) + €%) where
z=A+7v- pf\o) (w(e; A, t)) also depends on €. Hence, we need some regularity results to
allow us to take the limit as we wish. To this end, we introduce the map ¥ ¢ given by

T.o(Ne) = (A w(e A b))
where w(e; A\, t) was given in Deﬁnition and the map ¥ , by
\I/C,QOU 5) = (Za 5)

where
2= A+ p) (w(e A L)),

Lemma 3.14. If A € =y, the Jacobian of ¥ at (A, 0) is invertible.

Proof. To show the Jacobian of ¥, is invertible, it suffices to show that w # 0 at
¢ = 0. Recall that w(e; A, t) is the unique solution s > 0 for

< s s—e¢
———dty,_ = .
\/0 82 +U2 /u'|x )\\(u) t

When ¢ = 0, note that w(0; A, t) > 0 and we can rewrite (3.13)) as

© 1 1
/0 w(0; A, )2 + u? Atz (1) = t

A direct calculation shows that W #0ate=0 O

Lemma 3.15. The function pg\o) (w(e; A\, t)) converges uniformly to pg\o) (w(0; A\, t)) on C

as ¢ tends to zero.
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Proof. Foreg > 1 > 0, we set w; = w(e;; A\, t)(i = 1,2). Recall that w(e; A\, t) > e. By
the proof of Lemma[3.6] we have w; < ws. By the resolvent identity, we have

P (w(eas A1) — p (w(er; A1)
—¢ [()\ —a) (A—2)(A—2)* + w%)l}
_ ¢{(/\ — x)*((/\ —z)A—x2)* + w%)_l]

=¢(AHH,B)(ws — wy),

where

Since 1 < wy < ws, we have
|A]l <1, |B|| < 2.

We also have, fort =1, 2,
P(H?) = o((A—2)(A = 2)" +w]) )
< O(((A = 2)(A = 2)" +w(0;A,1)%)

due to w(0; A, t) < w;. Therefore,

|p(AHHyB)| < 2¢(H 1 Hs) < 24/ ¢(HP)p(H3) <

2
t

-1

,1) <

)

S

SR

which yields
P (w(ea; A1) — P (w(en; A1) < S (wlea; A t) — wler; A, ).

We note that for A ¢ =, then w(0; \,t) = 0 and in this case the operator ((A — z)(A —

x)*) s regarded as an unbounded operator affiliated with M. By Cauchy-Schwarz in-
equality, we have

s ‘fb[ —z) (A - ]
WU“—@*((A—W—w ) } om0 —2r) ] < L

Hence, pE\O (w(e; A, t)) converges uniformly to p( (w ( ;A t)) on C as e tends to zero,

thanks to the uniform convergence of w(e; A, t) to w(0; A, t) proved in Lemma O
Definition 3.16. Define the map @, : C — C by

(3.37) @A) = A+ pDw(0; A1),  AeC.



BROWN MEASURE OF THE SUM OF AN ELLIPTIC OPERATOR 27

Theorem 3.17. Let y = g~ and x be a random variable free from x. Assume that
O, - is non-singular at X\ € Z, (the Jacobian of ®, ., is invertible at \). Then, (z,¢)
A(|x + gty — 2|* + €2) has a real analytic extension in a neighborhood of (¥ (), 0).
Moreover,

(338) A+ gi,—2)? = Al + e - N2exp [ROE (w(051,1))%)
where z = Oy ().

Proof. Notice that the right hand side of (3.36)) is a real analytic function of \ by the an-
alyticity of w(0; A, t) in Lemma[3.5] By Lemma|3.14] the Jacobian of the map (), &) —
U.o(A €) = (A, w(e; A, t)) is invertible. An application of inverse function theorem im-
plies that the map

(ANe) = Alz+ ¢ — AP +€7)

has a real analytic extension in some neighborhood of (A, 0). By choosing v = 0 and an
arbitrary ~ in Lemma [3.12] we can obtain that

(3.39) A(|z+ 9oy — 22 +2%) = AlJo+ e = A2 +2) exp ROV (wl=: 2, 0))]

where

2=+ (w(esA 1)),

By Lemma[3.15]

tim, " (w(e; A, 1)) = PR (w(0: A, ).

e—0t
Hence, lim,_, 0+ ¥ 4(A, ) = (P1,4(N), 0). Since w(0; A, t) > 0, then the assumption that
&, - is non-singular at A € Z; implies that the Jacobian of the map (A, ¢) — ¥, (A, €) =
(z,€) at (A,0) is invertible. Hence, the analyticity of A(|z + ¢; — A[* 4 £2) in some
neighborhood of (A, 0) implies that the map (z,£) — A(|z + g, — 2|*> 4+ €7) has a real
analytic extension in a neighborhood of (®; (), 0) by inverse function theorem. Hence,
(3:38) follows from (3:39) by letting ¢ tend to zero. O

Corollary 3.18. If A € =, assume that ®, ., is non-singular at A € Z;, then
A(zty —2)"(x +y —2))) = Az = N (2 = A) + w(0; 1, 1))

a0 xesp |3 (7 6 WO 47 6P A7) - LERE],

t

where z = X\ + ~pg\0) (w(0; A, 1)).

4. BROWN MEASURE OF ADDITION WITH A CIRCULAR OPERATOR

In this section, we show that the Brown measure of z+-c; has no atom and it is absolutely
continuous with respect to Lebesgue measure with strictly positive and real analytic density
in the open set =;, and the density formula can be expressed explicitly in terms of the
function w(0; A, ).
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4.1. The density formula in the domain Z,. We first study the limits of p§'*(¢) as ¢

tends to zero.

Lemma 4.1. For any t > 0. The function A — S(x + ¢, A, 0) is a real analytic function
for A\ € 2, and we have

p5(0) = p (w(0; A, 1)),
Proof. By Corollary [3.T1] we have
p5 P (e) = PO (w(e; A1),

Recall that, by Lemma [3.5] for A € Z;, lim._,ow(e; A\, t) = w(0; X, t) € (0,00). The
result then follows by letting ¢ tend to zero. U

The following result generalizes [39, Theorem 3.10] where x is assumed that to be self-
adjoint and [[17, Theorem 1.4] where x is assumed to be a Gaussian distributed normal
operator (their techniques extend to the case when « is a normal operator as in [[15]).

Theorem 4.2. The Brown measure is absolutely continuous with respect to Lebesgue mea-
sure in the open set 2. The density of the Brown measure at A € Z; is given by

1/1 0 N X . 2\—1
where w = w(0; A, t) is determined by
1
P((z =N (@ = X) +w0; A, )7 = n
It can also be expressed as

1 lp((A = z)(h™H)?)? w(0: 2 1 —17.-1
(Mt et

where h = h(A\, w(0; A\, 1)) and k = k(\, w(0; A\, t)) for
(A w) = (A —z)*(\ — ) + w?

4.2)

and
EOw) = (A —z)(\—2)* +w?
In particular, the density of the Brown measure of x + c; is strictly positive in the set Z;.

After the present article was released to arXiv, in a joint work with Belinschi and Yin
[3} Section 7], we obtain the following strengthened result.

Theorem 4.3. [3| Theorem 7.10 and Lemma 7.11] The Brown measure [, ., is absolutely
continuous with respect to Lebesgue measure on the complex plane. The density functions
of both fiz4c, e and pizic, are bounded by 1/mt.

Proof of Theorem[d.2] For \ € =, we have ¢ [((a: —N)*(z — /\))71} > 1,and
A+ =N+ —N)
= A((@ =Nz = A) + w(0;0,6)2) - exp [~y (V)?]

by Theorem In addition, w(0; A, t) € (0,00) and (a,b) — w(0; A\, t) for A = a + ib
is real analytic by Lemma 3.5] Hence, A — log A(z + ¢; — ) is real analytic. We put

g(\) =log A((z + ¢t — N (x4 ¢ — N))
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The Brown measure can be calculated as
1 02
— =9\
T ONOA
where the Laplacian can be calculated in the usual sense.
By the identity 2*(z2* +¢)~! = (2*x + &) "'z* and tracial property, then Lemma[d. 1|

is equivalent to
0 Oh oh
g\ =¢ |~k ') =0 (h '~
I ¢<ax ) ¢( m)
where % = (A — z)*. We can continue to take the derivative directly

% ) oh
— N =—=¢h =
YA 8)\¢< 8)\)

0 * * . -1
= 54O =2 (e =N (@ =N + w02, 6))7)

d:ua:+ct ()\) =

8 X * * . 2\—1
= 8/\¢<t—q§(x ((z =)z = A) +w(0; A, 1)) ))
1 0 . . . 2v—1
- 1 GG CEP ER TR R )

Then the first formula [@.I) is established.
We adapt the calculation in [30, Lemma 2.8] to get another form of the density formula.
By [32| Lemma 3.2], since g(\) is a real analytic function of \, we have

02 B oh
— A = — hili
YA 8)\¢< ax)
oh ow oh 9%h
4.3 =¢(-h"t[=+2 >h1+h1 — )
“4-3) ¢>< <8)\ ox ax INON
oh . 0h 9%h ow [ 0Oh
=¢|-h ' =ht = 4+ h = >2 = ( ot 2>
¢< ot g T\ et
and
%:M:)\—x;
O O\
and
2
a,h :i()\—x)*zl.
ONON  ON

We now apply the identity z(z*x +¢)~! = (z2* + ) 'z toxr = A\ — r and ¢ = w?,
we find that
Oh _,0h  0%h
——h ' —— =1z + w2
ON OX  9NOA ( )
=1— (22" +w*) toz*
= w?(zx* +w?)™!
=w?k~L.
Now, w(0; A, t) is determined by

Bl =N (= X) + 00X 07 = ¢



30 PING ZHONG

which can be rewritten as

B = .

Take implicit d1fferent1at10n and apply again [32] Lemma 3.2], we then obtain

oh ow
= +2w Rt) =0,
¢< <aA+ aA) >
Oh

where ;AT This implies

By the tracial property, we observe that

() -]

We therefore can continue to simplify (@.3) as

9? (L 0h Ok 9*h dw  (Oh, |,

OO O\ OO
¢( soe)|
.2 ’ oA
et S T7)
2
2 —1/27.-17—1/2 |¢(()\—x)(h’1)2)|
=wp(h k™"h )+ S(h-12) >0
for any A € Z;. This finishes the proof. (I

4.2. The support of the Brown measure of = + c,. Theorem does not tell us the
Brown measure of x + c; outside the open set Z;. We will show that the Brown measure
of x + ¢; is supported in the closure of Z;.

Lemma 4.4. The Brown measures of x and x+c; coincide in the complement of the closure
= That is

Hal@ye = Hated e
In particular, iy, (Z¢) = 1 if and only if j1,(Z¢) = 1.
Proof. For A € (£;)¢, by Theorem[3.13] we have
log A(z — X\) =log A(x + ¢t — ).
Hence,

/@ log |z — Mdua(z) = /@ log |z — Mdpaser (2)

for any A\ € (Z;)°. Then two Brown measures coincide in the open set (Z;)¢ due to the
Unicity Theorem of logarithmic potential (see [47, Theorem 2.1 in Chapter IIJ). O

We are grateful to Hari Bercovici for providing us a proof of the following result which
is a refinement of an argument in [29, Proposition 4.6].
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Lemma 4.5. Let u be a finite Borel measure on C. Define I : C — (0, o0] by

1,0 = [ s pnte)

Then I,,(\) is infinite almost everywhere relative to .

Proof. Without loss of generality, we may assume that ;4 is compactly supported. For
every A € C there exists A’ € supp(u) such that I,,(\) < 41,()\"). Indeed, take A\’ to be
the closest point to A, so

A= N[<[A=2|, 2 €supp(n).
Then
N =2 S A= N[+ [A—2]<2A-2], 2z €supp(p),
and this yields the desired inequality. Thus, if I()) is bounded on supp(u) then it is
bounded everywhere.

If {\ € supp(u) : I(\) < +oo} has positive 1 measure, we may further assume that
there exists C' > 0 such that

I\ < C, A € supp(p).

Otherwise, we can replace p by a restriction i to some compact set. Suppose this bound-
edness actually happens, and choose R > 0 large enough that |z| + 1 < R for every
z € supp(p). We observe that

+oo>/ J(A)de(A)z/ / dm?%
|A[<R supp (i) [A—z|<1 ‘)‘ - Z|

where mo denotes Lebesgue measure on the complex plane. Since the integral inside the
bracket is +oo for every z, we conclude that 1« must be the zero measure. Therefore, I,,()\)
is infinite almost everywhere relative to . (I

dp(z),

The following result provides a new characterization of the support of the Brown mea-
sure of an arbitrary operator. The result also improves [36, Theorem 1.2] where a condition
of local boundedness of (7" — \)~! in L*-norm is required.

Theorem 4.6. Let A € Cand T € M. If o(|T — \|72) < o<, then
1
—_— < o(IT — N72).
| @) < 0T = A1)

If (T — M| ~2) < 0o in some neighborhood of \o, then \g ¢ supp(ur).

Proof. Observe that for any ¢ € (0,1), we have 2log ¢ > —7. Hence,
1 1
2/ logtdpr—x|(t) > —/ - ()
0 0

*1
> */0 tzdﬂ|T_A\(t)
= —¢(|T — A[72) > —o0.

By [30, Proposition 2.16], the operator 7' — X has an inverse (7" — )~ that is possibly
unbounded operator affiliated with M and the Brown measure jip_y)-1 of (7" — M)t
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can be defined. Moreover, p7_y)-1 is the push-forward measure of pp via the map z —
(2 — A\)~L. Hence, by [30, Theorem 2.19], we obtain

(4.4)
1 _ -
[ () = [ ey () < 1T = 2B = 90T = A7),
clz—Al C
If (|7 — A\|=2) < oo in some neighborhood of Ag. It then follows by Lemma [4.5] that
pr(U) = 0 thanks to #4). Hence, Ao ¢ supp(ur). O

Theorem 4.7. For any x *-free from c;, the Brown measure iy ., of * + c: has no atom
and is supported in the closure Z;.

Proof. Given A € (Z;)°, we have
log A(z — \) =log A(x + ¢t — ),

which yields that

| tog tldieai(0) = [ og a0
0

0
In addition, we have ¢(|z — A|=2) < 1/t, and as in the proof of Theorem we have

1
/ logt dpjz—x(t) > —oo.
0
Hence,
1
/ lOgtd/LI:rFthM(t) > —0o0.
0

It follows by [30, Proposition 2.16] that pi, ., —x({0}) = 0. Hence piy4e, ({A}) = 0 for
any A € C\E, since fizqc,—» is the translation of p,y., by —A. Recall that pizq, is
absolutely continuous in =;. It follows that fi; ., has no atom in C.

For any \ € (=), there is some neighborhood U of A such that ¢(|z — z|~2) < 1/t for
z € U. By Theorem[4.6] 11, (U) = 0. Hence, 11, ((Z;)¢) = 0. By Lemma[d.4] the Brown
measure of x+c; coincides with the Brown measure of = within the open set (Eif)C Hence,
pate,((E)¢) = 0 and thus the Brown measure is supported in the closure =;, thanks to
Theorem 4.2 0O

5. BROWN MEASURE OF ADDITION WITH AN ELLIPTIC OPERATOR

In this section, we show the Brown measure of pi54 4, .. is the push-forward measure of
Pz+c, under the map @ -, defined in (3:37), which is

O () = A+ pPw0;\1), AeC.

Recall that for A ¢ =; we have w(0; A, ¢) = O and pf\o) (0) = lim. 9 pg\o) (€). The existence
of this limit is due to the fact that ¢(|\ — z|72) < 1/t for A ¢ =;.
We define the function @gi on C by

. 0S(x + ¢, N\ e
o) ()) _ Ay Batende) % )

=A+vo(A—2z—c) (A—2z—c)A—z—c)" +>)7)
By the subordination relation (3:22), we can also write it as

5.1) o) = A+ 7 pP(w(eA\t),  AeC
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where
* * -1
P (w(E A, 1) = 6| (A = 2)" (A = 2)(A = )" + w(e A, 1)?)
By Notation [3.10] these maps can also be expressed as
©)(yy — 05 .
O, (A=A A+~ ﬁ(x,)\,w(a,)vt)), AeC.

For A € =, since w(0; A, t) > 0, we have

oS
D (N)=A+7- a(m,)\,w((); A1), A€ Z,.

(e)

Lemma 5.1. The function @, | converges to @y -, uniformly on C as € tends to zero.

Proof. This follows from Lemma which says that pf\o)(w(e; A, t)) converges uni-

formly to pf\o) (w(0; A\, 1)) as € tends to zero. O

Our strategy is to show first that the regularized Brown measure fi;4, . - is the push-
forward measure of the regularized Brown measure of fi,., . under that map <I>§€,3 We

then show that @EE)/ converges to @, ., uniformly on C as ¢ tends to zero.

5.1. Regularized Brown measure and the regularized push-forward map.

Proposition 5.2. The map @g is a C'-self-diffeomorphism of C.

Proof. 1t is clear that <I>,(553 is a real analytic map of C. Assume that z = @Ef@(h) =

<I>§;)(/\2) for A1, Ao € Z;. Then, by the subordination relation in Theorem we have,
fori=1,2,

P10 = 550 = o (e )

where z = <I>§E,3()\1)(z = 1,2). Rewrite the map @gi as

B (N) = A+ p (wles A1) = Ay - p2 7 (o),
Then the condition z = @g(/\l) = (I)Ei)/()\g) yields that A\; = \,. Hence, ‘bg? is one-to-
one in C.

It follows from Corollary that the map <I>§E,3 is also surjective. Its inverse map (see
Theorem [3.7) is

(@) @) =2 =72 (e),
which is also a C'° map of C. O
Remark 5.3. Proposition[5.2]also follows directly from Corollary 3.9}

Theorem 5.4. The regularized Brown measure iz, .  is the push-forward measure of

the regularized Brown measure of [ty ¢, . under the map q)ﬁi That is,

Hergt,«,,E(') = Ha+ce,e ((q)gi)/)_l()) :
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Proof. Let' C C be a simply connected domain with piecewise smooth boundary. Since
the regularized map @ﬁi is a self-diffeomorphism of C, it suffices to show that

(5.2) frotene(T) = fatg = (P(I))).

The domain <I>§€V) (T")) is also a simply connected domain with piecewise smooth boundary.
For )\ € C, set

2= 0N = A+ py (w(es A 1)),
By Theorem|[3.7]and Notation [3.10] we have

c 0S(x + ¢, N\ e
PO (w(e ) = p5 P (e) = % _ 2t ()

_ 0S(x + gty 2,€)
o 0z

Write A = \; + 1Ay € Cand 2z = 21 + 125 € C, and we denote the vector fields

PEOw ) = RESVE) Q0 A) = -S05 " (0);
and
P9(z1,22) = R(pEV(e),  Q(z1,22) = =S(pL7(e)).
We then have
pf\’(t)(g) = P°(A1, A2) —iQ°(A1, A2),
and
P(A, A\a) = P9(21, 22), Q°(A1,A2) = Q9(21, 22).

Let v = 1 + i79, then we have

21 =M + 71 P(A1, A2) + 72Q° (A1, A2);

5.3
(>-3) zo = Ao + 72 P (A1, A2) — 1 Q (A1, A2).

Denote the differential form « in C as
(5.4) a=—-Q%z + PIdzs.

Since <I>§EA3 is one-to-one, we can change variables from z to A\, which really means that we
pull back the 1-form « by the map @Es,z

formulas (3.3) for 21, 22, we get

B =—QA(A\ + 1P+ 7Q°)
+ Pcd()\g + ")/QPC — ’lec).

Letting /3 be the pulled-back form, and also using

We can write this as

B = —Qd\ + P°dAs — 71 (P°dQ° + Q°dP%) + 75 (P°dP° — Q°dQ")
(5.5)

1
= —Q%\, + P¢dho+d| — 11 P°Q° + 572((PC)2 —(Q9?)].
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Hence, by Green’s formula and the definition of 1-forms « and 3, we have

forg e (@4(T))

1 0S(z + gt,, 2,€) 0S(z + gt,y, 2, €)

== - d d

Am Joo ) (r) 0z ar 021 =

1 1
= — o= —

21 Joao ) () 21 Jor

1
= on —Q°(A1, A2)dA1 + P(A1, A2)d Az

T Jar

1 A A
_ 1 _0S(z + o, ,5)d)\1+85(9c+ct, ,5)d)\2

47 ar 8)\2 8)\1
= fizey,e (D),

where we used (3.3)) to deduce the fourth identity. O

5.2. Addition with an elliptic operator. In this section, we show the Brown measure of
Mg, ., 18 the push-forward measure of piy ., under the map ®; .. Hence, the following
diagram commutes.

Hadcp e =— N’I+gt,-y €

o)
e—0 e—0
Hatc, — Ha+g,,,
ty

Theorem §.5. The Brown measure of [iz+g, ., is the push-forward measure of the Brown
measure [, ., under the map ®; .

Proof. 1t is known in Theorem [5.4] that

| F@arsn o) = [ Fo @ @urse o)

for any F' € C2°(C). The regularized Brown measure converges to the Brwon measure

weakly as ¢ tends to zero. In addition, <I>§€W) converges to ®; , uniformly by Lemma It
follows that, for any F' € C'2°(C),

/F(u)d,ugthM (u) = / Fod; ,(u)dpgye, (u).
C C

Hence, pig 4, , is the push-forward measure of ji;.y, under the map ®; . (I

5.3. Some further properties of the push-forward map. In this section, we study the
special case when the map ®; . is nonsingular.

Lemma 5.6. Givent > 0, v € C such that |7y| <, and \ € Ey, assume that the Jacobian
of ®y  is invertible at A, then the function z — S(x + gt , 2, 0) is a real analytic function
of z in a neighborhood of ®, ,(\). Moreover, we have

(5.6) P2t 0) =p5P0),  p2(0) = p2(0),

where z = Oy ().
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In particular, if the map A — ®,.,(\) is non-singular at all X € Z,, the functions
2+ S(x+9gt,,2,0) is a real analytic function of z for all z € ®, ,(Z;), and the identities
(3.6) hold for any X € =,.

Proof. By Theorem under the assumption that the Jacobian of ®; ., at A is invertible,
we know that the map (z,¢) — A(|z + g, — 2|> + £2) has a real analytic extension in
a neighborhood of (®; (A),0). It follows that, we may take the limit as € goes to zero in
the following identity from Corollary [3.11]

P28 @) =

where z(g) = <I>§?(/\) This yields, at z = ®; () we have
P2 (0) - p5;(0) = 0.

Similarly, we have,

P27 (0) - pg ™ (0) = 0

as well. The the above argument works for any A € = if the map ®;  is non-singular at
any A € Z;. This concludes the statement. (]

Remark 5.7. It is interesting to compare Lemma [5.6| with Lemma Choose z = A +

’ypf\o) (w(e; A, t)). If the map @, ., associated with x is singular, it turns out lim__, o+ pi’(t’"’) ()

has a limit that depends on \. Hence, the condition in Lemma 5.6]is necessary. See Exam-
ple[6.T5]

Proposition 5.8. If the map X — ® . (\) is non-singular at all X € Z,, then the map
A= @y (N) is one-to-one in =y.

Proof. Assume that z = ®; (A1) = @y, (X\2) for Ay, Ay € =;. Then, by Lemma5.6] we
have, fori =1, 2,

P2 (0) = 5 7(0) = p) (w(0: 1, 1)).

Rewrite the map ®; ., as
Doy (V) = A+ (w(0:,0) = A+ pL47(0),

where z = ®; (). Then the condition z = & (A1) = Dy ,(A2) yields that A; = Ao.
Hence, ®;  is one-to-one in =. O

5.4. An intrinsic formulation of the push-forward map. We establish another formula-
tion of the push-forward map @, -, without invovling the subordination function w(e; A, t)
and the boundary value w(0; A, ¢). This is possible due to Theorem obtained in our
joint work with Belinschi and Yin [3]]. We put some technical results in Appendix [A] The
Cauchy transform of a probability measure 1 on C is a function defined on C as following

1
G,(N) =1
=1 A—z|>e A= 2

du(z).

The integral above is finite at every A if there exists s > 1suchthatp ({z : |z — A| < r}) <
r® forall 7 > 0.
The following is the main result in this Section.
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Theorem 5.9. The map O, ., definied in (3.37) can be rewritten as
D, (N) :)‘+’Y'Guw+ct()‘)v X eC.

For X not on the boundary set 0(Z;) of =, the map ®, ., is rewritten as
a8 -
Dy (A) =+ a(x%—ct,)\,()), A ¢ ().

Similar to the approach in Section [5.I] we first establish an analogous result for the
regularized map @ﬁi

Lemma 5.10. The map @563 can be rewritten as

a8
BN = A+ (@t en e) = Aty G, ()
forany A € C.

Proof. By the definition of @,E? given by (5.1) and the subordination relation, we have
* * -1
0l A ) = 0| 0= )" (A= DA = )"+ w(eid, )
= (/)[()\ —r—c¢) (A—z—c)A—z—c)" + 52)_1}
S
= 5(33 + e, A\ ).
Note that the regularized Brown measure (i, ., - is absolutely continuous and its density

is bounded on the complex plane thanks to Theorem [4.3] (or [30, Lemma 2.8]). Then the
second identity follows from Theorem[A.6]in Appendix A. O

Lemma 5.11. The Cauchy transform of iz, is continuous on C. Moreover,
(5.7 E11_r>r(1)G AN =G (N

/—Lz+ct,£( T M Haztey

forany A € C.

Proof. The first claim follows from Lemma@ as [z4c, satisfies the condition thanks to
Theorem .31
Note that the function z +— ﬁ is locally integrable. Denote by B,(\) the disk

B,(A) ={w: |\ —w| < p}. Given p < min{i, ﬁ, m
function y defined on the complex plane with compact support such that: (1) x(z) € [0, 1]
for all z € C; (2) supp(x) C Bz/p(N); (3) x(2) = 1 for z € By/,(A)\B2,(N); 4)
X(z) = 0for z € B,(A). Then

, x(2) _ [ x(?)

tin [ X o) = [ (o)

By Theorem [4.3] for 11 being either fi; 1, c OF fizc,, We have
1—x(2) 1 1
[ S ae <5 [
B2p()‘) -z m B2p()‘) -z

1 2m 2p 4
<= / drdo = =2,

where my denotes Lebesgue measure on the complex plane.

}, we choose a continuous

IN

dms(2)
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For z with |z| > 2—11), then z ¢ spec(z + ¢;), hence z is not in the support of fi; 4,

or equivalently z ¢ =;. Moreover, the density of ji, ., . (see [30, Lemma 2.8]) can be
estimated as

Loy 4 ) (e mx—e) P o))

47
1 _
< E¢((|z—x—ct\2—|—€2) 1)
1
<L (zmz-al
1 1 1
S P

AT (|2] = [l + e ]))* ~ =l

where we used the assumption ||z +c|| < ﬁ < % By the choice of p, if z € C\By,,()),

then |z| > ﬁ. Hence, there exists some C > 0 such that

/(C l/\if(;)duﬁct,e(@ < Cp,
\B1/p(A)
for any A fixed.
Putting the above results together, we obtain
ti [ i) = [ 3 (o)
for any A € C. O

We then study the derivative of S(x + ¢4, A, 0) outside =;.

Proposition 5.12. For any \ ¢ =, we have
as

oA
Proof. By Theorem [3.13] for \ ¢ Z; we have
log Az +c¢; — A) =log A(z — )
— [1o A 2ldac) = [ log A~ 2o, o).
C C

Taking the partial derivatives imply the desired identities. (]

(@4, A, 0) = Gupy, (A) = G (V)

We next study the derivative of S(z + ¢, A, 0) in Z;.

Proposition 5.13. Givent > 0 and \ € =, we have
aS 0
oy @+ oA 0) = P (w(0;0,8)) = Gy, (V).
Proof. By Theorem [3.13]and Notation[3.10] for A € =, we have
S(x + ¢, M, 0) = log Az + c; — N)?
2
= log A(|z — A2 + w?) — “’7

)

where w = w(0; A, ¢) is defined in Definition [3.4]by

> 1 1
e (u) = -
/0 w? + u? M= () t
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We have
8logA(|xa—>\/\\2 ) d((N —2)*(IN — 2> +w?) ™)
2w I (A~ af 4 w?) )
= oA =) (A= )+ 22O

Cancelling the second term 0% (“’;) yields

O e n0) = 00— ) (A — 2 +u?)™) = p(w).

This established the first identity. The second identity follows from Theorem [A.6]in Ap-
pendix A and the fact that y,. ., is absolutely continuous with respect to Lebesgue measure
and its density function h is bounded by the constant 1/7t. O

Proof of Theorem[5.9) By Lemma[5.10|and Lemma[5.T1] we have
By () = lim @15 (N) = A+ 7 G, V),
for any A € C. The second formulation of ®;  is a combination of statements in Proposi-
tion[5.12) and Proposition[5.13] O
6. ADDITION WITH A SELF-ADJOINT OPERATOR

The special case when z is self-adjoint has drawn much attention in previous work
[331 138} 39]]. In this section, we apply our main result to generalize main results in those
work. The generalization can be viewed as the addition analogue of recent work [34]]
concerning free multiplicative Brownian motions.

6.1. Subordination functions. Let x be self-adjoint and ;1 = p, be its spectral measure.
We first study the subordination function as in Definition [3.4] and Proposition [3.2] The set
= is expressed as

= —dcatib: 1 1
6.1) _t—{)\—a—i—lb./R(ua)2+62du(u)>t}.

For A € Z; (which is equivalent to # > \;(u)?), the condition subordination function
w(0; A, t) is determined by the condition (3.14)), that can be rewritten as

1 1
(6.2) /]R (= a)? + 0 + w(0; )\,t)2du(u) =7

Following Biane’s work [[12, Section 3] on the spectral measure of x + g;, we set

Ut:{aeR:/R(u_laqu(u)>1},

and define v; as follows

(6.3) vt(a):inf{y>0:/1du(x) < 1}, a € R.
R

‘We then set
Q. ={a+1b:|b] > v(a)}.
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Smm” Seanw=’
-

(A) The domain =; for t = 1 and x distributed as 0.46_2 + 0.10_9.s +
0.591. The graph of v; is the solid curve above the z-axis.

(B) The 2000 x 2000 random matrix simulation for the Brown measure of
T+ c.

FIGURE 1. The domain =, the graph of v;, and Brown measure simu-
lation.

It follows that v;(a)? = b + w(0; \,t)? with X\ = a + ibif A € Z;; and v,(a) = 0 if
{a+ib:b e R} NE, = 0. By regularity of w(0; A, t) in Lemma[3.5] we see that v, is a
continuous function (see [[12] for the original definition and [39] Section 2.3] for a review).

Proposition 6.1. The subordination function w(0; \,t) as in Definition can be ex-

pressed as
w(0 A, 1) = 4 Vel =% for A=atibe Xy
0, for A=a-+ib¢ =,

In particular, a — vi(a) is a continuous function defined on R, and is real analytic and
vi(a) > 0if{a+ib:be R} NE; # 0.
Moreover, we have =; N R = Uy, and

Er={a+ibeC:|b <va)}

and
Y ={a+ib: b > vi(a)} = (2)"

Definition 6.2. Fort > 0 and v, as defined in (6.3), we set

6.4) Pi(a) = a+ t/

r (@ —u)? 4+ v

a—1u

and

6.5) he(a) = /R( i G, aeR

a—u)?+ v
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The following result play a key role in the following discussion. It is taken from [12}
Lemma 5] and [39, Theorem 3.14].

Proposition 6.3. The function a — .(a) is a homeomorphism of R onto R. Moreover, if
ve(a) > 0 or equivalently {a +1b: b € R} NE; # 0, then

d
0< Wil o
da
Consequently, if vi(a) > 0, then
dh
6.6) LG
da

Finally, we need the following useful result taken from [12]].

Lemma 6.4. [I2| Lemma 3] and [I2| Proposition 3] The Cauchy transform of G, has a
continuous extension to ) which is Lipschitz with Lipschitz constant < 1/t, and one has

1 1
< —— <=
‘GM(Z)‘ _/R|Z—’U,|2du(u)_ t

for z € Q;. Moreover, the support of 1 is contained in the closure of U;. Consequently,
supp(p) C Er.

6.2. The push-forward map. Let = be a self-adjoint operator and ;& = p, be its spectral
measure. We study the map ®; , as defined in Section[d] We note that when v = ¢, the
operator g; , is a semicircular operator g; with mean zero and variance ¢ and the Brown
measure of z + g; is just the spectral measure of = + g;. Hence, we will assume that v # ¢
throughout this section. Let 7 = t — v and 7 = 71 + 7. Since |y| < ¢, we see that 7, > 0
if y £ t.

Using notations in Subsection[6.1] we have

A—u
Dy (A) =)
() +7/]R (u—a)? 4+ b2+ w(0; A, )2
and, if A € =, then ®; - () can be rewritten as
A—u
(u—a)?+ v

du(u),  AeC,

By (N) = A+ 7/R ). Aes.

Proposition 6.5. For any |y| < t and v # t, we have
Yi(a) — Thy(a) + i, for  XNeEy
D14 (A) = -
A+ vGu(N) for A ¢ E;.
Proof. We rewrite ®; () as

A—u
D (AN) = Dy (N) —
e (Y £t(A) T/R (u—a)?+b%+w(0; A\t

and if \ € =;, we can further rewrite it as

)gdu(U);

A—u

PN = @) 7 [ St
b
= B1(N) — Thila) +i7, e,
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where we used and the definition of A, in (6.5). If A € =;, we have

A—u
Pre(X) = A+ t/R (u—a)?2+ 0% +w(0; A, )2 dpu(u)

. b
= vila) 3 <b B t/R (u—a)?+ b2+ w(0; )\,t)Qdﬂ(u)) = tul(e)

where we used (6.2) and the definition of 1; in (6.4). This proves the case when \ € =;.
Recall that (Et)c = ; and supp(p) C U; C Z; (recall Lemma . When )\ ¢ =4,
then w(0; A\, t) = 0. Hence, when A = a +ib ¢ =y,

iy (A) = A+ W/R (uilﬁdu(w

1
=X+ ’y/ ——dp(u) = X+ vGL(N).
R )\ — U
This finishes the proof. O

The following result says that ®; ., is injective on (Et)c. It can be viewed as a general-
ization of [[12, Lemma 4] where the latter studies the inverse map of subordination function
for the free additive convolution of = + g, (see also [39} Section 2.4] and [34} Proposition
5.5]). We include a proof for convenience.

Proposition 6.6. The map ®,.,(\) is an injective map when restricted to (Et)c and is
conformal when X is in the interior of (Et)c.

Proof. If A € (), by Proposition we have ®; ,(\) = A +~vG,()\). Hence, for
o, a9 € (Et)c, we have

Dy (1) — Dpq(@2) = a1 — az + ¥(Gular) — Gulaz))
= (a1 — a2) <1 +’YGIL(O[1) — G“(az)) .

Q1 — Qg
Then, by Cauchy-Schwarz inequality,
Gulan) = Gulaz)

a1 — (9

/R (1 — u)l(a2 — ) dpu(w)
< ( dp(u) [ dp(u) )1/2 1
- 1

R a1 —ul? Jg oo —ul?

where we used Lemma [6.4]in the final step. It can be shown that we can not have equality
in the Cauchy-Schwarz inequality used above. Indeed, if equality holds, then

1 1
/R (ar — )z —w) M)

t
for some a1, a9 € (Et)c = ;. One can show that (1 must be a Dirac measure (see [12,
Lemma 4] for details). Therefore,

(I)t7’Y(a1) - (I)t,'y(OQ) #0

for ay # az and ag, a2 € (Z4)°. O

Lemma 6.7. For |y| < tand~y # t, let T =t — vy and T = 71 + iTa, then we have
0< <o

try —
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Proof. The assumption implies directly that 7; > 0. Write v = y; +i7y2, then ) =1 —;
and 79 = 2. Hence

[7|? = 2try = (t = m1)* +15 = 2t(t =) = 7[> = #* <0.
The result then follows. (]
Theorem 6.8. For any |y| < t and v # t, the map ®, ., is a smooth, injective map on Z;.

Moreover, the determinant of the Jacobian of ®, - is strictly positive at all A € E, and can

be expressed
(6.7)  det(Jacobian(®; ,))(A) = % [1 + <1

where T = 71 + i1 and hy is defined in[6.3]

_ |T|2> df;técﬁ

| A=
tTl

Proof. By Proposition[6.5] for A € =, we have

T T
D; (N = Ye(a) — zht(a) + i
Recall 9 (a) = a + h¢(a). Hence, for ®; (\) = 21 + iz, we deduce
(6.8) z1 =z1(a,b) =a+ (1 - %) hi(a) — %b, 29 = 2z2(a,b) = —%ht(a) + %b.

‘We then have

scobian(e () = |+ U AN F )

It follows that

det(Jacobian(®,.,))(\) = [1 + (1 _ W) d’”(“)} .

tTl

By Proposition[6.3} —1 < hj(a) < 1, hence we have
2
1< <1 - |T|> dhila)

tT1 da

thanks to Lemmal6.7] This implies that det(Jacobian(®; -))(}) is independent of b and
det(Jacobian(®; ,))(A) > 0 forall X € ;.

The non-singular property of ®; ., implies that ®;  is one-to-one in Z; by Proposition
In this case, we can actually prove it directly. If a; 4 ib1, as +1iby € =; and P4 ~ (a1 +
iay) = @y (b1 + ibs). Then we have, by using (6.8),

a1 — as + (1 - %) (he(ar) — he(az)) = f%(bg —by)

T2

; (ht(a1) — hi(az)) = 71(52 —by),

which yields (by canceling by — b1),

a1 — )+ 1

?

) tu(er) = hu(ea)

t7'1

tTq da
strictly positive. Consequently, a; = as. We then deduce that b; = bs. The injectivity
property is established. O

By the first part of the proof, we see that the function a > T [1 + (1 — ﬂ) M} is

Corollary 6.9. For any |y| < t and y # t, the map O ~ is a homeomorphism of C to C.
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Proof. We show that ®; ~(Z) N ®; - ((Z:)¢) = 0. Recall that
(Et)c ={a+ib: |b| > vi(a)} = Q.

For \g = a +1ibso that b > v (a), if D4 (Ao) € P; ~(E,), consider the vertical half-line
{AN=a+1id : d > b} starting at A¢. Since limgy o, ®;(a + id) = oo, we then see that
there is another point \; = a + ib; where by > b so that &, (A1) € 9(P.(E:)), the
boundary of ®; - (=;). On the other hand ®; - (a+iv¢(b)) € I(P;(E¢)), and both A, and
a + ivy(b) are in (Z;)°, this contradicts to Proposition|[6.6] Therefore,

P11 (20) N0y ((2)°) = 0.

Since ®; ., is a continuous function on C and it maps a neighborhood of infinity to some
neighborhood of infinity, one can then deduce that ®; ,(C) = C by some standard argu-
ments in topology. We conclude that ®; - is a homeomorphism of C to C due to Proposi-
tion[6.61and Theorem O

6.3. Brown measure of addition with a self-adjoint operator. We apply results in Sec-
tion [ to give a new proof for the Brown measure of = + ¢; and recover a result in our
previous work with Ho [39]. We then study the Brown measure of x + g, , that extends
results by Hall and Ho [33} [38] to all twisted elliptic operators. The result about = + g;
in this section is the additive counterparts of the results of Hall-Ho [34].

Theorem 6.10. [39) Theoorem 3.10] For A\ = a + ib € E;, then the Brown measure of
x + ¢ is absolutely continuous at A and the density at \ is given by

1 td U
Albgtec, ib)=— 11— =-— d da db,
oo ,(a+1 ) 7t ( 2 da " (G—U)2+’Ut(a)2 N’(u)> a
which can also be expressed as
o1 dyy(a)
(6.9) dptzte, (a+1b) = 5% " da da db.

In particular, the density is constant along the vertical directions.

Proof. One can deduce the density formula directly from the general formula in Theorem
We note that

; <¢(x*((x =A@ =N+ w(0; “)2)_1))

OX
- %% (/R (a— u)2u+ vt(a)2u(u)>

where we used the fact that the integration is independent of b. The first formula then
follows from (@.I)). Using the formula for ¢, in (6.4), we have

dwéc(la) _ d% <a+t/R (auc;z_ﬁvt(a)zd“(u))

d u
=2—t— d
da /R (a —u)? + v (a)? ()
where we used (6.2). This establish the second formula. O
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Proposition 6.11. [39 Lemma 3.11 and Proposition 3.16] and [12| Corollary 3 and
Proposition 3] The Brown measure |1, ., concentrates in 2. In other words, [1; 4., (Et) =
1. The spectral measure of x + g is the push-forward of the Brown measure [y, under
the map A\ — ®, ;, where

@, (a+1b) = ¥y (a), for a € Uy, |b| < ve(a).

Consequently, the spectral measure of x + g, is absolutely continuous and its density is
given by
ve(a)

pt(Yi(a)) = s

Moreover, the support of |1 is contained in the closure of U,.

Proof. Recall that 2y = {a +ib € C : a € Uy, |b] < vi(a)}, and vy > 0if a € Uy,
and v; = 0if @ € R\U;. Since 7 = 0 in this case, it follows by Proposition [6.5] that the
push-forward map ®; ; from i, ., to i, 4, can be calculated as

By i (\) = Pi(a), for A€ Zy,
b A+ G (M), for A& =,

where A = a + ib. Moreover, for a € Uy, the integration of the density of fi;4., over the

vertical line segment {a +ib : |b| < v(a)} is %f) dwdtig“) by the density formula (6.9). By
the push-forward property from fiz4¢, t0 fizg,, it then follows that
_ vi(a)
pi(rla)) = — =

The measure (1,44, has no atom at ending points of components of U; because pi;4., has
no atom. Hence, yi,,14, is absolutely continuous. It follows that i+, (E;) = pptq, (Ur) =
1. This finishes the proof. O

Lemma 6.12. Let 6(a) = 6; ,(a) = a+ (1 — %) hi(a), then a — 6(a) is a homeomor-
phism of R onto R. Then,
0<d(a) <2
foralla € Uy and a € (7{»)6 Moreover, if a € Uy,
t
8'(a) = — - det(Jacobian(®; ))(N).
1

Proof. Using the characterization of =; and U, in Proposition[6.1] it follows that the result
holds for a € U;. Indeed, we have

5'(a) = Ti - det(Jacobian(®,.,)) (M)

c

for any A € Z; such that R(\) = a. Ifa € (7,5)6 by Lemma then supp(p) N (U;)" =
(). Hence, v4(a) = 0 and

hi(a) :t/R aiudu(u) =tG,(a).

It follows that |} (a)| < 1 thanks to Lemmal6.4] Note that a — hy(a) is strictly convex on
any open interval in (ﬁt)c Hence, h}(a) can not take local maximum in the open interval.
We then conclude that 0 < hj(a) < lifa € (T;)". O
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~1oL

FIGURE 2. The Brown measure simulation (top) of x + ¢; for t = 0.5,
and the Brown measure simulation (bottom) of x + g; ., for ¢ = 0.5 and
~ = 0.25 + 0.254, where x is distributed as 0.256 _; + 0.569 + 0.256;.

Theorem 6.13. Let x be a self-adjoint operator that is free from gy ~. For any || < t with
v # t, the map ®, ., is non-singular at any A\ € Z;. The Brown measure of * + gy -, is the
push-forward map of the Brown measure of x + c; under the map ®; .

Moreover, the Brown measure i, 4, . takes the full measure on q)t)w(Et) and the den-
sity is given by

o 1 dwt (a)
~ 2771y dé(a)

where z = z1 + 120 = @, (a +1b) and

5(a) = a+ ( = “'2) hi(a).

t’l’l

(6.10) dpizyg, ., (2) dz1dz, z€ By 4(E)

Proof. By Theorem|[6.8] we deduce that ®; ., is non-singular at any A € Z;. Recall that if
a+1ib € Zy, then a € Uy. Using the density formula for z + ¢; in (6.9) and determinant of
the Jacobian of ®; - as in (6.7), it then follows that the density of =+ g; . can be expressed
as

1 di(a)/da 1 dyy(a)/da 1 dipe(a)

2nt det(Jacobian(®, ,)(\)) ~ 2xmy dé(a)/da  27m dé(a)
The result is established. O
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Example 6.14. [14, Example 5.3] The Brown measure of g, - is the uniform measure in
the rotated ellipse with parametrization

i i vl ‘0)
el \/2610 4 i ,
(e

for § € [0, 27], where « is such thaty = |y|e?®.

Proof. Take x = 0 and p = Jg. The formula for the set =; is simplified as
Er={A=a+ib: |\ < Vi}.

The condition determining w(0; A, t) is written as

1 _1
Dt wONe2 ¢

Hence w(0; A\, t) = +/(t - |AI2)4+. Then @, (X)) = A + ’ym = A+ I\ when
|\| < V/t. Write v = |\|e!®. Then for any 0 < r < /%, the circle centered at origin with
radius r is mapped to the ellipse with parametrization

A < Vit

rel? + %ﬂei(a_o).

Moreover, for [A| < Vtand \ = a + ib, we have
a
h S
(@) = o °
Hence, the determinant of the Jacobian of the map ®; - is the constant

2
det(Jacobian(®, - ))(\) = % {1 + (1 - Z')} . A=a+ib,
T1

where 71 + iTe = 7 = t — . Recall that the density of the Brown measure of ¢; is the
uniform measure on the circle {\ : |\| < v/t}. Therefore, the Brown measure of g; - is the
uniform measure on the ellipse with parametrization v/ze'? + Mei(a’e) /\/tfor 6 € [0,27],
where « is determined by v = |y|e?*. The result follows. O

We now discuss some special cases which allow us to recover main results in [33} 38]].

Example 6.15 (The semicircular operator). If v = ¢, the operator g; , is a semicircular
operator s; with mean zero and variance t. Let z be a self-adjoint operator that is freely
independent from s; The push-forward map ®; , is given in Proposition (obtained in
[39]). More precisely, the push-forward map sends each vertical line segments in =; to a
single point.

In this case, the injectivity of ®; ; fails dramatically, and the statement of Lemma [5.6]
does not hold. Indeed, by Theorem for any € > 0, we have

P20 () = (w(e)
where w(e) = w(e; A, t) and z = ®; (). By the Notation [3.10} This can be rewritten as

—¢ [($+gt —2) ((x+g:—2) (@ + g —2)° +€2)_1}

= =0 [@ =" (e =N =N +wE©?) ]
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By Lemma for any A € =; (equivalently, ¢ > Xj(pjz—x|)), we have
* * -1
Tim p” (w(e)) = =6 [ (2 = 2" (@ = V@ = V)" + w(0:1,6)?) ]
=y (w(0;X,1)).

Hence, for any \ € =, by choosing z = A(t) = A + vp(o)( (€)), we have

) =
lim p2(e) = - [ N (2= A= A" +w(0;A,6)2) 1]
= p(w(0; A, 1))

We note that pg\o) (w(0; A, t)) can be expressed as

PO 0) = [ e dutu)

a—u ib
- /R (a—u)?+ vt(a)‘zd“(“) T

where we used (6.2)) and the fact that b* + w(0; A, t)? = v;(a)? for a + ib € Z;.

To summarize, for a € R fixed so that v;(a) > 0, then: (1) the limit p t)( ) as
e tends to zero have different limit as long as (z,¢) tends to (¢(a),0) along different
paths (A(t),e) depending on b; (2) although the lim_ o+ A(t) = P4 +(a + 1b) = ¢¥;(a)
for any —v;(a) < b < wvi(a), the limit of the partial derivative lim,_,q+ pd D (€) de-
tects the value b and remembers where it came from. Namely, by looking at the limit
lim, o+ A(t) = ®¢(a + ib) we can not identify b since P, is not one-to-one, but the

limit of the partial derivative lim,_,+ p2 (€) does the work. This phenomena is differ-
ent from what Lemma 5.6]told us when & ., is one-to-one.

Example 6.16 (The imaginary multiple of a semicircular operator). If v = it, the operator
Jt,~ has the same distribution as is;. Let = be a self-adjoint operator freely independent
from s;. In this case, 7 = 2t, and for A € =;, we have

q)t,it()\) = 'l/)t (CI,) — 2ht (a) + 2ib
=a — h(a) + 2ib

=t | e T + 20

and
u

Stit(a) = a— hy(a) = t/R w_ay+ vt(a)zdu(u).

Example 6.17 (The elliptic operator). If v = s € R with —t < s < ¢, the operator g; ., has
the same distribution as an elliptic operator. In this case, 7 = t — s, and for A\ € =;, we
have

_Sb

— sht(a) +1

— S

Dy s(N) = Pi(a) —

=a+§ht(a)—|—1 b

= (a + S/R (= u(;2_+uvt(a)2du<u)) + i@,
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and

a—u

Ot s(a) =a+ S/R PEEHER vt(a)zdu(u).

We also note that @, ;(\) = z; + izo where

21 = 5t,s(a), Z2 =

and 1;(a) can be written as

t—
4

a—1u

bela) = 21+ = hi(a) = +<t—s>/ dpu(u).

o (a— ) + vi(a)?
Therefore, the density of the Brown measure at its support @, ;(Z;) is given by

Atz tg, (21 +i22)

“gri= (9 [ ) dad

if v.(a) > 0. Here we reminder the reader that the map a +— z; = d; s(a) is a homeomor-
phism from R to R. This recovers the main result in [33}[38]]

Remark 6.18. [The twisted (v, §)—coordinate.] Fix a € R, as in the proof of Theorem|[6.8]
(see (6.8)), the map b — ®; - (a + ib) is an affine transform of b. The density formula of
T + ¢ in Theorem@ is independent of b. Hence, the density formula of x + g; , must
depend only on one parameter. It is indeed the case as in Theorem [6.13] where the density
is expressed in terms of parameter a coming from =, the support of = + ¢;.

We now describe an analogue of the formulation in the recent work [34] where the
authors study the free multiplicative Brownian motions as follows. For z = z; + iz,
consider twisted (v, §)—coordinate determined by

a+ib=irv + 4,

where v,d € R. They can be written as

T2
d=a+ —b, v=—.
T1 T1

Using notations in the proof of Theorem and the formula of ®; ~(\) as in (6.8), for
A= A\ + i)y € Z, we have

-
5(@1‘,,7()\)) =2+ 322
T1

= la+(1- %) he(a) — ?b] + 2 (—%ht(a) + %b)

and

We can then say that the Brown measure (1,1, . is constant along the v-direction.
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7. ADDITION WITH AN R-DIAGONAL OPERATOR

The family of R-diagonal operators was introduced by Nica-Speicher [45] which covers
a large class of interesting operators in free probability theory. The circular operator and
Haar unitary operator are special examples of R-diagonal operators. They have a num-
ber of remarkable symmetric properties. In a breakthrough paper, Haagerup—Larsen [29]
calculated the Brown measure of any bounded R-diagonal operator and they showed that
the Brown measure of " can be expressed in terms of the S-transform of the operator
T*T. This is the first nontrivial example of Brown measure formula after L. Brown intro-
duced the definition in 1983. In [30], Haagerup-Schultz gave a second proof of the Brown
measure formula of R-diagonal operators which also work for unbounded R-diagonal op-
erators. In [55], we used subordination ideas and obtained simplification of technical ar-
guments in Haagerup-Schultz’s work.

The Brown measure of an R-diagonal operator is the limit of the ESD of certain non-
normal random matrix model called single ring theorem named after Feinberg and Zee (see
[28]] and the earlier physics paper [24, 25]).

In this section, we apply the results in Section ff] and Section [5] to study the Brown
measures of T'+ ¢, and T + g, , where T and {c¢, g; -} are *-free. It is well-known that
the sum of two R-diagonal operator is again R-diagonal. The new observation from [55]]
will be used in Section to describe the push-forward map. We show that the Brown
measure of T' + g; ., is supported in a deformed ring where the inner boundary is a circle
and the outer boundary is an ellipse. The push-forward map ®, , sends a family of circles
to a family of ellipses.

7.1. The work of Haagerup-Schultz and gradient functions. Following [30, Section
4], we introduce some auxiliary functions. Let A € C \ {0}, we set

(7.1) hr(s) = sd((T*T + s°) 1), s> 0,
(7.2) hr_x(e) =ed([(T — N (T = \) +€]71), e > 0.
and

M(T) =1/ o((T*T)1),  Xa(T) = Vo(T*T).

It is known that the Brown measure of T is supported in a single ring and A1 (T'), A\2(T")
are inner and outer radii of this ring.

Proposition 7.1. [30) Definition 4.9] For any A € C\ {0}, the equation

§—¢£

(7.3) (s —¢e)? — e

+A*=0

has a unique solution s = s(|\|, t) in the interval (0, 00) and
hT_)\(E) :hT(S(|>\|,5))a e > 0.
For A € (M (T), Ao(T)), the equation

hr(s)

has a unique solution s = s(|)\|,0) in the interval (0, c0).

(7.4) s? — +[A2=0
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Proposition 7.2. (30, Lemma 4.10, Remark 4.11] The function (X, ) — s(\, €) is analytic
in (0,00) x (0, 00). Moreover,

0, if 0< A< \(T);
lims(A &) = { s(1,0),  if A€ (M(T), 2a(T));
+o0, if, A= Ao(T).

From now on, we denote by s(\,0) = lim._, s(\, €) for any A > 0.
Lemma 7.3. [30, Lemma 4.14] Let T be an R—diagonal element in M, let A € C \ {0},
and let € > 0. We then have:
A2 2

7.5 AT =N(T =\ +€2) = A(T*T + s(|)], €)?).
15 AT =21 =0 +2) = e AT T+ s((A )
Theorem 7.4. [30) Theorem 4.15] Let T € M be R—diagonal, we have

@) IFAL(T) < |A| < Ao(T), then

2

@) AT =)= (W

(i) If|A| < A1L(T), then A(T — X) = A(T).
(i) IF|A\| > Ao(T), then A(T — \) = |Al.

PP ATy s(|>\|,0)2)>

Remark 7.5. The reader might notice that formulas in this section are similar to our results
in Section [3] Indeed, circular operator is an R-diagonal operator. In [55], we used sub-
ordination ideas to give a simplified proof for Haagerup-Schultz’s results and the Brown
measure formula of R-diagonal operators. By choosing x = 0, then Theorem is a
special case of Theorem [7.4] In a joint work with Bercovici [11]], we obtained a Fuglede-
Kadison formula for operator 1" 4+ x where z is an arbitrary operator *-free from 7', which
generalizes some free probability results obtained in [22} 31]].

The following result can be deduced from the Fuglede-Kadison formulas in Lemma[7.3]
and Theorem[7.4]and the defining equations for s(|A[, ) and s(|A[, 0). See [55] for details.

Lemma 7.6. [55| Section 4] Let T be an R-diagonal operator. We have partial derivative
formula
A (5(1ALe) —e)?

(7.7 (A =T)[A=T)N=T)" + 52]71) = W (s([A\[,e) — )2 + |A]2

foranye > 0, and

lim (A= T)°[(A = YA = 1) +€7] )

0 Jor 0 <|A <A\ (T);
BN s(|A],0)2
= sty for A(T) < Al < Mo(T);

2, for I = (D),
where s(|\|,€) and s(|A|,0) are defined in Definition Moreover, the Brown measure
wr is the rotationally invariant probability measure such that

s(r,0)?
s(r,0)2 + 12’

>

pur{z € C:|z| <r}= 0<r<oo



52 PING ZHONG

7.2. The push-forward map and Brown measure. We use Lemma([7.6]to study proper-
ties of the push-forward map from the Brown measure of 7" + ¢; to the Brown measure
of T + g;~. Observe that the Brown measure of 7' + €¥g, -, is the same as the Brown
measure of ¢'?(T + g¢~). In this section, we may restrict ourselves to the case v € R,
but the general result will follow easily. So we still keep using the complex notation ~y as
before.

Proposition 7.7. For x =T, the map ®, - is expressed as

7 siLop e ({7 € € |2 < )
T8 B = AT S 0+ ) |

forany X € C, where for A € Zy, s = s(|)|,0) is determined by

2 S 2 _
s h(5)+|)\| 0

and h(s) = s ¢(((T + ct)*(T + c;) + s2)71).
The regularized map <I>,(5€7) is expressed as

(©) v (s(1Ale) —e)?
7.9 D, (N) =2+~
7 ) ZAT X GO9 — P+ PP
where s = s(|\|, €) is determined by
2 S8°7¢€ 2
AT B A N )
(s —¢) ) +[AF=0

Proof. We have the following equivalent definition of the regularized push-forward map

. B
() = A+ ST+ e o).

The result follows by applying Lemma([7.6] O

Since T and ¢; are free to each other, we can calculate
(T + ) (T + 1)) = $(T*T) + p(cier) = Xo(T)? + 1.

Hence, Ao (T + ¢;) = \/A2(T)? + . Although it is not important here, one can actually
show that A\ (T 4 ¢;) = /(A1(T)? — )|+ ([I]). When « is an R-diagonal operator T,
the set =; is also the interior of the support of the Brown measure of 7" + ¢;. That is,

Er={AeC:(M(T)* 1)y < |A?* < \(T)2 + 1}

Theorem 7.8. Let v = |v|e'2 such that |y| < t. Set & = T and use notations in Section
E] For any v > 0, the push-forward map ®; ., sends the circle C, centered at the origin
with radius r to the ellipse

) ) —if
(7.10) el (rele n ehm(r)> . 0<6<on,
'

where
m(r) = prye,({z € C: [z <71}).
The semi-axes of the ellipse are
a(r) =7 —[ym(r)/r,  b(r) =r+|ylm(r)/r.
Moreover, both a(r) and b(r) are increasing functions of r in the interval (0,00). When

|v| < t, then both a(r) and b(r) are strictly increasing and the map ®, ~ is a self-
homeomorphism of C.
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FIGURE 3. The 4000 x 4000 random matrix simulation for Brown mea-
sures of u + ¢; and u + g¢ with ¢ = 0.5.

In particular, the Brown measure of T'+ g ~ is supported in the deformed ring where the
inner boundary is the circle with radius A (T + c:) and the outer boundary is the ellipse

where Ao = \o(T + ¢;) is the outer radii of the support of the Brown measure of T + ¢.

Proof. We follow notations used in Proposition[7.7} Recall that, by Lemma[7.6] we have
s(r,0)?
m(r) = prie,({z € C: [zl <7}) = S 02 412
We can rewrite a(r), b(r) as
s(r,0)?

_ b _
a(r)—r—;m, b(r)=r

v s(r,0)?
rs(r,0)2 +r2’
For any € > 0, we set

_, 0 (s(re)—e)? oy Y (8(re) —e)?
a(r.e) = r(s(r,e) —e)? +r2’ blre) TGl —eE

Then, by @), we see that the regularized map <I>§? sends C.. to an ellipse E, . centered

at the origin, whose semi-axes |a(r, €)|, b(r, ). Since a(r,e) > 0 for large r and <I>§€,3 isa
homeomorphism (see Proposition|5.2)), it follows that a(r, €) > 0 for any > 0. Moreover,
it forces that the region enclosed by the ellipse E, . increases as r increases. That is,

a(ry,e) < a(rg,e), b(ri,e) < b(rg,e)

for any 0 < 71 < r5. By letting € go to zero and using Proposition [7.2] (or the fact that
<I>§E,3 converges uniformly to ®; , in C by Lemma , we deduce

a(ry) < a(rs), b(r1) < b(rs), 0<r <ro.
Note that a(r) = b(r) =7 for0 < r < A\ (T + ¢;) and

m(r) = 0, for 0<r<A(T+c),
), for 7> X (T + ).
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Hence, for 7 > A1 (T + ¢;), we have a(r) > A\ (T + ¢;). Therefore, a(r) > 0 for all r.
From (7.8), we then see that ®; , maps the circle C, := {z : |z| = r} to an ellipse E, with
parametrization

—i0
po (Tele + WW) C 0<6<on
r
whose semi-axes are a(r), b(r).

When |v| < ¢, we write

(7.11) a(r)zr(l—h> el (r—tm(r))

t t r

The previous discussion shows that the second term of the right hand side of is
increasing. Therefore, a’(r) > 0 for all € (0, 00). Similary, b'(r) > 0 for all » € (0, c0).
This implies that ®; - is a self-homeomorphism of C that maps circles centered at the
origin to a family of ellipses. O
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APPENDIX A. THE DISTRIBUTIONAL DERIVATIVE OF THE LOGARITHMIC POTENTIAL

We establish some elementary results about computing the distributional derivative of
the logarithmic potential of a regularized Brown measure. The results in this Appendix are
useful in Section

Lemma A.1. Suppose f is a locally integrable function on R™, with n > 1. Suppose also
that f is continuously differentiable on R™ \ {0} and that 0 f / Oz is locally integrable on
R™ (not just on R™ \ {0} ). Finally, suppose that

(A.1) lim x[""' f(x) = 0.

Then Of |0z ; in the distribution sense is computed by integrating a test function against the
classical partial derivative, and the one point where the classical derivative is not defined.
In the case n = 1, the condition can be replaced by the condition that lim,_,o f(x)
exists.

Proof. The distributional derivative is computed by looking at the integral

- [ 05 o
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where Y is a test function. Since f is locally integrable, the above integral exists and can
be computed as
8
— lim X —(x) d"x,
e—0 R7\ D, 036]

where D, is the ball of radius € centered at the origin. Once a ball around the origin has
been cut out, everything is C' and we can integrate by parts to get
(A.2)

_ aX N _ 8f x) d"x
/R o OO ) / F(Ox(x) v; dT+ /R o, B

where S, is the sphere of radius €, v; is the jth component of the outward (with respect to
R™ \ D.) unit normal, and T is the surface area measure on the sphere S..

Now, <
(A.2) can be bounded using the area of the sphere, which is proportional to ™~

X) vj dF’ < Ce" tsup |f(x)],

€

where the right-hand side of the above inequality tends to zero by the assumption (A.T).
Letting ¢ — 0 in (A.2) using the local integrability of 9 f /0x; therefore gives

105X = [ 2L xn v,
Rn T

Rn 8SUJ
which is what we wanted to show.

In the case n = 1, if lim, ¢ f(z) exists, we can add a constant to f (without changing
the distributional derivative) so that the limit is zero and (A.T) will hold withn = 1. O
Example A.2. Ifn = 2 and f(x) = log |x]|, then (A.1) holds. Furthermore,

ﬁ o 1 0 - 1 T
or; |x|0z;
which is a locally integrable near the origin.

We now turn to the logarithmic potential S,, and Cauchy transform G, of a compactly
supported probability measure on the complex plane C, defined as

5u(2) = [ 1og(lz = wl®) duw),

1
G =i d .
u(2) = lim S— (w)
We will work on probability measures p satisfying
(A.3) p{w: |z —w| <r}) <r’

for some s > 1. By an elementary argument using Fubini’s theorem and the local integra-
bility of the functions log <|z|2) and 1/z, we can show (1) that the integrals defining S, ()

and G, (z) are finite at every z, and (2) that S,, and G,, are locally integrable functions on
the complex plane.
Recall that the regularized Brown measure 1, . of € M is determined by

1
/ log |\ — 2|dps.c(2) = 3 log A(Jz — A]* + €%).
o
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Then, by [30, Lemma 2.8], the regularized measure i, . is absolutely continuous, and its
density (up to a constant 1/4) is

0 2 2
log A(Jz — A\|* +&7)
3O
=2((Je = AP + )7 (|(z = V)P +e3)71) < 4e?/|A,

provided that |A| > 2]|z]|.

(A4)

Lemma A.3. Forany R > 0 and € > 0, we have

/ / |log |w — 2||d*2djy (W) < 0.
cJlzI<R

Proof. We denote
Bw)= [ floglw - 2l
[zI<R

and change the variable © = w — z to get

By = [ los(uldn

We then consider two cases: |w| < R+ 1and |w| > R+ 1.
If lw| < R+ 1, we note that |u| < |u — w| + |w| < 2R + 1. Thus, we have {u :
|lu —w| < R} C {w: |u] <2R+ 1} and in this case

L(w) < C:= |log(|u])|d?w.
|u|<2R+1

If |{w| > R+ 1, then |u| > |w| — |[u — w| > 1 when |u — w| < R. Thus, log(|u|) > 0
when |u — w| < R. In addition, note that |u| < |u — w| + |w| < R + |w]|, we then get

I (w) < TR*log(R + |w)).
Therefore, we have

C for |w| < R+1,
Il(w) < 9
7R*log(R + |w|) for |w|> R+ 1.

By (A:), the density of dj, ., - decays of the order 1/|w|? for large |w|. It follows that
Jo Ii(w)dp(w) < oc. O

Corollary A4. If 11, . is the regularized Brown measure of x € M with parameter € > 0,
then the distributional z-derivative of the log potential is the Cauchy transform.

Proof. Suppose that  is a test function supported in the ball {z : |z| < R}. In addition,

we may suppose that |y (z)| < 1 and ‘8)57(;) < 1. We denote

1
I (w) :/ — d*z.
|z|<R |z — w]

Note that I5(0) = 27 R. Then we have

—w| <
D(w) < {271' for |z —w| <1,

7R? for |z—w|>1.
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It follows that

1
(A.5) / / d22d,uz’5(w) < 0
CJ|z|<R |z — wl

Lemma [A3] and Equation (A.3) guarantee that we can apply Fubini’s theorem in the
following calculation:

- [ 36 [os(z — uf) dutw)

<R 82’

//<R 5, ()os(lz = wl*) &z dpu(w)
/ /|Z|<R 92 0 tog(|z — wf’) d*= dp(w)
) /<c/|z|gRX(z) L)
) /|z|<RX<Z>/C — du(w)

where we used Lemmal[A-T]to derive the second identity. This finishes the verification. O

We next study the continuity of the Cauchy transform of a probability measure on C
under some regularity conditions.

Proposition A.5. Given a probability measure p on the complex plane C, suppose that
W is absolutely continuous with respect to Lebesgue measure and its density function h

satisfying ||h||oo < C, then the Cauchy transform of u is a uniformly continuous function
on C.

Proof. Let B,(\) be the disk B,(A\) = {w : [\ — w| < p}. Then

2m
/ ——dp(w)| < C/ 2w < C/ / —rdrdf = 2nC)p.
B,(\) )‘ w p(N) 0

Given e > 0, if [\; — X2| < min{e, &3}, then for any w ¢ B.(A\1) U B-(\2), we note that
L1 M-
)\1—71) )\g—w o (/\1—711)()\2—11})

The condition |A\; — 2| < min{e, £3} ensure that B. (A1)UB:(\2) C Bac(\;) fori = 1,2.
We hence have

/BE(Al)UBE()\Q)

(A.6) A

<E.

r 1
)\1—w )\g—w

\ (o)

1 1
< dp(w) —|—/ ‘d,u(w) < 8nCk,
~/Bza(>\1) AL — w‘ Bac(A2) A2 —w
and
1 1
- du(w) < e
/C\(Be(Al)uBs(Az)) ‘Al W A w‘

Therefore, |C,, (A1) — Cp(A2)| < (87C + 1)e provided that |A\; — Xo| < min{e,3}. O
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Theorem A.6. If i is a compactly supported probability measure on the plane, suppose
that p is absolutely continuous with respect to Lebesgue measure and its density function
h satisfying ||h||so < C, and S,, has a continuous derivative on some open domain O, then
the z-derivative of the log potential is the Cauchy transform of pu.

In particular, for any z € C we have

OSpsie,.c(2) 1
(A7) 92 = /(C Y wd,U/erct,E(w)-

Proof. Since the distributional derivative of a continuously differentiable function concide
with the usual derivative almost every where, by Corollary %Z(z) = C,(z) almost

everywhere. Proposition implies that C), is continuous on C. If %Z(z)
on O, then it follows that the identity % = C,,(#) holds for every z € O.

It is shown that S),,, . _ has a continuous derivative on C and fiz+., ¢ is absolutely

continuous with respect to Lebesgue measure and its density function is bounded by 1 /47t
(see Theorem [d.3]or [3, Lemma 7.11]). Hence, (A7) holds for all z € C. O

1S continuous
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