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Abstract. The Iwasawa µ-invariant of the Selmer group of a residually reducible
Galois representation arising from a Hecke eigencuspform is studied. Furthermore,
certain Iwasawa-invariants refining the µ-invariant are defined and analyzed. As an
application, we show that given a reducible mod-p Galois representation ρ̄ and any
choice of integer N ≥ 1, there is a modular Galois representation lifting ρ̄ whose
associated Selmer group has µ-invariant ≥ N . This is a refinement of Serre’s conjecture
in the residually reducible case.

1. Introduction

Iwasawa theory of Galois representations associated to elliptic curves and modular
forms encodes deep arithmetic information. Greenberg analyzed the algebraic structure
of the Selmer groups associated to ordinary Galois representations over the cyclotomic
Zp-extension of a number field (see [5]). An important invariant associated with the
Selmer group is its µ-invariant. It is conjectured that when the residual representation
is irreducible, then the Iwasawa µ-invariant of p-primary Selmer group is zero, see [6,
Conjecture 1.11]. Let E be an elliptic curve over a number field F and Sel(E/F cyc) be the
p-primary Selmer group over the cyclotomic Zp-extension of F . Mazur gave examples of
elliptic curves E for which the residual representation E[p] is reducible as a Galois module
and the µ-invariant of Sel(E/F cyc) is positive, see [12, section 10]. Drinen showed that to
every finite Galois submodule α of E[p∞], there is an integer δ(α) ≥ 0 which contributes
to the µ-invariant of Sel(E/F cyc), see [3, Theorem 2.1].

Denote by GQ the absolute Galois group Gal(Q̄/Q) and fix an embedding ι : Q̄ ↪→ Q̄p.
Let f =

∑
n≥1 ane

2πiτ be a normalized Hecke eigencuspform. Associated to f is the Galois
representation ρf : GQ → GL2(K), where K is the finite extension of Qp generated by
ι(an) for positive integers n. Let O be the valuation ring of K and let T be a GQ-stable
O-lattice and set ρT : GQ → GL2(O) to be the Galois representation on T . As is well
known, any elliptic curve E over Q coincides with an eigencuspform f of weight 2 with
rational Fourier coefficients. The Galois representation on the p-adic Tate module of E
then coincides with the p-adic Galois representation associated to f . We prove our results
for Selmer groups associated to p-ordinary Hecke eigencuspforms of weight k ≥ 2. The
Selmer groups considered here are defined over admissible, pro-p, p-adic Lie extensions
Q∞, with Galois group G := Gal(Q∞/Q) (see [20, section 2]). In this case, the Iwasawa
algebra Λ(G) := O[[G]] is a left and right noetherian local domain. Further, it is known
that Λ(G) is an Auslander regular ring [23, Theorem 3.26]. There is a dimension theory
associated to finitely generated modules over such rings.

In this article, we will study the µ-invariant of the p-primary Selmer group over Q∞.
Furthermore, certain refinements of the µ-invariant are defined and studied (see Definition
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2.4). Throughout, it is assumed that the residual representation ρ̄T : GQ → GL2(O/$)
is reducible. Note that the µ-invariant depends on the choice of the GQ-stable lattice T .
When the Galois representation arises from an elliptic curve, this lattice is taken to be
the p-adic Tate module. Our results show that the µ-invariant depends crucially on the
residual representation. We classify the residual representation ρ̄T into two types: aligned
or skew (see Definition 3.1). We prove results on the µ-invariants in the two mutually
disjoint cases. The first example of an elliptic curve with positive µ-invariant was provided
by Mazur [12, Example 2]. This example is residually aligned. It is shown that if ρ is
residually reducible and aligned, then µ is positive (cf. Theorem 3.5), furthermore, it is
shown that the µ-multiplicity is 1 (cf. Definition 2.4 and Theorem 3.6).

Here is a brief outline of how our results fit into a broader framework of known re-
sults and conjectures on the µ-invariants of Selmer groups of elliptic curves. Greenberg
conjectured that any elliptic curve over Q is isogenous to one for which the µ-invariant
of the Selmer group is zero. It is shown that an elliptic curve whose Galois representa-
tion is residually reducible and aligned is isogenous to one whose Galois representation
is residually reducible and skew, see Proposition 3.2. Indeed, the µ-invariant is posi-
tive in the residually aligned case, and in the residually skew case, examples indicate
that the µ-invariant vanishes. An explicit example is given in section 7 which illustrates
this. This can be viewed as a justification for Greenberg’s conjecture. More generally,
we study the case when ρT/n := ρT mod $n is reducible for an integer n > 0. This
means that there are characters ϕi,n : GQ → GL1(O/$n) lifting ϕi for i = 1, 2, such

that ρT/n '
(
ϕ1,n ∗

0 ϕ2,n

)
. It is shown that if ρ̄T is aligned and n > 0 is such that

ρT/n is reducible, then the µ-invariant of the p-primary Selmer group of ρT is at least
n. In practice, it is hard to find examples of Galois representations arising from elliptic
curves which are reducible modulo p2. However, there are modular forms for which the
associated Galois representation is reducible modulo a high power of the uniformizer,
for instance, the proof of Theorem 1.1 gives an explicit construction of modular Galois
representations that are reducible modulo a high power of the uniformizer. We also prove
more precise results for the refined µ-invariants (see Theorem 3.5).

Here is an interesting application of our analysis of µ-invariants to the deformation the-
ory of Galois representations. Applying the results of Skinner and Wiles [21], Hamblen
and Ramakrishna in [8] proved Serre’s conjecture for residually reducible Galois represen-
tations which satisfy some additional conditions. Let F be a finite field of characteristic
p. The ring of Witt vectors W(F) is the valuation ring of the unique unramified extension
of Qp with residue field F. Denote by χ̄ the mod-p cyclotomic character. A character
κ : GQ → GL1(F) is odd if κ(c) = −1, where c ∈ GQ denotes complex conjugation. The
character κ is even otherwise.

Theorem 1.1. Let N be a non-negative integer. Let ρ̄ : GQ → GL2(F) be a Galois

representation such that ρ̄ '
(
ϕ ∗
0 1

)
for a character ϕ : GQ → GL1(F). Assume that

the following conditions are satisfied:

(1) p ≥ 5, ϕ is odd,
(2) ρ̄ is indecomposable,
(3) ϕ2 6= 1, ϕ 6= χ̄−1, ϕ�GQp

6= 1, ϕ�GQp
6= χ̄�GQp

and the image of ϕ spans F over Fp.
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Let k be a positive integer such that k ≡ 2 mod pN (p − 1). Then there is a Galois
representation

ρT : GQ → GL2(W(F))

which lifts ρ̄ such that:
(i) ρT lifts ρ̄, i.e., ρ̄T ' ρ̄,
(ii) ρT arises from a p-ordinary Hecke eigencuspform f of weight k and a choice of

GQ-stable lattice T which is residually aligned,
(iii) the p-primary Selmer group associated to ρT has µ ≥ N .

Thus one may not only lift a Galois representation ρ̄ to one arising from a modular
form, but one can also arrange the µ-invariant to be as large as possible. The above
result is a refinement of Serre’s conjecture in the residually reducible case and signifi-
cantly extends the main result of Hamblen-Ramakrishna [8]. It crucially relies on our
results on µ-invariants proved in sections 3 and 4 of this paper. We emphasize that our
methods provide an explicit lift of the actual representation ρ̄, rather than that of the
semisimplification of ρ̄. This is a stronger statement altogether and is indeed crucial
when it comes to showing that the lift has µ-invariant ≥ N , since the nature of the µ-
invariant depends on the actual residual representation ρ̄. As a result, we do not work
with pseudo-representations, and instead resort to a purely Galois theoretic construction.

The lifting theorem above may be contrasted with the result of Bellaïche and Pollack
[1], who study the variation of µ-invariants in a Hida family of tame level N = 1, hence,
for Galois representations unramified away from {p}. Our approach relies on a purely
Galois theoretic construction and we make no assumption on the set of primes at which
ρ̄ is ramified.

The paper is organized into 7 sections. Certain preliminary notions are discussed in
section 2. It is in this section that the refined µ-invariants are introduced. In sections 3
and 4, results are proved that characterize the µ-invariants of Selmer groups associated to
residually reducible Galois representations arising from Hecke eigencuspforms. In section
5, necessary preparations are made for the proof of Theorem 1.1. In section 6, Theorem
1.1 is proved. Examples are discussed in section 7.
Acknowledgements: The authors would like to thank Ravi Ramakrishna for helpful com-
ments. The second named author gratefully acknowledges support from NSERC Discov-
ery grant 2019-03987.

2. Preliminaries

Throughout, p is a fixed odd prime number and ι : Q̄ ↪→ Q̄p is a fixed embedding. Let
f be a p-ordinary Hecke eigencuspform of weight k ≥ 2 on Γ1(N). Associated to f is
the Galois representation ρf : GQ → GL2(K), where K is a finite extension of Qp. The
representation ρf is continuous, irreducible and unramified at primes l - Np. Let V be
the underlying K vector space on which ρf acts and T ⊂ V be a choice of a GQ-stable
O-lattice. The Galois action on T is encoded by the integral representation:

ρT : GQ → Aut(T )
∼−→ GL2(O).

Set ρ̄T to denote the mod-$ reduction of ρT . The Brauer-Nesbitt theorem implies that
the semisimplification of ρ̄T is independent of the lattice T , i.e., if T and T ′ are Galois-
stable lattices in V , then the semisimplifications ρ̄ss

T and ρ̄ss
T ′ are isomorphic. In particular,
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if ρ̄T is reducible, then so is ρ̄T ′ . However, it is not the case that ρ̄T is isomorphic to
ρ̄T ′ . Since the Selmer group is associated to the integral representation ρT , the choice
of the lattice T plays a role in the study of Iwasawa invariants. Suppose that E and E′
are elliptic curves with Tate modules T := Tp(E) and T ′ := Tp(E

′) and set V := T ⊗Qp

(resp. V ′ := T ′⊗Qp). Then E and E′ are isogenous if and only if there is an isomorphism
of Galois representations α : V ′

∼−→ V . In this case, we may identify V ′ with V and thus,
T and T ′ are both GQ-stable lattices in V . This motivates the following definition.

Definition 2.1. Let T and T ′ be O-lattices on which GQ acts by continuous O-linear
automorphisms. Then, T and T ′ are said to be isogenous if V := T ⊗O K and V ′ :=
T ′ ⊗O K are isomorphic as Galois representations. In particular, if V if the underlying
vector space of ρf , then any two GQ-stable O-lattices T and T ′ in V are isogenous.

Let A denote the p-divisible group V/T . Given an abelian group M , the pr-torsion
subgroup of M is denoted M [pr], and set M [p∞] :=

⋃
r≥1M [pr]. Note that A[p] is

isomorphic to the residual representation ρ̄T . Note that when the Galois representation
arises from an elliptic curve E over Q and T is the Tate module of E, then A is identified
with E[p∞].

Fix a pro-p, admissible, p-adic Lie extension Q∞ of Q and set G := Gal(Q∞/Q).
Choose a finite set S of prime numbers containing the primes that ramify in Q∞ and
the primes at which ρT is ramified. Let χ : GQ → GL1(Zp) denote the p-adic cyclotomic
character. For ease of notation, we shall simply denote the restriction of χ to GQp by χ.
Since f is assumed to be ordinary at p, the local Galois representation ρT �GQp

is ordinary.
Hence T fits into a short exact sequence of GQp-modules

(2.1) 0→ T+ → T → T− → 0,

where T+ ' O(χk−1γ1) and T− ' O(γ2) for some finite order unramified characters
γ1, γ2 : GQp → GL1(O) (see [5, p. 131]). Set A± to denote the p-divisible group given by
T± ⊗Zp Qp/Zp.

Lemma 2.2. With notation as above, the choice of T+ and T− is unique.

Proof. Suppose that {e1, e2} is an O-module basis for T for which T+ = Oe1. With
respect to this basis, the local Galois representation is given by

ρT |GQp =

(
χk−1γ1 α

0 γ2

)
.

Therefore, for g ∈ GQp , we have that

ge1 = χk−1(g)γ1(g)e1 and ge2 = α(g)e1 + γ2(g)e2.

Consider another choice of T̂+ and T̂− and let {ê1, ê2} be an O-lattice basis of T such
that T̂+ = Oê1. With respect to the basis {ê1, ê2} we have

ρT |GQp =

(
χk−1γ̂1 α̂

0 γ̂2

)
.

Writing ê1 = aê1 + bê2, one obtains

gê1 = χk−1(g)γ̂1(g)ê1 = aχk−1(g)γ̂1(g)e1 + bχk−1(g)γ̂1(g)e2,

gê1 = age1 + bge2 = (aχk−1(g)γ1(g) + bα(g))e1 + bγ2(g)e2.
4



Comparing the coefficients of e2, we have that

(2.2) bχk−1(g)γ̂1(g) = bγ2(g).

Let g be in the inertia group of GQp such that χk−1(g) 6= 1. Since γi and γ̂i are unramified,
it follows that γi(g) = γ̂i(g) = 1 for i = 1, 2. By (2.2), one obtains the relation b(χk−1(g)−
1) = 0. From this, it follows that b = 0 and e1 = aê1. Therefore T̂+ is contained in T+.
Note that T̂− = T/T̂+ contains the finite O-submodule T+/T̂+. Since T̂+ ' O as
an O-module, the only finite O-submodules are trivial. Therefore, we have shown that
T+ = T̂+ and consequently T− = T̂− as well. Therefore, the pair (T+, T−) is unique. �

We next recall the definition of the p-primary Selmer group Sel(A/Q∞). The reader
may refer to the discussion on [5, p.98] for further details. Let L be a number field
contained in Q∞. Set Lcyc to denote the cyclotomic Zp-extension of L. For a prime η of
Lcyc, the completion Lcyc

η is the union of completions at η of all number fields contained
in Lcyc. Let Iη denote the inertia group of Gal(L̄cyc

η /Lcyc
η ). At each prime v ∈ S\{p}, set

Hv(A/Lcyc) :=
⊕
η|v

im
{
H1(Lcyc

η , A) −→ H1(Iη, A)
}
,

where η runs through the finite set of primes of Lcyc that lie above v. Set

Hp(A/Lcyc) :=
⊕
η|p

im
{
H1(Lcyc

η , A) −→ H1(Iη, A
−)
}
,

where η runs through the primes of Lcyc above p. For v ∈ S, denote by Hv(A/Q∞) the
direct limit with respect to restriction maps

Hv(A/Q∞) := lim−→
L

Hv(A/Lcyc),

where L runs through all number fields contained in Q∞. The Selmer group Sel(A/Q∞)
is the kernel of the localization map

(2.3) λS : H1 (QS/Q∞, A)→
⊕
v∈S
Hv(A/Q∞)

and is independent of the choice of S. Put Γ := Gal(Qcyc/Q) and identify the Iwasawa
algebra O[[Γ]] with the formal power series ring O[[T ]] after making a choice of a topo-
logical generator γ of Γ and letting T be equal to γ − 1. Given a discrete, p-primary
module M over Λ, set M∨ := Homcnts(M,Qp/Zp) to denote the Pontryagin dual of M.
The dual Selmer group Sel(E/Q∞)∨ is a cofinitely generated Λ(G)-module. Let Q(G) be
the skew field of fractions of Λ(G). A module M over Λ(G) is torsion if the dimension
of M⊗Λ(G) Q(G) over the skew field Q(G) is zero. It is necessary to make the following
hypothesis on the Selmer group.

Hypothesis 2.3. Assume that Sel(A/Q∞)∨ is a torsion Λ(G)-module.

Over the cyclotomic Zp-extension, this is a well known conjecture of Mazur, and conjec-
tured to be true more generally over an admissible p-adic Lie extension (see [2, Conjecture
1.3]). Let PN be the category of finitely generated pseudonull submodules over Λ(G).
The structure theory of modules over Λ(G) allows us to define refined µ-invariants.
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Definition 2.4. Let M be a finitely generated torsion Λ(G)-module, there is a decom-
position

M[$∞] '
t⊕

i=1

(
Λ(G)/$i

)µi mod PN ,

with µt > 0 (cf. [10, Proposition 3.11] and [23, Theorem 3.40]).
• The µ-invariant is defined by

µ(M) :=

{∑
i iµi if t > 0,

0 if t = 0.

• The vector ~µ(M) = (µ1, . . . , µt) is uniquely determined and is called the µ-vector
of M. If µ(M) = 0 then we set ~µ(M) := (0), i.e., the vector with one summand
whose entry is 0.
• The number t = t(M) is the greatest power of $ in the decomposition and is
referred to as the µ-exponent.
• The number of cyclic summands is called the µ-multiplicity, given by r(M) :=
µ1 + · · ·+ µt.

When M = Sel(A/Q∞)∨, set τ(A/Q∞) := τ(M) for τ ∈ {µ, ~µ, t, r}. We point out that
this notation for the µ-multiplicity r(M) is from [15], where it has been studied.

3. Results on positive µ-invariants

In this section, we prove some of the main results on µ-invariants. Let K be a finite
extension of Qp and O denote the valuation ring of K with uniformizer $. Let T be
an O-lattice on which the Galois group GQ acts via a modular Galois representation
ρT : GQ → GL2(O), and T+ and T− are defined as in (2.1). Note that by Lemma 2.2,
the choice of T+ and T− are unique. Choose an ordered O-lattice basis B = {e1, e2} of T
so that T+ = Oe1. Therefore, with respect to B, the local representation is of the form:

ρT |GQp
=

(
γ1χ

k−1 ∗
0 γ2

)
,

where γ1 and γ2 are finite order unramified characters. Let ēi denote the $-reduction of
ei for i = 1, 2 and set B̄ := {ē1, ē2}.

Definition 3.1. There are 2 separate cases to consider:
(1) ρT is said to be residually aligned if T+/$ is a GQ-stable submodule of T/$ on

which the Galois action is via an odd character ϕ1. With respect to the mod-$
basis B̄, we have that

ρ̄T =

(
ϕ1 ∗
0 ϕ2

)
.

(2) ρT is said be residually skew if it is not residually aligned. This is the case if
either:
• T+/$ is a GQ-stable submodule of T/$ on which GQ acts by an even char-
acter ϕ1, and w.r.t the basis B̄,

ρ̄T =

(
ϕ1 ∗
0 ϕ2

)
.
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• T+/$ is not a GQ-stable submodule of T/$. After replacing e2 by e2 + ke1

we may assume that Fē2 is a GQ-stable submodule, and we have that ρ̄T is
indecomposable of the form

ρ̄T =

(
ϕ1 0
∗ ϕ2

)
.

The following Proposition shows that for any residually aligned lattice T , there is an
isogenous lattice T ′ which is residually skew.

Proposition 3.2. Let T be an O-lattice equipped with an O-linear GQ-action, and let
ρT : GQ → GL2(O) denote the integral representation on T . Assume that the the residual
representation ρ̄T : GQ → GL2(F) is reducible and aligned. Then there is an isogenous
O-lattice T ′ such that the Galois representation ρT ′ is residually skew.

Proof. Let B = {e1, e2} be a basis of T such that T+ = Oe1. With respect to the choice
of basis, ρT has an integral representation

ρT =

(
a b
c d

)
,

and a, b, c, d : GQ → O are the matrix coefficients for ρT . Note that since the residual
representation ρ̄T is reducible and aligned, it follows that $ divides c. Letm1 ≥ 1 be such

that $m1 ||c and set D :=

(
$ 0
0 1

)
. Denote by V the vector space T ⊗OK and T ′ ⊂ V

be the lattice D−m1T with O-basis {$−m1e1, e2}. Note that the Galois representation
on T ′ is given by

ρT ′ = Dm1ρTD
−m1 =

(
a′ b′

c′ d′

)
whith matrix coefficients a′ = a, b′ = $m1b, c′ = $−m1c and d′ = d. Since χ is ramified
and γ is an unramified character GQp → GL1(O), it is easy to show that (T ′)+ =

O·($−m1e1). Since $ - c′, it follows that (T ′)+/$ is not a GQ-stable submodule of T ′/$
and therefore, ρT ′ is residually skew. �

Throughout this section, assume that ρT is residually reducible and aligned as in Defi-
nition 3.1. Let B = {e1, e2} be the basis of T w.r.t which T+ = Oe1 and let B̄ = {ē1, ē2}
its mod-$ reduction. With respect to B̄, the residual representation is given by

ρ̄T =

(
ϕ1 ∗
0 ϕ2

)
for an odd character ϕ1. For n > 0, let B/n denote the mod-$n reduction of B and
ρT/n := ρT mod $n.

Definition 3.3. Assume that ρT is residually aligned and that n > 0. Then, ρT/n is said
to be aligned if T+/$n is GQ-stable. The degree of alignment for ρT is the largest value
of n > 0 such that ρT/n is aligned.

In order to simplify notation, set O/n := O/$n and Λn(G) := O/n[[G]]. Let Ω(G) :=
F[[G]], thus Λ1(G) = Ω(G). Note that if ρT/n is aligned, then there are characters

7



ϕi,n : GQ → GL1(O/n) for i = 1, 2 lifting ϕi such that with respect to the mod-$n

reduction of the basis B, we have that

ρT/n =

(
ϕ1,n ∗

0 ϕ2,n

)
.

Note that since ϕ1 is odd, so is ϕ1,n. For any character δ : GQ → GL1(O), denote by δn
the mod-$n reduction of δ. For any character α : GQ → GL1(F), denote by

α̃ : GQ → GL1(O)

the Teichmüller lift of α.

Definition 3.4. Let n be a positive integer. A character κ : GQ → GL1(O/n) is said to
be liftable if may be expressed as a product κ = χinα̃n, where i is an integer and α̃n is
the mod-$n reduction of the Teichmüller lift α̃ of a character

α : GQ → GL1(F).

A liftable character κ = χinα̃n exhibits a lift to characteristic zero, namely, χiα̃. Note
that when n = 1, κ is always liftable. For residually aligned representations, the following
result shows that the larger the degree of alignment, the larger the µ-invariant.

Theorem 3.5. Let n > 0 be such that ρT/n is aligned and ϕ1,n is liftable in the sense of
Definition 3.4. Then the µ-exponent t(A/Q∞) is ≥ n. In particular, this implies that the
µ-invariant µ(A/Q∞) is also ≥ n.

We also prove results on the µ-multiplicity. Let L∞ be the maximal unramified abelian
pro-p extension of Q∞(ϕ2) and letX∞ := Gal(L∞/Q∞(ϕ2)). Note thatX∞ is a cofinitely
generated Λ(G)-module. When Q∞ is the cyclotomic Zp-extension, Ferrero and Wash-
ington [4] proved that it has µ-invariant equal to zero.

Theorem 3.6. Assume that ρT is a residually reducible and that X∞ is a cotorsion
Λ(G)-module with µ = 0. Then the µ-multiplicity r(A/Q∞) is ≤ 1. Moreover, if ρT is
residually aligned, then r(A/Q∞) = 1.

Theorem 3.5 will be proved at the end of this section and Theorem 3.6 in the next sec-
tion. We define a residual Selmer group associated to A[$n], by defining local conditions
at each prime v ∈ S. Let L be a number field contained in Q∞. For v ∈ S\{p}, define

Hv(A[$n]/Lcyc) :=
⊕
η|v

im
{
H1(Lcyc

η , A[$n]) −→ H1(Iη, A[$n])
}
,

where η ranges over the primes of Lcyc such that η|v. Suppose that v = p and η|p a prime
of Lcyc. Recall that Iη is the inertia group at η. The local condition at p is defined as
follows:

Hp(A[$n]/Lcyc) :=
⊕
η|p

im
{
H1(Lcyc

η , A[$n]) −→ H1(Iη, A[$n])
}
,

where η ranges over the primes of Lcyc such that η|p. For v ∈ S, denote byHv(A[$n]/Q∞)
the direct limit with respect to restriction maps

Hv(A[$n]/Q∞) := lim−→
L

Hv(A[$n]/Lcyc),
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where L runs through all number fields contained in Q∞. The mod-$n residual Selmer
group is the defined as follows:

Sel(A[$n]/Q∞) := ker

(
H1(QS/Q∞, A[$n])→

⊕
v∈S
Hv(A[$n]/Q∞)

)
.

Note that it is a module over Λn(G).

Proposition 3.7. Suppose that the mod-$n Selmer group Sel(A[$n]/Q∞) has positive
corank as a Λn(G)-module. Then µ(A/Q∞) ≥ n and t(A/Q∞) ≥ n.

Proof. Note that we have an isomorphism

Sel(A/Q∞)[$n]∨ ' Sel(A/Q∞)∨

$n Sel(A/Q∞)∨
.

Recall that PN is the category of pseudonull Λ(G)-modules. Setting M := Sel(A/Q∞)∨,
we have that

(3.1) M[$∞] '
⊕

i

(
Λ(G)/$i

)µi mod PN .

As M is assumed to be a torsion Λ(G)-module, it follows from the proof of [11, Lemma
2.4.1] that

(3.2) M/$n '
(

Λ(G)/$min{i,n}
)µi

mod PN .

Therefore, M/$n has positive Λn(G)-rank if and only if t(A/Q∞) ≥ n. Moreover, if the
invariant t(A/Q∞) ≥ n, then it is clear that µ(A/Q∞) ≥ n. The Kummer sequence

0→ A[$n]→ A
$n−−→ A→ 0

induces a map

(3.3) Sel(A[$n]/Q∞)→ Sel(A/Q∞)[$n]

with finite kernel. The result follows. �

Remark 3.8. It follows from standard arguments that the map (3.3) is a pseudo-
isomorphism. However, for our purposes it suffices to show that the kernel is finite,
thereby shortening the argument.

For n > 0, A[$n] is identified with T/$n as is A±[$n] with T±/$n. Recall that since
it is assumed that ρT/n is aligned, A+[$] is GQ-stable and there is an odd character ϕ1,n

such that A+[$n] is isomorphic to O/n(ϕ1,n). In order to analyze the residual Selmer
group associated to A[$n], we consider a Selmer group associated to A+[$n] = O/n(ϕ1,n)
via local conditions at each prime v ∈ S. Let L be a number field contained in Q∞. At
each prime v ∈ S, set

Hv(A+[$n]/Lcyc) :=

{⊕
η|v im

{
H1(Lcyc

η , A+[$n])→ H1(Iη, A
+[$n])

}
if v 6= p,

0 if v = p.

When v 6= p, η runs through the finite set of primes of Lcyc that lie above v. For v ∈ S,
denote by Hv(A+[$n]/Q∞) the direct limit with respect to restriction maps

Hv(A+[$n]/Q∞) := lim−→
L

Hv(A+[$n]/Lcyc),

9



where L runs through all number fields contained inQ∞. The Selmer group Sel(A+[$n]/Q∞)
is the kernel of the localization map

(3.4) λS : H1
(
QS/Q∞, A+[$n]

)
→
⊕
v∈S
Hv(A+[$n]/Q∞).

It is clear that the inclusion
A+[$n] ↪→ A[$n]

induces a map of mod-$n Selmer groups

(3.5) ι : Sel(A+[$n]/Q∞)→ Sel(A[$n]/Q∞).

Proposition 3.9. Suppose that Λn(G)-corank of Sel(A+[$n]/Q∞) is positive. Then
µ(A/Q∞) ≥ n and t(A/Q∞) ≥ n.

Proof. The short exact sequence of GQ,S-modules

0→ A+[$n]→ A[$n]→ A−[$n]→ 0

induces a long exact sequence in cohomology. Since H0(QS/Q∞, A−[$n]) is finite, the
kernel of the map ι from (3.5) is finite. The result follows from Proposition 3.7. �

The next lemma will be applied to analyzing the Λn(G)-corank of the residual Selmer
group Sel(A+[$n]/Q∞). Let G∞ = Gal(C/R) denote the decomposition group at ∞.

Lemma 3.10. Let M be a O[GQ,S ]-module which is a cofinitely generated and cofree
O-module. Then, we have that

corankΛ(G)H
1(QS/Q∞,M)

= corankΛ(G)H
2(QS/Q∞,M) + corankOM − corankOH

0(G∞,M).

Proof. We have that ∑
i≥0

(−1)i corankΛ(G)

(
H i(QS/Q∞,M)

)
=
∑
i,j≥0

(−1)i+j corankO
(
Hj(G, H i(QS/Q∞,M))

)
=
∑
i≥0

(−1)i+1 corankO
(
H i(GQ,S ,M)

)
= corankOM − corankOH

0(G∞,M).

The first equality follows from [9, Theorem 1.1], the second from the inflation-restriction
sequence (also known as the Hochschild-Serre spectral sequence) and the final equality
follows from the global Euler-characteristic formula (see [14, 8.7.4]) applied to each of the
submodules M [$m] as m ranges over positive integers. �

Lemma 3.11. Let κn : GQ,S → GL1(O/n) be a liftable odd continuous character and
n ≥ 1. Then, we have that:

corankΛn(G)H
1(QS/Q∞,O/n(κn)) ≥ 1.
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Proof. It follows from the assumption on κn that it lifts to a character

κ : GQ,S → GL1(O),

where S is a finite set of prime numbers. There is a short exact sequence of GQ,S-modules

0→ O/n(κn)→ K/O(κ)
$n−−→ K/O(κ)→ 0

induces a surjective map

H1(QS/Q∞,O/n(κn))→ H1(QS/Q∞,K/O(κ))[$n].

The result follows from Lemma 3.10, which asserts that:

corankΛ(G)H
1(QS/Q∞,K/O(κ)) ≥ 1.

�

Lemma 3.12. Let v ∈ S\{p} and M an F[Gv]-module which is finite dimensional F-
vector space. Let η|v be a prime of Q∞ and denote by Gη the absolute Galois group of
Q∞,η. Then, we have that

corankF[[Gη ]]H
1(Gη,M) = 0.

Proof. Note that since Gη has p-cohomological dimension≤ 1, it follows thatH i(Q∞,η,M)) =
0 for i ≥ 2. The proof is similar to Lemma 3.10 and the argument is a direct application
of [9, Proposition 1.6] and the local Euler characteristic formula. �

Lemma 3.13. Assume that ρT/n is aligned. For v ∈ S, the group Hv(A+[$n]/Q∞)∨ is
a pseudonull Λ(G)-module.

Proof. Recall that Hp(A+[$n]/Q∞) = 0. Therefore, assume without loss of generality
that v 6= p. Note that Hv(A+[$n]/Q∞) is a quotient of the product

H̃v(A+[$n]/Q∞) :=
∏
w|v

H1(Q∞,w, A+[$]),

which is easier to analyze. Note that submodules of pseudonull modules are pseudonull.
Therefore, it suffices to show that H̃v(A+[$n]/Q∞) is a copseudonull Λ(G)-module. The
short exact sequence

0→ A+[$n−1]→ A+[$n]→ A+[$]→ 0

induces a three term exact sequence

H̃v(A+[$n−1]/Q∞)→ H̃v(A+[$n]/Q∞)→ H̃v(A+[$]/Q∞).

It suffices to show that the two flanking groups are copseudonull. Therefore, the dévissage
argument shows that it suffices to prove the assertion for n = 1. Recall that Ω(G) :=

F[[G]]. It suffices to show that H̃v(A+[$]/Q∞) is cotorsion as an Ω(G)-module. Pick a
prime η|v of Q∞. Note that A+[$] ' F(ϕ1) and that there are isomorphisms

H̃v(A+[$]/Q∞)

' IndG
Gη

(
H1(Q∞,η,F(ϕ1))

)
'F[[G]]⊗F[[Gη ]] H

1(Q∞,η,F(ϕ1)).
11



In the above formula, Gη := Gal(Q∞,η/Qv), is identified with the decomposition group
of η. The assertion follows from Lemma 3.12, which states that H1(Q∞,η,F(ϕ1)) is a
cotorsion F[[Gη]]-module. �

Corollary 3.14. Assume that ρT/n is aligned and ϕ1,n is liftable, then

corankΛn(G) Sel(A+[$n]/Q∞) ≥ 1.

Proof. Lemma 3.11 asserts that H1(QS/Q∞, A+[$n]) has Λn(G)-corank ≥ 1 and Lemma
3.13 asserts that Hv(A+[$n]/Q∞)∨ is a pseudonull Λ(G)-module, and hence is torsion
as a Λn(G)-module. Therefore, the Selmer group Sel(A+[$n]/Q∞) has Λn(G)-corank
≥ 1. �

Proof of Theorem 3.5. Since ρ̄ is aligned, ϕ1 is odd, and hence so is ϕ1,n. Note that
A+[$n] is identified withO(ϕ1,n). Corollory 3.14 asserts that the Selmer group Sel(A+[$n]/Q∞)
has Λn(G)-corank ≥ 1. The result follows from Proposition 3.9.

�

4. On the µ-multiplicity

In this section, Theorem 3.6 is proved.

Lemma 4.1. Suppose that the Ω(G)-corank of Sel(A[$]/Q∞) is r. Then the µ-multiplicity
r(A/Q∞) is equal to r.

Proof. It follows from the structure theory of Λ(G)-modules that

r(A/Q∞) = corankΩ(G) Sel(A/Q∞)[$],

see (3.2). There is a natural map

α : Sel(A[$]/Q∞)→ Sel(A/Q∞)[$]

with finite kernel. It suffices to show that the cokernel is Ω(G)-cotorsion. Consider the
diagram:

0 Sel(A[$]/Q∞) H1(QS/Q∞, A[$])
⊕

v∈SHv(A[$]/Q∞)

0 Sel(A/Q∞)[$] H1(QS/Q∞, A[$∞])[$]
⊕

v∈SHv(A/Q∞)[$],

α β γ

We show that the kernel of γ is Ω(G)-cotorsion. For v 6= p, Lemma 3.13 asserts that
Hv(A[$]/Q∞) is Ω(G)-torsion. The map

Hp(A[$]/Q∞)→ Hp(A/Q∞)[$]

is injective (cf. for instance, the proof of [7, Proposition 2.8]). Therefore, the kernel of γ
is Ω(G)-torsion and this completes the proof. �

In order to analyze the group Sel(A[$]/Q∞), we analyze the image of the map

Sel(A[$]/Q∞) −→ H1(QS/Q∞,F(ϕ2)).

Let S(Q∞) denote the set of primes of η of Q∞ that divide a prime v ∈ S. This image is
contained in the Selmer group defined by:

Sel(F(ϕ2)/Q∞) :=
{
f ∈ H1(QS/Q∞,F(ϕ2)) | f is unramified at all η ∈ S(Q∞)

}
.
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Lemma 4.2. The group Sel(F(ϕ2)/Q∞)∨ is a pseudonull Λ(G)-module.

Proof. Since the order of the group ∆ := Gal(Q∞(ϕ2)/Q∞) is coprime to p, we have that
H i(∆,F(ϕ2)) = 0 for i > 0. It follows from the inflation-restriction sequence that the
restriction map induces an isomorphism

H1(QS/Q∞,F(ϕ2))
∼−→ Hom (Gal(QS/Q∞(ϕ2)),F(ϕ2))∆ .

Therefore, there is an isomorphism:

(4.1) Sel(F(ϕ2)/Q∞)
∼−→ Hom (X∞/pX∞,F(ϕ2))∆ .

Note that X∞/pX∞ decomposes into eigenspaces for the action of ∆

X∞/pX∞ =
⊕

ψ:∆→F×p

(X∞/pX∞)ψ .

Note that for ψ 6= ϕ2,

Hom
(

(X∞/pX∞)ψ ,F(ϕ2)
)∆

= 0.

It follows from (4.1) that

Sel(F(ϕ2)/Q∞)
∼−→
⊕
ψ

Hom
(

(X∞/pX∞)ψ ,F(ϕ2)
)∆

∼−→ Hom ((X∞/pX∞)ϕ2 ,F(ϕ2))∆

∼−→ Hom ((X∞/pX∞)ϕ2 ,F) .

Since X∞ is a cotorsion Λ-module with µ(X∞) = 0, it follows that X∞/p is pseudonull
as a Λ(G)-module from which it follows that Sel(F(ϕ2)/Q∞)∨ is pseudonull as well. �

Proof of Theorem 3.6. We prove the result in the case when ρ̄T is residually aligned.
When ρ̄T is skew, the argument is very similar. Since Theorem 3.5 asserts that the µ-
invariant is positive, it remains to show that the µ-multiplicity r(A/Q∞) ≤ 1. Consider
the long exact sequence in cohomology associated to the short exact sequence of F[GQ,S ]-
modules

0→ F(ϕ1)→ A[$]→ F(ϕ2)→ 0.

This induces an exact sequence

W1
α1−→ Sel(A[$]/Q∞)

α2−→W2 → 0.

Here, W1 is the subgroup of H1(QS/Q∞,F(ϕ1)) which is the preimage of the residual
Selmer group Sel(A[$]/Q∞) w.r.t. the map

H1(QS/Q∞,F(ϕ1))→ H1(QS/Q∞, A[$]).

The group W2 is the image of Sel(A[$]/Q∞) in H1(QS/Q∞,F(ϕ2)). Lemma 3.11 asserts
that H1(QS/Q∞,F(ϕ1)) has Ω(G)-corank 1. Therefore, the image of α1 has Ω(G)-corank
≤ 1. We show that W2 is Ω(G)-cotorsion. Recalling the Selmer conditions on A[$], it is
easy to see that W2 is contained in Sel(F(ϕ2)/Q∞). By Lemma 4.2, it follows that W2

is Ω(G)-cotorsion. Therefore, the Ω(G)-corank of Sel(A[$]/Q∞) is equal to ≤ 1. The
result follows from Lemma 4.1.

Similar arguments show that the µ-multiplicity is ≤ 1 in the residually skew case. �
13



5. Lifting reducible Galois representations

Recall that F is a finite field of characteristic p and that W(F) is the ring of Witt
vectors with residue field F. Let ρ̄ : GQ → GL2(F) be a reducible Galois representation

and ϕ be the characters such that ρ̄ '
(
ϕ ∗
0 1

)
. Assume that ρ̄ satisfies the conditions

of Theorem 1.1, in particular, ϕ is odd. Recall that χ is the p-adic cyclotomic character
and χ̄ denote its mod-p reduction. For any character α : GQ → GL1(F), we denote by
α̃ : GQ → GL1(W(F)) the Teichmüller lift of α. Express ϕ as a product χ̄η. Fix a positive
integer k ≡ 2 mod pN (p − 1) and denote by ψ the character χk−1η̃ lifting ϕ. Here we
recall that η̃ is the Teichmüller lift of η.

Theorem 5.1. Let ρ̄ be as above and N a positive integer. Let k be a positive integer
such that k ≡ 2 mod pN (p− 1) and ψ be the character defined as above. There exists a
Galois representation

ρ : GQ → GL2(W(F))

lifting ρ̄ such that the following assertions hold

(1) the mod-pN reduction is of the form ρN =

(
ψN ∗
0 1

)
.

(2) ρ is unramified away from finitely many primes,
(3) det ρ = ψ,
(4) ρ is irreducible,
(5) the local representation is of the form

ρ�Gp =

(
χk−1
�Gp

δ1 ∗
0 δ2

)
,

where δ1, δ2 : Gp → GL1(W(F)) are unramified characters. In other words, ρ is
ordinary at p.

Furthermore, the representation ρ arises from a Hecke eigencuspform f of weight k.

Theorem 1.1 follows from Theorems 3.5 and 5.1 and is proved in section 6. The proof of
Theorem 5.1 is fairly involved and will be completed in the next section. In the remainder
of this section, we prove some preliminary results towards this end.

Let S be the set of primes containing p and the primes at which ρ̄ is ramified.

Definition 5.2. Let CW(F) be the category of coefficient rings over W(F) with residue
field F. The objects of this category consist of local W(F)-algebras (R,m) for which

• R is complete and noetherian,
• R/m is isomorphic to F as a W(F)-algebra.

A morphism in this category is a map of local rings which is also a W(F)-algebra homor-
phism.

A coefficient ring R is equipped with a residue map R → F, this is the composite of
the reduction map R → R/m and the unique isomorphism R/m → F of W(F)-algebras.
At each prime number v choose an embedding ιv : Q̄ ↪→ Q̄v and note that ιv fixes an
inclusion Gv ↪→ GQ.

14



Definition 5.3. Let Π denote GQ (resp. Gv), r̄ : Π→ GL2(F) denote ρ̄ (resp. ρ̄�v) and
ν denote ψ (resp. ψ�v). Let R be a coefficient ring with maximal ideal m. Note that R is
a W(F)-algebra and we may view η as a character

η : Π→ GL1(R).

A lift r : Π→ GL2(R) of r̄ is a homomorphism which reduces to r̄, as depicted

Π GL2(F).

GL2(R)

r̄

r

Furthermore, we stipulate that
det r = ν.

For (R,m) ∈ CW(F), let ĜL2(R) ⊂ GL2(R) be the subgroup of matrices which reduce
to the identity modulo the maximal ideal.

Definition 5.4. Let Π denote GQ (resp. Gv), two lifts ρ, ρ′ : Π → GL2(R) of ρ̄ (resp.
ρ̄�v) the residual representation are strictly-equivalent if ρ = Aρ′A−1 for A ∈ ĜL2(R). A
deformation is a strict equivalence class of lifts.

Note that if ρ is a deformation of ρ̄ then ρ�v is a deformation of ρ̄�v. Therefore, a
global deformation gives rise to a local deformation at each prime v. At each prime v, set
Defv(R) to be the set of R-deformations of ρ̄�v. The association R 7→ Defv(R) defines a
functor Defv : CW(F) → Sets. A deformation functor at v is a subfunctor Cv of Defv. For
each coefficient ring R, the set Cv(R) is a subset of Defv(R). We say that a deformation
% : Gv → GL2(R) of ρ̄�v satisfies Cv if % ∈ Cv(R). The lifting strategy is based on
a local-global principle, where local deformation functors shall be fixed and the global
deformations shall be required to satisfy these functors at the primes at which they are
allowed to ramify.

Definition 5.5. Set Ad ρ̄ to denote the Galois module whose underlying vector space
consists of 2 × 2 matrices with entries in F. The Galois action is as follows: for g ∈ GQ
and v ∈ Ad ρ̄, set g · v := ρ̄(g)vρ̄(g)−1. Let Ad0 ρ̄ be the GQ-stable submodule of trace
zero matrices.

Note that the ring of dual numbers F[ε]/(ε2) is contained in CW(F). Let v be a prime
number, the functor of local deformations Defv is equipped with a tangent space. As a
set, this is defined to be Defv(F[ε]/(ε2)). The tangent space has the structure of a vector
space over F and is in bijection with H1(Gv,Ad0 ρ̄). The bijection

H1(Gv,Ad0 ρ̄)←→ Defv(F[ε]/(ε2))

identifies a cohomology class f with the deformation

(Id +εf)ρ̄�v : Gv → GL2(F[ε]/(ε2)).

Let m ≥ 1, %m ∈ Defv(W(F)/pm) and f ∈ H1(Gv,Ad0 ρ̄). The twist of %m by f is defined
by the formula (Id +pm−1f)%m. The following is a simple exercise left to the reader.
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Fact 5.6. The set of deformations %m of a fixed %m−1 ∈ Defv(W(F)/pm−1) is either
empty or in bijection with H1(Gv,Ad0 ρ̄).

Let R ∈ CW(F) with maximal ideal mR, and I an ideal in R. The mod-I reduction map
R→ R/I is said to be a small extension if I.mR = 0.

Definition 5.7. A functor of deformations Cv : CW(F) → Sets of ρ̄�v is called a deformation
condition if the following conditions (1) to (3) stated below are satisfied.

(1) Cv(F) = {ρ̄�v}.
(2) For i = 1, 2, let Ri ∈ CW(F) and ρi ∈ Cv(Ri). Let I1 be an ideal in R1 and I2 an

ideal in R2 such that there is an isomorphism α : R1/I1
∼−→ R2/I2 satisfying

α(ρ1 mod I1) = ρ2 mod I2.

Let R3 be the fibred product

R3 = {(r1, r2) | α(r1 mod I1) = r2 mod I2}

and ρ1 ×α ρ2 the induced R3-representation, then ρ1 ×α ρ2 ∈ Cv(R3).
(3) Let R ∈ CW(F) with maximal ideal mR. If ρ ∈ Cv(R) and ρ ∈ Cv(R/mn

R) for all
n > 0 it follows that ρ ∈ Cv(R). In other words, the functor Cv is continuous.

The functor of deformations Cv is said to be liftable if for every small extension R→ R/I
the induced map Cv(R)→ Cv(R/I) is surjective.

Condition (2) is referred to as the Mayer-Vietoris property. By a well-known result of
Grothendieck [13, section 18], conditions (1) to (3) guarantee that Cv is pro-represented
by a scheme SpecRv, where Rv ∈ CW(F). In other words, there is a deformation

ρuniv
v : Gv → GL2(Rv)

of ρ̄�v such that any deformation % ∈ Cv(R) is induced by a unique map of coefficient
rings Rv → R. In addition, if it is liftable, then SpecRv is formally smooth.

Definition 5.8. The tangent space Nv of a deformation condition Cv consists of f ∈
H1(Gv,Ad0 ρ̄), such that (Id +εf)ρ̄�v ∈ Cv(F[ε]/(ε2)).

Fact 5.9. The action of Nv on Defv(W(F)/pm) stabilizes Cv(W(F)/pm). In other words,
if %m ∈ Cv(W(F)/pm) and f ∈ Nv, then

(Id +pm−1f)%m ∈ Cv(W(F)/pm).

It follows from the work of Ramakrishna [18] that at each prime v ∈ S, there is a
suitable liftable deformation condition.

Proposition 5.10. Let v ∈ S, there is a subfunctor Cv ⊆ Defv such that
(1) Cv is a liftable deformation condition,
(2) the dimension of the tangent space Nv is given by

dimNv =

{
h0(Gv,Ad0 ρ̄) if v 6= p,

h0(Gv,Ad0 ρ̄) + 1 if v = p.

Moreover, Cp consists of ordinary deformations.
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Proof. For the case v 6= p, the classification is due to Ramakrishna, see [18, Proposition
1, Remark p.124]. Since this will come up later in our construction, we recall the classi-

fication for Cv here. We have that ρ̄�v =

(
ϕv ∗
0 1

)
, where ϕv is the restriction of ϕ to

Gv. First, assume that v 6= p. Let ψv denote the restriction of ψ to Gv. As explained on
[18, p.120] are two subcases to consider:

(1) ϕv is ramified at v, and in this case, the local residual representation ρ̄�v '(
ϕv 0
0 1

)
decomposes into a direct sum of characters. Let Cv be the set of

deformations of the form

% =

(
ψvγ 0

0 γ−1

)
where γ is an unramfied character lifting the trivial character.

(2) In the second case, ϕv is unramified and the extension class ∗ ∈ H1(Gv,F(ϕv)) is
ramified. Note that

dimH1
nr(Gv,F(ϕv)) = dimH0(Gv,F(ϕv)).

On the other hand, it follows from the local Euler characteristic formula, and local
duality that

dimH1(Gv,F(ϕv))− dimH0(Gv,F(ϕv))

= dimH2(Gv,F(ϕv))

= dimH0(Gv,F(χ̄ϕ−1
v )).

Hence, there will only exist a ramified cohomology class ∗ ∈ H1(Gv,Ad0 ρ̄) if and
only if ϕv = χ̄�v. Note that ρ̄�v cuts out a tamely ramified extension of Qv and
factors through the maximal tamely ramified extension of Qv. This quotient is
generated by Frobenius σv and tame inertia generator τv, subject to the relation
σvτvσ

−1
v = τvv . Set Cv to consist of deformations % with

%(σv) = (ψ(σv)v
−1)

1
2

(
v x
0 1

)
and %(τv) =

(
1 y
0 1

)
,

for suitable x, y ∈W(F).
The deformation condition Cp consists of % such that there is an unramified character γ
such that

% =

(
ψvγ ∗

0 γ−1

)
.

These are referred to as ordinary deformations, moreover, the tangent space Np has
dimension dimNp = h0(Gp,Ad0 ρ̄) + 1. The reader may refer to [16, Corollory 4.5] for
more properties of ordinary deformations. �

In order to lift ρ̄ to a characteristic zero representation, we allow the deformations to
be ramified not only at the set of primes S, but also at a finite auxiliary set of primes
X disjoint from S. At each prime v ∈ X, Hamblen and Ramakrishna define a liftable
deformation functor Cv. However, this deformation functor Cv is not prorepresentable.
As a result, there is no natural notion of a tangent space at v. However, following [8],
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we may specify a subspace Nv ⊆ H1(Gv,Ad0 ρ̄). Before we make these definitions we
introduce the notion of a highly versal pair :

Definition 5.11. Let v be a prime not contained in S. Let Cv be a deformation functor
and Nv a subspace of H1(Gv,Ad0 ρ̄). For an integer m > 1, the pair (Cv,Nv) is a highly
versal pair of degree m if:

(1) for all integers k ≥ m, f ∈ Nv and % ∈ Cv(W(F)/pk), the twist (Id +pk−1f)% is
contained in Cv(W(F)/pk). In other words, the action of Nv on Defv(W(F)/pk)
stabilizes Cv(W(F)/pk).

(2) The integer m is the smallest for which the above property is satisfied. In other
words, the action of Nv on Defv(W(F)/pm−1) does not stabilize Cv(W(F)/pm−1).

The name "highly versal" is due to Ramakrishna, as the first named author recalls
from past conversations. The auxiliary primes v we work with were introduced in [8,
section 4] and are referred to as trivial primes. We recall the definition here.

Definition 5.12. A prime number v /∈ S is a trivial prime if:
(1) ρ̄�v is the trivial representation (i.e., ρ̄�v(g) = Id for all g ∈ Gv),
(2) v ≡ 1 mod p and v 6≡ 1 mod p2.

At a trivial prime v, we introduce four choices of highly versal pairs (Cv,Nv) of degree
3. Let v be a trivial prime. All deformations of ρ̄�v factor through the Galois group of the
maximal pro-p extension of Qv over Qv. This Galois group is generated by a Frobenius
element σv and a noncanonical generator τv of pro-p (tame) inertia. These elements
satisfy a single relation σvτvσ

−1
v = τvv . Specifying a deformation % of ρ̄�v amounts to

specifying elements %(σv) and %(τv) in ĜL2 such that %(σv)%(τv)%(σv)
−1 = %(τv)

v. In
what follows, the square root of v is the square root which is ≡ 1 mod p. For R ∈ CW(F),
let Dv(R) ⊂ Defv(R) consist of deformations with a representative % : Gv → GL2(R)
satisfying:

(5.1) %(σv) = (ψ(σv)v
−1)

1
2

(
v x
0 1

)
and %(τv) =

(
1 y
0 1

)
,

where x and y are in the maximal ideal mR of R. The factor (ψ(σv)v
−1)

1
2 ensures that

the determinant of %(σv) is equal to ψ(σv). Note that since v ≡ 1 mod p, % is a lift of
ρ̄�v.

Note that since v 6≡ 1 mod p2, it follows that (v − 1) 6= 0 when viewed as an element
of F. Following [8], define elements f1, f2, g

nr, gram ∈ H1(Gv,Ad0 ρ̄) as follows:

f1(σv) =

(
0 1
0 0

)
, f1(τv) =

(
0 0
0 0

)
,

f2(σv) =

(
0 0
0 0

)
, f2(τv) =

(
0 1
0 0

)
,

gnr(σv) =

(
0 0
1 0

)
, gnr(τv) =

(
0 0
0 0

)
,

gram(σv) =

(
0 0
1 0

)
, gram(τv) =

(
− y
v−1 0

0 y
v−1

)
.
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The space Qv denotes the subspace of H1(Gv,Ad0 ρ̄) spanned by {f1, f2}, let Pnr
v the

subspace spanned by {f1, f2, g
nr} and Pram

v the subspace spanned by {f1, f2, g
ram}. The

functor Dnr
v (resp. Dram

v ) was introduced in [8, Proposition 24] (resp. [8, Proposition 28]).
The deformation functor Dnr

v consists of deformations satisfying Dv for which p2|x, y. On
the other hand, Dram

v consists of deformations satisfying Dv for which p2|x and p||y.
Suppose that A ∈ GL2(W(F)) is an invertible matrix, and % is a deformation of ρ̄�v, then
so is the conjugate A%A−1. This is due to ρ̄�v being the trivial representation. We define
four choices of deformation functors at a trivial prime v.

Definition 5.13. Let v be a trivial prime and Dnr
v , Dram

v , Pnr
v , Pram

v be defined as in the
previous paragraph. Then consider the four pairs (Cv,Nv):

(1) type 1: following [8, Definition 26], let Cv (resp. Nv) consist of conjugates by(
1 0
1 1

)
of elements of Dnr

v (resp. Pnr
v ).

(2) type 2: following [8, Definition 30], let Cv (resp. Nv) consist of conjugates by(
0 1
1 0

)
of elements of Dram

v (resp. Pram
v ).

(3) type 3: let Cv (resp. Nv) denote Dnr
v (resp. Pnr

v ).
(4) type 4: let Cv (resp. Nv) denote Dram

v (resp. Pram
v ).

We shall impose the conditions (Cv,Nv) for which the type may range from 1 to 4 de-
pending on the specific application.

Lemma 5.14. Let v be a trivial prime and (Cv,Nv) of one of the types (1)− (4). Then,
it is a highly versal pair of degree 3.

Proof. The result is a consequence of [8, Corollary 25,29]. �

Lemma 5.15. Let v be a trivial prime and (Cv,Nv) of one of the types (1)− (4). Then,
Cv is a liftable deformation functor and dimNv = h0(Gv,Ad0 ρ̄).

Proof. Since ρ̄�v is the trivial representation, h0(Gv,Ad0 ρ̄) = 3, on the other hand,
dimNv = 3 as well. It is easy to show that Dnr

v and Dram
v are both liftable deformation

functors, we leave this to the reader. It follows from this that Cv is liftable as well. �

Let X be a finite set of trivial primes disjoint from S and assume that at each prime
v ∈ X we have chosen one of the four choices for (Cv,Nv). For v ∈ S ∪ X, set N⊥v ⊆
H1(Gv,Ad0 ρ̄∗) to be the orthogonal complement ofNv with respect to the non-degenerate
local Tate pairing

H1(Gv,Ad0 ρ̄)×H1(Gv,Ad0 ρ̄∗)→ H2(Gv,F(χ̄))
∼−→ F.

Definition 5.16. The Selmer condition N is the tuple {Nv}v∈S∪X and the dual Selmer
condition N⊥ is {N⊥v }v∈S∪X . Attached to N and N⊥ are the Selmer and dual-Selmer
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groups defined as follows:

H1
N (GQ,S∪X ,Ad0 ρ̄)

:=ker

{
H1(GQ,S∪X ,Ad0 ρ̄)

resS∪X−−−−→
⊕

v∈S∪X

H1(Gv,Ad0 ρ̄)

Nv

}
H1
N⊥(GQ,S∪X ,Ad0 ρ̄∗)

:=ker

{
H1(GQ,S∪X ,Ad0 ρ̄∗)

res′S∪X−−−−→
⊕

v∈S∪X

H1(Gv,Ad0 ρ̄∗)

N⊥v

}(5.2)

respectively.

The Selmer and dual Selmer groups fit a Poitou-Tate sequence. We only point out
that the cokernel of resS∪X injects into H1

N⊥(GQ,S∪X ,Ad0 ρ̄∗)∨. In particular, if the dual
Selmer group is zero, the restriction map resS∪X is surjective. Since the spaces Nv at a
trivial prime v stabilize lifts only past mod p3, it becomes necessary to produce a mod p3

lift ρ3 of ρ̄ before applying the general lifting-strategy.

6. Modular deformations with large µ-invariant

In this section, Theorem 5.1 is proved. Let ρ̄ be a reducible Galois representation
satisfying the conditions of 5.1. As mentioned in the previous section, we may assume

without loss of generality that ρ̄ =

(
ϕ ∗
0 1

)
. Let n and b denote the unipotent matrices(

0 ∗
0 0

)
and upper triangular matrices

(
∗ ∗
0 ∗

)
in Ad0 ρ̄ respectively. Note that

since the image of ρ̄ consists of upper triangular matrices, both n and b are GQ-stable
submodules. For a character κ : GQ → GL1(W(F)), let κn denote the mod-pn reduction
of κ. Note that κ1 coincides with the mod-p reduction κ̄.

Set M to denote the modules {n, b,Ad0 ρ̄, n∗, b∗,Ad0 ρ̄∗}. For M ∈ M, and a set of
primes Z containing S, denote by

Xi
Z(M) := ker

{
H i(GQ,Z ,M)→

⊕
v∈Z

H i(Gv,M)

}
.

Let X be a finite set of primes disjoint from S, define a relative X-group as follows

Xi
X,S∪X(M) := ker

{
H i(GQ,S∪X ,M)→

⊕
v∈X

H i(Gv,M)

}
.

Note that we have an exact sequence

0→Xi
S∪X(M)→Xi

X,S∪X(M)→
⊕
v∈S

H i(Gv,M).

We shall first add a finite number of trivial primes to the level, so that certain X-groups
vanish. It will then be shown that certain globally defined cohomology classes vanish
because they lie in these vanishing X-groups. Recall that a prime v /∈ S is a trivial
prime if it satisfies the conditions of Definition 5.12.

20



Proposition 6.1. There is a finite set of trivial primes X0 (disjoint from S) such that
X1

X0,S∪X0
(M) = 0 for all M ∈M.

Proof. The result [8, Proposition 13] asserts that X1
S∪X0

(M) = 0 for all M ∈ M. It
follows verbatim from the argument that the set of primes X0 can be chosen so that
X1

X0,S∪X0
(M) = 0 for all M ∈M. �

Corollary 6.2. Let X0 be the set of primes as in Proposition 6.1, andM ∈ {n, b,Ad0 ρ̄}.
Then, the localization map

(6.1) H1(GQ,S∪X0 M)→
⊕
v∈S0

H1(Gv,M)

is surjective and X2
S∪X0

(M) = 0.

Proof. We define Selmer data L on the set of primes S ∪X0 as follows

Lv =

{
H1(Gv,M) if v ∈ X0,

0 if v ∈ S0.

It is easy to see that the dual Selmer data is defined by

L⊥v =

{
0 if v ∈ X0,

H1(Gv,M
∗) if v ∈ S0.

Consider the restriction map

res : H1(GS∪X0 ,M)→
⊕

v∈S∪X0

H1(Gv,M)/Lv.

The Selmer and dual Selmer groups fit into a five-term Poitou-Tate sequence (see the
proof of [22, Lemma 1.1]). We need only point out that the cokernel of res injects into
H1
L⊥(GQ,S∪X0 ,M

∗)∨. Note that⊕
v∈S0∪X0

H1(Gv,M)/Lv =
⊕
v∈S0

H1(Gv,M)

and that H1
L⊥(GQ,S∪X ,M

∗) coincides with X1
X0,S∪X0

(M). Note that the set of primes
X0 is chosen so that this group is equal to zero. Therefore, the restriction map

res : H1(GQ,S∪X0 ,M)→
⊕
v∈S0

H1(Gv,M)

is surjective. On the other hand, by the well-known global duality theorem for X-
groups, X2

S∪X0
(M) is dual to X1

S∪X0
(M∗). The set of primes X0 is chosen so that

X1
X0,S∪X0

(M∗) = 0. Since X1
X0,S∪X0

(M∗) = 0, so is X1
S∪X0

(M∗).
�

Write ϕ as a product χ̄η, where we recall that χ̄ is the mod-p cyclotomic character.
Recall that ψ is the chosen lift of ϕ given by ψ = χk−1η̃, where η̃ is the Teichmüller
lift of η. For n ≥ 1, let ψn denote the reduction of ψ modulo pn. Recall that N is the
integer specified in Theorem 1.1. At each prime v ∈ S, the deformation condition Cv
is as specified in Proposition 5.10. On the other hand, there are four possible choices
of deformation functors Cv for v ∈ X0, see Definition 5.13. In the result below, the
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deformation condition will be taken to be of type (3) or (4) depending on whether the
lifts of ρ̄�v are unramified or ramified modulo p2 respectively. For a coefficient ring let

U(R) denote the subgroup of GL2(R) consisting of matrices of the form
(

1 ∗
0 1

)
. Recall

that n consists of the strictly upper triangular matrices in Ad0 ρ̄. Denote by ι and ιv the
natural maps

ι : H1(GQ, n)→ H1(GQ,Ad0 ρ̄)

ιv : H1(Gv, n)→ H1(Gv,Ad0 ρ̄)

induced by the inclusion n ↪→ Ad0 ρ̄.

Proposition 6.3. Let X0 be the set of primes chosen in Proposition 6.1. Then, the
residual representation ρ̄ lifts to a mod-pN Galois representation

ρN : GQ,S∪X0 → GL2(W(F)/pN )

satisfying the following conditions:

• ρN =

(
ψN ∗
0 1

)
• ρN satisfies the condition Cv at each prime v ∈ S ∪X0.

Set ρ2 to be ρN mod p2. Then for v ∈ X0, the pair (Cv,Nv) is type (3) if ρ2 is unramified
at v and type (4) if ρ2 is ramified at v.

Proof. The proof is by induction. Let n < N and assume that ρ̄ lifts to

ρn : GQ,S∪X0 → GL2(W(F)/pn)

ρn =

(
ψn ∗
0 1

)
satisfying the conditions Cv at the primes v ∈ S ∪X. We show that ρn

may be lifted one more step to

ρn+1 : GQ,S∪X0 → GL2(W(F)/pn+1)

such that ρn+1 =

(
ψn+1 ∗

0 1

)
, satisfying the same conditions.

We proceed in two steps.
(1) First, we show that ρn lifts to a Galois representation rn+1 of the form rn+1 =(

ψn+1 ∗
0 1

)
.

(2) Next, we replace rn+1 by

ρn+1 := (Id +pnι(f))rn+1

for a suitable cohomology class f ∈ H1(GQ,S∪X0 , n) such that it satisfies the
constraints Cv at all primes v ∈ S ∪X0.

It is clear that there is a set theoretic lift

τn+1 : GS∪X0 → GL2(W(F)/pn+1)

of the form τn+1 =

(
ψn+1 ∗

0 1

)
. In other words, this lift is not necessarily a homo-

morphism but however, the diagonal entries are the specified characters. Note that for
g, h ∈ GQ,S∪X0 ,

τn+1(gh)τn+1(h)−1τn+1(g)−1
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is a unipotent matrix which reduced to the identity modulo pn. This function on GQ,S∪X0 ×GQ,S∪X0

is trivial precisely when τn+1 is a homomorphism. Identify n with the kernel of the re-
duction map

n = ker
{

U(W(F)/pn+1)→ U(W(F)/pn)
}
.

Associate a cohomological obstruction to lifting as follows, set

O(ρn)(g, h) := τn+1(gh)τn+1(h)−1τn+1(g)−1.

This cocycle gives a well defined cohomology class O(ρn) ∈ H2(GQ,S∪X0 , n). It is an easy
exercise to show that the obstruction class O(ρn) is trivial if and only if there is a lift
rn+1 : GQ,S∪X0 → GL2(W(F)/pn+1) of ρn such that

(1) rn+1 is not just a set theoretic lift, but also a homomorphism,

(2) rn+1 is of the form
(
ψn+1 ∗

0 1

)
.

Note that each local representation ρn|v satisfies the liftable deformation condition Cv. As
a result, the obstruction class O(ρn) becomes trivial when localized at a prime v ∈ S∪X0.
As a result, O(ρn) lies in X2

S∪X0
(Ad0 ρ̄). On the other hand, X0 is chosen so that

X2
S∪X0

(Ad0 ρ̄) = 0 (according to Corollary 6.2). Therefore, the obstruction class is also
trivial and ρn lifts to rn+1 satisfying the above conditions.

We now show that for a suitable cohomology class f ∈ H1(GS∪X0 , n), the twist ρn+1 :=
(Id +pnι(f))rn+1 satisfies the local conditions Cv at all primes v ∈ S ∪ X0. First we
show that for any cohomology class f ∈ H1(GS∪X0 , n), the deformation (Id +pnι(f))rn+1

satisfies the condition Cv at each prime v ∈ X0. Note that rn+1 =

(
ψn+1 ∗

0 1

)
and

that ϕ(σv) = 1 since ρ̄(σv) = Id (v is a trivial prime). Since k ≡ 2 mod pN (p− 1), and
ψ = χk−1η̃, it follows that ψn+1(σv) = v. Therefore,

rn+1(σv) =

(
v x
0 1

)
and rn+1(σv) =

(
1 y
0 1

)
.

Moreover, for any cohomology class f ∈ H1(GQ,S∪X0 , n), the twist (Id +pnι(f))rn+1

satisfies the same relations at a prime v ∈ X0 (with x and y possibly replaced by some
other elements x′ and y′). As a result, the twist (Id +pnf)rn+1 automatically satisfies Cv.
Here Cv is of type (3) or (4) depending on whether ρ2 is unramified at v or not.

On the other hand, at each prime v ∈ S, there is a cohomology class fv ∈ H1(Gv, n)
such that the twist (Id +ιv(fv))rn+1|v satisfies Cv. This follows from inspecting the two
cases outlined in the proof of Proposition 5.10. According to Corollary 6.2, the map

H1(GQ,S∪X0 , n)→
⊕
v∈S

H1(Gv, n)

is surjective, there is a global cohomology class f such that f�v = fv for all v ∈ S. The
twist ρn+1 := (Id +pnι(f))rn+1 satisfies all conditions Cv. Furthermore, ρn+1 is also of

the form
(
ψn+1 ∗

0 1

)
since f is a cohomology class with values in n. This completes

the induction step. �
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Before proving Theorem 5.1, we briefly outline the strategy of the proof. The residual
representation ρ̄ is lifted to a characteristic zero representation

ρ : GQ,S∪X → GL2(W(F))

satisfying the required conditions. This is done by showing that there is a compatible
system of lifts

ρn : GQ,S∪X → GL2(W(F)/pn)

for every integer n > 0. Proposition 6.3 asserts that there is a lift ρN of the form

ρN =

(
ψN ∗
0 1

)
.

Next, ρN is lifted to a representation ρN+1 whose image is no longer upper triangular. It
is shown that ρN+1 can be chosen so that its image contains

SLN2 := ker
{

SL2(W(F)/pN+1)→ SL2(W(F)/pN )
}
.

As a consequence, any characteristic zero lift of ρN+1 will be irreducible. At this stage,
it is shown that ρN+1 may be lifted to ρ one step at a time as depicted in the following
diagram

GQ GL2(W(F)/pN ).

GL2(W(F)/pm)

GL2(W(F)/pm+1)

ρN+1

ρm

ρm+1

Proof of Theorem 5.1. The result is completely analogous to that of [8]. The only differ-
ence lies in the fact that in our construction, ρ̄ is first lifted to a representation of the

form ρN =

(
ψN ∗
0 1

)
, before it is lifted to characteristic zero.

Assume without loss of generality that N > 1. Proposition 6.3 asserts that ρ̄ lifts to

ρN =

(
ψN ∗
0 1

)
satisfying the the local conditions Cv at the primes v ∈ S ∪ X0. We

first show that ρN lifts to a representation

(6.2) ρ′N+1 : GQ,S∪X0 → GL2(W(F)/pN+1).

Let τN+1 : GQ,S∪X0 → GL2(W(F)/pN+1) be a set theoretic lift of ρN with determinant
equal to ψN+1. In other words, τN+1 is a lift which is not necessarily a homomorphism,
however, the det τN+1 is equal to ψN+1. Such a lift τN+1 clearly does exist. Identify
Ad0 ρ̄ with the kernel of the mod-pN reduction map

ker
{

SL2(W(F)/pN+1)→ SL2(W(F)/pN )
}
.
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Here, X ∈ Ad0 ρ̄ is identified with Id +pNX. For g, h ∈ GQ,S∪X0 , set

O(ρN )(g, h) := τn+1(gh)τn+1(h)−1τn+1(g)−1 ∈ Ad0 ρ̄.

This defines a cohomology class in H2(GQ,S∪X0 ,Ad0 ρ̄) which vanishes precisely when
there is a representation ρ′N+1 lifting ρN as in (6.2). Since ρN satisfies a liftable deforma-
tion condition at each prime v ∈ S ∪X0, it follows that at each prime v ∈ S ∪X0, the re-
striction ofO(ρN ) to Gv is trivial. As a result, this obstruction class lies inX2

S∪X0
(Ad0 ρ̄).

The set X0 is chosen so that X2
S∪X0

(Ad0 ρ̄) = 0. Hence, there is a representation

ρ′N+1 : GQ,S∪X0 → GL2(W(F)/pN+1)

lifting ρN .
Let v ∈ S ∪X0, since Cv is a liftable deformation condition and ρN�v satisfies Cv, there

is a lift
%v : Gv → GL2(W(F)/pN+1)

satisfying Cv. Therefore, by Fact 5.6, there is a cohomology class fv ∈ H1(Gv,Ad0 ρ̄)
such that the twist (Id +pNfv)ρ

′
N+1|v is equal to %v and hence, satisfies Cv. At this stage,

it follows from [8, Theorem 41] that there are two trivial primes {v1, v2} disjoint from
S ∪X0 and a global cohomology class

f ∈ H1(GQ,S∪X0∪{v1,v2},Ad0 ρ̄)

such that the representation

ρN+1 := (Id +pNf)ρ′N+1

satisfies the local conditions Cv at the primes v ∈ S ∪X0 ∪{v1, v2}. At the primes v1 and
v2, the deformation condition Cv is of type (2). It follows from the argument in the proof
of [8, Proposition 42] that the image of ρN+1 contains

SLN2 := ker
{

SL2(W(F)/pN+1)→ SL2(W(F)/pN )
}
.

As a result, any characteristic zero lift

ρ : GQ → GL2(W(F))

of ρN+1 must be irreducible.
Next, we show via an inductive argument that ρN+1 can be lifted to characteristic zero

one step at a time. This argument essentially follows along the lines of the proof of [8,
Theorem 2]. We provide a sketch here. It follows from [8, Proposition 44] that there is
a finite set of trivial primes X containing X0 ∪ {v1, v2} such that the Selmer and dual
Selmer groups H1

N (GQ,S∪X ,Ad0 ρ̄) and H1
N⊥(GQ,S∪X ,Ad0 ρ̄∗) are both zero. At a prime

v ∈ X\({v1, v2} ∪ X0), let Cv be the deformation functor of type (1). Since the Selmer
and dual Selmer groups are zero, it follows by Poitou-Tate that the map

(6.3) H1(GQ,S∪X ,Ad0 ρ̄)→
⊕

v∈S∪X
H1(Gv,Ad0 ρ̄)/Nv

is an isomorphism. In fact, we shall only use surjectivity in what follows. Assume that
for some integer m ≥ N + 1, there exists a lift

ρm : GQ,S∪X → GL2(W(F)/pm)

satisfying the conditions Cv at all primes v ∈ S ∪X. Recall the argument from earlier in
the proof to show that ρN lifted to ρ′N+1. This crucially required that ρN satisfy liftable
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deformation conditions at the primes at which it ramifies. The same argument shows
that ρm lifts to a Galois representation

ρ′m+1 : GQ,S∪X → GL2(W(F)/pm+1).

In order to complete the inductive step, we show that after twisting ρ′m+1 by a suitable
cohomology class, it can be arranged to satisfy the deformation conditions Cv at all primes
v ∈ S ∪X. At each prime v ∈ S ∪X, there exists zv ∈ H1(Gv,Ad0 ρ̄) such that the twist
(Id +pmzv)ρ

′
m+1|v satisfies Cv.

For v ∈ S, the space Nv is the tangent space of Cv and hence stabilizes Cv via the
twisting action. On the other hand, for v ∈ X, the pair (Cv,Nv) is a highly versal pair
of degree 3 (see Lemma 5.14). Since N > 1, it follows that m+ 1 ≥ 3. Let v ∈ S ∪X, it
follows that if gv ∈ Nv, then, the twist

(Id +pm(zv + gv)) ρ
′
m+1|v

also satisfies Cv. Since the map (6.3) is surjective, there is a cohomology class z ∈
H1(GQ,S∪X ,Ad0 ρ̄) such that

z�v = zv mod Nv
for all v ∈ S ∪X. Then setting

ρm+1 := (Id +pmz)ρ′m+1,

find that ρm+1 satisfies the conditions Cv for v ∈ S ∪ X. It follows from the inductive
argument that there is a characteristic zero lift

ρ : GQ,S∪X → GL2(W(F))

lifting ρN+1. Recall that all lifts are stipulated to have determinant ψ. Moreover, as
mentioned earlier in the proof, ρ is necessarily irreducible. Furthermore, the characteristic
zero representation satisfies the local conditions Cv at each prime v ∈ S∪X. In particular,
ρ�p satisfies the ordinary deformation condition. It follows from the main result of Skinner
and Wiles [21] that ρ arises from a Hecke eigencuspform. �

Next, we give the proof of Theorem 1.1.

Proof of Theorem 1.1. Let V be the underlying space for the Galois representation asso-
ciated to f . The integral representation ρ is via the Galois action on a certain choice of
Galois stable lattice T in V . Here, the representation ρN coincides with ρT/N and since

ρN is of the form
(
ψN ∗
0 1

)
, it follows that ρT/N is aligned. It follows from Theorem

3.5 that the p-primary Selmer group has µ-invariant ≥ N .
�

7. Examples

Example 7.1. This example clarifies the difference between the residually aligned and
residually skew cases, and illustrates Theorem 3.5. All computations are aided by Sage
and consultation of data from LMFDB. Set p = 5, the Selmer groups in this example will
be considered over Qcyc, the cyclotomic Z5-extension of Q. Consider the three elliptic
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curves of Cremona label 11a, namely, E1 = 11a1, E2 = 11a2 and E3 = 11a3. There is an
isogeny each pair of elliptic curves of degree dividing 25. Let

ρEi : GQ → GL2(Z5)

be the Galois representation on the 5-adic Tate module of Ei. In all three cases, the
residual representation is reducible and the semisimplification of ρ̄Ei equals

ρ̄ss
Ei '

(
χ̄ 0
0 1

)
.

However the representations ρ̄Ei are all distinct. Let µEi denote the µ-invariant of the
5-primary Selmer group associated to Ei. The representation ρ̄E1 is decomposes into a
direct sum of characters

ρ̄E1 '
(
χ̄ 0
0 1

)
.

Since the mod-p cyclotomic character χ̄ is odd, it is easy to see that ρ̄E1 is aligned. Direct
computation shows that the µ-invariant µE1 = 1. On the other hand, Theorem 3.5 asserts
that µE1 ≥ 1.

The representation ρ̄E2 is indecomposable of the form

ρ̄E2 '
(
χ̄ ∗
0 1

)
,

hence, it is aligned. Theorem 3.5 asserts that µE2 ≥ 1. Direct computation shows that
µE2 = 2.

The representation ρ̄E2 is indecomposable of the form

ρ̄E3 '
(

1 ∗
0 χ̄

)
.

It is easy to see that the residual representation is skew. Direct computation shows that
µE3 = 0. The authors have inspected similar examples which show that when the residual
representation is skew, the µE3 = 0. Since any representation which is aligned is isogenous
to one which is skew, this provides further evidence for Greenberg’s conjecture.

Example 7.2. We show that there are many examples of Galois representations ρ̄ satis-
fying the conditions of Theorem 1.1. Such examples are constructed in [19, Lemma 3.4].
Let Cl(Q(µp)) denote the class group of Q(µp) and set C := Cl(Q(µp))⊗ Fp. As a Galois
module, C decomposes into eigenspaces

C =

p−2⊕
i=0

C(χ̄i).

Assume that p ≥ 5 and there is an odd integer 2 ≤ i ≤ p − 3 such that C(χ̄i) 6= 0.
Then according to loc. cit., associated to any Fp-quotient of C(χ̄i), there is a residual

representation ρ̄ =

(
χ̄i ∗
0 1

)
satisfying the conditions of [8, Theorem 2]. These are

precisely, the conditions we impose in Theorem 1.1. The reader is also referred to [8,
section 7] where more examples are computed.
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