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Abstract

This is the first step in an attempt at a deformation theory for Go—instantons with
1—dimensional conic singularities. Under a set of model data, the linearization yields a
Dirac operator P on a certain bundle over S°, called the link operator. As a dimension
reduction, the link operator also arises from Hermitian Yang-Mills connections with
isolated conic singularities on a Calabi-Yau 3-fold.

Using the quaternion structure in the Sasakian geometry of S?, we describe the set of
all eigenvalues of P , denoted by SpecP. We show that SpecP consists of finitely many
integers induced by certain sheaf cohomologies on P?, and infinitely many real numbers
induced by the spectrum of the rough Laplacian on the pullback endomorphism bundle
over S°. The multiplicities and the form of an eigensection can be described fairly
explicitly.

In particular, there is a relation between the spectrum on S® to certain sheaf coho-
mologies on P2

Moreover, on a Calabi-Yau 3—fold, the index of the linearized operator for admissible
singular Hermitian Yang-Mills connections is also calculated, in terms of these sheaf
cohomologies.

Using the representation theory of SU(3) and the subgroup S[U(1) x U(2)], we show
an example in which SpecP and the multiplicities can be completely determined.
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1 Introduction

1.1 Overview

Gs—instantons and projective Go—instantons are the analogue of both flat connections
in dimension 3, and anti self-dual connections in dimension 4. Understanding their singulari-
ties is important for the programs proposed by Donaldson-Thomas [12] and Donaldson-Segal
[10]. In conjunction with Jacob-Walpuski [20], to construct (projective) Go—instantons with
1—dimensional singularities on twisted connected-sum Gs—manifolds via gluing, an impor-
tant step is a Fredholm theory for the linearized operator. In [42], it is shown that a Fredholm
theory and consequently a deformation theory always exist for instantons with isolated sin-
gularities. However, instantons with 1—dimensional singularities are expected to be different.
The linearized operator yields a self-adjoint elliptic operator P on the domain bundle over S°.
It is also referred to as the link operator. The set of all eigenvalues of P, denoted by SpecP,
is crucial in the construction of a deformation theory. It determines the indicial roots.

In this paper we describe SpecP and the multiplicities. We relate the eigenvalues and
eigenspaces of P on S® to certain sheaf cohomologies on P2,

1.2 Context and motivations
1.2.1 Gauge theoretic moduli spaces and gluing constructions

The Donaldson-Thomas invariant [I2] on a Calabi-Yau 3—folds “counts” the Gieseker
stable sheaves in a certain sense. The definition by Thomas [37] employs the virtual moduli
cycle theory constructed by Li-Tian [24]. Please also see Behrend-Fantechi [3] theory via the
intrinsic normal cone. In the 7—dimensional Go—setting, Donaldson-Segal [10] propose to
“count” Go—instantons, which can be viewed as a perspective generalization of the Casson
invariant for 3—manifolds and Donaldson-Thomas invariant. Also see the work of Walpuski
[41]. The lack of general algebraic geometry in this setting means that we have to rely to
a large extent on differential geometry. However, the moduli of smooth Gy—instantons is
not expected to be compact. According to the compactification by Tian [40], besides the
bubbling along an associative rectifiable “submanifolds”, essential singularities of dimension
1 and 0 are expected to appear. Tian conjectured that their Hausdorff co-dimension is
> 6. This possible phenomenon should be based on the removal of singularities by Tao-
Tian [39]. Please also see the work of Smith-Uhlenbeck [34] on Yang-Mills Higgs equations.
A step in understanding the ‘boundary” of the compactified moduli is a Fredholm theory
for Go—instantons with 1—dim conic singularities. However, no example is known except
product ones. A Fredholm theory is also inevitable toward a gluing construction of such
examples. Please see the discussion by Jacob-Walpuski [20].

The difficulty is that the linearization is expected to have infinite dimensional co-kernel
caused by non-regularizable indicial roots. Please see the work of Chen [§]. On singular
G>—instantons, we expect a relation between the essential obstruction and the eigenspace of



the eigenvalue —1 of the link operator. For classical literature, please see the work conducted
by Lockhart-McOwen [25], Melrose-Mendoza [28], Mazzeo [26], and Mazzeo-Vertman [27]. In
order to construct a “remedial” deformation, it is necessary to understand the eigenvalues of
the link operator P and the eigenspaces. This is our purpose here.

1.2.2 Spectral theory and Sasakian geometry

Given a Dirac operator i.e. the square is a generalized Laplacian (see [30]), it is tempting
to know the precise values for some of the eigen-values, and also to describe some of the
eigen-sections. For example, we know explicitly the eigenvalues and eigen-functions of the
fundamental Dirac operator i% on the circle differentiating complex valued functions. More
generally, under appropriate homogeneous conditions, the spectrum can be satisfactorily
understood, thanks to the Peter-Weyl formulation. The scheme uses representation theory
and Casimir operators of certain Lie groups. For Hodge Laplacians on spheres and complex
projective spaces, pleasee see for example the work of Tkeda-Taniguchi [I8] and Gallot-Meyer
[14]. Beyond the homogenous setting, in general, it is challenging.

There are more recent investigations that are closer related to our theme here. Moroianu—
Semmelmann [29] calculated the deformation space of homogeneous nearly Kahler 6—folds. In
their work, the nearly Kahler deformations are identified with co-closed forms in an eigenspace
of the Hermitian Laplace operator. The spectrum and eigenspaces of this operator are cal-
culated for homogeneous examples. Via spinorial point of view on nearly Kahler 6—folds,
Charbonneau-Harland [7] identified the deformation space of nearly Kéhler instantons with a
subspace of the kernel of an index 0 Dirac operator. They showed that abelian instantons are
rigid. Via Peter-Weyl formalism, they characterized deformations of canonical connections
on homogeneous nearly Kahler 6—folds and also other eigenvalues and eigen-spaces.

There are numerical algorithms for the spectrum of Laplace-Beltrami operators. For
example, please see the work of Braun-Brelidze-Douglas-Ovrut [5] on certain Calabi-Yau
3—folds. This is related to the goal in computing all the observable quantities of particle
physics in certain physics settings.

Our link operator lives on a domain bundle Domgs over S°, induced by a holomorphic
Hermitian vector bundle £ — P2. The quaternion structure in the Sasakian geometry

U(l) —» S®> — P?

yields a fairly explicit characterization of all the eigen-values and eigen-sections of P, with-
out assuming homogeneity of E. We wonder whether the relation we established, between the
spectrum of P on S° and sheaf cohomologies on P?, can be generalized to more operators
on regular or even quasi regular Sasakian manifolds in general dimensions. The idea under-
pin the above spectral reduction is called the Sasakian Fourier-Series. It is the orbit-wise
Fourier series under the Reeb-action on S®, even if the U(1)— bundle is non-trivial. The
“Fourier-co-efficients” are no longer functions, but are sections of the twisted bundles over
P2, Particularly, a smooth complex-valued function on S° can be represented by such a series.
Though we do not address it here, we are not surprised if it works in general dimensions.

If £ — P?is a twisted tangent bundle, we can determine all the eigen-values and eigen-
sections of P on S°. This can be understood as of “co-homogeneity 17. The calculation
requires both representation theory and the spectral reduction.

1.2.3 Cohomologies and Ext groups

The link operator also appears in the linearization of singular Hermitian Yang-Mills con-
nections on a Calabi-Yau 3—fold. Our index calculation (Theorem suggests that the



difference between Eastlocy3 (F,F) and H'[CY?, EndF] might be related to the cohomolo-

gies of the twisted endomorphism bundles on P? for the model of F near each singular point.
Please see the work of Jacob-Sa Earp-Walpuski [19]. Moreover, it is tempting to ask whether
Euxtgy  ,(F,F) and H[CY?, EndF] are related to kernel of the linearized operator Ocys in
certain weighted spaces. These questions can be generalized to reflexive sheaves with more
complicated singularities. Please see the work of Chen-Sun [9].

1.3 Main result

Given a holomorphic Hermitian vector bundle £ on P? with the Chern connection A, let
V*V|ss denote the rough Laplacian on the pullback adjoint bundle on S® associated to the
standard round metric and pullback connection. We define the following subsets of R.

o Sorv = {pl(p? +2p = 3) € Spec(V*Vlw)} U {plp? + 4p € Spec(V*Vls) ).
 Seon = {I|l is an integer and H'[P?, (EndE)(1)] # 0}.

The set Sy~vy is infinite and given by the bundle rough Laplacian on S°. The set S
is finite and given by the sheaf cohomologies on P2. Intuitively speaking, under natural
assumptions, our main theorem says SpecP is their union.

Theorem A. Let (E,A) — P? be a non-projectively flat Hermitian Yang-Mills bundle of
rank r > 2. Let P be the link operator of the linearization of Go—instantons with circle
singularities, defined in Lemma[{.3 below under the model setting.

Spectrum

e If (E,0,) is stable, then
SpecP = Sysv U Seon. (1)

o If (E,0,) is poly-stable but not stable, then

SpecP = [Sy«v \ {0, =3} U Seon. (2)

Consequently, in both cases,
o the set (SpecP) N (—3,0) contains and only contains the two numbers —1, —2.

e Let ly be the smallest positive integer such that H°[P? (EndE)(ly)] # {0}. For any
integer 1 > ly, the integers
I+1, =1—=3,1, =1—4
are eigenvalues of P.

Multiplicities

There is an isometry I on the domain bundle of P that induces an almost complex struc-
ture on an arbitrary eigen-space. A real number u is an eigenvalue of P if and only if —3 —p
is, and their eigen-spaces are conjugate complex isomorphic. Suppose u € SpecP.

o [f 1 is not an integer, then Eigen, P is isomorphic to

[Eigenuz+gu_3(V*V]Ss)]®2 ) [Eigenu2+4u(v*v gs)]Q.

e [/f1 and —4 are eigenvalues of P, then
Mult, P = Mult_4P = 2dimKer(V*V|g) + 2Mult5(V*V|ss) + 2co( EndE) — 6(r* — 1).
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e [fm=0, —1, =2, or =3, then the eigenspace Eigen,, P is complex isomorphic to

H'Y[P?, (EndE)(m)].

o Suppose i 1s an integer and p # 1, 0, —1, =2, —3 or —4.
If p € Seon, but pu & Sysv, then Eigen, P is complex isomorphic to

H'[P?, (EndE)(p)).
If uw € Sy«y but & Seon, then

Mult,P = 2Mult,2. 9, 3(V*V|ss) + 2Mult 214, (V*V]ss)
—2h°[P? (EndoE) (1)) — 2h°[P?, (EndoE)(—u — 3)].

If i € Sy«v N Seon, then
MUlt#P = QMUltu2+2M_3(V*V‘S5) + QMUZtM2+4H(V*V‘S5> + QCQ(EndE)
—(r? = 1)(u+ 1) (n+2).

Notation Convention 1.1. We abbreviate the multiplicity to Mult,(operator). This is the
dimension of the eigenspace Eigen,(operator) = Ker(operator — a - Id). The real number
a does not have to be an eigenvalue but it is if and only if the eigenspace is non-trivial
i.e. Mult, # 0. Most of the time we abbreviate Figen,(operator) even more compactly to
E.(operator).

The link operator has infinitely many positive and negative integer eigenvalues. In the
description of multiplicities, the binomial

(r* =) (p+1)(p+2)
2

is the Hilbert polynomial of the twisted traceless endomorphism bundle. The Hermitian
Yang-Mills condition implies that the holomorphic bundle structure (FE,d,) must be (slope)
poly-stable. Some of our intermediate results also hold for projectively flat connections or
Hermitian Yang-Mills connections on line bundles. These are regarded as trivial (Section .

The splittings and are due to that the domain Hilbert space of the link operator is
the direct sum of a finite dimensional subspace given by the cohomologies and KerV*Vss, and
an infinite-dimensional orthogonal complement (Definition [9.1). The binomials p? + 2y — 3
and p? + 4y are given by the Bochner formulas for P? +2P —3 and P? 4 4P, respectively
(Lemma . They “correspond” to each other via the Serre duality

o —p— 3 H'[P?, (EndE)(u)] = H'[P?, (EndE)(—p — 3)].

—co(EndE) +

The Hermitian Yang-Mills condition is also required for these formulas. Non-projective flat-
ness is required for the Chern number inequality that implies —1 and —2 must be
eigenvalues. Via the two binomials, any eigenvalue A € Spec(V*V|gs) generates the following
4 numbers

pas = =1+ VA+ N gy = —1—Vad+ ), =24+ VA+ A\ p, =-2-V4+ A (3)

ﬁ)\,.;- o

Our theorem means that when A # 0, all of them are eigenvalues of P. However, if 0 is an
eigenvalue of V*V|gs i.e. if E is strictly poly-stable, it only generates eigenvalues 1 and —4
among {1, —4,0, —3}. The other two numbers 0, —3 can only be generated by co-homologies
H'[P?, EndE] and H'[P?, (EndE)(—3)] if non-trivial.

Remark 1.2. The eigensections of P admit an explicit form in terms of the eigensections
of V*V|ss (Remark and Lemma [10.2).



1.4 The index

On a stable reflexive sheaf over a Calabi-Yau 3—fold, using weighted analysis, we can
formulate a deformation problem for admissible Hermitian Yang-Mills connections. It is
supposed to preserve the singular points and tangent cones (Section . While we do not
establish the full package here, the index can be calculated with the help of Theorem [A]
The existence of admissible Hermitian Yang-Mills connections is proved by Bando-Siu [2],
generalizing Donaldson-Uhlenbeck-Yau theorem [I1], [38] on stable vector bundles. Jacob-Sa
Earp-Walpuski [19] and Chen-Sun [9] characterized the tangent cone connections when the
singularities are isolated and admissible.

Theorem B. On a compact Calabi-Yau 3—fold, let F be a non-locally free reflexive sheaf
with finitely-many non-trivial and admissible isolated singularities. Then at an admissible
Hermaitian connection, the index of the linearized operator (144) equals

—2%,h[P?, EndE;(—1)] — 2%;h'[P?, EndE;)

where the summation is over the singular points of the sheaf. Particularly, the index is always
negative.

The appearance of the dimension of deformation space h'[P?, EndE;] is consistent with
that our setup is supposed to preserve the tangent connections at the singularities.

This negative index and the discussion in [I7] on vanishing of ¢3 suggest that, at least for
rank 2, we can ask whether these reflexive sheaves appear generically in the gauge theoretic
compactification of the moduli space.

1.5 The example

As another application, if E is a twisted holomorphic tangent bundle of P2, we can
completely determine SpecP.

Theorem C. Let (E, A) be a twisted holomorphic tangent bundle TY°P?(k) with the twisted
Fubini-Study connection and metric. Then

Seon = {—1} U{-2}.

Consequently, SpecP = Sy« U {—1} U {=2}. The first row of the following table con-
tains all the eigenvalues of P in the closed interval [—4,1]. The second row addresses the
multiplicity of each.

ergenvalue | —4 —2V/2—-11-2 -1 2/2 -2 1
of P (4)
multiplicity | 12 16 b 3 16 12

The other eigenvalues and their multiplicities are also determined by Theorem[A] and [D,

Theorem [D] below determines the spectrum of the rough Laplacian. Though we do not
know a direct homogeneous formulation on S we have a homogeneous formulation on P?
thanks to the spectral reduction in Lemma below. Moreover, both Fubini-Study connec-
tion and the Chern connection of the standard metric on O(l) — P? are SU(3)—homogeneous
and given by the same horizontal distribution in the Lie algebra su(3) (Lemma[I2.1][12.2] and
Proposition. Then Peter-Weyl theory applies. A little bit of algebraic geometry (Lemma

14.2)) determines S.,p.



1.6 Sketch of the proof for Theorem [A]

e We establish a fine formula for the link operator (Lemma |4.3)) according to the Sasaki-
quaternion structure on S°. This is a special case of a Sasaki-Einstein SU(2)—structure
mentioned in [I3] 4.1]. We need more explicit information.

e Then we establish two Bochner formulas (Lemma for the link operator using the
Hermitian Yang-Mills condition. The observation is that the first and second rows of
P? + 2P are “autonomous” i.e. they are independent of the unknowns corresponding
to the other rows. The same is true for the third and fourth rows of P? + 4P.

e We found two finite dimensional invariant subspaces of P. One is identified with di-
rect sum of sheaf cohomologies and the other one is generated by kernel of the rough
Laplacian on adE — S° i.e. bundle of trace-less skew-Hermitian endomorphisms of
E. Tt suffices to calculate SpecP on the orthogonal complement. Then a “spectral
separation” identifies it with the SY.¢ below.

e For multiplicities, we construct a projection map (Definition from a direct sum of
two eigen-spaces of the bundle rough Laplacian to a given eigen-space of the restricted
P. This map admits an explicit formula as well, leading to its surjectivity and
that the kernel is isomorphic to a direct sum of H® of certain twisted endomorphism
bundles.

The paper is organized as follows. In Sections[2}4] we fully employ the Sasaki-Quaternion
structure of (C*\ O) — S® to prove the fine formula (Lemma for the operator P. We es-
tablish the Bochner formulas in Section [5| regarding the two binomials. The Sasakian-Fourier
series is defined in Section [6] We identify the finite dimensional P—invariant subspace to
a directly sum of cohomologies in Section [/} In Section [§ we prove the spectral reduction
for the bundle rough Laplacian on S°. We prove Theorem |A| (spectrum) in Section |§], and
determine the multiplicities in Section [I0] In Sections 14) we employ the spectral re-
duction and representation theory for SU(3) to determine SpecP assuming FE is a twisted
tangent bundle of P2, and prove Theorem , @ Section [15|is devoted to the Fredholm index
on a Calabi-Yau 3—fold. The Appendix collects some results obtained by routine calculations.

Acknowledgements: The author would like to thank Simon Donaldson for his guidance,
encouragement, and helpful discussions on this project. The author would like to thank Xinyi
Yuan for helpful discussions.

Part of the work is done in Simons Center for Geometry and Physics, Stony Brook Univer-
sity, NY, USA, under the support of Simons Collaboration on Special Holonomy in Geometry,
Analysis, and Physics. The author would like to thank SCGP for their hosting and the ex-
cellent research environment.

2 The Sasakian geometry of S°

The purpose of this section, aiming at our fine formula for the link operator, is to collect
some pedestrian facts on the Sasakian geometry of S° in an elementary way. For more
sophisticated monographs, please see [36] and [4].

2.1 General conventions

We have a chain of natural fibration maps

(C*\O)xRor (C°\O)xS' - C*\O —S*> — P (5)
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Except the Hopf fibration represented by the last arrow, the others are all topologically trivial
fibrations. To avoid heavy notations, we adopt the following.

Convention 2.1. Unless otherwise specified, all pullback bundles, connections, (bundle-
valued) forms are denoted the same.
For example, the contact form

nédclogré\/—_l(é—ﬁ)logr (6)

originally defined on C?\ O also means the one on S°. Throughout, we consider the Fubini-
Study form 4! on P?, the standard round metric on S°, and the Euclidean metrics on C3 x St
and C3.

Similar abusing of notations also applies to differential operators. For example, in ([23))
below, the exterior derivative on P2, denoted by dp2, also means the local pullback operator
on S°.

Definition 2.2. Let m, n be two integers among 7,6, 5,4 and m > n. Let m,,, denote the
right-bound fibration map in from the m dimensional manifold and the n—dimensional
therein, where m and n mean the real dimensions. For example, the map 54 is the Hopf-
fibration map S® — P2.

Given a Riemannian manifold (M, g), for any tangent vector v, € T, M, let vi™ denote
the metric dual form in 7M. Conversely, for any 1—form 0, € T M, let 0,4, denote the
metric dual vector in T, M. Given a 1—form h € T)M and a p—form Q2 € APTXM, p > 1, we
define the metric contraction by h.,Q £ hy,, J.

The superscript C on a (real) vector-bundle (vector space) means the complexification.
Associated with the Riemannian metric, in the below, the tensor operators 1 (contraction),
* (pulling up), 4 (pushing down), I* (projection onto a real vector field X), Py. (projection
onto the orthogonal complement of a real vector field X'), and the star operators g, *pz etc
are all extended C—linearly to the complexified tangent and co-tangent bundle.

2.2 Sasakian coordinate system

The purpose of this section is to define the Sasakian coordinate.

We denote the contact distribution Kern by D, and call D* £ 5 the contact co-
distribution. Let ¢ denote the standard Reeb vector field on S° that is tangential to orbit of
the U(1)—multiplications.

The Fubini-Study form % = @85 log(|Zo|? + | Z1|? + | Z»|?) induces the Fubini-Study
metric on P2, and also the pullback metric on the contact co-distribution D*. Henceforth,
we unanimously call the metrics on P?, D, D* the Fubini-Study metric.

The contact co-distribution D* is equal to the pullback of the (real) co-tangent bundle
T*P2. On the other hand, because 54 is a Riemannian submersion, the tangent map 75 4.4
is an isometry D — TP?. We split orthogonally the tangent bundle of C*\ O as

TE(C\ 0) = span( 5 ) & g, D°. @

Similarly, the tangent bundle of the 7—dimensional (C? \ O) x S* splits orthogonally as

o 0
TE(C\ 0) x 8] = span(—, =€) & 73,0 . (8)



The coordinate neighborhoods

For any 8 = 0,1, or 2, let Ugp2, Usgs, Uscs be the subset of P?, S°, C? respectively
defined by Zs # 0. We recall the complex coordinate functions:

Coordinate neigh- | Part of the coordinate
borhoods functions
Uopz, Uss, Upcs | w1 = 5_(1)’ Uy = ZZ—§ (9)
Uipe, Urgs, Uies | vo =32, va=Z*
— Zo _ Z1
U2,]P’27 UZ,S57 U2,(C3 Wy = 7o wy = Z>

In Uy g5, the complexification D*C is spanned by du, dus, diiy, dis everywhere. Define
the real coordinates (z;, i = 1,2,3,4) by u; = 1 + v/—129, uy = w3 + v/—1z4. Both the
real vector bundle D* and the complex bundle D*C are spanned by dz;, dzs, dzs, dzs. The
same holds in U; g5 and Uy gs.

The coordinate maps

Based on the above table, on C3\ O, we define the Sasakian coordinate.

Definition 2.3. Let Z3 = | ZleY ™13, 63 € S' 2 R/21Z. On Ups s, the Sasakian coordinate
is defined to be the functions (r, 83, u;, ux) which is a homeomorphism from Ugcs to

R* x S!' x C2. Similarly, we also call the homeomorphism (63, u;, uy) from Uggs to the trivial
circle bundle St x C? the Sasakian coordinate.

The Reeb vector field can be described satisfactorily.

Fact 2.4. Let = 0,1, or 2. The Reeb vector field ¢ equals the coordinate vector field %
in Uggs under the Sasakian coordinate.

Proof of Fact[24) For any point Z = (1,0, u;,ux) € Uscs, the scalar multiplication V=17
is the translation in the angular variable: e¥V~Tt . (r, 05, u;, up) = (r,0 +t,u;, ug). O

2.3 The Sasaki-quaternion structure
Preliminary

We introduce a formula for the contact form under a Sasakian coordinate chart. We shall
mainly work in Ujygs, because Uygs is dense and open in C?* \ O, so it suffices to prove the
desired identities therein.

For any 8 =0, 1, or 2, let the function

r? 2|+ |20 + | 2]

s = =
|51 |Zs/?

be the Kahler potential of the Fubini-Study form % on Ugp2. The complex coordinate

2
function Z4 satisfies the following.

Zs| = ——, Zy= ——eV 105, (10)

Ves T s

4 log ¢ in U,g S5 -

Formula 2.5. For any 3= 0,1, or 2, n = dfg + —

The proof is deferred to Appendix [17.1}




The semi-basic forms G and H

We call a form 6 semi-basic if §_|9 = 0. A section of D* is a semi-basic 1—form. On the
cone C*\ O, the vector field ;%5 (rZ — /=1¢) is (1,0). Contracting it with the standard

(3,0)—form on C3, we obtain a ( ) semi-basic form.

Lemma 2.6. There are smooth real semi-basic 2—forms H and G with the following prop-

erties. Let Qcs = dZydZydZy be the standard holomorphic volume form on C3, we have
Qcs = (rdr + V/=1r*n) A H + (r*n — v/ —1r%dr) A G, (11)
ReQes = r?dr NH + 130 NG, ImQes = r*n A H —r’dr NG, and (12)
1

[2 - (r— — V=182 £ 0 = H — V/-1G. (13)

© is (2,0) semi-basic, and © = H-++/—1G is (0,2) semi basic. Under the Sasakian coordinate
in Upss, Uigs, Uygs respectively, the following holds for G, H, and ©.

InUpss | G = ~ o= (Z3durduy — Zidiyduy), H = 5(Z3durduy + Zgdiundiz),
O = Z duqdus.

InUg | G=3 F(Z?’dvodvg Z3dvgdvs), H = —3(Z3dvodvs + Z3dvodus), (14)
O = —Z3dvydv,.

InUygs | G= _2F(Z dwodw, — Zidwodw,), H = 5(Z3dwodw, + Zidwodiw, ),
O = Zidwydw;.

The proof is routine and is also deferred to Appendix [I7.1] Schematically speaking, the
role of © is analogous to the holomorphic volume form on a K3—surface.

We search for more properties of the forms G and H. Let %, denote the Hodge star
operator of the Fubini-Study metric on the exterior algebra of D*. Because H and G are
both in (A0 @ AO2)DE* they are o—self-dual i.e.

*OG = G, *OH =H. (15)
At the point (1,0,0) € S°,
G = —Im(duyduy), H = Re(duydus). (16)

For any point [Z] € P? let x € SU(3) map [Z] to [1,0,0]. The pullback coordinate
21 = X*uy, 29 = X ug is called a Sasaki-quaternion coordinate of the Reeb orbit 5. i [Z].

Because the Fubini-Study metric, the (1,0) vector field 5 (r& — /—1¢), and the standard
(3,0)—form dZydZ,dZy on C* are SU(3)—invariant, so are G and H. As forms on S°, they
must equal the standard form

G = —Im(dzdz), H = Re(dzdz)

everywhere on the orbit 5 1[Z]. This coordinate also yields transverse geodesic coordinate
in the sense of Lemma [I7.1] below.

The Quaternion structure
Before proceeding, we stipulate the following.

Convention 2.7. Let _ denote the contraction between two forms on S® under the standard
round metric. The same notation might also denote the usual contraction between a tangent
vector and a form (without involving the Riemannian metric). Our rationale is that if a
tensor operation or operator has no subscript for the domain, then it is on S°.

10



We now get into the crucial properties of G and H. At an arbitrary point on S°, it is
straight forward to verify the following (for example, under the Sasakian-quaternion coordi-
nate so that G and H is of the canonical form (16])).

(auG)J1G = —a, (auH)J.H = —a. (17)

Consequently, both JG and JH are almost complex structures on D*. Henceforth, let Jo, Jy

denote LG, JH. Let Jy denote _1%77. They are all isometries. The complex structures on D

are defined by the metric pulling up and down i.e.
Jo(X) 2 [Jo(X*)], Ju(X) 2 [Ta(X*)so, Ja(X) £ [Ja(XP)]s,. (18)

Hence the Sasaki-quaternion structure applies to the contact distribution D as well.
Based on the above, we routinely verify our main Lemma in the underlying section.

Lemma 2.8. (The Sasaki-quaternion structure) On the contact co-distribution D* — S5 and
its pullbacks (complexification), the following holds.

Joduw = Jo, Judo = Ja, Jodg = Ju, JZ = J} = J& = —1d. (19)

Moreover, the Fubini-Study metric on D and D* is preserved by each of Jo, Ju, Ja.
In the general setting of the first sentence in Lemma the identities in hold for
an endomorphism-valued semi-basic 1—form.

2.4 The Reeb Lie derivative and the transverse exterior derivative
To describe certain eigensections of the operator P, we need the two first order differential
operators in Formula 2.9 and Definition [2.11]

Formula 2.9. Let L¢ denote the Lie derivative in the direction of the Reeb vector field.
Then the followings is true.

d
LeH = 3G, QG:—MLI@%%:O (20)

Proof of Formula[2.9: Differentiating with respect to 6y, the equalities hold everywhere
in Uy gs, therefore everywhere in C* \ O by continuity. ]

In the general setting of the first sentence in Lemma[8.3] let ag be a pullback EndE—valued
semi-basic 1—form on S°. The following holds by the formula for G and H (Lemma and
the local formula for the Reeb vector field (Fact [2.4).

JG'LE(CLO) = LgJ(;(CLo) + 3JH(CLO), JHLg(CLQ) = LgJH(ao) — 3J(;(a0) (21)

Notation Convention 2.10. Most of the time, to avoid heavy notation, for an differential
operator on the bundle, we shall suppress the subscript for the connection.

We now turn to the definition of a derivative operator with respect to the contact co-
distribution D*.

Definition 2.11. In the general setting of the first sentence in Lemma [8.3] on the pullback
bundle A’PD* @ EndE — S° of endomophism-valued semi-basic p—forms, the transverse
exterior derivative operator dy is defined by

It turns out that if 6 is semi-basic, so is dof). The Lie derivative L is well defined because
the endomorphism bundle is pulled back from P2.

11



The operator dy admits a local splitting in the following sense.

For any 8 = 0,1,2, let “b” be a section (form) of A’D*® ® EndE — Uggs. For any
5 € [0,27), the restriction b(-,03) onto the §g—slice is a form on Ugp2. We define dp2b to
be the (partial) exterior derivative in the direction of Ugp2. A priori, this partial exterior
derivative is not defined globally on S® because it is not the product manifold P? x S!.
However, the open set Uggs is a trivial S'—bundle over Ugp: C P?. Employing Formula
for n, this leads to the following splitting of dy in Uggs.

dob = db—n A Leb = dp2b+ds A Leb — 1 A Leb
1
= dgb — (dlog é3) A Leb. (23)

In view of the above decomposition, we have the further splitting

do = 80 + 507 where

80 = a]p& + g(&p@ 10g ¢5) A Lg, and 50 = 5]1:& — g(&pz log ¢ﬁ) AN Lg. (24)

Given an arbitrary semi-basic (p,q)—form b, 9pb = (dob)P™14, b = (dpb)»?*+!. Hence,
both of the two operators are globally defined on S°.
For any f3, let x;,1 = 1,2,3,4 be the Euclidean coordinate functions on Uggs = S' x C2.
The identity
0 ,
—dbg = n(=—)da’
0= dis =15z —)d

J

is verified on the basis (£ = %, %, j=1,2,3,4). Given an endomorphism u, we have
ou 0 ,
dou = [ 9\ da?. 2
o = = €z e (25)

Similarly, given a semi-basic endomorphism-valued 1—form aq = ¥}_,a;dz?, we have

(9@1-
a.ﬁUj

— €0 e A (26)

doag = [
Lj
Remark 2.12. Our calculation for the bundle-valued forms remains true for usual forms, unless
the irreducible condition is required. This is because we can simply let it be the trivial line

bundle. For example, Definition and its subsequent calculations hold for usual forms.

3 The fine splitting for the domain bundle of the lin-
earized operator

3.1 The linearized operator under the model data

Suppose A is not flat on P2, the pullback connection on (C*\ O) x S! has conic singularity
along the circle O x S'. This is the prototype of what we are interested in. The model linear
problem for GGy—instantons with conic singularities along a circle is as follows.

On C3, let wes = \/le(dZong +dZdZ, + dZydZ5) be the standard Kihler form, and let
Qcs = dZydZ1dZy be the standard holomorphic volume form. The standard Go—structure
on C3 x S' is defined by

Desxst = ds A wes + ReScs.

2
The standard co-associative 4—form is tgsyxg = C‘%‘S —ds N\ ImScs.

12



Given a Chern connection (E, A) on P2, the model linearized operator is defined as follows.

*C3 sl
Laggul , 0 1= T4.0 e 10 (27)
»Pr3 sl - )
xS acsxst da,c3xs10 + *esxst (dacsxstacsxst A Pesxst)

where 0 € C*[(C?\ O) x S, Q0] is a section of the pullback adjoint bundle, and
acsxst € C®[(C3\ O) x SY, Q! -] is a pullback adjoint bundle-valued 1—form.

Remark 3.1. We do not deal with the global deformation problem for (G;—instantons on a
complete manifold, thus we do not need the global linearization. We only address the local
model. However, we would calculate the index of the linearization of singular Hermitian Yang-
Mills connections on a Calabi-Yau 3—fold, which certainly requires a global formulation, as
in Section I8 below.

A section acsygt of L,z — (C3\ O) x S! can be split into
aAc3xsl = QSdS + acs, (28)

where a, is a section of the pullback adE, and acs is a pullback adjoint bundle-valued 1—form
without ds—component.

3.2 The fine splitting

We define the finer splitting of a section in the domain of the linearized operator. In view
of formulas and , let u = ro, as = ra,, we find

d
acs = aT% + (ay)n + ao, (29)

where
e a, and a, are sections of the pullback adF,

e qp is an adjoint bundle-valued semi-basic 1—form i.e. a 1—form with no ds, dr, or
n—component.

For further calculation, we let ass £ a,(n) + ao. Fixing  and s, both ags and aq are forms
on S°. We then obtain the splitting of the domain bundle of the linearized operator.

Qgp ® g = [7;,4(adE)]®4 @ [175(D*) @ 77 4(adE)] :

u

o L g 0007 %
Il B w oo ||| (30)

T T an

ap

Definition 3.2. Henceforth, let Domgs denote [} ,(adE)]** & [D* ® (7% 4adE)], the further
pullbacks, and the space of smooth sections of the same bundle on S°. They are the “domain”
of the link operator P, and also of the linearized operator in (27)).

4 The fine formula for the link operator

The purpose of this section is to state the formula (Lemma for the linearized operator
of the Gy—instanton equation under the model data defined in .
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Formula 4.1. ([33] Proposition 3.13]) In view of the splitting in (28]), we have

o 9 0 -1 0 o
Lages, 1,ds,1]- | a, | =[1,ds,1]- “% 1 0 0 +0) | a, |} (31)
acs 0 0 J(CB acs
g d*c3 acs
where O | a, | = (desacs) acswes
acs deso — Jes (dcsgs) + (d@3a@3)JC3R€QC3.

To obtain a finer splitting, we need to generalize the Sasaki-quaternion structure on S°
in Lemma [2.8 to the domain bundle on the 7—dimensional manifold (C*\ O) x S!.

Lemma 4.2. (The “Quaternion” structure on (C*\ O) x S') Under the setting from (29)) to

u
Qs
(130) above, let the column vector | a, | represents the 5 components of Domss respectively.
@y
ao
Let
0 —10 0 O 0 0 —-10 0
1 0 0 0 O 0O 0 0 1 0
I=(0 0 0 -1 0 |,K=|1 0 0 0 0 [, (32)
0 01 0 O 0 -1 0 0 0
0 0 0 0 Jy 0 0 0 0 Jy
00 0 -1 0 00 0 -1 0
00 -1 0 0 00 -1 0 0
T=]101 0 0 0 |,andT=]101 0 0 0 (33)
10 0 0 O 10 0 O 0
00 0 0 Jg 00 0 0 —Jg

be the isometries of Domss (and Domsz) acting on the column vector (by left multiplica-
tion). Then I, K,T form an quaternion structure. i.e. all the pairwise multiplications anti-
commute, and the following is true.

KI=1 IK=T,TI=K, and I’ = K* =T? = —Idpopm_,. (34)
Under Convention on the tensor contractions, we state our main Lemma.

Lemma 4.3. Let (E, A) — P? be a Hermitian Yang-Mills bundle. The following formula for
the model linearized operator holds true.

10 0 00 10 000],0 o P
b (68 £ 3] rem 54 8 T Gere oG T 9

where P is the following Dirac operator on the bundle Domss (Definition .

u 1 —Le 0 0 —(do)oH u u
as Le 1 0 0 (do) oG s s
Pl a | = 0 0 —4 —L g’ a, |, and o £ | a, (36)
a, 0 0 Le -4 —(do)o% a, a,
ag JHdO —Jgdo do J()d() —ng() ap Qo

denotes a general section in the domain.
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Under the tools established in Section [2| and the generalized (Quaternion structure in
the above Lemma the proof of the above Lemma is a routine and fairly tedious tensor
calculation. We defer it to Appendix [17.3]

Convention 4.4. A semi-basic pullback adE—valued 1—form ag can be viewed as in Domsgs.

0
0
The corresponding vector under the basis in (30 is | 0 | i.e. the first 4 components are
0
ap

Zero.

We note again that Lemma (4.3) does not require the connection A to be Hermitian
Yang-Mills, but the Bochner formulas in the following section do i.e. it is not known whether
they remain true if A is not Hermitian Yang-Mills.

5 Bochner formula for the link operator

Both I, K commute with % and %. Using the quaternion identities , we routinely
verify the following formula for commutators between the operator P and I, K, T.

PI=1IP, KP+ PK = —3K, TP + PT = —3T. (37)

These lead to the formula for the square of the linearized operator.

5.1 The square of the linearized operator
Consequently, we straight-forwardly verify the following formula for the square of Lag 5 ., -
9 0? 0? 30 P:+2P
LA¢3 1:_______ - 5
3 xs gs?  0r?2  ror r?

There is another formula for LQA,%B ., than the above. Because the linearized operator

(38)

only depends on the projective connection induced, we denote the curvature form of the
projective connection by F3§ (or FY ).

On the Euclidean space R™ \ O of dimension n > 4, let Ay be a pullback connection from
S"~!, and let 4™ £ V*V + 2F3 ®gn be the operator acting on Q'(EndE) — R\ O,
where EndE is the pullback endomorphism bundle. It is the “linearized” operator for the
Yang-Mills equation with gauge fixing (cf. [43, 6.1]). Using formula [42, Lemma 3.2] for the
rough Laplacian V*®"VE" on 1—forms, we find

#? n-30 Bgimn

Ddimn - _ 39
din T e e B (39)
where
5 |als VIS g, — 2d%a 4 2(n — 2)a, (40)
0,dimn - VS”—l,*VS”_la _ 2dsar + (n — 2)@ + 2F20 ®Sn71 a

Comparing formulas and yields the desired Bochner formula for the link operator.

Formula 5.1. Let (E, A) — P? be a Hermitian Yang-Mills bundle. In view of formula (4.3)),
still let V*V denote the rough Laplacian on the pullback adE — S°. The following identity
holds

P? 4+ 2P = By gime,
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where

u V*Vu + 3u
aS A V*vas + 3a/s

Bodime a, | V*Va, — 2d*a + 8a, ’ (41)
a V*Va — 2da, + 4a + 2F) ®ss a

In relation to the remark under Theorem [A] we need the Hermitian Yang-Mills condition
in Lemma [5.1| but not in [4.3| because the formula [42] (33)] needs the pullback connection on
(C3\ O) x S! to be a projective Go—instanton.

Proof of Formula|5.1: The observation is that, using the usual Euclidean coordinates on
C? x S* (induced from R”), we have a another way to compute Li%g o that yields

0? 0> 30 Bou
2 _ v v 2Y 0,dim6
Adcsxst 92 Or2  ror + r2 (42)

The proof is complete comparing with .

It remains to show (42)). It directly follows from the identities in [42]. In view of the
splitting in (28)), the Bochner formula [42, (146)], which holds for projective Go—instantons
(because locally the connection form acts on endorphisms-valued forms via Lie-bracket),
yields

1 V*,(C3><Sl v(C3><S1 u
2, =l "= 5 O st 2

Pe3xst Ly AVARSEE R v acs + QFXO Rcs a
We note that the proof of [42] (146)] is by Euclidean coordinates for the model Go—structure,
thus it also holds in our case as C?xS! possesses such coordinates for the standard G —structure

¢(C3><Sl~
The point is that V*CxS'yCxst — —g—; V<V and ds is VXS —parallel. We
then compute

acs (43)

O3S o Ot AsdS #,C3xS o C3xst ( &s 0% as #,C3 o C3 ( Us
' =|V® —)lds = |—==(— ’ —)|d
Vet () _ et gt (B = [ (%) 4 greg (s,
and the similar identity holds for V*C**8"y€*»8! (%) ie.
v*,(C3><Slv(C3><Sl(E> _ _8_2(2) + V*,(C3V<C3(E)
r 0s% r r’
Hence, in view of the splitting in , we find
V*’CSVCB(E)
1 ds Y 0% 1 ds Y 1 ds " r
i,%sxgl[;a?,l] as é—@[;,771] as |+ 1] 37”V*’3(CSVC$(%S)
a a VEVEa 4+ 2F) ®csa
(44)

Now we view C*\ {O} as the real 6—dimensional flat cone over S°. Using the formulas [42,
(29) and Lemma 3.2] (let n = 6 therein) for the rough Laplacians V*©'V©q, rV*’Csvcd(“f),
and TV*"CBV@(%), the proof for is complete. O

5.2 The 3—forms of the quaternion structure are transverse har-
monic

The following formula says the 3 forms yielding the Sasaki-quaternion structure are all
do—harmonic.
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Formula 5.2. The following vanishing holds.

do(%) = doG = doH = doy© = dy©® = 0. (45)

Consequently, because they are all xqg self-dual,

d ]
a9 (S) = dpG = dip H = di® = 20 = 0.

Proof of Formula[5.3: Routine calculation shows that the two individual terms in formula

for dy are
d]pQ(nguldUQ) = —gélog ¢0 A (nguldUQ),

and

1 3 _
—5[(d[cp>2) log qb()] A Lg(nguldUQ) = 5[8 log qbo] N (nguldUQ)

Then says that do(Zgduiduy) = 0. Taking complex conjugate, we find
do(Z3dudiiy) = 0.
Using the expression of G, H, and © in , holds in Upgs. Because they are both
smooth forms, by continuity, holds true everywhere on S°. ]
The % self-duality of the forms %’7, G, H also yields the following identities.
Formula 5.3. dSOJ()(CL()> = do(do)JWo, dSOJg(aO) = d()(ao)_JG, daOJH(CL0> = do(CL(])JH.
Proof of Formula[5.3: We only prove the second identity, the other two are similar. We

calculate
a5’ (Jgag) L 4y do*o (aguG) = — %o do *0 *o(ag A G) = *odo(ag A G)
= x0[(doao) N G] (by the dy — closeness in Formula ([5.2))).
== (do(lo)_JG.

5.3 Bochner formulas and the two binomials

Lemma 5.4. (Bochner formulas for P) Let (E, A) — P? be a Hermitian Yang-Mills bundle.
Still in view of the 5 component separation in and Lemma the following holds.

u V*Vu + 3u
Qg V*Va, + 3a,
(P>+2P) | a, | = V*Va, — 2d5°ay + 2L¢a, + 8a, . (46)
a, V*Va, — 2L¢a, + 8a, + 2d5° Jo(ao)
ap V*Vao — 2d0ar — 2J0(d0an) + 4@0 + 2Fg Rss ag
Consequently,
u V*Vu + 5u — 2Leas — 2dy° T (ag)
ag V*Vas + 5as + 2Leu + 2dy° Ji(ao)
(P24 4P) | a, | = V*Va,
ay V*Va,
ao V*Vao + 4&0 + 2F2 ®S5 ag + QJH(dou) — 2jg(d0a5) — 2L§(J0(LQ)

(47)
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We need the Hermitian Yang-Mills condition because we want the pullback connection to
be a projective Gy—instanton. Please see [42] reduction from (32) to (33)].

Proof of Lemma[5.]: We employ the identity P? + 2P = By gime and the fine formula for P.
Formula is obtained simply by adding twice of P to (46]) which we shall prove.

Formula below for the operator d;?f yields that row 3 of is equal to row 3 of
the desired formula (46)). On row 4,

e formula below says that the  component of V*Vay is [2dg° Jo(ao)]n;
e the n—component of —2d,a, is —2n A L¢a,, and that of 4a is apparently 4a,n;
e Formula below says that the n—component of V*V(na,) is 4a, + V*Va,,.

The above facts amount to that the n—component of row 4 in (41)) is
n[V*Va, — 2L¢a, + 8a, + 2d5° Jo(ao)],

which exactly gives row 4 of the desired formula as co-efficient of 7.
For row 5, by similar idea, we only have to observe that Formula below also says that
the semi-basic component of V*V(na,) is —2.Jy(dpa,). This completes the proof of (4€). O

6 Sasakian Fourier Series: the expansion with respect
to the Reeb vector field

We show that any sufficiently regular endomorphism on the pullback bundle over S°
admits a global “Fourier series” in terms of the trivializations s_j of the pullback O(—k) — S°
(Lemmal6.3). The “Fourier”-co-efficient of s_y, is a section of (EndE)(k) over P2.

Let v € C'[S®, EndE)]. For any 8 =0, 1 or 2, the usual Fourier expansion

v = Spegrp(k)eV ™10 (48)
converges uniformly in Uzgs under the Hermitian metric (see Lemma below). For any
k, vg(k) is a section of the pullback EndE — Upggs.

e

. V=165 . .
On the overlap Uggs N U, g5, the function . F;i is equal to §—i . z—i which is pullback

from Ugp2 N U, p2 in P2 Therefore, the k—th terms of the two Fourier-Series match:
vg(k)eV =8 =y, (k)eV ™k (49)

Definition 6.1. The standard Hermitian metric on the universal bundle O(—1) — P? is
| Zo|? + | Z1]? + | Z5|?. It induces uniquely a Hermitian metric hogy on O(l) for any integer
[ # 0. The Chern connection is called the standard connection. Though O(k), k # 0 is not
trivial on P2, the pullback to S are trivial. Let s_; = (X, X1, X3) be the standard unitary
trivialization of the pullback O(—1) — S°. For any integer [, the section

s when [ < 0

s & 1 whenl=0 (50)

S\i’f}l when [ > 0

is the unitary trivialization of the pullback O(l) — S° under the standard metric.
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Let s ® s_j, trivializes the tensor product O(k) ® O(—k) over S°, we find
vg(k)eV 0% = [u5(k)eV ™5 5,] @ s_y. (51)

By the transition condition (49)), the section vy, of (EndE)(k) — S®, defined piece-wisely
by vs(k)eY =55, on Uggs, is independent of 65 or the coordinate chosen. Thus it descends
to a global section on P2, and we find the global series:

VvV = ZkeZVk X S_g. (52)

The negative sign in “—k&” is to be consistent with the usual local Fourier-Series in ie.
for any integer k, and any 3 among 0, 1,2, the following is true in Uggs.

I/g(k’)e\/jlk% =1 Q S_g. (53)
Definition 6.2. The series is called the Sasakian-Fourier series of v.

The main lemma of this section summarizes our discussion.

Lemma 6.3. In the general setting of the first sentence in Lemma letv € C1°(S°, EndE).
For any k € Z, there is an unique section vy of (EndE)(k) such that the following holds.

Under the pullback Hermitian metric, the Sasaki-Fourier series YV, ® S_p converges
uniformly to v on S®. Moreover, it can be differentiated term by term by the Reeb Lie
derivative Le and the rough Laplacian V*Vss i.e.

o Y. Le(vp ® s_y) is the Sasaki-Fourier series of Lev, and converges uniformly on S° to
LgV.

o Y V*V|ss (v ® s_i) is the Sasaki-Fourier series of V*Nv, and converges uniformly on
S° to V*Vu.
The Sasaki-Fourier co-efficients are traceless if v is.

Not every operator can differentiate the Series term by term (see above Claim [17.9)).

Proof of Lemma[6.3: Tt is a direct consequence of the uniform convergence in Lemma
and the term by term-wise differentiation in Claim below. O

7 The P—invariant subspaces and sheaf cohomologies
on P?

In this section, we study the special class of eigensections of the operator P consisted
of pullback adF—valued semi-basic 1—forms i.e. an eigensection of which the first 4 endo-
morphism components are 0 (regarding the decomposition in (30])). These turn out to be a
“building-block” of SpecP (as in Theorem |A|above, also see Theorem below).

Definition 7.1. Let V; £ {ao € C'°[S°, D* ® adE]|Pay = lag}. This means

Vv (54)

d
= {CLO S 010[85, D* & adE”d[)Clo_lH = doao_lG = daoao = doaoJ—n = 0,

2
Lg(Joao) = —l(lo},
= {CL() S 010[85, D* ® adE]|d6°JH(ao) = dSOJG'(CL()) = daoao = d(*)OJQ(ao) =0,
Lg(Joao) == —lao}.
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The above definition says that V; is a subspace of the eigenspace [E;P. Elliptic regularity
implies that any ag € V; is smooth.
This subsection is devoted to the proof of the following characterization of V.

Proposition 7.2. In the general setting of the first sentence in Lemmal[8.3, for any integer
[, the sub space V| (of the eigenspace) is isomorphic to

HOMP?, (EndoE)()] (space of O — harmonic forms).

Consequently, with respect to the complex structure Jy, V; is complex isomorphic to the sheaf
cohomology H'[P?, (EndyE)(1)].

To prove the above proposition and for other purposes, it is useful to set the following
convention.

Notation Convention 7.3. When the two vector spaces are complex vector spaces of sec-
tions of a complex vector bundle (like the twisted endomorphism bundles), or when they
are sheaf cohomologies etc, the “=" means a complex isomorphism. Otherwise, to say it is
a complex isomorphism, the complex structure should be specified in a manner similar to

Proposition [7.2]

7.1 The two term Sasaki-Fourier series for elements in V]

We decompose any pullback ad E—valued semi-basic 1—form ag into the (1,0) and
(0, 1)—components

ap = ay” + ay’. (55)
Then the condition
—L¢Jo(ag) = lag (which is part of (54)) (56)

yields that
lay® + lay" = lag = —L¢Jolag) = —Le(—v—1ay® + vV—1ay") = V=1Leay” — vV —1Leag’.
Comparing (1,0) and (0, 1)—part of both sides, we find
Leag’ = V/—=1lay", Leay® = —v/—1lagy”. (57)
Consider the Fourier-expansions
agt = Zray (k)s_k, ap” = Spag” (k)s_. (58)

where the summations are over all integers, and each coefficient is a EndyFE—valued 1—form
pulled back from P2. Since

LgS_k =V —1]€S_k, (59)
the following holds.
Leag" = SpvV/—1kay (K)s_y, Leay® = Spv/—1kay (k)s_g. (60)

Compare the Sasaki-Fouriercoefficients of the first equation in with the first identity in

(57), we find that the eigenvalue [ must be an integer, and ay' (k) = 0 if k # [. Consequently,
ay' = ag'(1)s_;.  Similarly, ay® = ay®(=1)s;.

In summary, we have found
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Claim 7.4. Suppose ay € C'V[S°, D* ® adE] satisfies equation and ay # 0, then the |
therein is an integer. Moreover, in view of the (1,0) & (0, 1)—decomposition , we have

1,0 1,0 0,1
ag =crs sy, (61)

where 'Y is an (EndyE)(—1)—valued (1,0)—form on P?, and *! is an (EndyE)(l)—valued
(0,1)—form on P2,

The above claim particularly means that there are only two non-zero terms in the Sasaki-
Fourier series of ay (if it satisfies (56])).

7.2 Equivalence between the conditions on dyb and that %! is
Op—harmonic
In this section we prove Lemma [7.6| on the equivalent characterization of the defining

conditions in (H4]). The semi-basic form © is (2,0) and nowhere vanishing, and the complex
rank of D*(1:9) is 2. The following simple algebraic fact inherits that on a Kéhler surface.

Fact 7.5. At a point on S°, et #; and 6 be (0,2) and (2, 0) semi-basic forms. Then 6,0 = 0
if and only if #; = 0. 0.0 if and only if 6, = 0.

The contraction between two (2,0)—forms ((0,2)—forms) vanish.

On semi-basic 1—forms, we define

dBO é — %q do*g, (950 é — %0 80*0; 530 é — %0 50 *0 - (62)
Then the adjoint Jy with respect to the Hermitian inner-product is 93°, and that of 9y is J5°.

Lemma 7.6. In the general setting of the first sentence in Lemma let b be a smooth
section of D* ® adE — S°, the following holds true.

dobsH = doboG =0 = 9gb™! = 9pb"° = 0; (63)

d _
d5b = dong =0 & oKt = gpobto = 0. (64)
Proof of Lemma[7.6: 1t is a comparison of the types of forms. We split dob into the (0, 2),
(2,0), and (1,1) components.

dob = 0pb"" + 9pb™" + (9pb™! + Db ?). (65)
Among the 4 terms, only the (0,2)—component Jyb®' might have non-zero contraction with
O, the contractions between the other 3 terms and © vanish. Employing Fact [7.5] we find

dob_® = 0 < 9pb>! = 0. Similarly, dyb_© = 0 < 9yb** = 0. The proof of is complete.

To prove , we first observe that

ot =0, It =o. (66)

To prove the first identity in , it suffices to notice that xob'? is a (2,1)—form and the
complex rank of D*(19) (D=1} is 2 then dyxob" = 0. The other one is similar. Therefore

d5°b = Oyt + pebtY. (67)
Contracting dpb with %, still using the decomposition and the vanishing (66[), we
find

dobJ%" = d Job = d}° (v 10" — V/=1b"0) = V/=19;°6% — /—195°b™°. (68)

Via the two different identities and (68)), the condition dg’b = dOde—; = 0 is equivalent
to that /—19;°b%! = 0 = \/—19;°b"°. The sign difference between and caused by
the complex structure J; is crucial. The proof for (64)) is complete. O
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7.3 Transverse parallel of the trivialization of the pullback O(—1) —
S°, and the proof of Proposition

We show that the map sending ay to ¢”! in Claim is the desired isomorphism in
Proposition [7.2] The trivialization s_; of the pullback O(l) — S° is dy—closed (parallel). It
is not parallel under the (full) connection unless [ = 0.

Lemma 7.7. Under the pullback standard connection on the pullback O(l) — S°, the standard
trivialization s; (see and Definition [6.1)) is do—closed i.e.

Oos; = 0ps; = 0, and dys; = 0.

Proof of Lemma[7.]: We only prove it when [ = —1. When [ = 1, it follows by dualizing.
For arbitrary integer [, it follows by Leibniz-rule with respect to tensor product.
It suffices to prove dps_1 = dps_1 = 0 in Uygs. The vanishing on the whole S° follows by

continuity. Via formula for Zy (which particularly says L¢Zy = +/—1%;), Fact on
the Reeb vector field, and formula for 0y, Oy etc, we routinely verify the following.

a()ZO = —Zoa]pﬂ lOg ¢0, 50Z0 =0.

The trivialization (1, uy,uz) of the pullback O(—1) descends to Uypz in P2. Then, under
the Chern-connection of the standard metric, we find

50(17U1, U2) = 5P2(17U1, Uz) =0,

and
a0(17 Uy, U2> - 8[[172(1, Uy, U2> - <8P2 1Og ¢0)(17 Uy, U’2)'

Therefore, both the 9, and J, of s_; vanish.

0(Zo, Z1, Za) = 9o[Zo(1,u1,u2)] = (80 Z0) (1,1, uz) + Zo[Op2(1, uy, us)] = 0.

00(Zo, Z1, Z3) = Oo[Zo(1,u1, u2)] = (00Z0)(1, w1, u2) + Zo[Op2(1, uy, ug)] = 0.
The proof is complete. ]

It is helpful, for example to Proposition and below, to extend the usual conjugate
transpose of endomorphisms to twisted endomorphisms.

Notation Convention 7.8. For any integer k, let — denote the conjugate linear map from
the pullback O(k) to O(—k) defined by 5 £ s_y.

In the general setting of the first sentence in Lemma [8.3] let the transpose only applies
to the EndFE—part but not the line bundle part, the —* of any twisted endomorphism is
defined.

The conventions and equations established so far are at our disposal to characterize the
P—invariant subspaces V.

Proof of Proposition[7.2: We show that the map
() = v™'s (69)

is the desired isomorphism V; — H%[P?, (EndyE)(l)]. Because Jy acts on a (0, 1) semi-basic
form by the scalar multiplication of v/—1, the map is complex linear.
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Let agp = b in Claim [7.4], ['(b) is the “c*'” in the splitting (61)).

Step 1: T'(b) is a priori a (EndE)(l)-valued (0, 1)—form. We show that it is dp>—harmonic.
By the 8y and dyp—closeness of s, in Lemma [7.7, we compute

Do(b%ts;) = (0pb™)s; + b°1(Dps)) = 0, (70)
and
880 (bo’lsl) = — %o 80[8[ *0 (b0’1>] = — %0 (8081) A *Q(bo’l) — 5 [*080 *0 (bo’l)]
—Sl[‘koao *0 (bo’l)] = S[aaobo’l

= 0.
Because b%'s; descends to P2, the above vanishing implies that
Op2 (0% 5)) = 0557 (b1 s)) = 0 de. T(b) € HOH P2, O(1) ® EndyE).

Step 2: We show that the following map T : H"'[P? O(l) ® EndyE] — V] is the (two-
sided) inverse of T.

L(d*Y) 2 d" @s;—[d"® s,l]t, (71)

where d*! @ s_; is viewed as a pullback End,E—valued semi-basic 1—form on S°.
A pullback endomorphism-valued semi-basic 1—form « is adF—valued if and only if

a0 = —a0T'(cf. [21) (2.15) VII)).

Hence T is injective. By definition, I'l' = I'd automatically holds true. Then for any b € V},
we find (I'T)b — b € Kerl' = {0}, which means I'T" = Id as well. O

8 General spectral reduction for V*V|gs

In this section we reduce the spectrum of the rough Laplacian from S° to P2. This relies
on the following formula for the rough Laplacian acting on sections of adE — S°:

V*Vu = =L + di°dy. (72)

This is verified by a transverse geodesic frame (v;,i = 1, 2, 3, 4) on an arbitrary Reeb-orbit
together with the Reeb vector field . The vanishing V,,v; = 0 and V£ = 0 on the Reeb
orbit yields

—(V*VU) |7Tg’}1p - [sz (V%u)] |7r57’411p + (Lgu) |7r;’411p = _d60d0u|7r5iip + (Lgu) |7r;’411p'
Now we define the spectrum with multiplicities.

Definition 8.1. Let Spec™( - ) denote the set of eigenvalues counted with real multiplicity.
This means if p is an eigenvalue and the real dimension of the eigenspace is m,,, i appears
m,, times in Spec™!(-).

Similarly, when the operator is V*V| g4, -85 0F V*V|(Bnde ) (1)—p2, let Spec™ () denote
the set of eigenvalues counted with complex multiplicity. This means if p is an eigenvalue
and the complex dimension of the eigenspace is m,, (1 appears m,, times in S pec™ue (),
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Remark 8.2. The complex bundle EndyFE is the complexification of adE. Hence, for any
X € SpecV*V|ss, ExV*V|gna,p—ss 1s the complexification of

EAV*V|aagss £ E\V*V]gs.

The real dimension of a vector space is equal to the complex dimension of its complexification.
Therefore
Spec™ NV |sap_ss = Spec™ NV *V | grdy Bsss - (73)

We now proceed to our goal in this section.

Lemma 8.3. Let (E, A) — P? be a Hermitian Yang-Mills bundle. Then

Spec™ NV *Vss = Spec™ NV V| pndy s
= {Oél + l2 ’ o) € Specm“lCV*V](EndOE)(ZHPz}. (74)

Consequently, without counting multiplicity,
SpecV*Vlgs = {ag + 1 | oy € SpecV*V|(EndyBy1)—p2 }-

Let ly be the smallest positive integer such that H°[P?, (EndyE)(ly)] # {0}. Then for any
integer | > lo, the integer 41 + I* is an eigenvalue of V*V|ss.

As the spectrum of the Laplace-Beltrami operator on S° are integers of the form 4{+12, | €
Z>¢, the above means that for a general holomorphic vector bundle over P? of rank > 2, the
Laplace Beltrami and our bundle rough Laplacian V*V]gs on S° contain infinitely many
mutual eigenvalues.

Proof of Lemma [8.3: To prove the first part of the statement, in view of identity , it
suffices to show

SpGCmUICv*V|EndOE_>§5 = {O[l + l2 | o € Specm“lCV*V|(End0E)(l)_>pz}. (75)

Suppose u € CY[S?, EndyE], the Fourier-expansion u = Yczu; ® s_; converges point-
wisely on S°. Moreover, the Laplacian can be taken term by term. Using that dys_; = 0 and
that u; descends to P? so on which the actions of xy and dy equal the actions of xp2 and dp2
respectively, we find

A dou = S (VP VT 0) @ 5.

Using L¢u; = 0, the decomposition of the rough laplacian on §°, and Ls_; = —Is_,
we find .
V*Vu = El[(V*’P v + ZQ)UZ] X S_j. (76)

Then the desired result follows by plugging an arbitrary eigensection w into and
comparing the Sasaki-Fourier series of both hand sides. For the reader’s convenience, we still
provide the full detail.

Let A € SpecV*V |gnaop—ss, and uy is a (non-zero) eigenvector. Then ([76)) yields that

)\’LL)\ = Eluk,lsl = El[(v*’PQVPZ —|— ZQ)U)\J] ® S_J. (77)
Then either uy; = 0 or V*’WVPQU,\J = (A — [*)uy,;. Therefore, we obtain a linear injection

. * *
i BA(V'V | Bndop-s7) = O1a-2especv Vi 0 a2 EA-2V V| (Endo ) 1))
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sending wu) to its Sasaki-Fourier co-efficients. By non-negativity of the rough laplacians on
the twisted endomorphism bundles over P2, only finitely many [ yield non-zero eigenspace
Ex—2V*V|(ndo 5) (1) —P2-

The map i is obviously surjective because for any set of Sasaki-Fourier co-efficients

SHOWES EBI,)\fPESpecV*V\( (Ex—2V*V|(Endo 5y 1) P2 ),

EndyE)(l)—P2

we have
Yiunis—i € Ex(V*'V|gnagp—ss) and i(Xjuns-;) = Sruyy.

The proof of is complete.
To prove the second part of the statement, we notice that there is a positive integer [y

such that for any [ > Iy, h°[P?, (EndoE)(1)] > 0, and either [ = 1 or no positive integer < [y
has this property. This is evident by

e the Riemann Roch (Lemma [17.10)),
e the Enriques-Severi-Zariski Lemma [44],

e and that h°[P?, (EndyE)(l)] > 0 implies h°[P?, (EndoE)(k)] > 0 for all k > [. This is
because a nontrivial holomorphic section tensoring a nontrivial homogeneous polyno-
mial is nowhere vanishing on a Zariski open set.

Hence the Kéher identity i.e. Lemmal|l7.12{below says 41 is an eigenvalue of V*V (g4, £)1)—p2-
Therefore 41 + [? is an eigenvalue of V*V|gs. O

9 Describing SpecP

9.1 The orthogonal complement of the eigen cohomology space

In this section we find an orthogonal decomposition
L*(S°, Domgs) = X @ Vo, ® 11
such that each summand is P—invariant. Therefore SpecP can be separated.

Definition 9.1. In view of the invariant subspace V; that is isomorphic to the cohomology
(Proposition , we define the eigen cohomology space Vo, = @1c7V;, which is isomorphic
to the finite dimensional vector space @& H'[P?, (EndyE)(l)]. We view V,,;, as a subspace of
the Hilbert space L?(S®, Domsgs).

Let Row' denote the injection from L%[S?, ad F] to the i—th row of the domain L?[S®, Domgs]
of the link operator. Define another P—invariant subspace generated by KerV*V|ss with
vanishing 5—row:

u
aS

Il £ &}, Row' (KerV*V|ss) 2 {| a, | € L*(S°, Domss)|u, as, a,, a, € KerV*V|s}, (78)
an

0

Such a section is said to be redundant, and it is thus called the space of redundant sections.
Let
X £ (Ve @ TI)* (79)

25



be the orthogonal complement of the finite-dimensional subspace V_,, @ II. It is P—invariant
because V.., @11 is and P is formally self adjoint. The first 4 entries of a section in X are all
perpendicular to KerV*V|gs.

A section with vanishing 5—th row i.e. vanishing semi-basic 1—form component is said
to be primitive if the first 4—entries are all perpendicular to KerV*V|ss. The space of all
such sections (denoted by {primitive sections}) is a closed subspace of L*(S°, Domgs) that
equals ®F_; Row'[(KerV*V|gs)*]. For any integer i among 1, 2, 3, 4, a primitive section
such that every other row than row 7 vanishes is said to be Row’—primitive. This means it
lies in the range of the map Row'.

Let V*V| Kerd, denote the restriction of the bundle rough Laplacian V*V|ss to the or-

thogonal complement in L*[S°, adE] of its kernel. Apparently, the kernel of V*V|,. is
S
trivial.

Apparently, by the fine formula we have

SpecP

Voor, = Seon, and SpecP|y = {1, —4} if KerV*V|gs is non-trivial.

Moreover, any element in L?(S®, Domgs) with vanishing 5th row is perpendicular to V =.,.

9.2 The spectrum on X
We determine the spectrum of P restricted to X.

Theorem 9.2. Let (E, A) be a Hermitian Yang-Mills bundle over P? with rank > 2. let
S%.v be all the numbers generated by the nonzero eigenvalues of V*Vlgs (via or the first
bullet point above Theorem |A} equivalently). Then SpecPly = S¥.y.

We do not ask for non-projective flatness at this point, and aim at a general result. The
numbers —1 and —2 are not eigenvalues if and only if it is projectively flat.

Before proving it, to intuitively understand the feature of the Bochner formulas of P
(Lemma [5.4)), we introduce the notion of “autonomous”.

Definition 9.3. For any ¢ = 1, 2, 3, or 4, let v; € L?*[S°, adE] be the independent variable
in the i—th row of the domain Domsgs. A linear differential operator L on Domsgs is said to
be autonomous with respect to row i, if row i of L is

(V*V + kId)v;
for some real constant k, and the other rows does not depend on v;.

The crucial observation is that by the Bochner formulas in Lemma P?*+ 2P is au-
tonomous with respect to row 1, 2, and P%+ 4P is autonomous with respect to row 3, 4. We
also need the Fourier expansion with respect to the eigen-basis of the restricted P.

Definition 9.4. Let {¢,, 1 € Spec™(P|x)} be an eigenbasis with respect to P|y. The
eigen expansion of any section in X is called the P|y—eigen Fourier expansion. Similar term
applies to P itself (no restriction) and the other rough Laplacians. This is not the same as

the Sasaki-Fourier series (Definition .

Proof. We first prove the direction
SpecP|y C S2.¢. (80)

The idea is to inject an eigen-space of the rough Laplacian on the pullback adjoint bundle to
each among row 1-4 of the domain of the link operator. Let A be an eigenvalue of V*V| Kerk s
S
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for any non-zero eigen-section uy, Row'u, is in X i.e. perpendicular to IT and V,.,. The
P|x—eigen Fourier expansion is

Rowluy = 2 e Specmut (Pl) U u P
Using the Bochner formula , we calculate that

S espeemut(ply) (17 + 20U u ¢y = [P? + 2P| Row'uy = Row' (V*Vu, + 3uy)
= (A +3)Row'u,
ZuESpecm“l(Pb()()\ + 3)u>\,u¢u' (81)

Comparing the non-zero coefficients u, , (which must exist because uy # 0), we find
2+ 2= \+3.
The above means that for any A € Spec(V*V|gert ),
Sn)
Rowl[EA(V*V|K6r§5)] - @M2+2#—3:>\EM‘P|X'

Because u) is an arbitrary non-zero eigenvector, and that the eigenbasis with respect to
V*V is complete in L%[S®, adE)], the following holds.

Row'[(KerV*V

2
SS)J—] - @feSpec(V*V\K”% )RO’UJl (]EAV*V‘KerS%)
S

L2
< @MZ-I-Q;L—SESpec(V*V\KETL )E#P’X
s5

Similarly, using again, we verify that

% 2
ROwQ[(KGTv V|S5>J—] g @/€Q+2U_3ESP€C(V*V|KETL5)E:“‘P|X'
S

Using the Bochner formula instead of , we verify

* * 2
ROU}'?)[(KGTV V|S5)J‘] @ R0w4[(K€TV V|S5)J‘] g @£2+4H€Spec(v*v|KeT%)EMP|X.
S

In summary, by definition of Sy+v, we find
{primitive sections} C @ﬁzsova“Ph

Consequently, related to the orthogonal complement of the above, we find

1.2

@M¢S%*VEMP|X C {primitive sections}*.

= {| a, | |ao € L*[S°, D* ® adF), u,as,a,,a, € KerV*V|ss}. (82)

The equality simply follows from definition of primitive sections under (79). The above
relation means if x is an eigenvalue of P|y and p ¢ S%.o, row 1-4 of any eigensection of P|y
must be in KerV*V|ss. Again by the fine formula , because KerV*V|ss is perpendicular
to range of di°, if ap does not vanish it must belong to V... Then the eigen-section is in
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Veon @ I, but it is assumed to be in the orthogonal complement. Therefore it must vanish.
This means y is not an eigenvalue of P|y if 4 ¢ SY.o. The direction is proved.
Now we prove the other direction:

SpecP|y 2 SY.o. (83)
It suffices to read the P|y—eigen Fourier expansion deeper. Namely, it means

1,
Row uy = E,ueSpecm“l(P|X),,u:fl+\/4+)\u/\,,u¢ﬂ + Z,uGSpecm“l(P|X),,u:717\/4+)\u)\“u¢,u'

Because u) is non-zero, the above means at least one of —1 — 4+ X and —1 4+ V4 + X is
an eigenvalue of P|y. We show by contradiction that both of them must be eigenvalues.
If not, Row'u, is an eigensection of P, thus douy = L¢uy = 0, which is equivalent to that
uy € KerV*V|ss. But uy L KerV*V|ss, then uy = 0. This contradicts the hypothesis that
uy # 0. Likewise, regarding the other polynomial ;2 4 44, corresponding to the 3rd and 4th
row of Domss, Row'uy yields the two eigenvalues —2 — /4 + X and —2++/4 + \. Thus all 4
numbers in SY.o generated by A # 0 must be eigenvalues of P|y. The proof of the direction
(83) is complete. O

A direct consequence of the spectral decomposition Lemma [8.3]is that the connection A is
irreducible on P? if and only if the pullback A is irreducible on S°. Moreover, the poly-stable
bundle E is stable if and only if the Hermitian Yang-Mills connection A is irreducible on P?
([21, VIL, Proposition 4.14]).

Then we proceed to the final task of this section.

Proof of Theorem 4| spectrum part: The eigenvalues of P in S¥.y must be either > 0 or
< 3. Those on IT are 1 and —4. Hence X and II contribute

Sv«v \ {0, —3}

to SpecP as the Laplacian eigenvalue 0 generates the four numbers 0, —3, 1, —4 via the
two binomials. This holds even if II is trivial i.e. F is stable. Moreover, any eigenvalue
in [0, 3] must be induced by V., thus is an integer. Assuming FE is not projective flat (but
polystable with rank > 2), the strict Bogomolov Chern number inequality, Riemann-Roch

formula (Lemma [17.10]) imply
h'[P?, (EndE)(—1)] = h'[P?, (EndE)(—2)] > c2(EndE) > 0. (84)

Therefore —1 and —2 must be eigenvalues of P.

Please see Uhlenbeck-Yau [38, Theorem 8.1] and Kobayashi [21], IV, Theorem 4.7] about
why co(EndE) = 0 implies projective flatness in our case.

An eigenvalue 41 + (%, | > I for the bundle rough Laplacian in Lemma [8.3] through
or equivalently the first bullet point above Theorem [A] generates the four integer eigenvalues
of P. The proof of Theorem [A]is complete. O

10 The multiplicities

In this section we determine the multiplicities of the eigenvalues of the link operator.
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10.1 The definition of the projection map

For any p € S¥.¢ C SpecP, at least one of
Aléu2+2u—3, )\2:M2+4/L
belongs to {0, —3}. In this section, we define the projection and give a formula for it.

Definition 10.1. Let (E, A) — P? be a Hermitian Yang-Mills bundle. Suppose
1 € SpecP|y = SY.o.
Let ||g,p|, denote the orthogonal projection
(Ex V¥ e, )7 @ (B, V'V et ) = B Pl
that is factored as follows.
(EMV*V\K%)@? @ (EAQV*WK%LS)@? — X — L*(S°, Domgs) — E, P|x.

From here to the end of Section , let ¢ € E,P|x, and ¢ denote a section of the form

S (Eklv*v|KerSl5)€B2 S (EAQV*V|K67‘;5)®2‘

O @ >

We start from the first entry. Suppose v € Ey, V*V/|g,, still by the P|x—eigen Fourier
S
expansion, there is an (unique) orthogonal splitting

v U U

0 Qg —ayg

Ol=|a |+ -a | 2o+ (85)
0 ay, —ay,

0 ag —ag

such that ¢ € E,,  Ply and ¢ € E,, _P|y. By the fine formula (36) for P, the former
condition gives the left column and the latter gives the right column in the following.

u— Leag — (doag)sH = py, +u , U+ Leas + (doag)2H = iy, —u.
Leu+ as + (doao) oG = px, +as , Leu — as — (doag) 1G = — iy, —as.

—4a, — Leay + diap = puy, +ar , 4a, + Lea, — diPag = —pin, —ay. (86)
d d
Lea, — 4a, — (doCL())J?n = fn, 4+, , —Lea, +4a, + (dgao)_I?n = — [y, —Qy.

Judou — Jadoas + doa, } _ a Jrdot + Jodyas — doa, } _ .
+Jodoay — LeJo(ao) Fa+do —Jodoa, + LeJo(ao) Hx,—do-

Then the last row of simply becomes the following two equations.
JHd()U - Jgdgas - L§J0(CLO> = Mx,+0Qo, JHdoa—l— Jgdoas + LEJ()(CL()> = —Hx,—A0- (87)

Summing them up and using v = u + @ (which is evident from (85))), we find

. JHd()U
Jgdov = 2/4 + A .e. = —.
HQU 140 1.€. Qo QM
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On the other hand, summing up the two equations in the first row of , we find

U= et + i,
Using v = u + w again, we conclude that

1-— _ 1 1 ~ —1 1 1
U= s Eal ( + v, u= T (— + v

P+ = Hoag,— VA+A o 2 P+ — Hag,— Va+A 2

Next, summing up the two equations in the second row of , we obtain

Lev
as = ¢

PN/

Then
v ||]Eu/\17+P\X [ (\/41_"_7/\1 —+ %)’U T v ||]]ZH)\17_1>|/Y B (_\/4_171 + %)U -
Lf/U Lgl}
0 ara 0 REN e
0 = 0 , | 0 = 0
0 0 0 0
0 Jygdov 0 _ Jrdov
L 2v4+ A1 | L 2v4+ X1 |

(83)

The same method as above yields the following projection formulas for the other rows of

Domgs.

e Suppose \; € Spec(V*V|KeTS¢5), for any h € ]EMV*WK%% such that h # 0,

0 H]Ef‘kl,-ﬁ—P‘X [ _12\/[;%)\% ] O HIE;LAL_P\X [~ 21/[;%}\1 1 -

h ( T 2)h h (_m T2)h

0 = 0 ’ 0 - 0

0 0 0 0

0 _ Jadoh_ 0 Jgdoh
gl | W =5 vl

e Suppose Ay € Spec(V*V]KeTSLE)), for any g € ]E,\QV*V]KWSL5 such that g # 0,

0 HJEEAZ#P\X [ 0 i 0 HJEﬁAzﬁP\X [ 0 -
0 0 0 0
(— 7 +3)9 (7 209
g = \/L@g 2 | g = ML . 2
0 2\/4S+TQ 0 _2\/41)\2
0 dog 0 __dog
| 2v4+X2 N L PIVZED T

e Suppose Ay € Spec(V*V |, ), for any w € Ey, V*V| . such that w # 0,
S S

0 ||]EH>\2,+P\X 0 0 H]EEA%_P\X 0
0 0 0 0
ng ng
0 = B 12\/4+>\21 ) 0 = 12\/4+/\21
w (=7 Ta)w w (Vi + 3w
0 Jodow 0 _ Jodow
| 24/4+ o i | 24/4+ o i

Summing up formulas 7, we arrive on target.
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Lemma 10.2. In the setting of Deﬁm’tionm for any p € SY.g C SpecP, let
M 22420 —3 and Ny 2 1 + 4p.

Suppose v, h € Ey, V* V|K6,45 and g, w € IE,\QV*V|K6T _, the following projection formula is
true.

o e | -—%§%SB-+-(;§T + 1o ]
h 2(;-:1) + (ﬁ T %)h
9 = 5§5+<¥H+§m : (92)
l(l)) _ JGdoh(MjJiQ) Ij;lo(v _ﬁ+2d:; 5);_!) Jodow
2+ T2t T 2wty T 2wty

If \y ¢ SpecV*V| Kerd then v, h must be 0. This is an advantage in defining eigenspaces

for all real numbers. The rationale is that if it is not an eigenvalue, then all “eigensections”
are 0. The same applies to As.

10.2 The Kernel and Co-kernel
The purpose of this section is to prove the following.
Proposition 10.3. In the setting of Deﬁmtzon 1, ||g, Pl is surjective.

Remark 10.4. The surjectivity particularly means that any eigensection of the restricted P
must be of the form , respectively.

Proof of Proposition[10.5: 1t turns out that the co-kernel can be directly shown to vanish,
using the projection formula. The condition ¢ L ¢ l=uPix ig equivalent to that
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Using that the adjoint of L¢ is — L, and that Jody, Judo, Jady are adjoint to —dg° Jo, —d° Ju,
—dy° Jg respectively, we find

Pt 2(/ff1) G i gt gguﬁ?) (93)
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Therefore, the condition ¢ € Coker ||g,p|, is equivalent to that holds for all ¢ €
(B, V" Vrs,)? @ (Er, V-V s %2 and o € B, P
The eigensection condition (the left of comma in system (86))) again says that

—Leas — (doag)oH = (p — 1)u, Leu+ (doag) oG = (p — 1)as,. (94)

d
—Leay, + dilag = (p+4)a,,  Lea, — (doag)a— = (u + 4)a,,.

Ui
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Plugging into , we find
< h,as >+ <v,u>+ <w,a, >+ <g,a >=0. (95)

Because ¢ € (B, V*V|yr1 )% @ (Ex, V*V| g, 1 ) ¥ is arbitrary and the first 4 entries of ¢ is
S S

0
0
in the same space, they must vanish i.e. u = ay = a, = a,, = 0. That | 0 | € X implies
0
ap
ag = 0 as well, therefore ¢ = 0. This means the co-kernel is trivial. ]
10.3 Kernel of the projection |, p|,
In the setting of Definition [10.1], the following holds.
Proposition 10.5. 1. If i is not an integer, the orthogonal projection ||g, p|, is injective.
2. When p s an integer,
Ker |[g,p,= H'[P?, (EndyE)(n)] @ H[P?, (EndoE)(—p — 3)]. (96)

The observation is that a primitive section being in the kernel of the projection is
equivalent to that

e the second row h and the fourth row w are two term Sasakian-Fourier series

e the Fourier co-efficient of w with respect to s_, and that of h with respect to s,.3 are
holomorphic sections of (EndyE)(mu) and (EndyE)(—mu — 3) respectively.

e the other two entries v and g are determined linearly by h and w respectively.
For the reader’s convenience, we still provide the detail.

Proof of Proposition|10.5 : It might be fairly surprising that the projection formulas also
force the kernel to be holomorphic sections. Suppose

C € (EA1V*V‘Ker§5)€B2 D (E)\QV*v’KeTsls)@Qa and C”E“P‘X = 0. (97)

By the projection formula , the vanishing is equivalent to
Lgh 1 1 Lg?} 1 1

- + +Ju=0 | + +)h =0,
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ng 1 1 ng 1 1
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2(n+2) ( p+2 2)9 2(n+2) ( w2 2)w
Jadoh Jrd d Jod,
and — o¢fon 4 onft o, _%d 0% (98)
2n+1)  2(p+1) 2n+2)  2(pn+2)

We note again that Theorem [A] says none of u, p+ 1, p+2, p+ 3 is 0. Hence row 1 of
is equivalent to

L¢h
L2h = —(u+3)%h, v=-—"" 99
¢ (n ) 1+ 3 (99)
Similarly, row 2 of is equivalent to
B ng

Liw = —p*w, g (100)
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Part I: Suppose u is not an integer.

Because the eigenvalues of L2 are squares of integers, but u is not an integer, we find

byand-thatC—O

Part II: Suppose u is an integer.

In this case, and do not force the eigensection to vanish. We show that this is
how the space of holomorphic sections come into play.

Similarly to the proof of the two term expansion in Claim , equation implies that
the Sasaki-Fourier series of h only has 2—terms i.e.

h'= Pyt3S—(uta) + heurs) Suts. (101)
Moreover, because L¢s, = —v/ —1ksy,, we find
Le¢h
v = = Vs ors) — Ao urg) Sua. (102)
pn+3
Consequently, the transverse differential of A is
doh = [dﬂm2hu+3]8_(u+3) + [dPQh_(M_;,_g)]S‘LH_g, (103)
and that of v is
dov = vV ={[dp2hy13]5—(ur3) — [dp2h—(ui3)]843}- (104)
Hence,
Jodo'l} = Vv — {[J]p2d]p2h#+3] (u+3) [Jde[th (u+3) ]8H+3}
= [Op2Pyys — Op2lyuys]s—(urs) — [OB2—(uys) — O h(uis)|suys. (105)
Equation (103]) and (105)) amount to
doh + Jod(ﬂ) = 2[(8p2hu+3) (u+3) (5p2h, M+3))8M+3]' (106)

Because G is minus the imaginary part of the form © i.e. G = ; ﬁ’ we calculate that

—Jgdoh + Judov = —Jg(doh + Jodgv)
= —2{[(Ob2lry13) 1G] 5 ur3) + [(De2h(u43)) sG55}
= V=U[(F2hy13)10]5—(ur3) — [(Op2P(u15)) 2O 5013} (107)
In the above, we used again that the contraction between a (1,0)—form and a (2,0)—form

vanishes, and that the contraction between a (0, 1)—form and a (0,2)—form vanishes.
Using ((100)), the following two term expansions hold as well.

w=w,s_, +w_,s,, 9=vV—1w,s_, —w_,s,). (108)
By similar derivation as of (106, we find
dog + Jodow = 27/ —1[(Fp2w,,)s_,, — (Op2w_,,)s,.). (109)

In the light of (107)) and (109), the last equation in reads
v—1

2(p+1) {[( hu+3)—'@] (1+3) [(aﬂﬂ —(u+3) )J@]Squg} (110)
W)
+ g2y O = Gp)a)
= 0.
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The (1,0) and (0,1) part of (110]) should both vanish. This yields the following.

_[(5]P’2h—(u+3))49]3u+3 - %(aﬁﬂw—u)su =0; (111)
A 2p+1) _
[(aﬂmzh,Hg)J@]S,(;ﬁg) + —" (11 2) (a]pz w)S—p = 0. (112)

Using that
o dy© = dyO = 0 (see Formula ,

e any power of s_; or its conjugation is dy—closed (Lemma ,

e and that the curvature form Fj is (1,1),

we find that
[(Op2h—(4y13)) 2O)8,45 = *0[(Fpzh—(yt3)) A Ols,ts is O° — closed,

and
[(Op2hys3) 1O _(ur3) = *ol(Fp2hyss) A Ols_(ura) is J5° — closed.

Plugging the above into (111 and (112]), we see that
(Op2w_,)s, is 9;° — closed, and (pzw),)s_, is O5° — closed.

Because both dpzw_, and Jp2w), are forms on P2, and 9;° (9;°) are equal to the usual 8;52
(5;,152) on such forms, we find 5;“2”2 Op2w_,, = 0 and 8];152 519210“ = 0. Integrating by parts on P?
shows B

Op2w_,, = 0 and Op2w,, = 0. (113)

Plugging back into and , because the (2,0)—form © is no-where vanishing
(its real and imaginary parts are both complex structures), we find Op2h_(,43) = 0 = Op2h 3.
Then w, € H°[P?, (EndyE)(p)] and h_,.3y € H°[P?, (EndyE)(—p — 3)]. The derivation so
far has given a map

Q: Ker |g,pj,— H[P?, (EndoE) (1)) ® HO[P?, (EndoE)(—p — 3)]

defined by QC £ (w,,, h(ui3))-
In a similar manner to , reversing the above arguments yields the obvious inverse of
Q. For the reader’s convenience, we still give the detail. For any

w, € H'P?, (EndyE)(1)] and h_(,13) € H[P?, (EndoE)(—u — 3)],
let

N —t A Tt
W—y, = w hﬂ+3 = h_(ﬂ+3)'

The inverse Q~*(wy,, h_(ut3)) is simply the ¢ defined by conditions (101f), (102)), and (108)):

e the spectral reduction in Formula and the identification in Lemma [17.12| below says
that
vand h € E#2+2N—3(V*V|KCT§‘5) = EAl (V*V|K€T§‘5)7

g and w € EN2+4M(V*V|K87';-5) = EAQ(V*V|K8T;‘5);

When p # 1 or —4 the Laplacian eigenvalues A\; and Ay are never 0, thus the above four
Laplacian eigen-sections are all perpendicular to the kernel. But there is an interesting
subtlety when p is indeed 1 or —4. Assume it is —1, then vanishing of holomorphic
section of a Hermitian Yang-Mills bundle of negative degree already says h_, 3 therefore
also h and v are 0. The claim that they are perpendicular to kernel of Laplacian still
holds. Similar argument applies to —4.
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e ( satisfies conditions and ((100)), therefore it satisfies the whole system which
means ¢ € Ker ||g,p|y-

The desired identification is proved. O
We are ready to achieve the goal.

Proof of Theorem [A] multiplicities: According to the commutators , that P com-
mutes with I makes I a complex structure of the eigenspaces of P. For any eigenvalue
puof P, —p — 3 is also an eigenvalue, and both K and T are isomorphisms

FEigen,(P) — Eigen_,43)(P)

that anti-commute with the complex structure I. This is consistent with that the Serre-
duality map is conjugate linear.

The idea for multiplicities is to separately consider P on each of the invariant subspaces
X, Voo, and II. The multiplicity of an eigenvalue p € SY.g is completely determined by the
surjective map

k&, Pl (EMV*V‘KWS%)@ ® (E,\QV*V]KETSLS)@Q — E, P|x in Definition [10.1] (114)

When 4 is not an integer, the vanishing of Ker |g,p|, (Proposition says it is an
isomorphism. Because A\ and Ay should both be non-zero if pu is not an integer, the restricted
Laplacian coincides with the Laplacian on the eigenspaces. This rationale applies below as
well for non-zero eigenvalue of the Laplacian. The first bullet point is proved.

In addition to our characterizations of P|y and Ply,,,, if KerV*Vylss is non-trivial, the
eigenvalues of P|y are 1 and —4. In view of Definition and the characterization of V; in
Proposition[7.2] SpecPly,,, are those integers [ such that V; = H'[P?, (EndyE)(l)] is nonzero,
and the eigenspace is V;. It suffices to determine the multiplicities of P|y. The contribution
of Il to Mult, P is 2dimKerV*V|ss. The V,,, component contributes 2h'[P? (EndE)(1)].
The X' —component contributes

2Mults(V*V|ss) — 2h°[P?, (Endy E)(1)].
Then Mult, P equals
2dimKerV*V|g + 2Mults(V*V|gs) + 20 [P?, (EndE)(1)] — 2h°[P?, (EndoE)(1)].

Using Riemann-Roch (Lemma and vanishing of holomorphic section to Hermitian
Yang-Mills bundle of negative degree, the last two terms above equals —2 times the Hilbert
polynomial of the bundle (EndyE)(1). The multiplicity of —4 is the same. The second bullet
point is proved .

The four integers 0, —1, —2, —3 can never be generated by the restrictions P|y or P|y.
They can only be generated by V., isomorphic to the cohomologies. The proof of the third
bullet point is complete by the identification in Proposition between V; and the subspace
of Eigen,P.

That g is not among the aforementioned six integers implies that it can never be generated
by II. Consequently, saying that it is in or not in Sy«v is equivalent to saying that it is in or
not in SY.g, respectively. If u ¢ Sy-v i.e. not generated by X', then it can only be generated
by V.on. By the same reason as the above paragraph the eigenspace must be isomorphic to
the cohomology.

35



In the other way, if it is not generated by V., (i.e. pu & Seon) but by X (i.e. p € Sy+vy),
the characterization of Ker ||g,p|, and the surjectivity of the projection establishes

Mult,P = 2Mult,2, 9, 3(V*V|ss) + 2Mult 214, (V*V]ss)
—2h°[P? (EndoE)(11)] — 2h°[P?, (EndoE)(—pu — 3)].

If p is in both S.,, and Sy+v i.e. generated by both V.., and X, we find by similar reason
that

Mult,P = 2Mult,z 9, 3(V*V|ss) + 2Mult 21 4,(V*V|ss) + 20 [P?, (EndE)(p)]
—2h°[P?, (EndoE) (1)) — 2h°[P?, (EndoE)(—u — 3))].

The contribution from the H' is non-trivial. The last three terms still gives —2 times the Euler
characteristic of (EndyFE)(u) so again Riemann-Roch says it equals the Hilbert polynomial.
All three cases in the third bullet point are proved. O

11 Rough Laplacian on a homogeneous vector bundle,
and the interplay of the two Casimirs

In this section we determine the spectrum of the bundle rough Laplacian on S° for the
homogeneous TH°P?(k). We call the Levi-Civita connection of the Fubini-Study metric on
T'P? the Fubini-Study connection, and denote it by V. Consequently, on the twisted
endomorphism bundles (EndT'P?)(l), the tensor product of the Fubini-Study connection
(metric) and the standard connection (metric) on O(l) is called the twisted Fubini-Study
connection (metric), respectively. The same terms also apply to T'P?(k). The required

representation theoretic method has been well recorded in literature. For example, see [29]
and [7].

Theorem D. In the setting of Theorem [Al and Corollary [(, for any integer I, let the
rough Laplacian NV*V | gna,rp2)1)—p2 be defined by the twisted Fubini-Study connection and
the Fubini-Study metric %. Then the following holds.

e (Spectrum)

4 4
SpecV*VkEndoT’PQ)(l)—}IP’Q = {g((lQ + b2 + (lb + 3@ + 3b) — §l2 — 8 | a, b - Z, a, b Z O,

max(3 —a—2b,b—a—3) <l <min(2a +b—-3,3+b—a)}.
(115)

Consequently, in the associated data setting,

2

4 l
SpecV*V]ss = {g(a2+62+ab—|—3a+3b)—§—8|a,b,lEZ; a,b>0; (116)

max(3 —a—2b,b—a—3) <l <min(2a+b—3,3+b—a)}.
o (Multiplicities) for any number A € SpecNV*V | gna,rp2)(1), let the set S4 be defined by

4 4
St 2 {(a,b) € Z%° x ZZO|§(a2+b2+ab+3a+3b) — 512 — 8=\, and
max(3—a—2b,b—a—3) <l <min(2a+b—3,3+b—a)}.
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The (complex) multiplicity of any N; € SpecV*V | gnayrr2)0) 15

Esgl (a+1)(b+;)(a+b+2)‘ (117)

The (real) multiplicity of any A € SpecV*V|gs is

(a+1)(b+1)(a+b+2)

Z{l\)\fIQESpecV*V\(EndOT/]Pz)(l)} Si—lQ 92 : (118)

In view of the spectral reduction in Lemma it suffices to show the eigenvalues ([115))
on P2 Because T'P? and O(l) are both SU(3)—homogeneous, Peter-Weyl formulation and
representation theory are applicable.

e The numbers 3 (a® + b® 4 ab+ 3a + 3b) and —8 therein arise from the Casimir operators
of su(3) and su(2) on certain irreducible representations respectively. The number —%
arises from the action of a certain element in the Cartan sub-algebra of su(3). Please
see and Formula [13.5] below. We have to add [? to the eigenvalue on P? to

obtain the corresponding eigenvalue on S°.

These 3 terms are all the contributions from the representation theoretic quantities.

e The condition on a, bin ((115) is the equivalence condition of that a certain irreducible
SU(3)—representation appears as a summand in a certain infinite dimensional repre-

sentation (see Fact below).

Some geometric Laplacians (not the rough Laplacian) corresponds to a single Casimir
operator. For example, see the Hodge Laplacian in [I8, Proposition 2.3], and the “A” in [29,
Lemma 5.2].

To be self-contained, we recall the pedestrian background tailored for our purpose.

11.1 Killing reductive homogeneous spaces

Our references for this section are [23, Section 2: geometry of homogeneous spaces| and
[35, Section 5, page 13]. All the group actions below will be smooth left actions unless
otherwise specified. The “-” between a group element and a vector in a representation space
means the underlying action, which should be clear from the context.

Definition 11.1. (Reductive homogeneous space) Let G be a compact semi-simple matrix
Lie group, and K be a closed matrix Lie subgroup of G. Let g and € denote the Lie algebras
of G and K respectively. Let m be a subspace of g such that g = m & €. The manifold
M = G/K is called a reductive homogenous space with respect to m if Adgm C m (which
means that for any & € K and X € m, Ady X € m).

In practice, we suppress the “m” and abbreviate it to reductive homogeneous space.

At an arbitrary point gK € M, any X € g generates a tangent vector X* in the following
way.
. d
X*(gE) = —li=o(exp tX)gK. (119)
Let E be a homogeneous bundle over a reductive homogeneous space M = G/K. Let e
denote the identity element in G (and K ). Let the base point o € M be eK. The natural

map p: G Xg E, — E defined by p(g,v) = g - v is a G—equivariant isomorphism (covering
identity diffeomorphism of M).

37



On the tangent bundle, let 7 denote the natural isomorphism G' X g g m — T'M defined
by
(9. X) £ gu[X"|ex] = (AdyX)"|gx. (120)
The tautological isomorphism 7y, : m — T, M is defined by T4, (X) = X*|,.
The set of G—invariant Riemannian metrics on M is bijective to the set of Adx—invariant
inner products on m. For example, under the semi-simple condition on G, the restriction to
m of a negative scalar multiple of the Killing form of GG yields a G—invariant metric on M.

Definition 11.2. A reductive homogeneous space M = G/K with a G—invariant Rieman-
nian metric (, ) is called a Killing reductive homogeneous space with respect to (, ) and m
if the following holds.

e Let B be the Killing form on g. With respect to the inner product —B, m is perpen-
dicular to the Lie algebra € of K.

e The restriction of —B on m is a (constant) real scalar multiple of the inner product
(, )m corresponding to (, ).

We usually abbreviate it to Killing reductive homogeneous space, and denote it by [M, (, )m].
The following frames relate the bundle rough Laplacian to a proper Casimir operator.

Lemma 11.3. Let [M, (,)n| be a Killing reductive homogeneous space equipped with the
Levi-Civita connection, and let (e;, i = 1,...,dimM) be an orthonormal basis of m. Then for
any t,

Veei =0 at o = eK. (121)

*

Consequently, for any g € G, [Ady(e;)]* = g«(€F) is an orthonormal frame at gK such that
Viadg (e [Adg(ei)]" = 0 at gK. (122)

We do not know whether this holds without the Killing condition. The proof is deferred
to Appendix below.

11.2 Homogeneous vector bundles

We briefly recall the homogeneous bundles.

Definition 11.4. Let M = G/K be a reductive homogeneous space. A (smooth) vector-
bundle £ — M is said to be G—homogeneous if the left action of G on G/K can be lifted to
a compatible action of G on F.

We usually suppress the “G” and call it a homogeneous vector bundle.

The space of smooth sections of a homogeneous vector bundle can be identified to an
oo—dimensional G—representation.

Definition 11.5. (Sections of a homogeneous bundle) Let ps : K — GL(E) be a (real or
complex) K —representation. We consider the associated vector bundle £ = G x g, €.

Let C*°(G, £) denote the space of all smooth £ —valued functions on G, and let C%° ) (G, €)
be the subspace of K —invariant functions i.e. the functions f such that

flgk) = pe(k™) f(g) = k7" f(g). (123)

We sometimes suppress the representation pg in the notation CFF (G,€).
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A section u of E defines uniquely a K —invariant function in C3(G, E), denoted by .
The converse is also true. The correspondence between u and u is given by

u(gK) = (g,u) for any g € G. (124)

The same correspondence also holds pointwisely: for any v € FEl k, there is an unique
K —invariant function w defined on the K —orbit passing through ¢ such that u = (g, w).
The left regular representation of G on C2(G, €) is defined by

[L(a) - f](9) = f(a"g) for any a, g € G.
Similarly, the right regular representation of G on C*(G,€) is [R(a) - fl](g) = f(ga).

We expect that the subspace C¥(G,E) in C°(G,E) is not necessarily invariant under
the right regular representation, though it is under the left. For further references, see [29]
Section 5.1] and [6, I11.6].

We keep the following routine convention in mind.

Convention on the GG—equivariant isomorphism: from here to the end of Section
[14.2] the equal signs “=" between reductive homogeneous spaces or sections of homogeneous
bundles, and any correspondence/identification between homogeneous connections, or be-
tween sections of homogeneous bundles, or between reductive homogeneous spaces are via
the underlying G—equivariant isomorphism or diffeomorphism.

11.3 A useful identity

For any X € m, we calculate the invariant function corresponding to the vector field X*.
Let [ - |m be the projection to m with respect to the directly sum g = m @ .

Lemma 11.6. In the setting of Definition[11.1) let m denote the linear map m — C*(G,m)
defined by [m(X)](9) 2 [¢7' X glm. Then for any X € m, m(X) is AdK —invariant i.e. m is
a linear map m — CF 4,(G,m). Via the isomorphism (120), m(X) corresponds to the vector
field X* i.e. X*(gK) = [Ad,m(X)][*(gK) = 7(g,[m(X)](g9)) at any point gK € M.

Proof of Lemma[11.6: Because (Adx)m C m, Ad preserves the splitting Y =Y, + Y; i.e.

[(Ad)Y ]m = (Ady)[Y]w for any k € K. (125)

Thus [m(X)](gk) = [k~'g™ X ghlw = Adj—1[g™ X glu.
To prove the second part, for any Y € g, let Y = [V, +[Y]e where [Y]e is the £—component
of Y, we calculate

{Ad,[m(X)]}g) = 9lg ' Xglmg ™ =99 ' Xgg7" — glg” ' Xgleg™' =X — glg” ' Xgleg™".

Because [¢g7' Xg]e € &, the tangent vector {g[g~' X gleg™}* at gK is equal to 0. The proof is
complete O]

11.4 Formula for the Rough Laplacians

The purpose of this section is to show Formula [11.10] of the rough Laplacian in terms of
the Casimir operator.
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Definition 11.7. (Casimir operator associated with a basis) Let g be a Lie algebra, and
B = (e;, i = 1...dimg) be a basis of g. Let p: g — gl(€) be a representation of g. Then we
define the Casimir operator with respect to the basis B by

C’asip 2 58m8s(e) ple;).
We do not require G to be semi-simple, though it indeed is in the case of interest. We do
not need the Killing form either. All we need is a basis of the Lie algebra.

Definition 11.8. Let M = G/K be a reductive homogeneous space with respect to m. We
view G as a K—principal bundle over M. We define the left invariant principal connection
of m to be the connection of which the horizontal distribution at ¢ € G is gm (viewed
as subspace of left invariant vector fields). On an associated bundle, the connection given
by this horizontal distribution is called the connection induced by m, or simply the induced
connection.

Definition 11.9. Let (M, (,)n) be a Killing reductive homogeneous space. A basis
B, = (e;, i = 1...dimg)
for the Lie algebra g is called triply orthonormal if
e [, is orthonormal with respect to a negative real scalar multiple of the Killing-form;

e the set of vectors By = (e;, ¢ = 1 + dimm, ..., dimg) form a basis for the Lie algebra ¢
of K;

e the set of vectors By, = (e;, i = 1,...,dimm) form an orthonormal basis of m with
respect to (, ).

In view of the above 3 definitions and the notation ~ in Definition [11.5] for the invariant
function in terms of a section, we prove the formula for the rough Laplacian.

Formula 11.10. Let (M, (,)n) be a Killing reductive homogeneous space with a triply
orthonormal basis B, for the Lie algebra g. Let p : K — GL(E) be a (real or complex)
representation of K. On the homogeneous bundle G' X , £, the following holds with respect
to induced connection.

—(V*Vu) = (C’asigL — CCLSSZ)TL.
Remark 11.11. The second operator C’asffp acts on the value of w.

Proof of Formula|11.10: Let Y denote the horizontal lift of a tangent vector Y, the Kobayashi-
Nomizu formula [22, Vol I, Chap III, page 115] says that

Y (@)](9) = [Vyulyx](9). (126)

For any e; € m, the vector ge; (the value of the left invariant vector field) at g is the horizontal
lift of [Ad,(e;)]* at gK, using the vanishing (122), we compute

~(V*Vu)(g) = S {[Adg ()] - [Adg ()] "Ta} (9) = S [Ru(es) Ru(ei)ul(9)
= SIMCIR, (e;)Ru(es)u](g) — BEE o ar[Ruler) Rule)) W (g)
[Casy%(g) — [Casgyal(g). (127)
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For any g and uw € C*(G, &), we compute

(Casy% - W)(g) = [SHMC R, (e;) Ra(e:)T)(g) = dd o
d2

= lsoti(gexp* g7t - gexp’™ g7t - g) = SET{[Lu(Adge:) Lu(Adge: i} (g)
= NHmCGLIL (e;)Ly(e;)]u}(g) (because Ad, is an orthogonal transformation of g)

= (Casy50)(9) (128)

This means that on C*(G, &) (not requiring K —invariance), the Casimir operator of the
right regular representation coincides with the Casimir of the left regular representation.

Because of the K —invariance of u, we have R(e;)u = —p(e;)u (acting on the value of u).
Hence

[1=s=0T(g exp™ exp™)

Casgﬁ% = NEmER (e)Ry(e;)u = Zdlpr*(el)p*(ez)u = C’asE (129)

Applying (128)) and (129) to the two individual terms in (127)), the desired formula is proved.
O]

12 The standard connection on the homogeneous bun-
dle
[EndT'O(P?)](1)

The purpose of this section is to interpret EndT'P?(l) as a homogeneous bundle over the
homogeneous space P?, and show that the twisted Fubini-Study connection corresponds to
the standard horizontal distribution mp2 defined in Section [12.0.1] Please see Proposition
[12.3] for the main statement of this section.

12.0.1 The horizontal distribution mp>

Recall that P? = SU(3)/S[U(1) x U(2)]. Let the subspace mpz C su(3) be spanned by
the following 4 matrices.

0 10 0 ¢« 0

e =2X, 2| -1 00|,e2y72(4i 00|, (130)
i 0 0 | 0 0 0 ]
i 0 1] [0 0 4 ]

32 X35 0 00|,e2Y32100
| -1 0 0 | | @ 0 0 |

It admits a natural complex structure
JX1=-Y, J1 =X, JX35=-Y;5, JY;5=X;. (131)

Then mpe is naturally isomorphic to ml(;z’o) (the (1,0)—part of the complexification of mpz).
The isomorphism is given by the natural injection mpz — mp2 ® C composed by the projection
to the (1,0)—part. mI(PIQ’O) is spanned by the vectors

1 , 1 ,
= §(X1 +ZY1), S9 = §(X3 —|—Z)/3) (132)

It is routine to verify that mpe is preserved by Adgy1)xuv(2). Thus, with respect to the
Fubini-Study metric and mpe, P? is a Killing reductive homogeneous space.

As complex vector bundles, the homogeneous bundle SU(3) x S[U(1)xU(2)],ad mé};o) is
SU (3)—equivariantly isomorphic to the holomorphic tangent bundle 7"°(P?).
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12.1 Interpreting the line bundle O(/) — P" as an associated bundle
SU(n + 1) acts on C"™' \ O i.e. the total space of O(—1). Let S[U(1) x U(n)] denote
eV 0 0
0 S
the subgroup of block-diagonal matrices of the form ) . A natural group
o . . .
homorphism 7¢ : S[U(1)xU(n)] — U(1) maps a matrix in S[U(1) xU(n)] to its (1, 1)—entry.
For any integer [, let p; denote the 1—dimensional complex representation of U(1) i.e.
p(eV=1%) = V=10 ¢ GL(1,C). Abusing notation, we still let p; denote the S[U(1) x U(n)
representation p; - 7g.
As a homogeneous space, SU(n+1)/S[U(1)xU(n)] is P, via the action of SU(n+1) on the
1

base point 0 = | : | € P". The universal bundle O(—1) — P is SU(n + 1)—equivariantly
0

isomorphic to the homogeneous bundle
SUn+1) Xswayxvm)m C.
For any integer [, O(l) — P" is SU(n + 1)—equivariantly isomorphic to

SU(n + 1) Xgwayxum),e_, C.

12.2 Characterizing the connection of interest

The main proposition of Section is a direct corollary of the following two lemmas
addressing the horizontal distribution corresponding to the standard SU(3)—invariant con-
nections.

Lemma 12.1. Via the SU(3)— equivariant isomorphism
SU3) xspxve)m C=0(-1) = P,
the connection induced by mp2 corresponds to the standard connection (see Definition .

Lemma 12.2. Via the SU(3)—equivariant isomorphism

SU(3) X siua)xu(2),Ad mﬁ;}z’o) = T'P?,

the connection induced by mpz corresponds to the Fubini-Study connection.

The proof of the above two Lemmas is deferred to Appendix and [17.91 We are ready
for our main proposition about the standard connection on [EndT°(P?)](I), which indicates
that P? is the natural one to work on.

Proposition 12.3. On the homogeneous bundle [EndT"°(P?)|(1), the tensor product of the
Fubini-Study connections (on T'(P?) and its dual) and the standard connection on O(l) is
induced by the horizontal distribution mpz.

Proof of Proposition[12.3: Using Lemma , the standard connection on O(l) — P2, ob-
tained by the dual and/or tensor product of the standard connection on O(—1), is induced
by mpz. Using Lemma [12.2] the associated connection on the holomorphic co-tangent bundle
Q. therefore the (tensor product) Fubini-Study connection on [EndT™°(P?)], are induced
by mpz. Then the tensor product connection on [EndT"?(P?)](1) is induced by mps. O
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13 Representation theory of SU(3) and S[U(1) x U(2)]

From here to the end of Section , given a vector space V', the symbol |, means “as an
endomorphism of V" or “as a representation on V7.

13.1 The representation of S[U(1) x U(2)] on Endoml(;g’o) ® C and its
“Casimir” operator
The purpose of this section is to prove Formula on the Casimir operator of the

subgroup S[U(1) x U(2)] of SU(3) (see Section for the definition of the subgroup).
As a subgroup of SU(3), the Lie algebra of S[U(1) x U(2)] is spanned by

R L [2 0 0 00 0
e5éﬂléT 0 —i 0 |,ee2H 2|04 0 |, (133)
310 0 —i 00 —i
0 0 0 000
e E2Xo2 10 0 1(,e2Y,2(10 0
0 -1 0 0 i 0

Definition 13.1. Let Bypu1)xu(2) = {es, €g, €7, €5} be the basis for the Lie algebra
slu(1) x u(2)] of S[U(1) x U(2)].

Remark 13.2. SU(2) is isomorphic to the subgroup in S[U(1) x U(2)] of block diagonal
matrices with (1,1)—entry equal to 1. Henceforth, let SU(2) denote this subgroup, whose
Lie algebra is spanned by Hy, Xy, Y5 (es, €7, es). We denote this basis by Bgy(a).

The first columns of (eq, ez, e3, e4) form an orthonormal set of vectors in RS (see (130))).
Thus in view of the formula for the Euclidean metric (Kéhler form) wes in Table (173)), it is
straight forward to verify that the quadruple (e, es, es, e4) is an orthonormal basis of the
inner product (, )m, induced by the Fubini-Study form %77.

Let By 3) denote the basis (e;, i = 1...8) of su(3). According to the previous paragraph,
it is triply orthonormal on P2. That ﬁ[l is of the form in is important for this triple
orthogonality.

Let V; be the space of all degree 2 homogeneous polynomials of 2—complex variables. Let
pv, : su(2) — gl(Vy) be the irreducible representation of su(2) on V;. With respect to the
notation convention in Definition [I1.7] the Casimir operator obeys the following formula

Beu Baw
Cassu(gfvd = —(d*> + 2d)Id|y,. When d = 2, C’assu(gfv2 = —8Id|y,. (134)

We routinely verify the following identities on adgy()| .0
P2

[HQa 81] = Z.Sla [H27 82] = _i827 [X2781] = —S2, [X2782] = 81, [}/2781] = i827 [}/2782] = Z'SI-
(135)
Therefore, under the basis (s1, s9) of ml([é’o), the representation ady,(2) is given by

o sve52) = (se) [ ] ate s = s [ 4 0] a0

0 i
ady, - (s1,$2) = (81, S2) [ ; (Z) } .

Let an element in su(2) be represented by its lower block 2 x 2 (which is exactly the standard
form of su(2)), the above identities mean that under the basis (s1, s9), adsu@)]m(l,o) is the
P2

standard representation of su(2).

)

. . . 1,0 .
Based on the above discussion, we can characterize Endomﬁb2 as an su(2)—representation.
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Lemma 13.3. In view of Remark |13.3, the su(2) representation on Endoml(;z’o) inherited
from s[u(1) x u(2)] is 3—dimensional and irreducible. Consequently, it is equivalent to py,.

Proof of Lemma [13.5: Because adsu(Q)’m(l,O) is equivalent to the standard representation of
P2

su(2) (see (136))), it suffices to show that the su(2)—representation on EndyC? induced by
the standard representation is irreducible. Firstly, it extends complex linearly to the adjoint
representation of sl(2,C) which is simple. Thus the adjoint action must be irreducible, and
is so as a su(2)—representation. O

To find the Casimir operator of S[U(1) x U(2)], it remains to understand the adjoint

. -~ 1,0
action of es = H; on mI(P,Q’ ),

Lemma 13.4. adﬁ1|m[([»12,0) — —\/§ild|m§»12,o).
Proof of Lemma[13.]: We straight-forwardly verify the following.
[Hy, X0] = V3YA, [Hy, Vi) = —V3Xy, [Hy, Xs] = V3Ys, [Hy,Ys) = —V3Xa.

Then [Hy,s1] = —V/3isy, [Hi, s3] = —V/3iss. O

The representation of su(2) on C is trivial, we compute the su(2)—Casimir on the repre-
sentation of interest.

E?:ﬁ[(ad ® pfl)*(ei)(a’d ® pfl)*(ei)] ‘Endom];;’o)@(c = _8[d|End0m§)12’0>®C'

Elementary calculation yields the action of e5 via p;:

215 412

(e = ———=1Id|c, consequently [p_;(e5)p_;i(e = ——Id|c. 137
p-i(es)|c 7 | quently [p_(es)p-i(es)l|c 5 1dc (137)

On the other hand, Lemma [13.4) says that ade;| .0 is a (complex) scalar multiple of the
P2

identity. Thus ad,, a,0 = 0. We obtain
P2

|End0m

[(ad @ p—i)«(e5)(ad & P—l)*(65)]|End0m§)12,0>®@ = dendom];;O) ® [p—x(€5) p—i.x(€5)C]

4 2
=

3 |End0mé}2’0) ®C

(138)

Combining ((137)) and ((138)), we arrive at the desired Casimir.
Formula 13.5.

BS u Xu
Cass[i(l(;Lu((;))iad@p_l |End0m];12’0)®(c 2 2?25[((161 ® p—l)*<€i) (ad ® p—l)*(ei)] |Endom[(P12’O)®(C

472

= (8- —

3 )Id|End0m§)12’0)®(C' (139)

13.2 The translation between two conventions of SU(3)—representations

Let Wi be the standard representation of su(3) on C?, and Wy, be the dual represen-
tation of Wi . Let Wy, be the irreducible representation generated by the highest weight
vector in the tensor product representation Wy ® W(j‘?’f (see [16, I1.5]). Any irreducible rep-
resentation of su(3) is equivalent to W, ;, for some integer a, b > 0 (W is the 1—dimensional
trivial representation).
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Notation Convention 13.6. In [I8], a SU(3) irreducible representation is labelled by an

integer linear combination of the two weights 27, 3. We denoted it by Vni(i(f ey and this

is said to be the Ikeda-Taniguchi convention. In [18], such integer linear combinations also

label the irreducible S[U(1) x U(2)]—representations. We denote it by V,:[;] +k:g @1

We need the following translation from the Ikeda-Taniguchi convention to the (usual)
W, p—convention.

Lemma 13.7. The irreducible representation Wo, of SU(3) is isomorphic to Ikeda-Taniguchi’s
SU(3)

Vv(a+b)zf+bx§ ’

Proof of Lemma[13.7: Tt is an algebra exercise to verify that in Ikeda-Taniguchi convention,

the standard representation W o of su(3) has highest weight x7, the dual representation Wy 4

has highest weight —x%, which is equal to 2] + 3. The highest weight of a (possibly multiple)

tensor product of irreducible su(3)—representations is the sum of the highest weight of each

one. Thus, the highest weight of W% @ WY (in Ikeda-Taniguchi convention) is az} — ba,

which equals (a + b)z} + ba3. Because W, is the irreducible representation generated by the

highest weight vector in I/V1 WO 1» the highest weight of W, ; is the same i.e. (a+0b)z]+bx3.
O

13.3 The irreducible S[U(1) x U(2)]—representation Endomﬁi’o) ®C in
Ikeda-Taniguchi convention

The Cartan sub-algebra Y, 3) of su(3) consists of diagonal traceless matrices with purely
imaginary diagonal entries. Let x; maps any matrix in T, to its ¢—th diagonal entry.
Then x7, 23, x5 are roots. They are subject to the relation + x5 + x5 = 0. According to
[18, Section 5, Page 529], the partial ordering is determined by

] > x5 > 0> x5

Moreover, m % has highest weight =5 — x7, and the dual m (LO* has highest weight ] — x3

(see [I8], page 532, (iii)]). Then the hlghest weight of E'nalm(1 O = m]gm '® m(l 0)x

the sum of the highest weights of mIFDZ ) and mp,.

3 * * .
Is a7 + 225:

Lemma 13.8. The tensor product representation
Ad®@p_y: S[UQ) x U(2)] — GL(EndOmI(P}Q’O) ® C)

is equivalent to Vﬁﬁf{%ﬁ%-

Proof of Lemma - Because S[U(1)xU(2)] is a subgroup of SU(3) having the same Cartan

sub-algebra T, s) the highest weight on Endom]%ﬁ % is the same as the highest weight as a
SU(3)— representatlon which is equal to z] 4+ 225. Because C is 1—dimensional, the only
weight for p_; is —lx{. Then in Tkeda-Taniguchi convention, the representation Ad ® p_; is

denoted by VS[lUH o 1(292}2 -

13.4 The infinite dimensional SU(3)—representation of invariant
functions

Using the translation in ((13.7) between two different conventions, we re-state the result
of Tkeda-Taniguchi in the following.
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Fact 13.9. (Ikeda-Taniguchi [18, Proposition 5.1, Proposition 1.1])
Let [ be an integer, and let a,b be nonnegative integers. W,; appears as an irreducible

summand in Cgl; 1,72y, adwp_, (SU(3), Endom[(;g’o) ® C) if and only if
max(3 —a—2b,b—a—3) <l <min(2a +b—3,3+b—a). (140)

Proof of Fact[153.9: The representation SU(3)—representation Wy, is also a representation of
the subgroup S[U(1) x U(2)] by restriction. The Frobenius reciprocal theorem (for example,
see [I8, Proposition 1.1])) implies that the following two conditions are equivalent.

o As SU(3)—representations, W, appears as an irreducible summand in
(1,0)
CSlryxuv@).adep_, (SU3), Endomy;™” @ C).

o As S[U(1)xU(2)]—representations, (EndOmI(P}Q’O) ®C, Ad®p_;) appears as an irreducible
summand in Wy .

It suffices to determine for which a, b the latter happens.

[18, Proposition 5.1] states that VklmU(j,)g;U @] appear as an irreducible summand in V g J)r)mQrQ
if and only if the following holds.
mlzkg—i—k:ngZkZO, and k1:m1+m2—k2—3k. (].4].)

Because of Lemma and to verify the second bullet point above, it suffices to let
mi =a-+0b, mg=>b,k =—l+1, ko =2. Then the second bullet point holds if and only if

a+b>2+k>b>k>0, and 3k=a+2b—3+1. (142)
Elementary calculation shows ([142)) is equivalent to ((140)). ]

14 Proof of Theorem [C and

In conjunction with the notation convention in Definition above, the known formula
for the quadratic Casimir operator of su(3) states:

Formula 14.1. Cas SELS)W L= =35 (eilw,,) - (eilw,,) = (—5a* — 30 — 4a — 4b — 3ab)Id.

The tools at our disposal now can be assembled to achieve our goal.

14.1 Theorem

Proof of Theorem [D, We first prove Theorem E It is a direct corollary of Fact
13.9 on the irreducible summand of the infinite dimensional representation, Formula for
the Casimir operator of su(3), Formula [13.5(for C’ass[zz‘l(;);;gﬂ wdsp._,» and the general Formula
[11.10] for rough Laplacian on a homogeneous bundle over a Kllhng reductive homogeneous
space.

Because of the SU(3)—equivariant isomorphism:

(EndoT'P?)(1) — SU(3) X siv(1)xv/@), Adep_, [(Endom(l % ) @ (C],

the general formula|11.10| for G = SU(3), K = S[U(1) x U(2)], and p = Ad ® p_; says that
the spectrum of the rough Laplacian is equal to the spectrum of

Biu(s) Bifu(1) xu(2)]
—Cas su 3; L + Cas s u(llxu(é)] Ad®p_; (143)
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on the space Cg 1) x v (2, adsp_, (SU(3), Endomlgi’o) ® C) of invariant functions.
On the whole C§; 1,721, 4ds,_, (SU(3), Endom]%’o) ® C), by Formula [13.5]
C’asij“(*{;);;((;))i Adgp_, ACts by —(31% 4 8)Id. In the Peter-Weyl formulation (see the presenta-
tion in [29, Section 5.1]), as SU(3)—representations, on each irreducible summand W, of
- 1,0 : Ba,
CSioyxv@),adep_, (SU3), Endomﬁj>2 ) & C), Formula |14.1{says that the action of —C’assu(é;)L
is the scalar multiplication by %(a2 +b*+ab+3a+3b)Id. Then on the irreducible summand

Wap, the action of the Casimir (143) is the scalar multiplication by

%(a2+bz+ab+3a+3b) — gﬂ - 8.

Fact says that W, , appears as an irreducible summand if and only if the condition
on the right side of holds. The proof of Theorem @ is complete.

Hence, Theorem @ directly follows from the spectral splitting in Formula and
Theorem D] (T15): we only need to add I* to the 3(a® + b + ab + 3a + 3b) — 31 — 8 in (115).

Next, we address the multiplicities. It is evident from the first 4 paragraphs in the
underlying proof that the eigenspace of any A\; € SpecV*V| gna,rp2)1)—p2 is isomorphic to
the direct sum of all those W, ; such that

o Way is a summand in Cyy )2, adep_, (SU(3), Endomﬁj}g’o) ® C) i.e. the conditions for

a, b, on the right side of ((115]) holds;
e the value of §(a® +b? + ab + 3a + 3b) — 31% — 8 is equal to A,

In the terminology of Theorem @ , the above means that (a,b) € Sﬁ\l. The proof of Theorem

D] .(L17)) is complete.
Hence, Theorem @ (L18]) follows by (117]), and the spectral splitting counting mul-
tiplicity. [

14.2 Theorem
Theorem [C] can be proved using Theorem [D] [A] and the following Lemma on cohomology.

3 ifl=—1o0r —2
0 otherwise.

3(143) -
Consequently, h°[P?, (EndyT'P?)(1)] = { (2) ch; z 8’

Lemma 14.2. hl[P?, (EndT'P?)(1)] = {

The proof of Lemma [14.2|is completely routine via Euler sequence and Bott formula for
sheaf cohomology on P" (see [31]). We defer it to Appendix [17.5]

Proof of Theorem [Q:. Under the setting of Theorem[A] EndE = End(T'P?) (as pullbacks)
is equipped with the pullback Fubini-Study connection. Lemma [14.2| means that except when
[ # —1 or —2, the sheaf cohomology has no contribution to SpecP. On the other hand, The-
orem @ addresses the source SpecV*V|ss of the other part of SpecP.

We need the fact that any W, ;, appears in the infinite-dimensional representation at most
once. This is because the representation of the associated bundle is irreducible (see Lemma
13.8)). Please see the Frobenius reciprocal theorem (stated in [18, Proposition 1.1]), and also
[18, Proposition 5.1].

We seek for those eigenvalues of V*V|gs that is strictly less than 8. When | > 3, because
of the “+{?” in Formula ., the eigenvalues of V*V|gs generated are > 9. Thus, it
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suffices to assume —2 <1 < 2 and seek for those eigenvalues of V*V|(gna,77p2)0)—p> that is
strictly less than 8.

Under the conditions on a, b in Theorem @., elementary calculation shows that this
can only happen for the following values of [, a, b.

e [ =0, (a,b) = (1,1). In this case, the corresponding eigenvalue of V*V|g,q,rp2 is 4,
the eigenspace is isomorphic to W7 ;.

o [ =1, (a,b) = (2,0). In this case, the corresponding eigenvalue of V*V|(gnqyrp2)1) is
5, the eigenspace is isomorphic to W .

e [=—1, (a,b) = (0,2). In this case, the corresponding eigenvalue of V*V|(gnd,17p2)(-1)
is 5, the eigenspace is isomorphic to W ».

Then, still according to Formula [8.3](74), the above three cases generate the numbers 4
and 5 in SpecV*V|ss. The multiplicity of 4 is equal to dimW;; = 8, the multiplicity of 5 is
equal to dimWs o + dimWy o = 12. The former generates the following values in SpecP.

W2 -1, 22 -2, —1—-2v2, —2 22,

The latter generates the following values in SpecP.
1, 2, —4, —5.

Among the above 8 numbers, 2¢/2 — 2 and 1 are the only ones in the interval (0,1]. Because
21/2—2 is not an integer, its multiplicity is 16 i.e. twice of the multiplicity of 4 € S pecV*V|ss.
The other number 1 is an integer, in view of Lemma [14.2] the multiplicity is

2dimEs(V*V|gs) — 2h°[P?) (EndyT'P?)(1)] = 24 — 12 = 12.

The proof of Table is complete. This is a sample of how the multiplicity of each
eigenvalue of P is determined. ]

15 Index of the deformation of a stable reflexive sheave
on a Calabi-Yau 3—fold

The operator P and Hermitian Yang-Mills connections with isolated singularities

In general dimensions, we do not know whether the linearization of Hermitian Yang-Mills
connection is formally self-adjoint. Neverthelessr, there is a self adjoint formulation on a
compact Calabi-Yau 3—fold (X, w, ).

On a Hermitian vector bundle over the Calabi-Yau, a triple (A, o, u) consisted of a smooth
unitary connection A and two smooth sections o and u of the adjoint bundle is called a
Hermitian Yang-Mills monopole if it satisfies the following equations.

FAJRSQ + dAO' - J(dAU) = O, FAJW = 0.

The global linearized operator is

o dha
Dcy3 U = dAawa )
a dao — J(dau) + (daa)sRef)

which is apparently self-adjoint because (2 is closed.
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Let F be an admissible stable reflexive sheaf over the Calabi-Yau 3—fold, such that that
near any possible singular point, under a punched coordinate neighborhood biholomorphic
to Bo(1) \ O, the sheaf is locally free and is the pullback of a non-projective flat polystable
holomorphic vector bundle E over P2, Bando-Siu [2] proved the existence of an admissible
Hermitian Yang-Mills connection on such a sheaf. Jacob-S& Earp-Walpuski [19] showed
that the induced projective connection is asymptotic to a projective Hermitian Yang-Mills
connection on £ — P2,

Near a (nontrivial) singular point defined as above, with gauge fixing and two monopole
terms and under model data, the model linearized operator on EndE — C3\ O is

O=Ko (% — %) (see (4.1)).
This is part of the linearization of Go—instantons (see Formula and (181)). Under the
cylindrical coordinate

t = —logr, r is the distance to the origin O,

we find 9
O=—¢'Ko(—+ P).
cholgth)

This fits into the setting of translation-invariant operators considered classically by Atiyah-
Patodi-Singer [1].

Index of the operator between weighted Schauder spaces

Under the usual weighted Schauder spaces on adE®? @ Q' (adE) — CY3\ U;0; (see [42]),
let 0 > 0, the linearized operator

1 1
O: C’ll’j; — 03’35 (suppressing the bundles) is bounded. (144)

1
Then convention is that |€]eu. = O(T%a) if £ belongs to the domain Cll’f(;. This deformation
is supposed to preserve the tangent connection at the singular point.
The inner product between 1—forms under the Euclidean metric on C? is r% times that
1 1
under the cylindrical metric dt?>+ggs on C*\O. Hence, the domain C’ll’_i; is equal to C’; ol
cylindrical coordinate and norm in which sections decay as O(e~**). The conformal changed

under
1 1

target space r - C’;’_Q(S is equal to C’g’czl in which sections decay also as O(e™*"). Comparing

to the weight change in ({144]), the advantage of cylindrical theory is that the weight for the

domain and target Schauder spaces are the same. Please see the Definition in [43], Section
2]. Namely,

1 1
rOd=e'0: C’;’Czl — C§.,; 1s bounded under cylindrical coordinate (145)

with an unanimous weight e’t.
Using the regularity for harmonic sections [43] Proposition 4.5], the index of (145]) there-
fore also of ({144]) is the same as that of the following simple weighted Sobolev-theory

e 'O Wik, = L3 oy (146)

The space of W;j ﬁ;l is simply the conformal change e‘Sth]Z? if we extend ¢ to the interior by

0 (r by 1). Let goys be the metric of the Kéhler form w. The metric of conformal change
Jeyt = 12g0ys = e P goys
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is asymptotic cylindrical at the singular points of the sheaf. It has volume form

—6t _
—e dvoly,,, = dvoly__,.

Proof of Theorem[B, We calculate via the cylindrical coordinate change (144)) that

/ (Oovs, )gpysdvoly, :/ (e”"'Qoys, )go € dvoly, (147)
CYS\UJ'OJ' CYB\U]'O]'

That Oeys is formally self-adjoint is equivalent to that the conformal change e tCpys is
formally self-adjoint with respect to the inner product

—3t
/ <.7 '>gcyl € dvozgcyl :
CYS\UJ'O]'

This means that in the cylindrical setting, the weight —% is the one under which e 'Ogys
3

is formally self adjoint. We notice that Spec™ P is indeed symmetric with respect to -5
in the sense of Theorem [A] multiplicities. Therefore, by the Lockhart-McOwen index change
formula |25, Theorem 6.2] and the observation for formally self adjoint asymptotic cylindrical
operators [25, proof of Theorem 7.4], if § is positive and small enough with respect to the

gaps of SpecP, we find
Indezx| (g = Y {—2n'[P?, EndE(—1)] — 2h'[P?, EndE]}. (148)
Namely, formal self adjointness of e~*(J with respect the measure e~**dvoly, , says

Index for weight e® = — Index for weight e(=3=9%,

The index change formula says their difference

(—3—0)t

Index for weight e — Index for weight €%

is the sum of the multiplicities of all eigenvalues between the two weights —3 — ¢ and
0. Therefore I ndex| is minus the half sum. Our Theorem says the only possi-
ble eigen values in (=3 — 6,0) are —1, —2 and 0, —3. Theorem [A| multiplicities says the
R—multiplicities of the former two are both X;2h![P?, (EndE;)(—1)], and those of the latter
two are X;2h'[P?, (EndFE;)] (R—dimension of the deformation space of E — P?). The sum of
the multiplicities of these 4 eigenvalues is ¥;{4h![P?, EndE(—1)] + 4h'[P?, EndE]}. Divide
it by 2, the proof of is complete. Recall that

Indeac| = ]ndex|.
The proof of Theorem [Bis then complete. ]

16 Some remark on the projectively flat case

In our main Theorems [AFD]| non-projective flatness is assumed. However, in the gener-
ating force Theorem [9.2] we do not assume it. We are more interested in the non-projective
flatness of (E, A), because they represent nontrivial singularities.

If £, A is projectively flat and with rank > 2, V,,, = {0} i.e. the co-homologies vanish.
Moreover, EndFE is just the trivial bundle with rank equal to the square of that of E, the
induced connection is trivial. Therefore, SpecV*V|gs are just the spectrum of the usual
Laplace-Beltrami on P? with Fubini-Study metric: the integers of the form

® +4e, 1 € Zso.
We can obtain this formula via the tools herein, applied to the trivial bundle (connection)

and the one dimensional S[U(1) x U(2)] representations p_; that acts through U(1).
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17 Appendix

17.1 Elementary Sasakian geometry
Formula [2.5] and Lemma 2.6
Elementary calculations establish the formulas for n, G, H.
Proof of Formula[2.5: 1t suffices to check it in Upcs, the proof is similar in U ¢s and

ol ZoZ1 O il ol ZoZ :
Us cs. We first have Zoa_zl =222+ Ja and 208_22 = gf 5. + au . Using

1
n = =dlog(|Zo|” +|Z:|* + | Z2|*) (see definition (6))),

2
we find
0 0 v—1u v—10log ¢
(5—) =n(Zo7-) =~ - =— = (149)
8u1 8Z1 2¢0 2 3u1
Similarly, we have 77(8%2) = _\/7—71815_52(;50' Taking conjugation, we then obtain
0 - v —10log ¢q ( 0 - v —10log ¢q
0u1 2 ouy " Oy 2 duy
The proof is complete by observing that n coincides with dfy + dck;—g% on the basis
i, 87 87 a,, ? for TCS?.
800 8u1 8u2 8u1 8“2
O
Proof of Lemma [2.0: We routinely verify in Uy cs that
dZs 1 reV~  dr dlog bo
el (G +v/—1d6
Z %" oy ’
d dl V-
- og ¢0 +/=1n — —(dc log ¢o) by Formula |2
r
When i = 1,2, we calculate 2 = (ZZO“Z) = du; + u; (0 ). Then
0 0
dZy dZ, dZy WA dZy dZy
Q(cs = dZOledZQ = ZS) ZO ZO ZO = Zg 70 A [du1 + Ul( ZO )] [dUQ + UQ( ZO )]
dZ
= Zg—o/\dul/\dUQ
Zy

dr
= ZS’-—AdulAdug—i—\/—lZg-n/\dul/\du2.
T

The last inequality above uses that dlog ¢g, d°log ¢o are both pulled back from Uyp: C P2,
therefore dlog ¢g A duy A dug = dlog ¢g A duy N dus = 0.

In Uy cs, the proof of and the first row in is complete. The proof is similar in
UL(C3 and U27(C3. 0
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Transverse geodesic frame

For any point p € S® and X, Y € D|,, the following is true.

VX£ = JO(X)7 VXT] = [J()(X)]u? (V2€>(X, Y) =—-< X7Y > 57 (150)
(V2n)(X,Y) = — < X,Y > n. Consequently, V*Vn = 4.

For the point-wise calculations in the proof of Lemma [£.3] and others, it is helpful to have
a transverse geodesic frame in the following sense.

Lemma 17.1. (Properties of a transverse geodesic frame) Let (x;, i = 1,...,4) be a Kdhler
geodesic coordinate with respect to the Fubini-Study metric induced by %’7 at (near) an ar-
bitrary point [p] € P2. Then, for any B among 0, 1, 2 such that [p| € Ugpz, the following

vector fields
0 0

a9
& v o, n( e

is a frame near the Reeb orbit 75 4[p], and is orthonormal on w3 4[p]. Moreover, the following
holds on the Reeb orbit.

)€, i =1,2,3,4]

(Vvivi)br;}l[p] =0, [Vvi(JoUz’)Hﬂ;,;[p} =<

Near the Reeb orbit, we call the (v;, ¢ = 1,2,3,4) above a transverse geodesic frame. It
is generated by the geodesic coordinate on P2.

Proof of Lemma |17.1: We first show

[vi, v;] = [dﬁ(a%ja (‘%)K' (151)

Because the Reed vector-field £ is a coordinate vector field in Ug g, for any 8 = 0,1, or 2, we
have the vanishing

€, ai] = 0 for any 1. (152)
Then we calculate
0 0 0 0 0 0 0 0
(i, v;] = [a—xi - U(a—xi)ﬁa oz, 77((9_%)& = [—axiﬁ(a—xj) + o1 (axi)]g
o 0
= [dn(a—%, 8_9[:,;)]5' (153)

The proof of (151]) is complete.
The vanishing (152)) above implies the following vanishing.

[€,v;] = 0 for any 4. (154)

The identity (151)) implies that the Lie bracket of v; and v; is perpendicular to both v; and
vj. Then, using the Koszul formula [32, page 25|, we find

2(V,vj, k) = 0305, vi) — U (i, V5) + 0 {vk, Vi) (155)
We recall the following formula for the standard metric on S°.

gss = 75 49Fs + N Q1. (156)
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Then ([155) implies

O e 20 Oy 00
Ox; ‘Ox; Oy, F Oxy ' O0x;’ Oz r dxj ' Oxy’ Ox; e

2(Vy,vj,v) =

o 0
= 2<V§S 0z O k)IF’? = 2<V7T5S4 Ui 75,4,*Uju7T5,4,*Uk>]P>2
IZ ]
= 2<(7T5,4v )ui Vg k) (157)

Moreover, the Lie bracket identity (154)) and the Koszul formula yield that

o 0
2(V 05, &) =< [v3,v,], & >=dn(=—, =—). 158
<V zU] 5> < [U /U]] €> n(axj axz) ( )
Thus the identities and (| - 158)) yield
N d
Vait; = (75,9750 + €[5 (v, 0] (159)

Via the tangent map 754, D — TP? which is an isometry, we verify that Jy = 7} 4 Jp2.
This implies that Jov; = v, Jyvz = v4, because Jpza%l = 8%2, J[g»za%3 = 8%4. Using that
(VF 52 )|[p] = 0, the following holds true.

0 d
5%) + 5[777“0%%‘)]

= —¢  on the Reeb orbit 73 [p). (160)

Vo, (Jovi) = (7?54VFS)U1JOUZ+§[ (Jovz,vz)]zvgﬁ (Jpe

Similarly, we compute
dn
(Vovi)lg = 0+ &[5 (v, vi)]l, = 0.
The proof is complete. O

The transverse geodesic frame helps in proving the following two formulas which are
applied in the proof of the Bochner formulas (see Lemma above).

Formula 17.2. In the setting of Lemma [5.4] (V*Vao)(§) = 2d5° Jo(ao).
Proof of Formula[I7.3 : Using that ag is semi-basic i.e. ao(§) = 0, Leibniz-rule yields

0= (V*V)[ao(f)] = (V*Vao)(f) — QtT(VCL() &® Vf) + ao(V*Vf). (161)
Because V*V¢ = 4¢ (see (151))), we find ao(V*VE) = 0, hence
(V*Va)(§) = 2tr(Vag ® V). (162)

Therefore, at an arbitrary p € S°, let v; be a transverse geodesic frame given by Lemma
17.1} using V€ = 0, we compute
g V¢ p

2tr(Vag ® VE)|, = 251 (V,00) (Vi E)|p = 251 (Ve a0) (Jovi) |
— (254, Y, [ao(Jovs)] — 2a0[EL V. (Jova)])ly = 254, V. [a0(Jovs)]l,
= —224 1V, [(Joao) (v)]]p
= 2dy° Jo(ao)lp-

(163)

The proof is complete by the above two identities. O
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Formula 17.3. In the setting of Lemma 5.4, [V*V(na,)] = n(4a, + V*Va,) — 2Jo(doay).

Proof of formula[17.3: We still work with a transverse geodesic frame v; (i = 1,2,3,4) at an
arbitrary p € S°. Using the fundamental identities (151]), we calculate

V*V(a,n) = (V*Va,)n+ a,V*Vn —2tr(Va, ® Vn) (164)
= (V*Va,)n+ 4a,n — 2tr(Va, ® Vn).
In view of the local formula for dya,,, the transverse geodesic frame yields

(V, an>dx lp = (doay)|p- (165)

Using the vanishing V¢n = 0 and the formula Vxn = [Jy(X0)]?, the trace term in the above
identity can be additionally analyzed as follows.

tr(Va, ® V)|, = [E? 1 Va,ay @ Vn + Leay @ Ven)|, = [Eﬁzlvvian ® Vunllp
= Jo(da' )(Vvian)‘p

= Jo(doay)|, by (165).

The desired identity follows. ]

17.2 The usual separation of variable: proof of Formula

Proof of Formula[{.1] Tt is completely routine. To be self-contained, we still show the
detail. In view of the splitting , we find

a(l(cs

desxsiacsxst = (desa,) A ds + desacs — A ds (166)

3 o * .
and d(c% o acixst = — 52 4 d§ acs. Using
*axst [desxstaosxst A Yesxst] = (desxstesxst)Jesxst Pesxst

it suffices to calculate the right side of (166]) term-wisely as follows.

9
0 swes. (167)
S

(d(c3><gla(c3><§1)_l(csxg1 (w(cs AN dS) = —(d(c:sQS)J(c?swC:a + (d(csa(cs_n@3w@3)ds +

(d(C3><81 AC3 xSt )_Jc?, xS Re) = (ch acs )_Jc3 Ref). (168)

The contraction _Lcswes is the complex- structure Jes on Q'[ad(E)]. Summing (167) and
(168]) up, we arrive at the following.

(des st aesxst ) Jesxst Qs xst
aa(c3

0s

Using the above, the easy identity desysi0 = (6—U)d8—|—d(~c30' and definition (27) of L, .,
we obtain the following.

= —Jes (d<C3QS) + (d@3aC3JC3wC3)d8 + J(Cs(

) + (d(cs a(cs)_l(cs Re(.

5(; + d(C3 acs
{@ + (desacs) acswes pds+

o ] -
JC3(8%3) + deso — Jes(desay) + (desacs) acs Ref)

L
Ases st {Qsd8+ac3

The desired formula follows. O]
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17.3 The fine separation of variable: proof of Lemma 4.3

We prove Lemma by computing each row in the operator [J (see Formula . We
first recall the following splitting.

d
acs = ag + (ayn) + a,%. (169)

Given a section a of APT*S® and a section b of AYT*S® such that 5 > ¢ > p, we need the

following identity.
1
CZJ((:3b = @&Jgsb.

Employing the splitting

dC3:d0+n/\L§+dT/\L8@7 (170)
we find
d d 0
d((j3a((j3 = dgao + (QCL”)??? +nA (Lgag — dgan) + % VAN (T% — doCLT)
dr da
— A — — Lea,). 171
HE A~ Lea) ()
Via the splitting (170, using 0 = %, a, = %, we routinely verify the following two
identities.
d AL 0 d doas A Leas — Oas,  ag d
dCSU:Lu_Fu_F(_U_E)_T; d(C3Q5: 0a +77 134 +(i_a_)_r (172)
r or r’r r r or r’or

Employing the table for the forms:

wes =rdr An+ =2
dVolpz = (%)

dVolss = n A dV olp2
dVolcs = ro°dr An A dV olp:

(173)

via ((172), the contraction is

Jda, s
(d(c36_15)_l(csw(c3 = ;doas—l7 — . ? + ( 5; — a?)n.

Employing the commutators and formula (171)) for desacs, we verify

d(c3 ac3JAc3 RGQ(CL% ( 174)
ﬂ doaoJH dOCLoJG 1 0 JH<d0ar>
—7" .

= o+ ;[Le(JGao) + 3Ju(ao) — Ja(doay)] + (EJHGO) -

Assembling i (172), (174)), (174)), we describe row 3 of the operator [J.

Formula 17.4. In view of Formula 4.1, on the third row of the operator [J, we have

dcso — (d(csgs)_lw(cs + desacs acs ReS)es

d 0 Leas,  d H Jda, s L d G
_T[_U_E_i_ g(l I 0o ]—|-7] a a+ §U+ 0o ]
r or r r r or r r

1 0
—|—;[d0u — J()(d()(ls) + Lg(JGa()) + SJH(GO) - Jg(doan) + TE(JHGO) - JH(doar)].
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Next, we calculate the first and second row of [I.

Formula 17.5. The following two identities hold.

* 10a 4a Lea dag
3 . T s n 0
e == 5w e (173)

1 dn  Lea,  10a, 4 4a,,

d@Sd@BJ(ﬁW@B = ﬁd0a047 — 2 " or 2 . (176)
In particular, under the splitting ass = a,n + ao,
ded ags = —Lea, + di ap. (177)

Proof of Formula[I7.5: The volume forms in table (173]) imply the following two identities.
xesn = —r3dr AdVolpe, *csag = r3dr An A *ag. (178)

Since dn is a section of AWM @ D*| but G is a section of [A) § A®2)] @ D*—valued, we
find the following vanishing
(dn)o(G An)=0. (179)

Using the above 3 elementary identities, we calculate dé‘%‘g’ acs according to the 3—terms
in the fine splitting ((169)). First, we verify

o dr dr 1 aar 4CL7~
8 ) = = xo des v (@) = = G = T

On the contact form component, we verify

x L
A5 (ayn) = *csdes (ayr’dr A dVolpz) = Leay *cs (r*n A dr A dVolp:) = — i?n.
On the semi-basic 1—form agy, we verify
25 ag = — xgs des (rd - % d _ %ao
(CSCLO__*(C?’ (CB(T' 7”/\77/\*0@0)——*(:3(7“ T’/\T]/\ 0*0@0)— 2

Identity (175 follows simply by summing up the above 3.
Because desacs scswes = dis Jesacs, using

dr dr
J<c3(ar7 + a,n + ap) = a,n — =~ + Joao,

identity ((176|) follows from ([175)) replacing a, by a,, a, by —a,, and ag by Jyag therein. O
The formulas established so far can be assembled into the desired formula of P.

Proof of Lemma [4.3: Still in view of Formula [4.1] it is natural to classify the terms in
the fine splitting of [J into 3 kinds of terms: those only involving % (derivative in r), those
only involving L, (derivative along the Reeb vector field), and those only involving dj.

We carry out the above scheme. Using

e the formula for the isometries K and T in Lemma [£.2]
e Formula for the first and second row of [,
e Formula for the third row of [J,
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we find the following fine splitting [J = %K + # + %, where
u 0 0 —4 0 g’
as 0 0 0 4 (dor) o2
Byl a | =] —1 0 0 0 (do-)sH | . (180)
Gy 0 1 0 0 (do)_lG
ap do —Jodo —JHdO —Jgdo 3JH

It is then routine to verify, with the help of the second commutator identity in , that
P £ K(By+ L¢T) is equal to the one given by (36]). Hence

0= K(% . 5). (181)

The proof is complete. O

17.4 Fourier series re-visited

We recall an elementary fact on uniform convergence of the usual Fourier series.

Lemma 17.6. There exists a positive function [e(N), N € ZT] such that limy_ . €(N) =0
and the following holds. Let f € WY2(SY) and let its Fourier series be SefreY "% then

Dl fie? ™ < () + | linaen (182
Proof of Lemma[17.6: Cauchy-Schwartz inequality implies that
3
| fre¥ ) < kii + k;f’?. (183)
Then, £(N) = ENZIkLg satisfies the desired conditions. The other term in satisfies
Snsike f2 < \/LNENZIk’Qf,f < \/Lﬁ|f]%,[,1,2(§1). The desired estimate follows. O

Under the assumption f € WH2(S!), it is well known that the Fourier-series converges

uniformly to f. Based on the above bound on the remainder, we provide an ingredient for
Lemma [6.3]

Lemma 17.7. In the setting of Lemma let v e CYS° i EndE). Under the pull-
back Hermitian metric on w5 ,EndE, for any 8 = 0,1, or 2, the Sasaki-Fourier Series

Zkvg(k)eﬁkaﬂ converges uniformly to v on Uggs. The equivalent global series Xpvy @ s_i
converges uniformly to v on S°.

Proof of Lemma[17.7: Under the pullback connection from EndE — P?, L¢ = V¢ on the
sections of m} ;EndE. Thus the C'—condition implies that Lev € CO(S°, EndE). Because
&= % in Uggs, fixing uy, us in the Sasakian coordinate, under a unitary trivialization,

v € W2(05) (as a function of 65 € S'). The estimate in Lemma says that

v|? v|? + |Vev 2
| |W1‘2(9ﬁ) <€(N)+ H |CO(9[3) | § |CO(6B)].

VN T VN

This means the “remainder” ¥> N|V5(k’)€\/jlk65 xz ,Endi 18 bounded uniformly in 8 and
p € Uggss. The desired uniform convergence is proved. O

Sz |vs(k)ey 1o

wz Bndb < €(N) +

o7



Remark 17.8. Let (v)_x denote the —k—th term v ® s_j, in the Fourier-series. The value of
(v)_ on an arbitrary Reeb orbit only depends on the value of v on the same Reeb orbit.

In the setting of Lemma|17.6} let ¢(6) be a smooth function, the operator ¢(6)2 in general
can not differentiate the Sasaki-Fourierseries terms by term i.e. in general

)%

where the subscript -, means the k—th Fourier-coefficient. The next result shows that this
is not the case for the two operators we are interested in.

Claim 17.9. Still in the setting of Lemma for any v € C3(S?, T3 EndE), in view of the
notation (,)_y, in Remark[17.8 for the Sasaki-Fourier coefficients,

(V*Vv), = V'V (), and (Lev) = Le(v)y.

Proof of Claim[I7.9: Tt suffices to prove the two identities under the local Fourier-Series i.e.
the left hand side of (52| . We only need to work near each Reeb orbit.

The identity for L¢ holds because § = 57— in Uggs, and the usual Fourier Series in 63 can
be differentiated term by term with respect to 0.

To prove the identity for V*V, for any [Z] € P2, we need a transverse geodesic frame
[v; = a%i — (a?c )€, i =1,2,3, 4] near the Reeb orbit 7r54[Z]. Because 5[77(%)] =0ie. n(a%i)
is independent of 63, and that the connection is also pullback from P?, for each i, we find

(Vo) g = (V[%_n(%)ﬂu),k = V[az (2 )Yk = Vo, Vi in the domain of v;.

Because V*Vv = V,, V,,v on the Reeb orbit m;;[Z], in view of Remark [17.8|

(V*v’/)—ﬂﬂgil[z} = (V*Vu|ﬂ;i[z])_k = (V,, Vv ﬂ;i[zl)_k
= (Vvivviy)*k‘wgi[Z] = [vavi(’/)fk”w;}im
- [V*V(V)fk]‘w;i[z].
The proof is complete. [

17.5 Some algebro-geometric calculations

Let woy be % times the curvature form of the standard metric on O(1) — P2. Then
wo(1) represents c¢;[O(1)], and d” = mwoq) (cf. [15, page 142 and 30], watch out the difference
of our scaling from the one thereln) Throughout this article, we call mwo(1) ( ) the Fubini-
Study form, and denote it by wrg. The same applies to P" as well (still let n = d°logr, r is
the distance to the origin in C™*1).

We need the formula for the sheaf cohomologies for Theorem [A] and [9.2]

Lemma 17.10. Let E be a holomorphic Hermitian vector bundle on P?. For any integer k,
we have

h'[P?, (EndE)(k)] = h°[P?, (EndE)(k)] + h°[P?, (EndE)(—k — 3)]
+2rey(E) — (r — )3 (E) — ik + 12)(k + 2)‘
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Proof of Lemma [17.10: Since ¢,(EndE) = 0, by |21} II, (1.10)], we compute

ch[P?, (EndE) (k)] = ch[P?, O(k)] - ch[P?, EndFE] (184)
Alok)]

= {1+ alom)+ 25

1
Hr? + ¢ (EndE) + i[cf(EndE) — 2¢5(EndE)]}.
2 2 2k 2
= 1+ krilwom] — c2(EndE) + 5 [wom)]”.

The well known formula for Todd class states (for example, see [21, page 288)):

Tae) = 1+ 22000 2 (185)
We compute
Td(P?) - ch[(EndE)(k))
= ri4 (3%2 + kr®)wom)] — ca(EndE) + [? + 7% + SIZTZ][wO(l)]z. (186)
Because [.[wom)|* = [p2{c1[O(1)]}? = 1, using Hirzebruch Riemann-Roch theorem, we

integrate ([186)) over P2 to obtain

X[P2, (EndE)(k)] = / Td(P?) - ch[P2, (EndE)(k)] = @ PSR L

P2

— co(EndE).

[

Proof of Lemma [14.2: We only prove the formula for h'[P?, (EndT'P?)(1)], the formula
for hO[P?, {Endy(T'P?)}(1)] thereupon follows by Riemann-Roch (see Lemma [17.10)).

On P2, we tensor the Euler-Sequence
0— 0 — 0%(1) = T'P* -0
by the sheaf Q'(I), the local freeness of Q!(1) yields the exactness of the following.
0— QY1) — QY1+ 1)]* — (EndT'P*)(I) — 0. (187)
Hence we have the following exact sequence of cohomologies
o= HYP? QY+ 1))%%) — HY P2 (EndT'P?)(1)] — H?[P*,QY1)] — ... (188)
By Bott formula of sheaf cohomology on complex projective spaces (see [31, Section 1.1]),

when [ > 0, both H'[P? Q'(I + 1)]®%] and H?[P?,Q'(1)] vanish. Then H'[P? (EndT'P?)(l)]
vanishes if [ > 0.

When [ = —1, H[P? (QY)*®] = {H'[P* QY}* = C3, H?[P?,Q'(-1)] = 0. Thus
H'[P? (EndT'P?)(—1)] = C3. By Serre-duality, we find H'[P? (EndT'P?)(-2)] = C? and
H'[P2, (EndT"P*)(1)] = 0 if | < —3. O

17.6 Kahler identity for vector bundles

The usual Kéhler identity says that on a Kahler manifold, the Laplace-Beltrami operator
(on functions) is twice of the —Laplacian. The Lemma below is a straight-forward general-
ization to bundle case. Though we do not know whether it is stated explicitly in literature,
the proof is completely routine. Please see a related calculation in 21} TIT.1].
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Lemma 17.11. Let = be a holomorphic Hermitian vector bundle over a Kahler manifold
(X,w) and A denote the Chern connection. Then

Faow. 1
- AW ( 89)

Va4 = 20504 + 27 -

Consequently, in the setting of the first sentence in Theorem [A] and the convention for

the Kdhler metric in the first paragraph of Appendz’x (above the proof of Lemma ,
we consider the Fubini-Study form wpg. On the twisted endomorphism bundle (EndE)(l),

under the tensor product of A and the standard connection on O(l) (the twisted connection),
suppressing the subscripts for the connection as usual, we have

V*V = 20%0 + 2nl - 1d. (190)

In particular, when n = 2,

V*V =200 + 4l - Id. (191)

Proof of Lemma[I7.11: At an arbitrary point p € X, let (z;, j = 1,..,n) be a Kéhler geodesic
coordinate for the metric w. By definition, we have for any section ¢ of = that

V'V = —=25;(p;5 + ¢55) = =455, + 25;F 4 j5 - ¢ = 20504 + 25;F 4 j5 - ¢ at p.  (192)

Please compare it to the usual Kéhler identity in [15, Chap 0.7, page 106]. To complete the
proof of ([189)), it suffices to observe that X;F ;; = @FAJW.
To prove ((190)), based on (189, we contract the following by wps.

Fy= [FEa']®IdO(l)+[dE®FO(l)- (193)

The Hermitian Yang-Mills condition says that [Fgowrs,:] acts by 0—endomorphism on
EndE, using ¢;[O(1)] = [wo(ny), the following holds as endomorphisms on (EndE)(l).

V-1 v—1 . [O(D] A wig' DId  Jon W8
27T 27T f]Pm wFS s fle wO(l)
 (al)Id
= —ﬂ- .

We should notice that the 7 factor in wpg = mwo(1) produces the “7” in the denominator of
the last line above. The proof of ({190)) is complete. ]

The above Kahler identity relates the space of holomorphic sections to a certain eigenspace
of the rough Laplacian.

Lemma 17.12. (A holomorphic section is an eigensection of the rough Laplacian) In the
setting of the first sentence in Theorem [A], for any nonnegative integer I,

E4ZV*V|(EndOE)(Z)—>IP’2 == HO[]P)27 (E?’LdoE) (l)] (194)

“_»

Moreover, the isomorphism above is an actual equality: a holomorphic section of (EndyE)(1)
is an eigensection of V*V|(gnayg)1)—p2 with respect to the eigenvalue 41, and vice versa.

The proof is straight-forward by formula (191)).
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17.7 On Killing reductive homogeneous spaces

Proof of Lemma [11.3: For any V, X, Y € g, the usual Koszul formula [32, page 25] says

AV XY, YY) = VHX*, Y= YNV, XN 4+ X5V, V) (195)
+H(V* X, Y — (X5, Y], V) + (Y, V], X7).

Because V*, X* Y* are Killing vector fields, we find

V*<X*7 Y*> = <[V*7X*]7 Y*> + <X*7 [V*7Y*]>a
Y*<V*7 X*> = <[Y*>V*]7 X*> + <V*? [Y*7X*]>7
XY™, VA = (X% Y], V) + (Y™, [X*, V7).

Plugging the above into ((195)), we find
2<VV*X*7 Y*> = <[V*vX*]’ Y*> - {<[X*7 [Y*a V*]> + <V*7 [Y*aX*D}' (196)

Next, for any V, XY € m, we show that the condition of Killing homogeneous space
implies

(X* Y™, V) +(V*, [Y*, X*]) =0 at eK. (197)
23, Proposition 2.1] says that , = —|X, at eK for any X, €g. en at ek,
P ition 2 hat [ X* Y™ X, Y| K f X, Y Th K

<X*7 [Y*7 V*D + <V*7 [Y*7X*]> = _<X*7 [Yv V]*> o <V*> [Yv X]*>
= =X Vwm = (Vo IV, Xn)m
= —(X,[Y, V])g —(V, [Y, X]), (because X, Y, V €m, and m L ¢)
=0 (because (, )4 is a scalar multiple of the Killing form). (198)

In row 2 of , the inner bracket [Y, V] means the Lie bracket, while the outer means the
projection to m according to the reductive splitting. The identity is proved.

For any V, X € m, plugging back into (196), because Y € m is also arbitrary, we
find V. X* = %[V*,X*] at eK. Therefore, for any V € m, Vi~V* = 0 at eK. Because g
acts as an isometry (thus it preserves the Levi-Civita connection), equation holds at
gK. O]

17.8 The standard connection on O(l) — P?: proof of Lemma [12.1]

To prove Lemma [12.1] we need the K —invariant function corresponding to the local
defining section of O(—1).

Lemma 17.13. In Uyp: = {[Zy, Z1, Zo] € P2|Zy # 0}, the trivialization sy = (1,uy,uz) of

O(—1) corresponds to the Span][1,0,0]—valued function o = (gil, 0,0) on SU(3), where g11 is
1

the (1,1)—entry of g € SU(3). This means so([g]) = (g,a) for all g € 71U pe.

Remark 17.14. « is obviously S[U(1) x U(2)]—invariant i.e. a(gk) = k™ a(g) for any
k€ S[U(1) x U(2)]. Moreover, Uy 2 is invariant under the action of S[U(1) x U(2)].

1 91
Proof of Lemma[I7.13: For any g € SU(3), it suffices to compute at g | 0 | = | g7 | that
0 9
1 1 1
o 9 9 9 of g1
(ga)=g-| 0 | =] ¢ 4 0 | =1]4 |=]|w | O
0 9% % g3 0 o us
1
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Proof of Lemma[12.1: On the universal bundle, the induced connection dingucea is SU(3)
invariant, so is the standard connection dcper,. It suffices to verify that they coincide at the
base point o € P2. The standard connection on O(—1) yields that dcpernso = (01log ¢g)so.
Consequently, by the Ké&hler potential ¢y above (10), we find depernso = 0 at o. All the
elements in mpz have vanishing (1,1)—entry (see (130)). Therefore, for any X € mpse,

1+ 0(t?)
a(e™) = 0 . This implies X («a) = 0 at e € SU(3). Lemma |17.13| means that
0
so = (g, ). Because mpz is horizontal, we find djnauced, xS0 = 0 at o for any X € mpz as well.
Thus, the induced connection coincides with the Chern connection at the base point. O]

17.9 The horizontal distribution of the Fubini-Study connection
on the holomorphic tangent bundle: proof of Lemma [12.2]
For any X € mps, let X *C be the projection of the real Vector field X* to T'P? (see the

material from (131] } to for the projection, and see ) for the definition of X*). T
prove Lemma we need another form for the vector ﬁelds X0 vt X3 vt

Formula 17.15. In view of the basis of mps2,

0 0 ) 0
X7 = 75442 Z In Uppz, X7© = —(1 —
! 754, ( 13Z0 082) . 0F%) ! ( +U1)@U1 UquaUQ
0 0 C 0
=V —1n54,(Z Z, In Uyp2, Y;" :\/—11—2——\/—1 —
ImsanlZig + Zogz ) In Uops, 1 1=z, 250,
0 0 0
X3 = m5.4.(Z Z In Uppz, X3 = 1
7T54 ( 2620 032 ) n 0F2) 3 u1u28u1 ( +u2)0u2
0 0 0
=- +(Z 4 In U, *’ —V— — 4+ v—1(1 - .
170544 ( 2570 + anQ) n Vg pe, U1U2 + 1( u2)8u2
Consequently, st = —s.4.4(Zo5% ) 55 = ~5.40(Zosl). In Upga, 5 = _8%, 5=~
cost sint 0
Proof of Formula[17.15: We verify that e/* = | —sint cost 0 | . Thus, when t is suffi-
0 0 1
ciently small with respect to u;, the following holds on P?.
1 cost + (sint)uy 1
el uy | = | —sint+ (cost)uy %m . (199)
Uz Uz cost+(:int)u1
Then the identity
1 0
0 0
*,C
Xl dt|t Oe Uy = —(1‘|‘U%) = —(1+U%>a—u1 —U1U28—u2
U2 —UrU2
(2o )+ a2 (200)
= —T544 5 45 ( L1 ==
sl L0757 sl L1537
1
holds in Uppe. While the vector “| u; |” above means a point in “Uypz C P2, the vector
U2
0
“I =(1+u?) |” above means a (1,0) tangent vector (at the point).
—U1U2
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By continuity of both Xl*’(C and —7r5747*(208%1) + 7r5747*(Z18%0), they are identical every-
where on P2. Employing the following identities of matrix exponentials,

cost V—1sint 0 ] cost 0 sint
e = | /=1sint cost 0|, e®s = 0 1 0 ,
i 0 0 I —sint 0 cost
[ cost 0 +/—1sint |
s = 0 1 0 , (201)
i V—1sint 0 cost

similar computations as (199) and (200)) show that in Uy pe,

0 *,C 0 2
— X = — — (1 -
8uQ’ 3 R 8U1 ( + u2)6u2’

Yt = —\/—_1U1U2% + V=11 —ug)o—. (202)
2

As below ([200]), the 3 formulas respectively for Yl*’(c, X{;’C, Y}f’c follow by continuity. ]

Proof of Lemma[12.9: Similarly to the proof of Lemma because both connections
are left invariant, it suffices to show that they are identical at the base point o.
The Fubini-Study co-variant derivatives of both 6%1 and 8%2 are 0 at 0. Using Formula
17.15] we find
ViSsr = ViS5 =0 at o. (203)
In view of the correspondence in Lemma [11.6] at e € SU(3), for any X,Y € mpz, we
compute the ordinary derivative
[Ympa (X)](e) = —[[Y, X]]

m]PQ .

On the right hand side of the above, the inner bracket is the Lie bracket, the outer one is the
projection to mps.

We straight-forwardly verify [mpz, mpz] C s[u(1) x u(2)]. Then [Ymp2(X)](e) = 0. The
correspondence and Kobayashi-Nomizu formula again yields that

(v%ﬁl,ducedX*)lo = 0.

On the complexification, this means for any s € m(l’o), Vinducedgx — () at o.

: P2
Then Vinduced coincides with VI at the base point 0. By SU(3)—invariance, they coincide
everywhere on P2 O
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