
MAPPING CLASS GROUPS ARE QUASICUBICAL
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Abstract. It is proved that the mapping class group of any closed surface with finitely
many marked points is quasiisometric to a CAT(0) cube complex. We provide two
distinct proofs, one tailored to mapping class groups, and one applying to a larger class
of groups.
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1. Introduction

In the last few years, there has been a significant amount of work revolving around
analogies between mapping class groups and CAT(0) cube complexes. These analogies have
taken several forms of varying complexity, including the construction of counterparts of the
curve graph [KK13, Hag14, Gen20], the development of a cubical version of the Masur–
Minsky hierarchy [MM00, BHS17b], and the detection of right-angled Artin subgroups of
mapping class groups [Kob12, CLM12, Run21].

The effect has been an effusion of new understanding in both settings. For mapping class
groups, this has included: confirmation of Farb’s quasiflat conjecture [BHS21, Bow19b],
semihyperbolicity [DMS23, HHP23], decision problems for subgroups [Bri13, Kob12], and
residual properties [DHS21, BHMS20]; and on the cubical side: versions of Ivanov’s theorem
[Iva97, Fio22], characterisations of Morse geodesics [ABD21, IMZ23], control on purely lox-
odromic subgroups [KK14, KMT17], and results on uniform exponential growth [ANS`24].

Although this viewpoint has been very successful, the two settings are certainly distinct.
Indeed, it is well known that (almost all) mapping class groups cannot act properly by
semisimple isometries on any complete CAT(0) space [KL96, Thm 4.2]; nor can they act
properly on (finite- or infinite-dimensional) CAT(0) cube complexes [Gen22, Thm 1.9].
In fact, it is unknown whether mapping class groups can act on CAT(0) cube complexes
without having a global fixed point, as such an action would imply that they do not
have property (T) [NR97]. In any case, the lack of proper actions means that any direct
correspondence between mapping class groups and CAT(0) cube complexes that is in some
sense “faithful” can only be of a purely geometric character.

The main goal of this article is to obtain the strongest direct correspondence one could
reasonably hope for. Specifically, we prove the following result.

Theorem A. For each closed, oriented surface S with finitely many marked points, there
exists a finite-dimensional CAT(0) cube complex Q with a quasimedian quasiisometry
MCGpSq Ñ Q.
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It is well established that the geometry of a CAT(0) cube complex is completely described
by its hyperplane combinatorics [Sag95, Sag97], and this can equally be interpreted in terms
of its median structure [Che00, Rol98]. Mapping class groups have an analogous coarse
median structure [Bow13] (see Section 2), where the role of the median map is played by
the “centroid” construction of Behrstock–Minsky [BM11]. The fact that the quasiisometry
in Theorem A is quasimedian means that, up to a bounded error, it respects these (coarse)
median structures, making the correspondence it provides considerably stronger than just
a quasiisometry. For instance, the quasimedian property can be used to prove that the
median-quasiconvex (also known as hierarchically quasiconvex ) subsets of MCGpSq exactly
correspond to the convex subcomplexes of Q; this is made precise in Corollary 5.3. This
has been used to show that the curve graph of S can be coarsely reconstructed from the
hyperplane combinatorics of Q [PZS24, Prop. 7.16].

One immediate consequence of Theorem A is that mapping class groups admit proper
cobounded quasiactions on CAT(0) cube complexes, which provides an interesting contrast
with the situation for actions. Moreover, the quasiactions produced here are by “cubical
quasi-automorphisms”, not merely by self-quasiisometries. It also follows from Theorem A
that MCGpSq admits a bounded quasigeodesic bicombing, and so is weakly semihyperbolic
in the sense of [AB95].

A related result to Theorem A has recently been obtained by Hamenstädt [Ham21],
who constructs a uniformly locally finite CAT(0) cube complex C with a proper, coarsely
onto, Lipschitz map C Ñ MCGpSq. Hamenstädt shows that the space of complete geodesic
laminations of S is homeomorphic to the regular Roller boundary of C. By work of Fernós–
Lécureux–Mathéus [FLM24], this in turn is homeomorphic to the boundary of a quasitree:
the contact graph of C [Hag14]. However, the map C Ñ MCGpSq is not a quasiisometry,
and is not known to be quasimedian.

This article contains two proofs of Theorem A. The first uses more traditional mapping
class group machinery, whereas the second takes place in a setting that is considerably more
general than just mapping class groups: the setting of colourable hierarchically hyperbolic
groups (see Section 4.3). Whilst it should be noted that it is possible to construct hierar-
chically hyperbolic groups that are not colourable [Hag23], all the key examples currently
known are colourable [BBF15, HMS24, Hug22, DDLS24, HRSS22].

Theorem B. Let G be a colourable hierarchically hyperbolic group. There is a finite-
dimensional CAT(0) cube complex Q with a quasimedian quasiisometry GÑ Q.

As well as being a generalisation of Theorem A, this can be viewed as a “globalisation” of
powerful approximation results of Behrstock–Hagen–Sisto and Bowditch [BHS21, Bow18].
Namely, those authors show that, under conditions satisfied by all colourable hierarchically
hyperbolic groups, the median-quasiconvex hull of any finite subset is uniformly (in terms
of the number of points) quasimedian quasiisometric to some finite CAT(0) cube complex.
This finitary approximation is a key ingredient in both the resolution of Farb’s quasiflat
conjecture and the recent proofs of semihyperbolicity. In fact, as well as being global, The-
orem B implies a stronger finitary statement where there is no dependence on the number
of points; this is a consequence of the correspondence between median-quasiconvexity in
G and convexity in Q (Corollary 5.3).

A simple consequence of Theorem B is the recovery of a “stable cubulation” result of
Durham–Minsky–Sisto for groups [DMS23, Thm A], albeit with a less tight dimension
bound (and without the equivariance of [DMS23, Thm 4.1]). See Section 5 for more
discussion.

Outside the setting of groups, one can also use the tools of this paper (discussed at the
end of the introduction) together with [EMR17, Thm 4.3, Lem. 4.10] to prove the following.
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Theorem C. Teichmüller space, with either one of the Teichmüller metric or the Weil–
Petersson metric, admits a quasimedian quasiisometry to a finite-dimensional CAT(0) cube
complex.

An essential part of the proof of Theorem B is a criterion to determine when a hyperbolic
space is quasiisometric to a finite-dimensional CAT(0) cube complex. A result of Haglund–
Wise shows that every hyperbolic group is quasiisometric to a locally finite CAT(0) cube
complex [HW12], and the argument also applies to uniformly proper hyperbolic spaces.
Surprisingly, though, it seems that it the corresponding result for non-proper hyperbolic
spaces was not previously known. The following theorem remedies this. (Note that every
uniformly proper hyperbolic space has finite asymptotic dimension [Gro93, BS00].)

Theorem D. If X is a hyperbolic space, then X is quasiisometric to a finite-dimensional
CAT(0) cube complex if and only if X has finite asymptotic dimension.

It should be noted that the fact that the cube complexes in Theorem D are only finite-
dimensional, not locally finite as in the Haglund–Wise result for hyperbolic groups, is
necessary, as Theorem D applies to locally infinite trees, for instance. This raises a natural
question.

Question. Are mapping class groups quasimedian quasiisometric to uniformly locally fi-
nite CAT(0) cube complexes? What about colourable hierarchically hyperbolic groups?

One might hope to use the Alice’s diary construction of [BDS07], which upgrades certain
quasiisometric embeddings of hyperbolic spaces in finite products of trees to quasiisometric
embeddings in finite products of binary trees. However, that construction relies in an
essential way on the assumption that the boundary of the hyperbolic space is doubling,
and unfortunately the doubling condition fails for the relevant spaces in this article.

The result that mapping class groups are quasiisometric to finite-dimensional CAT(0)
cube complexes (Theorem A) also has interesting implications from the cubical perspective.
Indeed, any CAT(0) cube complex that is quasiisometric to a mapping class group must
have some peculiar properties.

Theorem E. There exist finite-dimensional CAT(0) cube complexes that have discrete
quasiisometry group, are quasiisometric to finitely generated groups, and are not quasiiso-
metric to any CAT(0) cube complex admitting a proper cobounded group action.

Proof. Let Q be a CAT(0) cube complex quasiisometric to the mapping class group of
some surface S, as given by Theorem A. By quasiisometric rigidity of mapping class groups
[BKMM12, Thm 1.1], the quasiisometry group of Q is isomorphic to MCGpSq, which is
discrete. If a cube complex quasiisometric to Q admitted a proper cobounded group action,
then MCGpSq would be virtually cubulated, contradicting [KL96]. �

To the best of my knowledge, these are the first examples of CAT(0) cube complexes
with these properties. We now discuss examples with subsets of these properties that
arising from settings other than mapping class groups.

For examples of CAT(0) cube complexes that are quasiisometric to groups but don’t
admit proper cobounded group actions, let Γ ă Sppn, 1q be a uniform lattice. The group
Γ is hyperbolic, so is quasiisometric to a CAT(0) cube complex QΓ by [HW12, Thm 1.8]
or Theorem D. It also has property (T) by work of Kazhdan (see [BHV08, §3.3]) and
Kostant [Kos75]. By Pansu’s rigidity theorem [Pan89], if QΓ admitted a proper cobounded
group action, then Γ would act with unbounded orbits on some CAT(0) cube complex,
contradicting [NR97, Thm B]. On the other hand, it can be seen that QΓ does not have
discrete quasiisometry group. Indeed, Schwartz’s theorem [Sch95] implies that the quasi-
isometry group of Γ is isomorphic to the commensurator of Γ. By Corlette [Cor92] or
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Gromov–Schoen [GS92], Γ is arithmetic, so Margulis’ characterisation of arithmeticity
[Mar75, Thm 9] (also see [Zim84, §6.2]) implies that the commensurator of Γ is Hausdorff-
dense in Sppn, 1q. Hence Γ has indiscrete quasiisometry group.

For examples with infinite, discrete quasiisometry group, let Λ ă SOpn, 1q be a nonar-
ithmetic nonuniform lattice, which exists by [GP88]. The group Λ is hyperbolic relative to
virtually abelian subgroups, so by residual finiteness, Λ is virtually a colourable hierarchi-
cally hyperbolic group [BHS19, Thm 9.1], and hence is quasiisometric to a CAT(0) cube
complex QΛ by Theorem B. By Margulis’ characterisation, Λ has finite index in its com-
mensurator, so the quasiisometry group of QΛ is discrete by Schwartz’s theorem. Whether
Λ can virtually act properly coboundedly on a CAT(0) cube complex is unknown in gen-
eral, but Wise showed that Λ is virtually compact special, hence cocompactly cubulated,
when n “ 3 [Wis21, Thm 17.14].

I thank one of the anonymous referees for informing me of the following family of CAT(0)
square complexes that have infinite, discrete quasiisometry group and are constructed
independently of Theorem B. Let T be a tree whose automorphism group acts freely and
cocompactly (for instance, the universal cover of the below graph). The CAT(0) square
complex T ˆT also has free cocompact isometry group. Let ∆ be the right-angled octagon
complex obtained from T ˆ T by performing a branched cover of order two at the centre
of each square, whose isometry group is also proper and cocompact. The complex ∆
is a Fuchsian building in the sense of [Bou00], and hence a theorem of Xie shows that
the quasiisometry group of ∆ is isomorphic to Aut ∆ [Xie06, Thm 1.2]. Subdividing the
octagons of ∆ yields a CAT(0) square complex with infinite, discrete quasiisometry group.

Outline of the proofs of Theorem A.
The starting points for the proofs of Theorem A presented in Sections 3 and 4 are con-

structions of Bestvina–Bromberg–Fujiwara [BBF21] and Buyalo–Dranishnikov–Schroeder
[BDS07], respectively. The techniques involved are rather different: Section 3 is based
around closest-point projections to a family of quasigeodesics in curve graphs that were
carefully constructed in [BBF21], whereas Section 4 is chiefly concerned with a construc-
tion for embedding the hyperbolic cone on a bounded metric space in a finite product of
trees [BDS07].

The main point that we use is that these both provide routes to quasiisometrically
embedding mapping class groups in finite products of trees. On its own this is not enough
to obtain a quasiisometry to a CAT(0) cube complex. Indeed, there is no reason why
an arbitrary subset of Euclidean space should admit a quasiisometry to a CAT(0) cube
complex, and even if a subset is abstractly quasiisometric to a CAT(0) cube complex, it
may not be possible to see this from the ambient cubical structure: consider the log-spiral
in R2, for instance. In general the relationship between CAT(0) cube complexes and finite
products of trees is surprisingly subtle—there are locally finite CAT(0) cube complexes
that cannot be isometrically embedded in any finite product of trees, even in dimensions
as low as five [CH13].

The key to resolving this issue is the quasimedian property. More precisely, given a
quasiisometric embedding of X in a finite product of trees, if one has the additional infor-
mation that it is quasimedian, then it turns out to be possible to obtain a quasiisometry
fromX to a CAT(0) cube complex (see Proposition 2.7). Our principal strategy is therefore
to show that the embeddings we consider are quasimedian.

Proof A. Section 4 begins by applying the Bestvina–Bromberg–Fujiwara construction
as in [BBF15]. Namely, [BBF15] produces a finite colouring of the subsurfaces of S such
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that any two of the same colour overlap. In each colour, the curve graphs of the subsur-
faces of that colour can be assembled into a quasitree of metric spaces. This is a hyperbolic
graph that is built by taking the disjoint union of those curve graphs and adding edges
between certain pairs of them; roughly, a pair gets an edge when their subsurface pro-
jections to all other subsurfaces of that colour almost coincide. It was shown in [BBF15]
that MCGpSq quasiisometrically embeds in the product of these hyperbolic graphs, and
the embedding was shown to be quasimedian in [HP22]. This is not the end of the story,
because the hyperbolic graphs contain isometrically embedded curve graphs, and so are
not all quasitrees.

Nevertheless, Hume observes [Hum17] that these hyperbolic graphs can themselves be
quasiisometrically embedded in finite products of rooted trees by a construction of Buyalo
[Buy05b]. We strengthen this in Section 4 by using a variant construction from [BDS07] to
give an exact characterisation of which hyperbolic spaces admit quasimedian quasiisometric
embeddings in finite products of trees. This leads to Theorem D, and we observe that the
above hyperbolic graphs meet the necessary criteria.

Briefly, given a hyperbolic graph X, the trees forming the finite product are built from
a sequence of covers of the Gromov boundary of X. Each cover is by balls, with radii
decaying exponentially along the sequence of covers, and the sequence is coherent in the
sense that balls from different terms are either disjoint or nested. The levels of the rooted
trees correspond to different terms in the sequence. In order to show that the embedding
of X in the product of these trees is quasimedian, we use coherence of the sequence and
Lemma 2.10, a simplified criterion for a map of hyperbolic spaces to be quasimedian.

Proof B. The construction from [BBF21] that is used in the proof in Section 3 also
begins with a quasitree of metric spaces, but a more refined collection of metric spaces is
involved. More specifically, in [BBF21], Bestvina–Bromberg–Fujiwara show how to “de-
compose” the curve graph CS into finitely many orbits of quasigeodesics in such a way that
a quasitree of metric spaces can be built for each orbit. These quasitrees of quasigeodesics
are themselves quasitrees. By repeating this decomposition in each subsurface and using
the colouring from [BBF15], they are able to obtain a finite collection of quasitrees that is
sufficiently rich for a finite index subgroup H of MCGpSq to act properly on their product
[BBF21]. The representation of MCGpSq induced by this action of H corresponds to a
proper action of MCGpSq on a finite product of quasitrees.

Because we cannot possibly end up with an equivariant quasiisometry to a CAT(0) cube
complex, we can just work with the embedding of MCGpSq coming from approximating
it by its finite-index subgroup H and replacing the finitely many quasitrees by trees. The
goal of Section 3 is therefore to prove the quasimedian property for the orbit maps of H
on the quasitrees of quasigeodesics.

The strategy for this is to show that orbit maps send hierarchy paths in MCGpSq to
paths that project to unparametrised quasigeodesics in each quasitree factor. To see why
this is sufficient, note that there is a hierarchy-path triangle ∆ in MCGpSq with all sides
passing through the coarse median m (Lemma 2.2). Moreover, the median in the product
of quasitrees is just the component-wise median. If the images of the edges of ∆ project
to unparametrised quasigeodesics in a quasitree, then the Morse lemma implies that the
image of m is uniformly close to all three sides of a geodesic triangle therein, and hence to
the median in that quasitree. Knowing that this holds for every quasitree factor gives the
quasimedian property.
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2. Preliminaries

2.1. Hierarchy structure and notation for mapping class groups

Let us start by reviewing some of the hierarchy structure of the mapping class group.
This viewpoint was originally developed by Masur–Minsky [MM99, MM00], and more
recently was axiomatised by Behrstock–Hagen–Sisto with their definition of the classes of
hierarchically hyperbolic spaces and groups [BHS17b, BHS19].

Let S “ Sg,p be the orientable surface of genus g with p marked points. If 3g ` p ď 4,
then S is said to be sporadic. The (extended) mapping class group of S, denoted MCGpSq,
is the group of isotopy classes of (not necessarily orientation-preserving) homeomorphisms
of S. If S is sporadic, then MCGpSq is hyperbolic, so we restrict attention to the case
where S is not sporadic. It is a classical theorem of Dehn that MCGpSq is finitely generated
[Deh87] (in fact it is 2–generated if g ě 3 [Mon21] or p ď 1 [Kor05]). Fix once and for all
a finite generating set for MCGpSq, and let d be the corresponding word metric.

The curve graph of S, introduced by Harvey in [Har81] and denoted CS, is the graph
whose vertex set is the set of isotopy classes of essential simple closed curves on S, with an
edge joining two vertices if the corresponding classes have disjoint representatives. This
graph was shown to be unbounded and hyperbolic by Masur–Minsky [MM99], and since
then there have been several articles proving that the hyperbolicity constant is independent
of the surface [Aou13, Bow14, CRS14, HPW15]. (This is also true for nonorientable surfaces
[Kun16].) By definition, MCGpSq acts on CS by graph automorphisms.

Now let U be an essential proper subsurface of S. For simplicity, let us assume that U
is not sporadic; see [MM00] for how to proceed otherwise. Since U is also a surface, it has
a curve graph CU , and this appears as a subgraph of CS, but has diameter at most 2 in CS
because there is a curve in S that is disjoint from U . This means that CS does not see any
information that lives only in U . The idea of the Masur–Minsky hierarchy is to overcome
this by considering the curve graphs of all subsurfaces of S, rather than just CS.

Let S be the set of all isotopy classes of (possibly sporadic) connected, essential, non-
pants subsurfaces of S. (For technical reasons, disconnected subsurfaces need to be included
in the setting of hierarchical hyperbolicity, but for this article they can be ignored.) Given
two (isotopy classes of) subsurfaces U and V in S, there are three ways that the geometries
of their curve graphs can interact, based on the configuration of the subsurfaces. They
can be disjoint; they can overlap, in which case we write U&V ; or one can be entirely
contained in the other, and we write U Ă V if U is a subsurface of V .

If U Ĺ V , then there is an associated bounded set ρUV Ă CV . In the case where U is
not sporadic, this is just the subgraph CU Ă CV . There is also a bounded set ρUV Ă CV if
U&V ; in this case it is the subgraph CpU X V q.

More generally, given a simple closed curve c in S that intersects a subsurface U , there
is a natural way to define a projection of the curve to CU . If U is not an annulus (see
[MM00, §2.4] for the case where U is an annulus), then the image of c is a collection of
curves obtained by intersecting c with U and “closing up” any loose ends with subsegments
of the boundary of U . This collection forms a bounded diameter subset of CU . Now fix
a marking m of S (see [BKMM12] for background on markings). Every subsurface of S
meets m. We can use this marking to define, for any subsurface U P S, a map from
MCGpSq to CU as follows. Given a mapping class g, the subsurface U meets at least
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one curve that makes up gm. For each such curve, take the projection to CU , and define
πU pgq Ă CU to be the bounded set obtained by taking the union of these projections. We
call the (set-valued) map πU : MCGpSq Ñ CU a projection map. Projection maps are
coarsely Lipschitz, though we shall not use this fact directly.

Mapping classes permute the subsurfaces of S, and every g P MCGpSq induces an
isometry g : CU Ñ CgU for each subsurface U . By construction, the bounded ρ–sets and
the projection maps satisfy gρUV “ ρgUgV and gπU pg1q “ πgU pgg

1q.
The projection maps allow one to view curve graphs of subsurfaces of S as providing

coordinates for MCGpSq, by associating with g the tuple pπU pgqqUPS. There are restrictions
on the values these coordinates can take coming from the relations between subsurfaces.
For instance, Behrstock showed in [Beh06] that if U and V overlap then at most one of
dCU pπU pgq, ρ

V
U q and dCV pπV pgq, ρ

U
V q is greater than some fixed constant that depends only

on S. This is known as the Behrstock inequality; an elementary proof can be found in
[Man13]. A similar statement holds when U Ĺ V (see [Beh06, Thm 4.4]), but there is no
such restriction when U and V are disjoint.

An important aspect of the hierarchy structure of the mapping class group is the fact
that any set of coordinates x “ pxU qUPS satisfying Behrstock’s inequalities is “realised”
by a point of MCGpSq [BKMM12, Thm 4.3]. That is, there is some g P MCGpSq such
that pπU pgqqUPS is uniformly close to x in the supremum metric. This is extremely useful,
because it allows one to construct points in MCGpSq by working only in curve graphs,
which are hyperbolic. For example, Behrstock–Minsky used this to construct what they
called a centroid for a triple of mapping classes [BM11]. The idea is as follows. For each
subsurface U , project the triple to CU and let µU be the coarse centre in that hyperbolic
space. This gives coordinates pµU qUPS, and it turns out that they satisfy Behrstock’s
inequalities, so there is some mapping class µ that realises the tuple pµU qUPS. This point
µ is declared to be the centroid of the triple.

The centroid construction motivated Bowditch to introduce coarse median spaces [Bow13],
which cover many classes of nonpositively curved spaces besides mapping class groups. For
this reason, the centroid is now more commonly called the coarse median. Coarse median
spaces will be reviewed in Section 2.2.

To summarise, MCGpSq has the following structure.
‚ Each subsurface U P S has an associated uniformly hyperbolic graph CU .
‚ There is a projection map πU : MCGpSq Ñ CU that sends mapping classes to
uniformly bounded subsets of CU .

‚ If U&V or if U Ĺ V , then there is an associated subset ρUV Ă CV , and this subset
is uniformly bounded.

‚ There is equivariance of the form gρUV “ ρgUgV and gπU pg1q “ πgU pgg
1q.

‚ (Behrstock inequality:) There is a uniform bound on mintdCU pπU pgq, ρ
V
U q, dCV pπV pgq, ρ

U
V qu

for U&V and g P MCGpSq.
‚ The coarse median of g1, g2, g3 P MCGpSq is a mapping class µpg1, g2, g3q with the
property that, for any U P S, the projection πU pµpg1, g2, g3qq is uniformly close to
the coarse centre of πU pg1q, πU pg2q, and πU pg3q in the hyperbolic graph CU .

Hierarchy constant.
The hierarchy structure of the mapping class group involves various constants that

depend only on the topological type of S, some of which have been mentioned above. Fix
a constant E “ EpSq ě 1 that is at least as large as all of these. We think of E as actually
being part of the hierarchy structure; see [BHS19, Rem. 1.6] for a more explicit description
of how E is chosen.

Paths and product regions.
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There is a collection of natural paths in the mapping class group, called hierarchy paths,
that interact well with the hierarchy structure. These abstract the key properties of what
were originally called hierarchies in [MM00]. For D ě 1, a D–quasigeodesic is a pD,Dq–
quasiisometrically embedded interval or line.

Definition 2.1 (Hierarchy path). For a constant D ě 1, a D–hierarchy path is a D–
quasigeodesic γ in MCGpSq such that for any subsurface U Ă S, the projection πUγ is an
unparametrised D–quasigeodesic.

Masur–Minsky showed that every pair of mapping classes can be joined by a hierarchy
path [MM00, Thm 4.6]. The following is a simple consequence of [RST23, Prop. 5.6].

Lemma 2.2. There is a constant D1 such that for any x1, x2, x3 P MCGpSq, there are
D1–hierarchy paths βij from xi to xj that pass through µpx1, x2, x3q.

Given g, h P MCGpSq, there are some restrictions on what the hierarchy paths from g to
h can look like. In particular, they must “pass through” subsurfaces in a particular order;
see [CLM12, Prop. 3.6]. Since the projections of a D–hierarchy path are D–quasigeodesics,
this only makes sense for subsurfaces where g and h are far apart.

Definition 2.3 (Relevant subsurface, partial ordering). Given g, h P MCGpSq and a con-
stantR ě 20, we say that a subsurface U isR–relevant for the pair pg, hq if dCU pπU pgq, πU phqq ě
R. We write RelRpg, hq for the set of R–relevant subsurfaces, and give it a strict partial
order [BKMM12, Lem. 4.5] by setting U ă V whenever U&V and dCV pπV pgq, ρ

U
V q ď 4.

Definition 2.4 (Standard product region). For a subsurface U of S, the standard product
region of U , denoted PU , is the set of all g P MCGpSq that satisfy dCV pπV pgq, ρ

U
V q ď E for

every subsurface V P S with either V&U or U Ĺ V .

2.2. Coarse medians

Coarse median spaces were introduced by Bowditch in [Bow13], and the class includes
many examples of interest, such as mapping class groups, hyperbolic spaces, Teichmüller
space with either of the usual metrics, CAT(0) cube complexes, and hierarchically hyper-
bolic spaces [Bow13, NWZ19, Bow16, Bow20, BHS19]. These spaces exhibit a weak kind
of nonpositive curvature. Indeed, Bowditch gave a particularly elegant proof that they
satisfy a quadratic isoperimetric inequality [Bow13, Prop. 8.2].

Although we shall not use it directly, the definition of a coarse median space has been
included for completeness; see [Bow13, Bow19a]. Recall that the median of three vertices
in a finite-dimensional CAT(0) cube complex is the unique vertex lying on an `1–geodesic
between each pair.

Definition 2.5 (Coarse median space). A metric space pX, dq is a coarse median space if
there is a map µ : X3 Ñ X and a function h such that the following conditions hold.

‚ For any x, x1, y, y1, z, z1 P X we have

dpµpx, y, zq, µpx1, y1, z1qq ď hp1qp1` dpx, x1q ` dpy, y1q ` dpz, z1qq.

‚ For all n P N, if A Ă X has cardinality at most n, then there is a finite CAT(0)
cube complex Q with maps f : AÑ Q and f : QÑ X such that

´ d
`

fµpv1, v2, v3q, µpfpv1q, fpv2q, fpv3qq
˘

ď hpnq for all v1, v2, v3 P Q;

´ dpa, ffpaqq ď hpnq for all a P A.

More important for us will be the notion of a quasimedian map, which is the natural
morphism for the setting of coarse median spaces.
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Definition 2.6 (Quasimedian). Let pX, dX , µXq and pY, dY , µY q be coarse median spaces.
A map φ : X Ñ Y is quasimedian if there is a constant k such that

dY
`

φµXpx1, x2, x3q, µY pφpx1q, φpx2q, φpx3qq
˘

ď k

holds for all x1, x2, x3 P X.

We say that a subset Y of a metric space X is coarsely connected if there is a constant r
such that for any y, y1 P Y there is a sequence y “ y0, y1, . . . , yn “ y1 with dpyi´1, yiq ď r
for all i ď n. If we can take r “ 1, then we say that Y is 1–connected. The proofs of
our main results rely in an essential way on the following, which is based on an result due
independently to Bowditch [Bow18, §4] and Fioravanti [Fio24, Prop. 4.1].

Proposition 2.7 ([HP22, Prop. 2.12]). Any coarsely connected coarse median space X that
admits a quasimedian quasiisometric embedding Φ in a finite-dimensional CAT(0) cube
complex Q is quasimedian quasiisometric to a finite-dimensional CAT(0) cube complex.

Proof. The finite-dimensionality of Q lets us perturb Φ to map into the 0–skeleton Q0 Ă Q,
and the image is coarsely connected. Since Φ is quasimedian, the median of any three points
of ΦpXq lies uniformly close to ΦpXq. According to [HP22, Prop. 2.8], this shows that
ΦpXq is at bounded Hausdorff-distance from a 1–connected median subalgebra M Ă Q0.
As mentioned in [Bow18, §2], 1–connected median subalgebras of Q0 are isometrically
embedded, so Φ is a quasiisometry from X to the CAT(0) subcomplex of Q whose 0–
skeleton is M , again relying on finite-dimensionality. �

Let us now state a few useful facts about coarse medians and hyperbolicity.

Proposition 2.8 ([NWZ19, Thm 4.2]). Coarse medians on hyperbolic spaces are unique
up to bounded error.

Lemma 2.9. If X and Y are hyperbolic spaces, then any map φ : X Ñ Y that sends
geodesics to uniform unparametrised quasigeodesics is quasimedian. In particular, any
quasiisometric embedding of hyperbolic spaces is quasimedian.

Proof. According to Proposition 2.8, there is no ambiguity in the median operations.
Let x1, x2, x3 P X, and for each pair pi, jq let γij be a uniform quasigeodesic from xi
to xj that passes through the median m “ µXpx1, x2, x3q. The image φγij is a uni-
form unparametrised quasigeodesic, so lies at bounded Hausdorff-distance from a geo-
desic with the same endpoints by the Morse lemma. Thus φpmq is uniformly close to
µY pφpx1q, φpx2q, φpx3qq. �

Let X and Y be metric spaces equipped with n–ary operations fX : Xn Ñ X and
fY : Y n Ñ Y . We say that a map φ : X Ñ Y is a coarse morphism with respect to fX and
fY if there is a constant k such that φfXpx1, . . . , xnq is k–close to fY pφpx1q, . . . , φpxnqq for
every px1, . . . , xnq P X

n.

Lemma 2.10. Let X and Y be hyperbolic spaces. If a coarsely Lipschitz map φ : X Ñ Y
is a coarse morphism with respect to the binary operations µXp¨, ¨, x0q : X2 Ñ X and
µY p¨, ¨, φpx0qq : Y 2 Ñ Y for some x0 P X, then φ is quasimedian.

Proof. Let x1, x2 P X, and let γ be a geodesic from x1 to x2. Let γi be a uniform
quasigeodesic from x0 to xi that passes through m “ µXpx1, x2, x0q. Let γ1i Ă γi be the
subsegment from m to xi. Then γ lies at bounded Hausdorff-distance from the uniform
quasigeodesic γ11 Y γ12.

The coarse morphism property of φ tells us that the γi get mapped to uniform un-
parametrised quasigeodesics, and moreover that φpmq is uniformly close to µY pφpx1q, φpx2q, φpx0qq.
In particular, the coarse intersection of φγ11 with φγ12 is uniformly bounded. This shows that
φγ11 Y φγ

1
2 is a uniform unparametrised quasigeodesic. Since γ lies at bounded Hausdorff-

distance from γ11 Y γ
1
2, this implies that φγ is a uniform unparametrised quasigeodesic.
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We have shown that φ sends geodesics to uniform unparametrised quasigeodesics, so we
are done by Lemma 2.9. �

2.3. The Bestvina–Bromberg–Fujiwara construction

Another fruitful way of studying mapping class groups is via the projection complex tech-
niques introduced by Bestvina–Bromberg–Fujiwara [BBF15]. These allow one to assemble
the curve graphs of the subsurfaces of S together into a finite collection of hyperbolic
spaces in such a way that MCGpSq virtually acts on their product, with orbit maps being
quasiisometric embeddings. The construction is considerably more general than this, and
has many applications, for example [BB19a, EMR17, Dah18, Bal17, CM22].

Following [BBF15, §4], let Y be a collection of geodesic metric spaces with specified
subsets πY pXq Ă Y for any distinct X,Y P Y. Let dπY pX,Zq denote the quantity
diampπY pXq Y πY pZqq; in particular, if every πY pXq is a singleton, as will be the case
for us in Section 3, then dπY pX,Zq “ dY pπY pXq, πY pZqq. We say that pY, tπYuq satisfies
the projection axioms with constant ξ if the following hold for any distinct X,Y, Z P Y.
(P0) diampπY pXqq ď ξ.
(P1) If dπZpX,Y q ą ξ, then dπXpY, Zq ď ξ.
(P2) The set tW : dπW pX,Y q ą ξu is finite.

Moreover, if a group G acts on Y and each element g of G induces isometries g : Y Ñ gY ,
then we say that the projection axioms are satisfied G–equivariantly if g1g2 “ g1g2 and
gπY pXq “ πgY pgXq hold for any distinct X,Y P Y.

As an example, let Y comprise the curve graphs associated to a collection of pairwise
overlapping subsurfaces of S, with πY pXq “ ρXY . Then (P1) is the Behrstock inequality,
and (P2) follows from [MM00, §6] or [BBF15, Lem. 5.3].

The quasitree of metric spaces.
Recall that a quasitree is a geodesic metric space that is quasiisometric to a tree. (We

could equivalently demand that it be p1, Cq–quasiisometric to a tree [Ker23].)
Suppose that pY, tπYuq satisfies the projection axioms with constant ξ. In order for the

constructions to work, we need to perturb the distance functions dπY ; see [BBF15, §3.2]
for how to do this. (Actually, by [BBFS20, Thm 4.1], we could instead perturb the sets
πY pXq, but perturbing the distance function will have less inertia.) The details will not be
important for us, only that the alteration was small: writing d5Y for the modified distance
function, there is a constant δ, depending only on ξ, such that

dπY pX,Zq ´ δ ď d5Y pX,Zq ď dπY pX,Zq(1)

holds for any three distinct elements of Y.
The main thing is that this modified distance is what is used to construct the quasitree

of metric spaces. By the results of [BBF15], there is a constant Θ depending only on ξ
such that all of what follows holds for any value of K ě Θ. To construct the quasitree of
metric spaces CKY, begin with the disjoint union

Ů

Y PY Y , then attach an edge of length
L from each point in πY pXq to each point in πXpY q whenever d5ZpπZpXq, πZpY qq ď K for
every other Z P Y. The constant L is determined by K and ξ. If the projection axioms
are satisfied G–equivariantly, then the construction of CKY naturally gives an action of G
on CKY by isometries.

What makes this construction so useful is the fact that if the spaces that make up Y are
uniformly hyperbolic then the quasitree of metric spaces CKY is also hyperbolic [BBF15,
Thm 4.17], and if they are uniformly quasiisometric to trees then CKY is also a quasitree
[BBF15, Thm 4.14].

The quasitree of metric spaces comes with a “distance formula”. That is, the distance
between two points in CKY can coarsely be measured by considering the projections of
the points to the component metric spaces—this is similar to the situation for mapping
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class groups [MM00, Thm 6.12]. For X,Y P Y and x P X, set π5Y pxq “ x if Y “ X, and
π5Y pxq “ πY pXq otherwise. The quantity ttauub is equal to a if a ě b, and 0 otherwise.

Theorem 2.11 (Distance formula, [BBF15, Thm 4.13]). There is a constant K 1 ą K such
that, for any X and Y in Y, if x P X and y P Y , then

1

2

ÿ

ZPY

!!

d5Zpπ
5
Zpxq, π

5
Zpyqq

))

K1
ď dCKYpx, yq ď 6K ` 4

ÿ

ZPY

!!

d5Zpπ
5
Zpxq, π

5
Zpyqq

))

K
.

The way we shall use this is to say that if dCKYpx, yq ą 6K, then there is some Z P Y

that has d5Zpπ5Zpxq, π
5
Zpyqq ě K. We shall not directly use the lower bound, though we rely

on its use in [BBF21].

3. Proof using quasitrees of quasigeodesics

In this section, we use the tools of [BBF21] to give our first proof of Theorem A. Let us
begin by describing some of the technical components of [BBF21, §4].

Firstly, given subsurfaces U and V of S that are equal or transverse, and given a quasi-
geodesic γ in the curve graph CU , define a map pγ : CV Ñ γ as follows. For x P CV , set
pγpxq to be a closest point to x in γ if V “ U , and a closest point to ρVU in γ if U&V .
If we have a collection of quasigeodesics that is invariant under the action of a subgroup
H ă MCGpSq, then these projections can be chosen so that hpγpxq “ phγphxq for every
h P H.

By [BBF15, Prop. 5.8], the set S of subsurfaces admits a finite partition S “
Ůχ
i“1 Si

such that if U, V P Si, then U and V overlap. Moreover, there is a finite-index subgroup
Hclr of MCGpSq that preserves this colouring. The constructions of [BBF21, §4] provide
the following.

‚ A constant λ and a finite collection of distinguished λ–quasigeodesicsA “ tγ1, . . . , γmu,
where γi lies in the curve graph CUi of a subsurface Ui. We may have Ui “ Uj .

‚ A finite-index subgroup H ă Hclr with the property that the diameter of pγiphγiq
is uniformly bounded (in terms of E) whenever h P H stabilises Ui but not γi.

‚ H acts on the MCGpSq–orbit of A, and the γi form a transversal of the H–orbits.
Although the sets Ai “ H ¨ tγiu are pairwise disjoint, the MCGpSq–orbits of some
of the γi will coincide.

‚ A constant ξ “ ξpE, λq such that each pAi, tphγiph
1γiquq satisfies the projection

axioms H–equivariantly with constant ξ.
The last point allows the construction of a quasitree CKAi with an isometric action of H,
as described in Section 2.3, and Bestvina–Bromberg–Fujiwara prove the following.

Theorem 3.1 ([BBF21, §4.9]). For K sufficiently large in terms of E and λ, any orbit
map H Ñ

śm
i“1 CKAi is a quasiisometric embedding of H in a product of quasitrees.

In view of Proposition 2.7, our aim is to show that these orbit maps are quasimedian,
where the coarse median on H is inherited from MCGpSq. We start by making a particular
choice of orbit map that simplifies a number of our arguments.

The choice of orbit.
We start by altering the choice of the axis γi inside its H–orbit, which allows for some

notational simplifications. Let h P PUi lie in the product region of Ui, so that 1 P Ph´1Ui
.

Replacing γi by h´1γi, we may assume that 1 P PUi . By definition of PUi , this ensures
that, for any g P H, we have

dCV pπV pgq, ρ
gUi

V q ď E whenever V&gUi.(2)

Moreover, we can choose γi inside its StabHpUiq–orbit to minimise dUipγi, πUip1qq.
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For each i, let ψi : H Ñ CKAi be given by

ψiphq “ hpγiπUip1q “ phγiπhUi
phq.

Then Ψ “ pψ1, . . . , ψmq defines an orbit map H Ñ
śm
i“1 CKAi.

Compositions as in the definition of ψi will arise frequently, so let us adopt the convention
of writing

pπih “ phγiπhUi
: H Ñ hγi.

For example, ψiphq is the image of h under the composition of pπih with the inclusion
hγi ãÑ CKAi. This also illustrates the fact that hγi is naturally a subspace of both CUi
and CKAi, although there is no sensible map between these two.

Overview of important constants.
The hierarchy constant E and the quasigeodesic constant λ are the “independent vari-

ables”. As described, these determine the projection-axiom constant ξ. From these we
obtain ν ě 10E and λ1 ě λ ` ξ, which should also be thought of as small; their roles are
mostly technical. See Lemmas 3.3 and 3.4.

For the next “order of magnitude”, fix D ě maxt10ν,D1,Θu, where D1 is the constant
from Lemma 2.2 and Θ is as in Section 2.3. Using this, we shall define a larger number
D1 ě λ1pD ` 50λ1q in Lemma 3.4.

Larger still, fix K ą 101D1 large enough for Theorem 3.1 to apply. Because K is used
to construct the quasitree of metric spaces CKAi, it is perhaps more useful to think of
choosing K first, then choosing D depending on this so that D and D1 lie in a particular
interval between maxtE, λu and K, which is nonempty as long as K was chosen to be
sufficiently large.

With K now fixed, let us write Ti for the quasitree CKAi from now on, both to simplify
notation and to avoid confusion with the curve graphs CUi.

Proof of Theorem A.
With this set-up established, we can now prove Theorem A. The following proposition

is the technical heart of the argument; we prove it in Section 3.1.

Proposition 3.2. There is a constant q such that if β is a D–hierarchy path in H, then
ψiβ is an unparametrised q–quasigeodesic.

It is worth observing that this is not automatic from the fact that hierarchy paths are
quasigeodesics and Ψ is a quasiisometric embedding. For example, a log-spiral in the
Euclidean plane is a quasigeodesic, but its projections to 1–dimensional subspaces are not.
We actually only need the weaker statement that ψiβ is at a uniformly bounded Hausdorff-
distance from the geodesic between its endpoints, but Proposition 3.2 is perhaps the most
natural way to show this.

Here follows the proof of Theorem A, assuming Proposition 3.2.

Proof of Theorem A. It suffices to prove the result for the finite-index subgroup H ă

MCGpSq, so let us show that Ψ : H Ñ
śm
i“1 Ti is quasimedian. Since the coarse median in

śm
i“1 Ti is defined component-wise, this amounts to showing that each ψi is quasimedian.
For this, take x1, x2, x3 P H and let m “ µpx1, x2, x3q. According to Lemma 2.2, there

are D–hierarchy paths βjk from xj to xk that pass through m. Applying ψi gives a triangle
in Ti whose vertices are ψipxjq and whose edges are ψiβjk, and ψipmq lies on all three sides
of this triangle. Moreover, Proposition 3.2 tells us that the sides of this triangle are q–
quasigeodesics. It now follows from hyperbolicity of Ti that ψipmq is uniformly close to the
median of the ψipxjq in Ti. Since this holds for each i, this shows that Ψ is quasimedian.

Combining this with Theorem 3.1, we have that the orbit map Ψ is a quasimedian
quasiisometric embedding of H in a finite product of quasitrees. Take any quasimedian
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quasiisometry from
śm
i“1 Ti to a CAT(0) cube complex Y (such as the obvious quasiisom-

etry to a product of trees, which is quasimedian by Lemma 2.9), and compose this with
Ψ to produce a quasimedian quasiisometric embedding H Ñ Y . Applying Proposition 2.7
completes the proof. �

3.1. Proof of Proposition 3.2

All that remains for this proof of Theorem A is to establish Proposition 3.2, which says
that the ψi map D–hierarchy paths in MCGpSq to uniform unparametrised quasigeodesics
in Ti. Recall that pπih “ phγiπhUi

: H Ñ hγi, where γi is a quasigeodesic in CUi.
Let us start with an important observation that is a variant of the Behrstock inequality.

Lemma 3.3. There is a constant ν “ νpE, λq ě 10E such that if h, h1 P H satisfy
hUi “ h1Ui, but hγi ‰ h1γi, then for any z P H, at most one of the quantities

dhγippπ
i
hpzq, phγiph

1γiqq and dh1γippπ
i
h1pzq, ph1γiphγiqq

is greater than ν; moreover, dh1γippπ
i
h1phq, ph1γiphγiqq ď ν.

Proof. The first statement follows from the proof of [BBF21, Prop. 3.1], because hγi and
h1γi are λ–quasigeodesics and the bounded set πhUi

pzq is quasiconvex. For the “moreover”
statement, note that the fact that γi was chosen to minimise dCUipπUip1q, γiq implies that
the geodesic in ChUi from pπihphq to pπih1phq lies in a neighbourhood of the union of the
geodesics from πhUi

phq to pπihphq and pπih1phq. In particular, ph1γippπ
i
hphqq P ph1γiphγiq lies

close to pπih1phq. �

The map Ψ : H Ñ
śm
i“1 Ti is equivariant, so we can assume that the D–hierarchy path

β : t0, . . . , T u Ñ H has βp0q “ 1. Write g “ βpT q.

Lemma 3.4. There are constants λ1 ě λ` ξ and D1 ě λ1pD ` 50λ1q, defined in terms of
λ and E only, such that, for any h P H,
(3.4.1) the restriction phγi |ChUi

is λ1–coarsely Lipschitz,
(3.4.2) pπihβ is an unparametrised D1–quasigeodesic from pπihp1q to pπihpgq.

Proof. By virtue of being a λ–quasigeodesic, hγi is quasiconvex in the E–hyperbolic space
ChUi, which provides λ1. The existence of D1 is a consequence of this and the fact that,
by definition of β being a D–hierarchy path, πUiβ is an unparametrised D–quasigeodesic.
Since D and λ1 depend only on λ and E, so does D1. �

For a constant t ě 100D1 and mapping classes x, y P H, we shall write

Relγit px, yq “
 

hγi P H ¨ tγiu : dhγippπ
i
hpxq, pπ

i
hpyqq ě t

(

.

As a consequence of (3.4.2), if hγi P Relγi100D1p1, gq then there exists a minimal ah P
t0, . . . , T u such that dhγippπ

i
hβpahq, pπ

i
hp1qq ě 2D1, and similarly there is a maximal bh

with dhγippπ
i
hβpbhq, pπ

i
hpgqq ě 2D1. Note that ah must be strictly less than bh, and also

that the restricted paths pπihβ|r0,ahs and pπihβ|rbh,T s are 10D1–coarsely constant. Let us
write xh “ βpahq P H and yh “ βpbhq P H. Furthermore, write βh “ β|rah,bhs Ă H. See
Figure 1.

The ordering on Relγi100D1p1, gq.
Recall that D ě 10ν ě 100E ě 100, where ν is the constant coming from Lemma 3.3.
Because H preserves the colouring of S, we have that either hUi “ h1Ui or hUi&h1Ui

for any h, h1 P H. Because of (3.4.1), the lower bound on the value of D1 ensures that
hUi P Rel10νp1, gq whenever hγi P Relγi100D1p1, gq. Thus, if hγi and h1γi are elements of
Relγi100D1p1, gq with hUi ‰ h1Ui, then we may assume that hUi ă h1Ui in the ordering from
Definition 2.3, and we then set hγi ă h1γi. Otherwise, hUi “ h1Ui, and then Lemma 3.3
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Figure 1. Construction of xh and yh, illustrated with h “ 1. They are the first
and last points of β that are not mapped into one of the circles by pπi

1.

tells us (perhaps after swapping h and h1) that pπihpgq is ν–close to phγiph
1γiq, and pπih1p1q

is ν–close to ph1γiphγiq. In this case, we write hγi ă h1γi.
By construction, if hγi ă h1γi, then we get an ordering of integers bh ă ah1 . As noted

earlier, we also have that ah ă bh. Therefore, the set tah, bh : hγi P Relγi100D1p1, gqu is
naturally an ordered subset of t0, . . . , T u.

Lemma 3.5. ă is a total order on Relγi100D1p1, gq.

Proof. It suffices to check that hγi ă h1γi, h1γi ă h2γi implies hγi ă h2γi in the case where
hUi “ h1Ui “ h2Ui, as the other cases follow from the fact that Rel10νp1, gq is totally
ordered. We do this by contradiction, referring to Figure 2.

If the implication does not hold, then pπihpgq is ν–far from phγiph
2γiq, so pπih2pgq is ν–

close to ph2γiphγiq by Lemma 3.3. It follows that ph2γiphγiq is 20ν–far from both pπih2p1q
and ph2γiph

1γiq, the former by 100D1–relevance of h2γi and then the latter by the fact
that h1γi ă h2γi. Applying Lemma 3.3 with z “ 1 now shows that pπihp1q is ν–close to
phγiph

2γiq. Just as when we considered h2γi, this tells us that phγiph
2γiq is 20ν–far from

phγiph
1γiq, this time by 100D1–relevance of hγi and the fact that hγi ă h1γi.

Now let x P H be any point such that pπih1pxq is ν–far from both ph1γiphγiq and
ph1γiph

2γiq. Then pπihpxq and pπih2pxq are, respectively, ν–close to phγiph
1γiq and ph2γiph

1γiq,
by Lemma 3.3. Comparing with the preceding paragraph, we find that pπihpxq is 10ν–far
from phγiph

2γiq, and simultaneously pπih2pxq is 10ν–far from ph2γiphγiq, which contradicts
Lemma 3.3. �

Recall that βh denotes the subpath β|rah,bhs, and pπihβh is an unparametrised D1–
quasigeodesic. Moreover, pπihpxq is D

1–far from both pπihp1q and pπihpgq for all x P βh.
By definition, ψipxq “ pπixpxq for all x P H.

Lemma 3.6. If hγi P Relγi100D1p1, gq, then we have dTipψipxq, pπ
i
hpxqq ď 6K for any x P βh.

In particular, ψiβh Ă N6Kphγiq Ă Ti is an unparametrised pD1 ` 12Kq–quasigeodesic.

Proof. By the distance formula for quasitrees of metric spaces, Theorem 2.11, if the lemma
does not hold then there is some h1γi such that

dh1γi
`

ph1γiψipxq, ph1γippπ
i
hpxqq

˘

ě K.(3)

Clearly xγi and hγi cannot be equal, for then ψipxq “ pπihpxq.
If hγi “ h1γi, then we have dhγipphγiψipxq, pπ

i
hpxqq ě K. In this case, xUi and hUi

cannot differ, for then phγiψipxq “ phγipρ
xUi
hUi
q is 2λ1E–close to pπihpxq by inequality (2) and
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Start here

Figure 2. The contradiction obtained in the proof of Lemma 3.5.

(3.4.1). However, xUi “ hUi gives a contradiction with the second statement of Lemma 3.3.
Thus h1γi ‰ hγi and hγi ‰ xγi.

Claim 1: dhγippπ
i
hpxq, phγiph

1γiqq ď ξ ` ν ` 2λ1E.

Proof: If h1γi “ xγi and h1Ui “ hUi, then the claim is given by Lemma 3.3. If h1γi “ xγi
but h1Ui ‰ hUi, then phγiph

1γiq “ phγipρ
xUi
hUi
q is 2λ1E–close to pπihpxq by inequality (2)

and (3.4.1).
On the other hand, if h1γi ‰ xγi, then since the set H ¨ tγiu satisfies (P0) with

constant ξ, we have dh1γipph1γiphγiq, ph1γipxγiqq ě K ´ 2ξ. It follows from (P1) that
dhγipphγiph

1γiq, phγipxγiqq ď ξ. If xUi “ hUi then the second statement of Lemma 3.3
shows that dhγippπ

i
hpxq, phγipxγiq ď ν, and we conclude by applying the triangle inequal-

ity. The alternative is that xUi ‰ hUi, but then inequality (2) shows that pπihpxq is
2λ1E–close to phγipρ

xUi
hUi
q “ phγipxγiq, and we again apply the triangle inequality. ♦

As noted before the proof, pπihpxq is D
1–far from both pπihp1q and pπihpgq, so by the

choice of D1, Claim 1 ensures that these are both D1

2 –far from phγiph
1γiq.

Claim 2: Both pπih1p1q and pπih1pgq are
D1

2 –close to ph1γiphγiq.

Proof: If hUi “ h1Ui then this is just Lemma 3.3. If hUi ‰ h1Ui, then both πhUi
p1q and

πhUi
pgq must be E–far from ρh

1Ui
hUi

, by (3.4.1). The Behrstock inequality for the subsur-
faces hUi and h1Ui then gives that both πh1Ui

p1q and πh1Ui
pgq are E–close to ρhUi

h1Ui
. But

ph1γiphγiq “ ph1γipρ
hUi
h1Ui
q by definition, so this is enough, again by (3.4.1). ♦

To conclude the proof, we show that pπih1pxq is
K
2 –far from ph1γiphγiq. Together with

Claim 2, this will contradict (3.4.2), showing that the proposed h1γi cannot exist.
We have h1γi ‰ hγi, and ph1γippπ

i
hpxqq is an element of ph1γiphγiq. Recall that ph1γiphγiq

has diameter at most ξ. As a consequence of inequality (3), it thus suffices to put an upper
bound on dh1γipph1γiψipxq, pπ

i
h1pxqq, for the triangle inequality gives

dh1γipph1γiphγiq,pπ
i
h1pxqq ě dh1γipph1γippπ

i
hpxqq, pπ

i
h1pxqq ´ ξ

ě dh1γipph1γippπ
i
hpxqq, ph1γiψipxqq ´ dh1γipph1γiψipxq, pπ

i
h1pxqq ´ ξ

ě K ´ ξ ´ dh1γipph1γiψipxq, pπ
i
h1pxqq.

If h1Ui “ xUi, then this is just the second statement of Lemma 3.3. Otherwise, ph1γiψipxq “
ph1γipρ

xUi
h1Ui
q is D1–close to pπih1pxq by inequality (2) and (3.4.1). �
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Approximating ψiβ.
For a large constantM ą 100D1, to be specified later, enumerate RelγiM p1, gq “ th2γi, h4γi, . . . , hnγiu,

with even subscripts, according to the total order of Lemma 3.5. For even j, we have cor-
responding integers ahj , bhj P t0, . . . , T u and a subpath βhj “ β|rahj ,bhj s

. Recall that xhj
and yhj respectively denote βpahj q and βpbhj q; see Figure 1. For the remainder of the proof
of Proposition 3.2, we shall abbreviate ahj to aj and βhj to βj etc., omitting the h. Set
b0 “ 0 and an`2 “ T . For odd j, let αj “ β|rbj´1,aj`1s

, so that we have a decomposition of
β as the concatenation α1β2α3 . . . βnαn`1.

Lemma 3.7. Each ψiαj is a quasigeodesic with constant independent of M .

Proof. Let pαj be a geodesic in Ti from ψipyj´1q to ψipxj`1q. It suffices to show that ψiαj
fellow-travels pαj with constant independent of M .

By [BBF15, Prop. 4.11], there is a constant q1 “ q1pK,E, λq such that if hγi P Relγi100D1p1, gq
satisfies hj´1γi ă hγi ă hj`1γi for some odd j, then

pαj comes q1–close to phγiψipyj´1q.

We know from Lemma 3.6 that dTippπihj´1
pyj´1q, ψipyj´1qq ď 6K, and [BBF15, Cor. 4.10]

states that phγi : Ti Ñ hγi is coarsely Lipschitz. Because pπihj´1
pyj´1q P hj´1γi, this means

that there is a constant q2 “ q2pK,E, λq such that

dTipphγiphj´1γiq, phγiψipyj´1qq ď q2.

The construction of xh dictates that pπihpxhq be 10D1–close to pπihp1q, which itself is
ν–close to phγiphj´1γiq because of how we defined the ordering on Relγi100D1p1, gq. That is,

dTipphγiphj´1γiq, pπ
i
hpxhqq ď 10D1 ` ν.

Also, Lemma 3.6 shows that

dTipψipxhq, pπ
i
hpxhqq ď 6K.

Combining these inequalities, we find that pαj comes pq1 ` q2 ` 10D1 ` ν ` 6Kq–close
to ψipxhq. A similar argument proves that it comes just as close to ψipyhq. Recall that
hγi is 100D1–relevant, and in particular that ψiβh “ ψiαj |rah,bhs is a quasigeodesic, by
Lemma 3.6. The Morse lemma now tells us that ψiαj |rah,bhs fellow-travels a subgeodesic of
pαj , with constant independent of M .

On the other hand, suppose that x, y P H have Relγi100D1px, yq “ ∅. For any h P H
we have phγiψipxq P phγipxγiq, and similarly with y in place of x, so in this case we must
have dhγipphγiψipxq, phγiψipyqq ď 100D1 ` 2ξ ă K for all h P H. The distance formula
for quasitrees of metric spaces, Theorem 2.11, therefore shows that ψipxq and ψipyq are
6K ` δ–close, where δ is the constant from inequality (1). Taking this together with the
conclusion of the previous paragraph completes the proof. �

We have shown that ψiβ decomposes as a concatenation of quasigeodesics. We use a
local-to-global statement to conclude that ψiβ is itself a quasigeodesic. The proof is due
to Hsu–Wise [HW15], but the exact statement appears as [HW16, Lem. 4.3].

Lemma 3.8. For any constants k, λ and any function f , there is a constant L0 satisfying
the following. Suppose that P is a path in a k–hyperbolic space that decomposes as a
concatenation P “ α1β2α3 . . . βnαn`1 of λ–quasigeodesics. Suppose further that the sets

N3k`rpβjq X βj˘2 and N3k`rpβjq X αj˘1

all have diameter at most fprq. If every βj has length at least L0, then P is a uniform
quasigeodesic.

We need one more lemma in order to be able to apply this result.
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Lemma 3.9. There is a function f , independent of M , such that the subsets

Nrpψiβjq XNrpψiβj˘2q and ψiαj XNrpψiβj˘1q

of Ti have diameters bounded by fprq for all r.

Proof. [BBF15, Cor. 4.10] shows that if h1γi ‰ hγi, then the closest-point projection of
h1γi to hγi inside Ti is coarsely equal to phγiph

1γiq, which has diameter at most ξ. Thus
Nrphγiq X Nrph

1γiq has diameter bounded in terms of r. Now recall from Lemma 3.6
that ψiβj is contained in the 6K–neighbourhood of hjγi. This is enough for the first
intersection, because [BBF15, Cor. 4.10] says that closest-point projection to hγi in Ti is
coarsely Lipschitz.

This also bounds the Hausdorff-distance between phj`1γiphj´1γiq and the closest-point
projection of ψipxj`1q to hj`1γi as follows. The latter of the two is a bounded distance
from phj`1γiψipxj`1q, which itself is 6K–close to pπihj`1

pxj`1q by Lemma 3.6, and this
point is 10D1–close to phj`1γiphj´1γiq by construction of the ordering.

Moreover, pπihj´1
pyj´1q is 6K–close to phj´1γiψipyj´1q, again because of Lemma 3.6, and

this bounds the Hausdorff-distance between phj`1γiphj´1γiq and the closest-point projection
of ψipyj´1q to hj`1γi, by [BBF15, Cor. 4.10] as before.

According to Lemma 3.7, ψiαj is a quasigeodesic from ψipyj´1q to ψipxj`1q, and we
have just seen that the closest-point projections to hj`1γi of both of these endpoints are
at a bounded distance from phj`1γiphj´1γiq. This shows that the closest-point projection
to hj`1γi of the whole quasigeodesic ψiαj is a coarse point. A similar argument works
for hj´1γi. The bound for the second intersection follows because Lemma 3.6 shows that
ψiβj˘1 Ă N6Kphj˘1γiq. �

Conclusion of the proof of Proposition 3.2.
In light of Lemmas 3.6, 3.7, and 3.9, the conditions of Lemma 3.8 are met (up to

parametrisation) by the path ψiβ “ pψiα1qpψiβ2q . . . pψiαn`1q, with all constants indepen-
dent of M . There is therefore a constant L0, independent of M , such that if every ψiβj
has length at least L0 then ψiβ is an unparametrised quasigeodesic.

Since L0 and K are independent of M , we can now take M “ L0 ` 20K, so that
dhjγippπ

i
hj
p1q, pπihj pgqq ě L0` 20K for each j. Since hjγi is totally geodesically embedded

in Ti [BBF15, Lem. 4.2], the same inequality holds in Ti.
The length of ψiβj is at least the distance between its endpoints ψipxjq and ψipyjq,

which are 6K–close to pπihj pxjq and pπihj pyjq, respectively, by Lemma 3.6. In turn, these
are 10D1–close to pπihj p1q and pπihj pgq, respectively. Thus the length of ψiβj is at least
dTippπ

i
hj
p1q, pπihj pgqq ´ 20D1 ´ 12K ě L0. Hence ψiβ is an unparametrised quasigeodesic,

with constant q bounded in terms of the various constants of this section, all of which are
defined in terms of E and λ only. This completes the proof of Proposition 3.2. �

Remark 3.10. Although the quasilines produced in [BBF21] in many ways behave simi-
larly to the domains of a hierarchically hyperbolic structure, they do not actually provide
one for MCGpSq, because that would imply that MCGpSq were virtually abelian [PS23,
Cor. 4.2]. To get such a structure, one would have to include the cone-offs of curve graphs
by the axes.

4. Proof using hyperbolic cones

In this section, we use a construction of Buyalo–Dranishnikov–Schroeder [BDS07] to
prove Theorem D, which states that hyperbolic spaces with finite asymptotic dimension
are quasiisometric to CAT(0) cube complexes. We then apply this to show that colourable
hierarchically hyperbolic groups admit quasimedian quasiisometric embeddings in finite
products of CAT(0) cube complexes. In the case of mapping class groups, Hume [Hum17]
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used a related construction of Buyalo [Buy05b] to quasiisometrically embed MCGpSq in a
finite product of trees. However, taking care of medians allows us to apply Proposition 2.7
to obtain a quasiisometry to a CAT(0) cube complex, establishing Theorem B, which
implies Theorem A.

4.1. Embedding hyperbolic spaces in finite products of trees

Here we summarise the construction of an embedding of a hyperbolic space into a finite
product of (not necessarily locally finite) trees as described in [BDS07, §7–9]. Following
[BS00], we say that a hyperbolic space X is visual if for some basepoint x0 P X there is a
constant D such that every x P X lies on a D–quasigeodesic ray emanating from x0.

Lemma 4.1. Every hyperbolic space X 1 admits a median isometric embedding in a visual
hyperbolic space X with asymptotic dimension asdimX “ maxt1, asdimX 1u.

Proof. Given X 1, let X be the hyperbolic space obtained by attaching a ray rx “ r0,8q to
each point x P X 1. Fix x0 P X

1 Ă X. We see that X is visual by concatenating a geodesic
from x0 to x with the geodesic ray rx. The upper bound on asymptotic dimension is given
by [BD08, Thm 25], and the lower bound is given by [BD08, Prop. 23]. The inclusion map
X 1 ãÑ X is median and isometric. �

The hyperbolic cone.
We first construct the hyperbolic cone on a complete, bounded metric space. The exact

formulation we follow is one variant from a broader circle of ideas [Dra03, Buy05b, LS05].
Let Z be a complete, bounded metric space. For a point z P Z, write BZpz, rq for the

open r–ball centred on z. For a subset Y Ă Z, we similarly writeBZpY, rq “
Ť

yPY BZpy, rq.
Recall that Y Ă Z is said to be r–separated if dpy, y1q ě r for all y, y1 P Y , and Y is an
r–net if BZpY, rq “ Z. Any maximal r–separated set is automatically an r–net.

After rescaling Z, we assume that diampZq ă 1. We define the hyperbolic cone on
Z, denoted CoZ, as follows. Fix any positive constant r ď 1

6 . For each k ě 0, let
Vk be a maximal rk–separated subset of Z. We associate with each v P Vk the ball
Bpvq “ BZpv, 2r

kq. Note that V0 is a singleton. We write o for the element of V0; it has
Bpoq “ Z.

Let V “
Ů

kě0 Vk. The vertex set of CoZ is V , and two vertices v1 P Vk1 and v2 P Vk2
are joined by an edge if either of the following holds.

‚ k1 “ k2 and the closed balls Bpv1q and Bpv2q intersect.
‚ k1 “ k2 ´ 1 and Bpv2q Ă Bpv1q.

The level `pvq of a vertex v P V is the unique k such that v P Vk. We call r the parameter
of the cone.

Proposition 4.2 ([BP03, Prop. 2.1],[BDS07, Thm 7.1]). If Z is a complete and bounded
metric space, then CoZ is hyperbolic, and the hyperbolicity constant depends only on
diamZ and the parameter r. If X is a visual hyperbolic space, then there exists a quasi-
isometric embedding X Ñ CopBXq.

Using [BS00, Prop. 5.6], it is straightforward to see that ifX is visual then the embedding
X Ñ CopBXq is also coarsely onto, making it a quasiisometry. We shall not need this fact,
though. Also see [BS00, Thm 8.2].

Embedding cones in products of trees.
Following [BDS07, §8,9], we now describe how to construct the product of trees. We

start by building a sequence of coloured open covers of our bounded metric space Z. Each
colour gives rise to a tree.

The notion of capacity dimension was introduced by Buyalo in [Buy05a], and the reader
is referred there for a definition. We say that a collection of subsets of Z is disjoint if no
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two of its members intersect. An n–colouring of a collection V of subsets of Z is a finite
decomposition V “

Ť

cPC Vc, with |C| “ n, such that each Vc is disjoint. Note that the Vc
need not form a partition.

Proposition 4.3 ([Buy05b, Prop. 2.3], [BDS07, Thm 8.2]). Let Z be a complete, bounded
metric space with capacity dimension n. There is a constant ε P p0, 1q such that for any
sufficiently small r P p0, ε4q there exists a sequence pUk “

Ť

cPC Uckqkě0 of pn` 1q–coloured
open covers of Z such that, for any hyperbolic cone on Z with parameter r, the following
are satisfied.
(C1) suptdiamZpUq : U P Uku ă rk for every k. Moreover, Uc0 “ tZu for all c P C.
(C2) For every v P Vk`1 there exists U P Uk such that Bpvq Ă U .
(C3) For every c P C and for any distinct U P Uck and U 1 P Uck1 with k ď k1, we have that

BZpU
1, εrk

1

q is either disjoint from U or is a subset of it.

Our arguments will not make explicit use of (C2), though it is used to prove Proposi-
tion 4.4. Define Uc “

Ů

kě0pUck ˆ tkuq. Formally, an element of Uc is a pair pU, kq, where
U P Uck, but we shall often abuse notation slightly by just writing U P Uc. We call k the
level of U , and denote it by `pUq, just as with elements of V . Let U “

Ů

cPC Uc. See
Figure 3.

Figure 3. Schematic picture of one of the Uc.

With Proposition 4.3 in hand, let us now fix a sufficiently small constant r ă 1
7 , a

hyperbolic cone on Z with parameter r, and a sequence pUkqkě0 of coloured covers of Z as
above. To improve clarity, let us write Uc0 “ tocu. Of course, (C1) states that, as subspaces
of Z, we have oc “ Z for all c.

Now, for each colour c we build a rooted tree Tc. The vertex set of Tc is Uc, and the
root is oc. We join vertices pU, kq and pU 1, k1q with k ă k1 by an edge if U 1 Ă U as subsets
of Z and there is no pU2, k2q P Uc with U 1 Ă U2 and k ă k2 ă k1.

Figure 4. The part of Tc corresponding to Figure 3.

We are ready to define a map fc : CoZ Ñ Tc. We set fcpoq “ oc. For v P Vk with
k ą 0, we define fcpvq “ U P Uc to be the element of maximal level that has Bpvq Ă U .
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This exists because oc “ Z, and it is well defined by disjointness of each Ucj . Each point
x P CoZ r V lies on some edge vv1, and we choose fcpxq P tfcpvq, fcpv1qu arbitrarily.

Proposition 4.4 ([BDS07, Lem. 9.9, Thm 9.2]). Suppose that Z is a complete, bounded
metric space with capacity dimension n. The maps fc|V : V Ñ Tc are 2–Lipschitz, and
pfcqcPC : CoZ Ñ

ś

cPC Tc is a quasiisometric embedding of CoZ in a product of n ` 1
trees.

4.2. The embedding is quasimedian

We start with a couple of simple preliminary lemmas. With each U P Uk we associate a
subset pU Ă Vk by setting pU “ tv P Vk : Bpvq X U ‰ ∅u. For two vertices s and t of a tree
T , we write rs, ts for the unique geodesic between them.

Lemma 4.5. Suppose that U P Uck and that v P pU . We have fcpvq P roc, U s XBTcpU, 2q.

Proof. As noted in [BDS07, §9.3], the fact that Bpvq has radius 2rk, which is greater than
suptdiamZpW q : W P Uju for all j ě k, implies that `pfcpvqq ă k. Since Bpvq intersects U ,
property (C3) of U tells us that fcpvq P roc, U s.

If dTcpoc, Uq ď 2 then we are done. Otherwise, let U 1, U2 be the vertices of roc, U s with
dTcpU,U

1q “ 1 and dTcpU,U
2q “ 2. We have a chain of subsets of Z as follows:

Bpvq Ă BZpU, 4r
kq Ă BZpU

1, 4rkq Ă

Ă BZpU
1, εrk´1q Ă BZpU

1, εr`pU
1qq Ă U2.

By definition of fc, we have that fcpvq P tU 1, U2u. �

Lemma 4.6. For every U P U , the set pU is nonempty and has diamCoZppUq ď 2.

Proof. Nonemptiness is automatic because Vk is an rk–net. Let v P pU . There exists
v´ P Vk´1 such that dZpv´, vq ď rk´1. Now, if z P Bpv1q for some v1 P pU , then

dZpz, v
´q ď dZpz, Uq ` diamZpUq ` dZpU, vq ` dZpv, v

´q

ď 4rk ` rk ` 2rk ` rk´1,

which is less than 2rk´1 because r ă 1
7 . Thus Bpv

1q Ă Bpv´q for all v1 P pU , so every v1 P pU

is joined to v´ by an edge of CoZ. Thus diamCoZppUq ď 2. �

We can now establish that the map of Proposition 4.4 is quasimedian.

Proposition 4.7. Suppose that Z is a complete, bounded metric space with capacity di-
mension n. The map pfcqcPC : CoZ Ñ

ś

cPC Tc described in Section 4.1 is quasimedian.

Proof. We must show that each factor map fc is quasimedian, and it is enough to work with
the restriction fc|V of fc to the coarsely dense subset V Ă CoZ. According to Lemma 2.10,
it suffices to show that fc is a coarse morphism for the binary operations µCoZp¨, ¨, oq and
µTcp¨, ¨, ocq. Let x1 and x2 be vertices of CoZ, and write ki “ `pxiq.

For any v P Vk and any j ă k, the fact that Vj is an rj–net implies that there is some
vj P Vj with dZpv, vjq ď rj . For any z P Bpvq, we have

dZpz, vjq ď dZpz, vq ` dZpv, vjq ď 2rk ` rj ă 2rj .

Hence Bpvq Ă Bpvjq. Applying this to x1 and x2 shows that we can fix geodesics γi “
po “ xi0 , xi1 , . . . , xiki “ xiq, from o to xi inside CoZ, such that `pxij q “ j. We have
Bpxij q Ă Bpxij´1q for all i, j.

Recall that for a vertex x P V , the image fcpxq is defined to be the element U P Uc of
maximal level such that Bpxq Ă U . Let us write Ui “ fcpxiq and Uij “ fcpxij q. If j1 ď j2,
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then Bpxij2 q Ă Bpxij1 q, so Uij2 Ă Uij1 , by property (C3) of U . Hence fcγi is a monotone
map to the unique geodesic roc, Uis in Tc.

The median µTcpU1, U2, ocq is the maximal-level element U12 P roc, U1s X roc, U2s. In
other words, it is the element U12 P Uc of maximal level such that Bpx1q Y Bpx2q Ă U12.
Let us write k12 “ `pU12q.

Let δ be a hyperbolicity constant for CoZ, which exists by Proposition 4.2. Fix a
geodesic γ12 in CoZ from x1 to x2, and define

M “
 

x P CoZ : maxtdCoZpx, γ1q, dCoZpx, γ2q, dCoZpx, γ12qu ď δ ` 2
(

Ă CoZ.

Because CoZ is δ–hyperbolic, it is δ ` 2–hyperbolic. Thus µCoZpx1, x2, oq P M , and the
diameter of M is bounded by some constant D “ Dpδq. Note that M X γi ‰ ∅.

Let yi be the unique element of M Xγi of maximal level. Because U12 contains Bpxiq, it
intersects Bpxik12 q. Thus xik12 P

pU12, so Lemma 4.6 tells us that dCoZpx1k12
, x2k12

q ď 2. In
particular, xik12 is 2–close to both γ1 and γ2. It follows from maximality of yi that `pyiq ě
`pxik12 q “ k12. Since fcγi is monotone in roc, Uis, it follows that fcpyiq P rfcpxik12 q, Uis.
On the other hand, Lemma 4.5 states that fcpxik12 q P roc, U12sXBTcpU12, 2q. Taking these
together, we see that

dTc
`

µTcpfcpy1q, fcpy2q, ocq, U12

˘

ď 2.

Because y1, y2, and m “ µCoZpx1, x2, oq all lie in M , the fact that fc|V is 2–Lipschitz
(Proposition 4.4) shows that dTcpfcpyiq, fcpmqq ď 2D. To sum up, we have

dTc
`

µTcpfcpx1q,fcpx2q, ocq, fcpµCoZpx1, x2, oqq
˘

“ dTcpU12, fcpmqq

ď dTc
`

µTcpfcpy1q, fcpy2q, ocq, fcpmq
˘

` 2

ď dTc
`

µTcpfcpmq, fcpmq, ocq, fcpmq
˘

` 2` 4D

“ 2` 4D,

because µTc is 1–Lipschitz in each coordinate and µTcpa, a, bq “ a. �

Theorem 4.8. If X is a hyperbolic space, then X is quasiisometric to a finite-dimensional
CAT(0) cube complex if and only if X has finite asymptotic dimension.

Proof. Suppose that X has finite asymptotic dimension and let Y be the visual hyper-
bolic space obtained by applying Lemma 4.1 to X. Proposition 4.2 shows that Y admits
a quasiisometric embedding in CopBY q, and this map is automatically quasimedian by
Lemma 2.9.

As the boundary of a hyperbolic space, BY is complete and bounded [BS00, Prop. 6.2].
Moreover, asdimY ď 1 ` asdimX is finite, so [MS13, Prop. 3.6] shows that the capacity
dimension of BY is finite. The conditions of Proposition 4.4 are therefore met by Z “ BY ,
so CopBY q admits a quasimedian quasiisometric embedding in a finite product of trees by
Propositions 4.4 and 4.7. Composing with the embeddings of X in Y and of Y in CopBY q
yields a quasimedian quasiisometric embedding of X in a finite product of trees, which is
a CAT(0) cube complex. We conclude from Proposition 2.7 that X is quasiisometric to a
finite-dimensional CAT(0) cube complex.

For the converse, suppose that X is quasiisometric to a finite-dimensional CAT(0) cube
complex. Since asymptotic dimension is preserved by quasiisometries [BD08, Prop. 22],
the result follows from Wright’s theorem that the asymptotic dimension of a CAT(0) cube
complex is bounded above by its cubical dimension [Wri12]. �

Remark 4.9. The proof of Theorem 4.8 implies that, for hyperbolic spaces, the existence
of a quasiisometric embedding in a finite product of trees is enough to guarantee the
existence of a quasimedian quasiisometric embedding. It would be interesting to have a
constructive proof of this fact.
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4.3. Application to HHGs

We finish this section by applying Theorem 4.8 to colourable hierarchically hyperbolic
groups, of which mapping class groups are examples. The resulting Theorem 4.11 also
applies to Artin groups of extra large type [HMS24, Thm 6.15, Rem. 6.16] and extensions
of Veech groups [DDLS24, Thm 1.4], amongst others.

Hierarchically hyperbolic groups (HHGs) are groups that display nonpositive curvature
similar to the hierarchy structure of mapping class groups that was described in Section 2.1.
The full definition is somewhat technical (see [BHS19, Def. 1.1], [PS23, p.4]), so let us just
summarise the facts that are relevant for us and not give a complete definition.

An HHG is a pair pG,Sq, where G is a group with a fixed finite generating set and S
is a set with a cofinite G–action. Moreover, the following hold (cf. the list in Section 2.1).

‚ Each W P S has an associated uniformly hyperbolic space CW .
‚ There are three ways for elements of S to be related. One of these relations is
called transversality, and denoted W&V . In this situation, there are uniformly
bounded subsets ρWV Ă CV and ρVW Ă CW .

‚ G is a coarse median space.
We say that an HHG pG,Sq is colourable if there is a finite partition S “

Ůχ
i“1 Si such

that G acts by permutations on tSi : 1 ď i ď χu and any two elements of any one Si are
transverse. Note that G need not be virtually torsionfree [Hug22]. The important part
about the colouring for us is that it gives access to the following.

Proposition 4.10 ([HP22, Lem. 3.4, Thm 3.1]). If pG,Sq is a colourable HHG, then the
projection axioms are satisfied by pSi, tρ

W
V : W,V P Siuq for each i. We can therefore

build quasitrees of metric spaces CKSi. For K sufficiently large, there is a quasimedian
quasiisometric embedding GÑ

śχ
i“1 CKSi.

With this in hand, we can now use Theorem 4.8 to prove Theorem B, of which Theorem A
is a special case.

Theorem 4.11. Let pG,Sq be a colourable hierarchically hyperbolic group. There is a
finite-dimensional CAT(0) cube complex Q with a quasimedian quasiisometry GÑ Q.

Proof. Proposition 4.10 states that G admits a quasimedian quasiisometric embedding
GÑ

śχ
i“1 CKSi in a finite product of hyperbolic spaces. According to [BHS17a, Cor. 3.3],

there is a uniform bound on the asymptotic dimension of the CW for W P S, so [BBF15,
Thm 4.24] shows that each CKSi has finite asymptotic dimension. Theorem 4.8 now
provides finite-dimensional CAT(0) cube complexes Qi such that CKSi is quasimedian
quasiisometric to Qi. We therefore have a quasimedian quasiisometric embedding of G

GÑ

χ
ź

i“1

CkSi Ñ

χ
ź

i“1

Qi

in a finite-dimensional CAT(0) cube complex. The result follows from Proposition 2.7. �

Remark 4.12. In the setting of mapping class groups, finiteness of the asymptotic di-
mensions of the curve graphs CW was first proved by Bell–Fujiwara [BF08], using work
of Bowditch [Bow08]. The bound was made explicit by Webb [Web15] and has since been
improved by Bestvina–Bromberg [BB19b].

5. Median-quasiconvexity

Quasiconvexity is an important concept in the study of hyperbolic spaces, and there have
been various generalisations to larger classes of spaces, many of which coincide for mapping
class groups. Indeed, the infinite-index convex cocompact subgroups of MCGpSq coincide
with the Morse subgroups [Kim19] and the stable subgroups [DT15]. These quasiconvexity
conditions are quite restrictive, and such subgroups are always hyperbolic. They can
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also be characterised as the infinite-index subgroups whose orbits in the curve graph are
quasiisometric embeddings [KL08, Ham05, DT15, ABD21].

A weaker version of quasiconvexity that is more appropriate for the coarse-median setting
is that of median-quasiconvexity, introduced by Bowditch [Bow18]. Recall that a subset Y
of a CAT(0) cube complex Q is convex if µpx, y1, y2q P Y whenever y1, y2 P Y .

Definition 5.1 (Median-quasiconvexity). A subset Y of a coarse median space pX,µq is
k–median-quasiconvex if µpx, y1, y2q is k–close to Y whenever y1, y2 P Y .

In the setting of hierarchically hyperbolic groups, median-quasiconvexity is equivalent
to hierarchical quasiconvexity (see [BHS19, §5]) by work of Russell–Spriano–Tran, who also
show that the class of hierarchically quasiconvex subsets includes the other classes men-
tioned above [RST23, Prop. 5.11, Thm 6.3]. Other examples include multicurve stabilisers
in mapping class groups and graphical subgroups of graph products of HHGs.

Proposition 5.2. Let X be a coarse median space and let Q be a finite-dimensional
CAT(0) cube complex. Suppose that there exists a quasimedian coarse surjection f : X Ñ

Q. For any number k there is a number r such that if Y Ă X is k–median-quasiconvex,
then there is a convex subcomplex Y 1 Ă Q with dHauspfpY q, Y

1q ď r.
Conversely, if f : Q Ñ X is a quasimedian coarse surjection, then there is a constant

k0 such that fpY 1q is k0–median-quasiconvex for any convex subcomplex Y 1 of Q.

Proof. We may assume that f maps Y into the 0–skeleton of Q. According to [HHP23,
Lem. 2.18], the convex hull Y 1 “ hull fpY q can be obtained from fpY q by taking medians at
most dimQ times. More precisely, if we set Y0 “ fpY q and define Yi`1 “ µQpQ

0, Yi, Yiq for
i ě 0, then YdimQ “ Y 1. Using this, the first statement easily follows from the quasimedian
property and coarse surjectivity of f . The converse statement is obvious. �

The quasimedian property of Φ established in Theorem 4.11 lets us apply Proposition 5.2
to colourable HHGs.

Corollary 5.3. Let G be a colourable HHG. The map Φ gives a correspondence, in the
sense of Proposition 5.2, between median-quasiconvex (alias hierarchically quasiconvex)
subsets of G and convex subcomplexes of Q.

In view of this, one can recover the colourable case of [HHP23, Thm 3.5], and its conse-
quences for bounded packing, from the Helly property for convex subcomplexes of CAT(0)
cube complexes [Rol98, Thm 2.2]. In the more general setting it is deduced from work
of Chepoi–Dragan–Vaxès [CDV17, Thm 5.1] on the coarse Helly property for quasiconvex
subsets of hyperbolic graphs.

Corollary 5.4. Let Y be a collection of k–median-quasiconvex subsets of a colourable HHG
pG,Sq that either is finite or contains a bounded element. For any number r there is a
corresponding number R such that if the subsets Y P Y are pairwise r–close, then there is
some g P G that is R–close to every Y P Y.

In the setting of colourable HHGs, this generalises [AMST19, Prop 6.3], the proof of
which relies in an essential way on the fact that stable subgroups are hyperbolic. An
important point about Corollary 5.4 is that the constant R is independent of the cardinality
of the collection Y.

In fact, for hyperbolic spaces of finite asymptotic dimension, the Chepoi–Dragan–Vaxès
result [CDV17, Thm 5.1] can itself be recovered from Theorem 4.8 and Proposition 5.2 in
exactly the same way.

Recovering [DMS23, Thm 1.4] for groups.
We conclude with a brief description of how to recover a result of Durham–Minsky–

Sisto about approximating finite subsets of colourable HHGs. Though the proof is simpler,
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the version obtained here gives less control on the dimension, and the equivariant version
stated as [DMS23, Thm 4.1] does not directly follow from the results of this article.

Let pG,Sq be a colourable HHG, and let ψ : GÑ Q be a quasimedian quasiisometry to
a finite-dimensional CAT(0) cube complex, as provided by Theorem 4.11, with quasiinverse
ψ : Q Ñ G. Given a finite subset F Ă G, let QF “ hullψpF q. Note that QF is finite.
By Proposition 5.2 and [RST23, Prop. 5.11], the map φF “ ψ|QF

: QF Ñ HθpF q is a
K–quasimedian pK,Kq–quasiisometry, where HθpF q is the θ–hull from [BHS19, Def. 6.1],
and K is independent of F .

Corollary 5.5 ([DMS23, Thm 1.4]). Suppose that F1, F2 Ă G have |F1| “ |F2| “ k and
dHauspF1, F2q ď 1. There is a constant K 1 “ K 1pk,Kq and a CAT(0) cube complex Q1 with
a K–quasimedian pK,Kq–quasiisometric embedding φ1 : Q1 Ñ G such that dpφ1ηi, φiq ď K 1,
where ηi : QFi Ñ Q1 are hyperplane deletion maps that delete at most 2kK hyperplanes.

Proof. Because dHauspψpF1q, ψpF2qq ď 2K, the convex hulls QF1 and QF2 only differ by
at most 2kK hyperplanes. The cubical gate map QF1 Ñ QF2 restricts to an isomorphism
of subcomplexes Q11 Ñ Q12. As an abstract cube complex, Q1i is dual to the hyperplanes
crossing both QF1 and QF2 , so we have ηi as desired. Observing that dHauspQ11, Q12q ď 2K
and letting φ1 “ φF1 |Q11

, it is straightforward to check the coarse agreement of φ1ηi and
φi. �
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