UNIFORMIZATION OF PLANAR DOMAINS BY
EXHAUSTION

KAI RAJALA

ABSTRACT. We study the method of finding conformal maps onto circle
domains by approximating with finitely connected subdomains. Every
domain D C C admits erhaustions, i.e., increasing sequences of finitely
connected subdomains D; whose union is D. By Koebe’s theorem, each
D; admits a conformal map fp, from D; onto a circle domain fp,(Dy).
Assuming fp, — f, our goal is to find out if f(D) is also a circle domain.

We present a countably connected D with an exhaustion (D;) so
that (fp,) has a limit whose image is not a circle domain, and a domain
2 with an exhaustion (£2;) so that (fo,) has a limit whose image has
uncountably many non-point complementary components.

On the other hand, we prove that every exhaustion (D;) of a count-
ably connected D admits a refinement so that the image of the cor-
responding limit map is a circle domain. Our result extends the He-
Schramm theorem on the uniformization of countably connected do-
mains and provides a new proof.

1. INTRODUCTION

1.1. Background. The long-standing Koebe conjecture [15] predicts that
every domain D C C admits a conformal map onto a circle domain, i.e.,
a domain whose set of complementary components consists of closed disks
and points. See [10] for an overview. Koebe himself proved this to be the
case for finitely connected domains, cf. [7, Theorem 5.1]. Koebe’s theorem
has been extended to cover finitely connected targets with varying boundary
shapes, the most general results being those by Brandt [5] and Harrington
[9]. See [20] for further information.

A major breakthrough was made by He and Schramm [10], who showed
that the Koebe conjecture holds for countably connected domains. Soon
after Schramm [19] introduced the transboundary extremal length (or trans-
boundary modulus), and applied it to give a simplified proof to the He-
Schramm theorem as well as a generalization to uncountably connected “co-
fat” domains. See also [11], [12], [13]. Recently, results related to the Koebe
conjecture have been established in [2], [14], [16], [18], [21], and [22].

The proofs by He-Schramm and Schramm apply approximation of a given
domain from outside by a decreasing sequence of finitely connected domains
together with Koebe’s theorem to construct a sequence of conformal maps
whose limit has circle domain image. In this paper, we study a modifica-
tion of this method where a given domain is approximated from inside by
erhaustions, i.e., increasing sequences of finitely connected subdomains.

Research supported by the Academy of Finland, project number 308659.
2010 Mathematics Subject Classification. 30C20, 30C35.
1



2 KAI RAJALA

Our approach is motivated by the fact that exhaustions offer more flexi-
bility than approximations from outside. They can potentially be applied to
gain a better understanding of the Koebe conjecture and related problems.
The challenge is in finding exhaustions with the desired properties among
all the exhaustions of a given domain.

Theorems 1.1 and 1.2 below show that an arbitrary exhaustion does not
work in general; the image of the limit map is not always a circle domain.
However, our main result, Theorem 1.3, shows that any exhaustion of a
countably connected domain admits a refinement so that the image of the
corresponding limit map is a circle domain. We now describe our results in
detail.

1.2. Main results. An ezhaustion ® of a domain D c C is a sequence of
domains D; C D, each bounded by finitely many disjoint Jordan curves in
D, such that

Dj C Dj+1 forall j=1,2,... and D = Uij.

We fix disjoint points ag,a1,a2 € Di. Then by Koebe’s theorem there
are unique conformal maps f; : D; — bj onto circle domains lN)J- c C so
that f;(ax) = aj for k = 0,1,2. Sequence (f;) has a subsequence converging
locally uniformly to a conformal f: D — f(D). We denote

Fo={f:D — f(D): fis the limit of a subsequence of (f;)}.

If 3 contains only one map f, i.e., if (f;) converges, we denote f = fo. The
use of this notation always contains the implicit assumption that f; — fo.

THEOREM 1.1. There is a countably connected domain D C C with
exhaustion ® such that fe(D) is not a circle domain.

We denote the set of complementary components of domain G by C(G).
We say that p € C(G) is non-trivial if diam(p) > 0.

THEOREM 1.2. There is a domain D C C with ezhaustion ® such that

C(fe(D)) contains uncountably many non-trivial elements.

Theorems 1.1 and 1.2 are in sharp contrast to [7, Theorem 2.1] on slit
domains, i.e., domains whose sets of complementary components consist of
vertical segments and points; if ® is an exhaustion of D and if the targets
Dj above are slit domains so that f; — f, then f(D) is always a slit domain.

In view of Theorems 1.1 and 1.2, in order to produce a limit map onto
a circle domain it is necessary to modify, or refine, a given exhaustion. Let
® = (D;) and ®’ = (D) be exhaustions of D. We say that ¢ is a refinement
of @', if every p € C(Dj;) is an element of C(D;.(p)) for some j(p) > j. Our
main result reads as follows.

THEOREM 1.3. Every erhaustion of a countably connected domain D C

C has a refinement ® such that fo(D) is a circle domain.

Since every domain admits an exhaustion, Theorem 1.3 gives a new proof
to the He-Schramm theorem. Our main tools are transfinite induction, which
was also used by He-Schramm and Schramm, and Schramm’s transboundary
modulus.
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2. PROOF OF THEOREM 1.3
Let G C C be a domain and G = C/ ~, where
x ~ gy if either x =y € G or x,y € p for some p € C(G).

The corresponding quotient map is 7g : C - G. Identifying each z € G
and p € C(G) with mg(x) and 7g(p), respectively, we have

G=GuUcC(q).

A homeomorphism f : G — G’ has a homeomorphic extension f GG

Let @ = (D) be an exhaustion of a countably connected domain D. We
consider the following property: If g1 € C(Dj,) and g2 € C(D},), j1 = Jo,
and if ¢1 N go # 0, then

(1) either ¢ = ¢o or ¢ lies in the interior of gs.

It is not difficult to see that any exhaustion ®” of D has a refinement @’
satisfying (1). Since any refinement of @' is also a refinement of ®”, we
conclude that it suffices to prove Theorem 1.3 for exhaustions satisfying (1).

We prove Theorem 1.3 using transfinite induction (cf. [6]) and the fol-
lowing result. In this paper, we allow closed disks to have zero diameter.
For instance, in the following proposition a disk ¢ € C(D) may be a point
component.

Proposition 2.1. Let D C C be a countably connected domain. Fiz an
erhaustion ® = (D}) of D satisfying (1), p € C(D), and an open neighbor-
hood U of p in C such that U € C(D),)) for some index n. Moreover, suppose
every f € For satisfies

(2) f(q) is a disk for all ¢ € C(D)\ {p}, ¢ C U.
Then ® has a refinement ®, = (D;(p)) such that
(3) Dij(p)\U =D;\U foralljeN and

(4) if ® is any refinement of ®,, then §(p) is a disk for all g € Fgp.

2.1. Transfinite induction. Suppose D C Cisa countably connected do-
main. We lose no generality by assuming that the number of complementary
components of D is infinite. We denote Ey = D \ D. For any compact non-
empty E C Ejy, let

E*={pe€ E: p is not isolated in E}.

By the Baire category theorem, E* C E. We can now use transfinite induc-
tion to define a well ordered set of subsets E, of Ey as follows: Given an
ordinal o > 0, we define

5o (Eg)*, if @ = 84 1 is a successor ordinal,
* | Ng<akp, if a is a limit ordinal.

It follows that each E, is compact and E, C Eg if a >  and Eg # 0.

There is an ay, so that E,, is finite and non-empty, thus E,, +1 = 0.
We now show how Theorem 1.3 follows from Proposition 2.1.
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Proposition 2.2. Let ®(0) = (D;(0)) be an exhaustion of D satisfying (1).
For every ordinal 0 < a < ap, + 1 there is an ezhaustion ®(a) = (Dj(«)) of
D so that

(i) if 0 < B < a, then ®(«) is a refinement of ®(B), and
(ii) of @ is any refinement of ®(«), then

(5) f(q) is a disk for all f € Fp and q € Ey \ E,.

Suppose ®(ar + 1) = (Dj) satisfies (5), and let (f;,) be a subsequence
of the corresponding (f;) converging to some f. Choosing ® = (Dj,) and
f = fo shows that Theorem 1.3 follows from Proposition 2.2.

Proof of Proposition 2.2 assuming Proposition 2.1. First, we enumerate the
elements p = p(k) € C(D), and denote p(k) < p(¢) if k < £. This should not
be confused with the ordering of the sets E,. Each p belongs to E, \ Eqt1
for exactly one 0 < o < . Fix such an a. Then each p € E, \ E4+1 admits
an open neighborhood U, C C so that U, € C(D;(0)) for some j,

(6) m7p(Up) N Egqr1 =0, and
(1) UpyNU, =0 if g€ Ey\ (Eay1U{p}) orif q € Ey\ E, satisfies ¢ < p.

We apply transfinite induction. The claims of the proposition clearly hold
for @ = 0 with the given exhaustion ®(0). We assume that the claims hold
for all 5 < a and verify them for a.

Let @ = § 4+ 1 be a successor ordinal. By the induction assumption,
(6) and (7), Condition (2) in Proposition 2.1 is satisfied with ® = ®(p),
p € Eg\ Eg, and U = U,. The proposition combined with our choice of U,
then gives a refinement ®(a) = (D;(«)) of ®(5) = (D;(B)) so that

(8) Di)\ J G=D;B)\ U U

peEﬁ\Ea pEEﬁ\Ea

and so that (5) holds for all p € Eg \ E,. Notice again that if &’ is a
refinement of ® and if ®” is a refinement of ®, then ®” is a refinement of
®. The claims follow.

Now let @ = Ng<of be a limit ordinal. We define ®(a) = (Dj(a)) as
follows: first, let
(9) Di\( U )=\ U ).

pEEo\Ea pEEo\Ea

Fix p € Ey \ E4. Each ¢ € Ej belongs to some Egq) \ Egg)+1- With this
notation, we have (p) < a.

By (7) there are only finitely many q € Eg( \ Eq such that

(10) U,NU, #0.
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Moreover, since each such U, belongs to C(D;(0)), (6) and (7) show that
(11) U, cU, CUy

if both U, and U, satisfy (10) and 8(q) < 8(¢)-
Among the elements ¢ for which (10) holds, let ¢(p) be the one with the
maximal (g). Then S(p) < B(q(p)) < a. We set

(12) Dj(a) NU, = D;(B(a(p))) N Uy, p € Eo\ Ea.

Then (9) and (12) define ®(«) = (D;(«)). Furthermore, (8), (11), and the
induction assumption show that ®(«) is a refinement of every ®(3), 5 < a,
and that (5) holds. The proof is complete, modulo Proposition 2.1. O

2.2. Transboundary modulus. We will apply the following generalization
of conformal modulus, first introduced by Schramm [19]. In addition to its
importance in classical uniformization problems, this method has played a
central role in recent developments on the uniformization of fractal metric
spaces, cf. [1], [3], [4], [8], [17].

Let G C C be a domain. The transboundary modulus mod(T') of a family
I" of paths in G is

mod(I') = inf /p2dA+ Z p(p)?,
peX (D) Ja peC(G)

where X (') consists of all Borel functions p : G — [0, c0] for which

lgfpds—i— Z p(p) forall v €T.
K PEC(G)N|

Here f7 pds is the path integral of the restriction of v to G. More precisely,
this restriction is a countable union of disjoint paths ;, each of which maps
onto a component of ||\ C(G), and we define

/pds—ZX/ pds.

As noticed in [19], the transboundary modulus is a conformal invariant.

Lemma 2.3. Suppose f : G — G’ is conformal. Then for every path family
I and f(T)={fo~:~eT} we have

mod(f(I')) = mod(I").

The proof is a straightforward modification of the proof of the correspond-
ing result for conformal modulus.

We will prove Proposition 2.1 by applylng the following estimate. Given
a domain G C C and disjoint sets A, B C C, we denote

I'(A,B;G) = {pathsin G joining 7¢(A) and ng(B)},
mod(4, B;G) = mod(I'(4, B;G)).
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Proposition 2.4. Let D C C bea countably connected domain. Fix an ex-
haustion ®" = (D}) of D satisfying (1), p € C(D), and an open neighborhood
U of p in C such that U € C(DY,) for some index n. Moreover, suppose every
q € C(D)\ {p}, ¢ C U, is a disk. Then ®' has a refinement ®, = (D;(p))
satisfying

Dij(p)\U =D;\U foralljeN
so0 that if ® = (Dj) is any refinement of ®,, then
(13) 711_I)I%) liﬁgp mod(S(z,7) \ pj,0U; D;) =0
for every z € p, where p; is the element of C(D;) containing p.

Here and in what follows, if z € C and r > 0 then B(z,r) is the open
euclidean disk with center z and radius r, circle S(z,r) is the boundary of
B(z,r), and B(z,7) = B(z,7) U S(z,7). Also, in (13) S(oco,r) = S(0,1/7).

We postpone the proof of Proposition 2.4 until Section 2.4. We next show
that Proposition 2.1 follows from Proposition 2.4.

2.3. From Proposition 2.4 to Proposition 2.1. Fix ®' = (D)), p, and U
as in Proposition 2.1. Replacing D with f(D) and @' with (f(D?)) for some
f € Fg if necessary, we may assume that the assumptions of Proposition
2.4 are valid. It then suffices to show that (13) implies (4) in Proposition
2.1: if @ is any refinement of ®,, then g(p) is a disk for all g € Fg.

Fix a refinement ® = (D;) of ®,. As before, let f; : D; — D; be the
associated conformal maps onto circle domains Dj. Fix g € F3. By passing
to a subsequence if necessary, we may assume that f; — g.

Taking another subsequence if necessary, we may assume that ( fj(pj))
Hausdorff converges to a closed disk B, where p; is the element of C(D;)
containing p (recall that B may have zero radius).

Since f; — g, we have B C g(p). We will prove that in fact B = §(p).
This implies (4).

Applying suitable Mobius transformations if necessary, we may assume
that U, f;(0U) and fj (p;) are all subsets of B(0,1). It is then understood
that all distances in the rest of the proof are euclidean (instead of spherical).

Towards contradiction, suppose that B C g(p). Then

dist(wg, B) = 2§ for some wy € 9g(p) and § > 0.

It follows that there are sequences (ji) and (zx) such that j, > k and
2 € Op, C Dy, for all k € N, and

diSt(fj(Zk),fj(pj)) > 6 for allj > ]k
By passing to another subsequence if necessary, we may assume that
2k — Z €DP.

Fix k € N and j > ji. We construct a suitable path family I'(j, k) and
estimate its modulus to arrive at a contradiction. Let w € C be the point
in f;(pj) closest to fj(zy), and denote

I = (w, fj(z)), ¢ = the line containing segment I.
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Let V; be the bounded component of C\ f;(0U), and denote the f;(z;)- and
w-components of V; N (¢\ I) by P" and Q', respectively. Moreover, let
P=fYmpp)(P), Q= f (s, (@) C Dj.

There are unique points a,b € U so that p,(a) € P and 7p,(b) € Q.
Let Ji, J2 be the connected components of OU \ {a, b}, and let

['(j,k) = {paths joining 7p,(J1) and mp,(J2) in 7p,(U) \ (PUQ)}.

Then every v € I'(j, k) passes through 7;(B(z, |z — zx|)), so if we denote
rr = |z — zi| and choose k large enough so that S(z,r) C U, we have

L(j k) C T(S(z, %) \ pj, 0U; D)
(observe that 7p, (p;) € Q). Thus,
mod(T'(j, k)) < mod(S(z, ) \ pj, OU; Dj)
so by (13),
(14) lim limsup mod(I'(j,k)) = 0.

k—o0 ]—)OO

Lemma 2.5. We have
(15) mod(f;T(j,k)) > M >0 forallk € N and j > jy,
where ij(j, k)= {f] ov:v€l(jk)} and M does not depend on j or k.

Combining (14) with Lemmas 2.3 and 2.5 leads to a contradiction, so
once Lemma 2.5 has been proved we know that Proposition 2.1 follows from
Proposition 2.4.

Proof of Lemma 2.5. We consider the subfamily I" of ij( Jj, k) consisting of
projections of segments orthogonal to ¢. More precisely, denote by T' the
length of I, T'= |w — f;(z)|, and let n(s) = (1= F)w+ 5 fi(2x), 0 <s < T,
be an arc-length parametrization of I. Notice that T > §.

Fix 0 < s < T, and denote by ¢4 the line orthogonal to ¢ passing through
n(s). Then there is a component I of 5NV, with endpoints m; € f;(J1)
and mg € fj(J2) (recall that Vj is the bounded component of C\ f;(9U)).
Choose a parametrization s of 7p,([s), and let

F={y:0<s<T}

Then T C f;T'(j, k), so it suffices to prove (15) with f;T'(j, k) replaced by T
Fix p € X(I'), and denote by D; the family of disks 7 € fj(C(Dj)) satis-
fying 7 C mp, (V). Then

1</ pds + Z p(q) forall0<s<T.
Is
a€D;Nys|



8 KAI RAJALA

Integrating from 0 to 7" and applying Fubini’s theorem and Holder’s inequal-
ity yields

J < Tg/ pdA + Z diam(7)p(7)
fi(UNDjy) TED;

< we(f, ) (5 ) (5 o)

TED; TEDj

< (iw)m((/fjwmj)p? dA)1/2+ ( 27; 9(7)2)1/2>:

TED;

1/2

where the last inequality follows since the disks 7 are disjoint subsets of V.
Recall that by our normalization V; C B(0,1) and therefore |V;| < 7 for
all j. Combining with the estimate above and inequality

(a2 + b2 < 3(a+1b), a,b>0,

leads to
62 2 Z 2
(16) — < / p?PdA+ Y p(r)%
12 Jgwopy) 3,
Since (16) holds for all p € X (T), we have mod(T") > §2/12. O

2.4. Proof of Proposition 2.4. We use the following notation: if G,V C C
are domains, then

C(G,V)={qeC(G): qC V}.

Lemma 2.6. Suppose D, ®, p and U are as in Proposition 2.4. Then @’
has a refinement ®, = (D;(p)) so that Dj(p) \U = D\ U and
C(D;(p),U) = Cej U Cay; U {p;}
for all j € N, where p; D p and p; ¢ CAeJ U CAd,j,
(17) > diam(g(j) <2797,
q(j)€Ca,;

and for every 4(j) € CAe,j there is ¢ = B(x,t) € C(D,U), t > 0, such that

(18) B(x,t) C 4(j) C B(z,t+s), s= min{léo, (m(lci()(‘é)’m}

Proof. We have C(D,U) = C. UCyq U {p}, p ¢ Cc UCq, where C, is a family
of disks with positive radius and C; a family of point components. We
enumerate the elements of Cy:

Ca=A{q,q2,--.}.

We define @, = (Dj(p)) as follows: First, let D;(p) \U = Dj\ U, j € N.
To describe the sets Dj(p) N U, assume that j =1 or j > 2, and Dy(p) has
been defined for all £ < j — 1.
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We denote by p; the element of C(D},U) containing p. We lose no gen-
erality by assuming that p; C U. Then C(D;,U \ p;) is non-empty for all
Jj= 1L

Each ¢ € C(D,U) is contained in some ¢(j) such that

(i) p(7) = Djs

(i) 4(4) € (D%, U \ p;) for some j' > j,
(iii) if 7 > 2 then ¢(j) C ¢(j — 1) for some ¢(j — 1) € C(Dj-1(p),U),
(iv) if ¢ = ¢ € Cq, then

diam(Gp, (5)) < 277771,
(v) if ¢ = B(z,t) € C., then §(j) satisfies (18).

Denote Q; = {q(j) : ¢ € C(D,U)}. If 4(5),d(j) € Qj, then either
G(7)Nd’(4) = 0 or one is contained in the other. Thus we can define D;(p)NU
as the domain for which C(Dj;(p),U) is the set of maximal elements in Q.

Properties (i)—(iii) guarantee that {D;(p)} is a refinement of {D}}. More-
over, every (j) satisfies (iv) or (v). We define

Caj = {a(9) € C(D;(p), V) \ {#;} : 4(j) satisfies (iv)},
Cej = {a(9) € C(D;(1).U)\ {B} + 4(j) satisfies (v)}
(]

We complete the proof of Proposition 2.4 by showing that any refinement
® = (D;) of the &, in Lemma 2.6 satisfies the remaining estimate (13), i.e

hm lim sup mod(S(z,7) \ p;,0U; D;) =0 for every z € p.

=0 jseo

Lemma 2.7. Every refinement ® = (Dj) of ®, satisfies (13).

Proof. Fix z € p and let v be the largest integer such that
B(z,e")=B(z,R) C U.

It suffices to show that if j is large enough, then

(19) mod(S(z,7) \ pj,S(z,R); D;j) <e(r) =0 asr—0,

where €(r) does not depend on j. We will do this by first constructing a suit-
able sequence of disjoint annuli, and then applying them to find admissible
functions.

First, let v1 = v. Then, fix n > 1 and assume that v, < v,_1 < --- < V1
have been defined. Denote Ry = €% and A, = B(z, R) \ B(z, Rk/e , and
let v,4+1 < v, be the largest integer such that

B(z,Ry11) N B(x,t+s) =0 forall g = B(x,t) € C(D,U), ¢gN Ap # 0,

where s is as in (18).
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Recall from Lemma 2.6 that
C(D;j(p),U) = Ce; UCq; U {pj}-
We denote (f&j = (fb,j U CAs,j, where

Gy = {d(j) € Cej: diam(d(s)) > dist(d(4), 2)},
Coj = {d(j) € Ceyj : diam(4(j)) < dist(4(j), 2)}-
Moreover, let C; = Cq; UGy ; UCs j, where

Caj = Um=>iCam> Cbj =Um=>iCom: Csj = UmziCom.

Fix a refinement ® = (D;) of ®,, and v < v — 100. We denote r = e*.
Let j be large enough so that 27771 < r/e, and p; the element of C(D;,U)
containing p. Since ® is a refinement of ®,, we have C(D;,U \ p;) C C;. In
particular,

C(Dj, U\pj) =D;U Bj U Sj, where D; C CdJ', Bj C de‘, Sj C CSJ'.

By Lemma 2.6 and the definition of the above sets, the following hold: First,
N

2 i ) <277 < —.

(20) Z diam(g(j)) < 277 < o

9(4)€D;

Secondly, denoting Bj(n) = {q(j) € B; : q(j) N A, # 0}, we have Bj(n) N

Bj(n') = 0 if n # n’. Moreover, since every q(j) € Bj(n) contains a disk

whose area is comparable to the area of A, the cardinality of B;(n) has an

absolute bound;

(21) |Bj(n)] <30 forallneN.

Finally, every ¢(j) € S; satisfies

(22) diam(q(j))* < 2 Area(q(5))-
Moreover, denoting S;j(n) = {q(j) € S; : q(j) N A, # 0}, we have Sj(n) N
Sj(n') =0if n#n'.
We construct an admissible function
(23) p € X(I(S(z,7) \ pj,S(2, R); D))

as follows: let m be the largest integer such that vy, 11 > u, and 1 < n < m.
Define p,, : D; — [0, o0],

%7 . w e B](n)7
pn(w) = %}gf@ w € Sj(n),
m, w e An N D],

and pp,(w) = 0 otherwise. We claim that

(24) ;S/pndSﬂL Z pn(‘])

qeC;nly|
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for all v € I'(S(z,7) \ pj, S(2, R); Dj). Fix such a v, and denote

N = {R,/e<T<R,:T=|y— z| for some y € |y|ND;,},
N = {Ry/e<T <R,:T=|y— z| for some y € w, w € |y|NSj(n)},
Q3 = {Rn/e<T <R,:T=|y—z| for somey e w, we |y|NDj(n)}.

We may assume that v does not intersect any w € B;(n), otherwise (24)
follows directly from the definition of p,. We then have

/dT+ dT+/ dT>1
o T Q T o T 77

which combined with (20) yields
dTl’ dl 1
— + — = .
o T 0 T 2
The definition of p, in A, N D; yields

/ ds > 2 dT
pnds > — —_.
b ! Q T

On the other hand, combining the definition of p, in §;(n) with inequality

e(B—a)

R C log  — log a,

FoSa<h
2 dr
> alg) = pooll
geS; (N 2
Combining the estimates yields (24). In particular, p = > | p, satisfies
(23), i.e., p is admissible for I'(S(z,r) \ p;, S(z, R); D;).
We prove (19) by estimating the energy

(25) [ aas Y ptwp

wECj

yields

from above. First, we have

8
26 / P 2dA < g / < —.
(26) D;NU m2 D;NA, \w—Z\Q m

In order to estimate the sum in (25), we recall that each w € B; U S;
intersects at most one A4,. By (21),

@ S o <> I < T

weB,; n=1

Finally, since every w € Sj(n) is a subset of B(z,2R,,), (22) yields
4e* & diam(w)?
) Yew? < oy y e
weES; n=1 wGSj(n) n

8¢? o~ Area(B(z,2R,))  32me?
m2n R2 oom

N
|
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Combining (26), (27) and (28), we conclude

1000
/ ,odA+Z )2 < 7—>0 asr — 0,
DjﬁU wEC
and (19) follows. The proof is complete. O

Remark 2.8. Schramm [19, Theorem 5.1] gives a simplified proof for the
Koebe conjecture for countably connected domains, i.e., for the He-Schramm
theorem. Although his proof uses transfinite induction, he explains in a
remark how the proof can be modified to avoid it. Using his method, it
is possible to modify the proof of Theorem 1.3 so that it no longer uses

transfinite induction.

Remark 2.9. He and Schramm [12] and Schramm [19, Theorem 5.4] prove
the Koebe conjecture for almost circle domains, i.e., domains D for which
there is a closed and countable B C C(D) so that every p € C(D) \ B is a
circle or a point. Slight modifications to the proof above show that Theorem
1.3 also holds for almost circle domains D.

3. PROOF OF THEOREM 1.1

3.1. Construction of the domain. We will construct a countably con-
nected square domain D C C so that {0} € C(D), and an exhaustion ® of
D so that fp({0}) is non-trivial. The following result, which follows from
the modulus estimate in [19, Theorem 6.2], then shows that fe(D) cannot
be a circle domain.

Proposition 3.1. If f is a conformal map from domain D C C with the

above properties onto a circle domain, then f({O}) is a point-component.

The construction of D is flexible in terms of the shapes of the comple-
mentary components. In particular, there are circle domains D satisfying
the requirements of Theorem 1.1. We use squares in our construction for
convenience of presentation. We start with a sequence of disjoint squares

Qr = [ax — Ry, ax + Ry] X [=Ry, Rg], R1 =1, Ry < ay,
where (ar)72, (Ri)3, are decreasing sequences converging to zero, so that
(29) Dy = dist(Qp, Q1) = ar — (ahs1 + R + Reg1) =2 " Rpy1.
Each Qp, 1 <k < j, is surrounded by a sequence (Qy ;) of inflated squares

Qrj = lar — Tigyar + Tig] X [T Trgl, oy = Ri+2777 ' Dy

We also denote

Qo = [T T3] x [=T3, T3],  Tj = ajy1 + Rjpa + Dj/2.
Then

Upej+1Qj C int(Qo ), Ul _1Qk;jNQo,; =0 forevery j € N.
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FIGURE 1. Part of the complement of D

Next, for m € N and 1 < ¢ < M, (M, will be chosen later), let
(30) Gmye = [(0 = 1)(Sm + dm), ( = 1)sp + ldp,] % [0,dp],
where d,,, s, are positive numbers so that

(Mp, — )8y + Mppd, =1 and  dy, > s

In particular, d,, < M,,'. For a fixed m € N, the sets Gm.¢ are evenly spaced
squares of sidelength d,, inside the rectangle [0, 1] x [0, dy,].

For each m € Nand 1 < k < m, let ¢p1,, be the Mobius transformation
so that ¢p11m(00) = o0,

Gk+1,m(0,0) = (ap41 + (1 = $m)Thy1,m—1, —Rry1) and
Grr1,m(1,0) = (aps1 + (1 = $m)Tht1,m—1, Rit1)-
We denote

(31) tkym = (ar — Tk,mfl) —(agy1 + (1= 23m)Tk+l,m—1) + din,
and define

Gortme = Phr1m(@mye)s
Tome = Phttm(@me) + (tem, 0), 1 <LK My,

The squares qj 1m0 q};m ¢ lie “between” Q.11 and Q, and we can choose

M, large enough so that
Gmt1,me € int(Qom),

(32)  Gryrme € I6(Qrt1m-1)\ Qkr1m forall 1
(33) Gome C 06(Qrm—1)\ Qrm forall 1 <k

We define D by

<kEL<m—1,
< m.

oo Mpm m

C\D= {0}U<UQkU(U Uu qk+1méqume)>)

m=1/{=1 k=1
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3.2. Construction of the exhaustion. We define exhaustion ®¢ = (D)
of D. First, every C(D;) includes

Qo; and Qp;, 1<k<y.
To describe the rest of the elements of C(D;), we first define

L4 €())erime 1SE<)—1
L4 e(i)dme 1<k<]

(34) qz+1,m,e,j
(35) qllfljm,(,j

forall k < m < jand 1 < ¢ < M, ie., squares with same center and
(1 + €(y)) times the sidelength of Gy 1.me and gy, 4, respectively. Here
(e(4)) is a strictly decreasing sequence converging to zero, and €(1) is small
enough such that for any fixed j € N we have

(
(

(i) none of the squares intersect each other, and
(ii) (32) holds for gj,,,,; and (33) holds for g}/, , ..

We let C(D;) include all the squares in (34) and (35) for k < m < j—1 and
1 < ¢ < M,,. Notice that the squares for which m = j are not included.

The remaining elements of C(D;) will be components Uy, j, which “sur-
round” Qg ; and contain both qlf:,j,ﬁ,j and q}c”,j,m. More precisely, fix 2 < k <
J, and let Uy 4, 1 < £ < Mj, be Jordan domains so that

(i) the sets Uy, ;¢ are pairwise disjoint,

(i) Ug,je C int(Qp,j—1) \ Q.

(ili) Uk, ;¢ contains both Qojeg and g ;g5

(iv) if (z,y) € OUy ;¢ has the largest x-coordinate among all points of
OUp j¢, then (z,y) € et

(v) if (z,y) € OUy o has the smallest z-coordinate among all points of
aUk,j,éa then (xay) € q}gy,j,f,j'

We conclude the definition of C(D;) by including Uy j, := 10, and
Ukje 2<k<j, 1<K M;.
Then D, is the set for which C\ D; = U{p € C(D;)}, and &y = (D;).
Proposition 3.2. There is § > 0 such that
mod(Qo jo, Q14o; Dj) =6 for all jo € N and j > jo.

We postpone the proof of Proposition 3.2 and first show how it implies
Theorem 1.1. Choose any subsequence ® = (Dj,) of (D;) so that (f;,)
converges to fp. By Proposition 3.1 it suffices to show that fe({0}) is
non-trivial. But this follows directly by combining Proposition 3.2 with
Proposition 4.2 below. Here the latter proposition can be applied with
E = Q1,1 since every jo > 1 satisfies

mod(Qo jy, @1,jo; Dj) < mod(Qo j,, Q1,1; Dj).

Thus, Theorem 1.1 follows once we have proved these propositions.
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FIGURE 2. Some of the sets U/w,g

3.3. Proof of Proposition 3.2. Fix jo and j > jo, and let Fj be the

projection of Ué\/[:jlqﬂ to the real axis, recall the definition in (30). We
construct a family of paths I' parametrized by F}, so that each v € T’

connects 7p;(Q1,4,) and 7p,(Qo j,) in Dj. We then give a lower bound for
mod(T").
Fix 7 € F}j, and denote
21 (7)) = Or1,((7,d5/2)), 1<k<j—1,
2 (1) = bkt ((7,d;/2)) + (43, 0), 1<k <,

where tj, ; is the number in (31) and ¢ ; the Mdbius transformation de-
fined before (31). Then

e e TT7 w w TT7
24 1(T) € Q10 C Uktrge and  2(7) € 4305 C Uk e,

where ¢ = £(j,7) is the index for which (7,0) € g; .
We denote
Uk,j,e = Uk(T),
and let I;(7) be the horizontal line segment in C which connects Q1 j, to
25(7), 20 (1) to 25 (1) if 2 <k < j— 1, and 2(7) to Qo ;. Then

J(7) = (U I(7)) U (U T k(7))

is a continuum connecting Q1 j, and Qo j, in C. Moreover, 7p,(J(7)) is a

rectifiable curve in ﬁj, with arc-length parametrization ~,. We define
I'={y,: 7€ F;}.

We now estimate the modulus of I'. Let p € X(I') be an admissible
function and 7 € Fj. We denote by A; all the sets in C(D;) of the form
Uy js, and by Bj all the other squares in C(D;) of the form (34) or (35).
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Then

(36) 1 < /pds+ > plg)
v

4ec(D; )|
j j
= Z/ pds+> p(Uk(m)+ > pla).
k=1 Ix(T)ND; k=1 q€B;N|y-|

Given 1 < k < 7, let A; be the smallest rectangle containing all the
segments I(7) N D;, 7 € Fj. Then by (29),

(37) Area(Ak) 2D Ry41 < 21- Rk+1

To estimate the modulus, we integrate both sides of (36) over T and apply
change of variables and Fubini’s theorem to get
J

(33)  UF) < Z@ka—l/ pdA+/ S (0

AND Jk’l

/ Z q)dr = S1+ Sy + Ss.

Fj q€B;N|y7|

We apply Holder’s inequality and (37) to estimate S7 as follows:

J 1/2
(B9 S < SR A ([ )
k=1 AkﬂDj

J 1/2 1/2 1/2
< g1k / 2dA) " < / dA
() () " () )™
To estimate Ss and S3, we choose M, so that

(40) M,, > m2™! for all m € N.

We notice that the length of the set of parameters 7 for which a given
Uk,je € Aj is Ug(7) equals dj. We have d;jM; < 1 by construction. Thus,
Hélder’s inequality and (40) yield

i M i M 1/2
Sy = dj Y > p(Unje) < dj(iM; 1/2<Z P(Ukji 2)
k=1 (=1 k=1 (=1
ay < (2 a02)"
U€EA,

Next, we notice that the length of the set of parameters 7 for which a
given g = qzmej € B; N |v-| is at most M,,*. Here y = e or w. As before,
Hoélder’s inequality yields

@ s< St < (2 ) (3 )

4€B; 4€B,; 9€B;

1/2
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FIGURE 3. First steps in the construction of D

We estimate the first sum from above by summing over all ¢ € B; and
applying (40) to have

j m Mpy J oo
43) D> MZZ<2) YN M 2=2) mM,'<> 2" =1
q€EB; m=1 k=1 ¢=1 m=1 m=1

We have ((Fj) > 3 by construction. Combining with (38), (39), (41),
(42), and (43), yields

% < (/ P’ dA>1/2 + ( > /J‘(U)2>l/2 + ( > P(Q)2)1/2
Dj UecA; q€B;
ay < s(f j”2dA+q€%j)”(Q)2)l/z

Since (44) holds for all p € X(I'), we conclude that

1
mOd(QO,jm Ql,jo; Dj) P mOd(F) > %

The proof is complete.

4. PROOF OF THEOREM 1.2

4.1. Construction of the domain. The set C(D) of complementary com-
ponents of D, which we now describe, consists of countably many segments
and a Cantor set. The size of the Cantor set is not relevant for our con-
struction. For instance, the construction can be carried out so that C\ D
has o-finite length. Let Wy = {e}, Yo = {(e,e)}, and for k = 1,2,..., let

W = {w=wiwows---wy: wy € {0,1}for 1 < ¢ < k},
Woo = {TIJ = WiwWaWs - Wy € {0,1} for £ = 1,2,...}, and
Vi = {(w,v): we Wy, v=uviv9u3---vg, vy € {0,1,2,3}for 1 < £ < k}.

If 0 =wjwsy- - € Wy and k € N, we denote w(k) = wy - - - wy.
Next, let (Ry) be a sequence of positive real numbers so that Ry1 < Ry /2
for all k =0,1,2,.... Moreover, given such a k let

(45) Qr, = {Qu = [ — R, v + Ri] X [~ R, Rie] + w € Wy}
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be a family of disjoint, congruent closed squares in C with centers on the
real axis so that

if we Wy and a € {0,1}, then Qe C Int(Qy).
The intersection
(46) k=N (U o)
k=0 weWy

is a Cantor set on the real axis. It is the Cantor set part of C(D). Each
p = py € K is uniquely determined by the w € W, that satisfies

{pa} = NpZ1Qu)-

We now inductively define the segments in C(D). The definition involves
a sequence (e) of positive real numbers converging rapidly to zero. We
initially require that €, < Rp_2/10. The segments are of the form

I (w,v) = [am(w,v), by (w,v)], m=1,2,3,

where a,,(w,v), by, (w,v) € C and (w,v) € Y for some k = 0,1,2,.... We
denote by m; : C — R the projection to the real axis.
We first choose

(47) Ja1,b1] = I = Ii(e,e), [ag, ba] = Io = Ix(e,€), [as, bs] = I3 = I3(e, €)
of length larger than €; in Q. \ (Qo U @1), so that
m(a1) < m(b1) <xg— Ry < mi(b1) + €2/10,
mi(a2) —€/10 < x0+ R1 < mi(ag),
m(a2) < mi(b2) <x1 — Ry < mi(be) + €2/10,
mi(ag) —€/10 < x1+ Ry < mi(ag) < mi(bs).

We can also require the segments to be horizontal, but this is not necessary
and such a requirement cannot be made below when k£ > 1.

Next fix £ > 1 and assume that I,,,(w’,v’) and €, are defined for (w',v") €
Vo, 0 <€ < k—1,so that

(48) if By € By, and By € By,, By # Ba, then B; N By = ).
Here
(49) By ={B(z,€) : z endpoint of I, (w,v), (w,v) € Yo, m =1,2,3}.
Let
I (w,v), Ir(w,v), I3(w,v) Cint(Qu)\(QuolQuw1), (w,v)= (w'a,v'B) € W,
be disjoint segments with the following properties: if we denote a,(w,v) =
ap, and by, (w,v) = by, then
mi(a1) < mi(b1) < zywo — Ri+1 < m1(b1) + €x41/10,
mi(a2) — €x41/10 < @yo + Riy1 < mi(az),
mi(ag) < mi(be) < Ty1 — Riky1 < m1(b2) + €x11/10,
mi(ag) — €x41/10 < xp1 + Riy1 < mi(as) < m1(bs).
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FIGURE 4. Positioning of the segments I,,,(w, v)

We also require that (See Figure 4) if we denote
Ty = €k, Ry = (6k,1ek)1/2 if =0or1l,
Ty = (ek_lek)l/Q, R,=¢,_1 ifB3=2or3,

then for each r, < r < R, there are arcs

(50)

Ji(r,w,v) C S(bp(w',v'),r), m=a+1,
J3(r,w,v) C S(am(w',v'),r), m=a+2,
whose relative interiors are disjoint and do not intersect any segment I,,,(w, v),
(w,v) € Yy, 0 < L <k, so that
(i) the endpoints of Jy(r,w,v) lie in In4q(w',v") and I (w,v).
(ii) the endpoints of J3(r,w,v) lie in In4+2(w’,v") and I3(w,v).
We are now ready to define D; it is the domain for which
C(D) = KU{lL,(w,v): m=1,2,3, (w,v) € Yk, k=0,1,2,...},
where K is the Cantor set in (46).

4.2. Construction of the exhaustion. We now construct an exhaustion
Oy = (Dj) of D. We fix k € N and (w,v) € V. First, let U(w,v) be a
Jordan domain so that if we denote I(w,v) = I1(w,v) U I2(w,v) U I3(w,v)
then B

I(w,v) C U(w,v) C U(w,v) Cint(Qu) \ (Quo U Qu1)-
We also require that if B € UyB; where By is the family of balls in (49), then
either U(w,v) N B =0 or I(w,v) N B # () and
(51) U(w,v) N B C Ni(I(w,v))N B.
Here Ni(I(w,v)) is the set of those z € C for which

min{eg41,dist(I(w,v),C\ (DU I(w,v))}

(52) dist(z, I(w,v)) < 100 .

Next, for m = 1, 2,3 denote
Un(k+1,w,v) = U(w,v)



20 KAT RAJALA
and let
Un(jyw,v), j=k+2,k+3,...
be Jordan domains so that
U (k+2,w,0) U, (k+2,w,0) =0 if m#m/,
and, with N;(I,,(w,v)) defined as in (52),
L (w,v) C Upy(j,w,v) C Up(j, w,v) C Up(j — 1,w,0) N Nj(Ln(w,v)).
We denote
A; ={Upn(j,w,v) : m=1,2,3, (w,v) € Y, 0 < k < j— 1},

and define D; by
C(Dj) = QiU A;,
where Q; is the family of squares in (45). Then ®y = (D) is an exhaustion

of D. Theorem 1.2 follows by combining the two propositions below and
choosing any ® = (D, ) so that (fj,) converges.

Proposition 4.1. There is d > 0 such that if p=py € K, then
(53) mod (11, Qu(jo); Dj) =6 for all jo € N and j > jo.
Here I is the segment in (47).

Recall that, given a domain D C (@, p € C(D), and an exhaustion ® =
(D;) of D, we denote by p,; the component in C(Dy) containing p. With this
notation, Qu(jo) = Pjo in (53).

Proposition 4.2. Suppose D C C is a domain with ezhaustion ® = (D).
Fiz p € C(D) and a compact set E C C such that ENp=0. If

(54) lim lim inf mod(E, pg; D;) > 0,

l—oc0 j—o0
then f(p) is non-trivial for oll f € Fgp.

4.3. Proof of Proposition 4.1. Fix p = py € K, jo € N, and j > jg. Let
Vo ={e}, and for k =1,2,..., let

Vi ={v=wvva---vp: v, =1{0,1,2,3}for all 1 <<k},
so that YV, = Wy x V. We consider the family of continua
n(v,t) C Dj, v e V1, 1/4 <t < 3/4,
defined as follows: if v = vivy...vj_1, let n(v,t) = A;(v) U Bj(v,t), where

Aj(w) = WUn(j,w,vk) €Aj: m=1,23, we W, 0<k<j—1}, and
Bj(v,t) = U{Jn(rt,kl,w,v;): m=1,3, we Wy, 1 <k<j—1}.
Here r[t, k] = R. ri—" and Ry, 7y, are the radii in (50).

Each 7(v, 1) is a continuum joining U1 (4, e, ) and Us(j, e, ) in D;. More-
over, each 7(v, ) intersects Q(j,)- By (51), we have n(v,t)\ A;(v) C Dj;. It
is important to notice that the continua n(v,t) do not intersect any of the
squares in Q; C C(Dj).
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Let 7, + be an arc-length parametrization of n(v,t), and
U= {ys:veVja, 1/4<t <3/4}.

In view of the comments above, (53) follows if we can prove a lower bound
for modI'; independent of j. Fix p € X (I';);

1< Z Z /pds
qeA;(v) JeB;(

Integrating both sides over 1/4 < ¢t < 3/4 and summing over v € V;_; yields

> Y e+ 2/3/ > /pdsdt 51+ 5.

vEVj71 qEAj(’U) UGV JEB

We estimate the sums S7, S from above. First, changing the order of
summation yields

j—2
251 =Y 47 ST pTnlw, )+ Y pU(,w,v)) Zsk
k=0 (w,v")EVy (w,v)Eyj—l

m=1,2,3
Holder’s inequality yields

S,;<4j—k—1(3.2’€.4’€)1/2( > p(q)Z) <22j"“/2‘1( > P(Q)2>1/2

q€C(Dy) q€C(Dj)

1/2

for all 0 < k < j — 1. Thus, summing over k we have

sl<4f§2k/2( > o@?) <o (Y p0?)
k=0

qeC(Dy) q€C(Dy)

1/2

We now estimate S». First, we denote by Z, the set of centers z in the
definition of By in (49). Fubini’s theorem and (48) yield

J—1

(55) 52<Z4J k=1 Z/ / pdsdt =" Tj.

Zezk S(Z,T[t,k]) k=1

We apply change of variables to the integral in (55) to conclude that

(56) TR <49 k(lgekl Z/ ()dA()
B

2€2; (z,€6— 1)\B Z,€k) ‘$|
Applying Holder’s inequality to the integral in (56) yields
4 N —1/2 1/2
7 < 2020 (1og S TS ([ papaa)
ek zEZk B(Z,Ekfl)

Since card(Z;) < 6 - 81 < 8F for all 0 < k < j — 1, we moreover have

o €1\ —1/2 1/2
Ty < (2m)Y249 . 2 W(log %) (/D p(:c)2dA(x)> :
J
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Thus, if we require that € < e;x_1/e for all k, we have

gt 1/2 )

S2 < (2m) 240 Y a7k 2( / p(a)?dA(x)) "< a4 / ple)? dA(2))
k=1 Dj D;

Combining the estimates yields

v < (0% @) ([ peraaw)”
D

q€C(D;) I
< ([ peraaw+ Y o)
D; q€C(D;)

We conclude that mod(T;) = 4719 The proof is complete.

1/2

1/2

4.4. Proof of Proposition 4.2. By taking a subsequence of (D;), we may
assume f; — f. Suppose towards contradiction that f(p) is a point compo-
nent. We lose no generality by assuming f(p) = {0}.

Lemma 4.3. Suppose f(p) = {0}. For every R > 0 there are r > 0 and
m € N so that if j > m and if ¢ € C(Dj) satisfies fj(q) NS0, R) # 0, then
fila)nS(0,r) = 0.
Proof. Suppose towards contradiction that there is R > 0 and a sequence
(@n;), qn; € C(Dy,), so that each fnj(qnj) intersects both S(0, R) and
S5(0,277). By passing to a subsequence if necessary, we may assume n; = j.

For each j € N, fix a point z; € ¢;. Since C \ D is compact, (x;) has
a subsequence converging to xg € qo for some gy € C(D). We may assume
that x; — zo. It follows that if £ € N and if go(k) is the element of C(Dy)
containing qp, then

¢; C qo(k) for all j > ji.

In particular, since fj(qj) intersects both S(0, R) and S(0,277), so does
fi(qo(k)). We conclude that f(qo(k)) contains both the origin and a point
in S(0,R). But this holds for all k, so also f(qo) contains both the origin
and a point in S(0, R). This contradicts our assumption, that f(p) = {0}.
The proof is complete. U

We use Lemma 4.3 to construct a decreasing sequence (R,,) of positive
real numbers and an increasing sequence j, of indices as follows (compare to
the proof of Lemma 2.7): First, choose R, j; so that fj (E)NB(0,2Ry) =0
for all j > j;. Here E is the compact set in the statement of the proposition.

Then, assuming that Ry, j, have been constructed, choose R, +1 < Ry, /2
and jp41 > jn such that if ¢ € C(Dj), j = jnt1, and f](q) NS0, R,) # 0,
then f;(¢) N S(0,2Rn41) = 0.

Given k € N, let N be the largest number for which there is j3 > k so
that f;(pr) C B(0, Ry) for all j > j%. We may assume that j5 = jy. Then

(57)  mod(f;(E), fj(pr); f5(D;)) < mod(S(0,2Ry), S(0, Ry ); f5(D;))
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for all j > jn (here the modulus on the left is over all paths connecting

f](E) and fj (pr) in fj(D;), a slight abuse of earlier terminology). Fix such
a j. We construct a test function p as follows: First, let 1 <n < N. We
denote A(R,r) = B(0,R) \ B(0,7) and define

(@) = FEL 2 € C(f5(D;)), 2N A(2Rn, Ry) # 0, diam(z) < dist(z,0),
1, z € C(f;j(D;)), zNA(2R,, Ry,) # 0, diam(z) > dist(z, 0),

and pp(z) = 0 otherwise. As in the proof of Lemma 2.7, we have

N
1 . .
p= D o € X(S(0,2R1), S(0, Ry); f;(Dy)) for all j > j.
n=1

For each ¢ € C(D;) there is at most one n such that p,(q) # 0. Moreover,
for every n there are at most 30 elements (disks) ¢ € C(f;(D;)) such that
qNA(2R,, Ry,) # 0 and diam(q) > dist(g,0). Thus we can estimate

1 dA
2 14 + nq2</
/f ) > o< g |

2
i(P3) q9€C(f;(D;)) (2R R 171
Area(B(0,4R,,)) 27 167
30 < —— + 30 < 1000,
R2(log 2)? + log 2 - (log 2)? +

and, since we have chosen jj so that every ¢ € C(f;(D;)) satisfies p,(q) # 0
for at most one n,

1000N 1000
(58) / pPAA+ >, @< =y
fi(Dj) qeC(f;(Djy))

Since N — oo as k — 0o, combining (58) with (57) yields

(59) lim lim inf mod(f;(E), f;(px); f;(D;)) = 0.

k—oo j—oo
But (59) and the conformal invariance of the modulus contradict our as-
sumption (54). The proof is complete.
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